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1. Introduction

This paper deals with finding nonnegative equilibrium solutions to age and spatially structured
population equations. In an abstract setting the problem reads: find a nontrivial function u: | — Ear
satisfying the nonlinear problem

ogu + AU, a)u + pn(u,a)u=0, ae J\{0}, (1.1)
u(O):/ﬂ(u,a)u(a)da, (1.2)
0
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where Eg is an ordered Banach space with positive cone EaL and J :=[0, ap) with ap € (0, oo] denotes
the maximal age. Egs. (1.1), (1.2) arise naturally when considering equilibrium (i.e. time-independent)
solutions to population models, where the function u represents the density of a population of in-
dividuals with age a € J] whose evolution is governed by death and birth processes according to the
density-dependent death modulus w(u,a) and birth modulus g(u, a), respectively. The term A(u, a)
is (for u and a fixed) a linear unbounded operator A(u,a): E1 C Eg - Eo defined on some common
subspace E; of Ep and models spatial movement of individuals. The full non-equilibrium equations
involve an additional time derivative in (1.1), (1.2). Such age-structured equations have been studied
since long ago (see [30,31] and the references therein), in particular in situations where spatial move-
ment is neglected (i.e. A=0) or when A does not depend on the density u itself (see [7,16,18,23,24]
and the references therein). Less seems to be known about models involving nonlinear age-dependent
diffusion (however, see [6,15,17,26,27]).

To understand the asymptotic behavior of the time evolution of structured populations a precise
knowledge about equilibrium solutions (i.e. solutions to (1.1), (1.2)) is needed. In the present paper we
focus on such solutions for the nonlinear age-dependent case A = A(u, a). Clearly, u =0 is a solution
to (1.1), (1.2) and thus the aim is to give conditions for the existence of nontrivial solutions. Moreover,
since u in (1.1), (1.2) represents a density, any solution should be nonnegative and thus, in the abstract
setting, belong to the positive cone EaL.

To shorten notation we introduce an operator A as

A(u,a):=A,a) + u(u,a). (1.3)

Suppose that for u fixed, the map a + A(u, a) generates on the Banach space Eq a parabolic evolution
operator IT,(a,0), 0 <o <a<apy. Then an easy — but fundamental - consequence of properties of
evolution operators is that any solution u to (1.1), (1.2) must satisfy the relation

u(a) = I1y(a,0)u(0), ae], u(0) = Q (w)u(0), (1.4)

where the linear operator Q (u) on Eg is (for u fixed) given by
am
Q (u) :=/ﬂ(u,a)17u(a,0)da.
0

Roughly speaking, Q (u) contains information about the spatial distribution of the average number of
offspring per individual over the entire lifespan of the individual. If spatial movement is neglected,
that is, if A=0 and hence IT,(a,0) = e~ s m@ndr then Q(u) is simply the net reproduction rate
(see [30]), and for any solution u to (1.1), (1.2) with A =0 this number Q (u) necessarily equals 1
according to (1.4). If spatial movement is included, then (1.4) implies that u(0) is (if nonzero) an
eigenvector to the eigenvalue 1 of the operator Q (u).

In Section 2 we suggest a bifurcation approach to establish positive solutions emanating from the
trivial solution u = 0. We introduce a bifurcation parameter n, which determines the intensity of the
fertility without changing its structure, by setting

nb(u,a) := B(u, a), (15)
where b is normalized such that the spectral radius r(Qg) of the bounded linear operator

am

Qo := / b(0,a)Iy(a,0)da

0
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satisfies r(Qg) = 1. Hence r(Q (0)) =nr(Qp) =n and n thus represents the “inherent net reproduction
rate at low densities” (technically when u=0). If Qg is a compact positive operator, then 1 is an
eigenvalue of Q¢ and there is a distribution for which spatial movement, birth, and death processes
balance each other if these processes are governed according to A(O0, -), b(0, -), and (0, -).

In [28] a set of n-values around the critical value n =1 was provided for which (1.1), (1.2) subject
to (1.5) possess nontrivial positive solutions. The existence of such a branch of positive equilibrium
solutions was obtained for rather general nonlinear operators A(u,a) modeling quasilinear diffusion.
However, the result of [28] is of purely local character and gives equilibrium solutions merely near
the critical point (n,u) = (1,0). One of the main achievements of this paper is the extension of the
local result of [28], that is, the proof of a global bifurcation phenomenon though for slightly less
general operators. More precisely, if the operator A(u,a) admits a suitable decomposition A(u,a) =
Ap(a) + Ay(u,a) with A, being of “lower-order” (see Remark 2.1, (2.7), and Example 2.10) we use
Rabinowitz’s alternative [22] to show that there is an unbounded continuum of nontrivial positive
solutions (n,u) to (1.1), (1.2) subject to (1.5). Furthermore, we characterize the set of n-values in
more detail. This enables one to find particular cases where equilibria exist for any value of n > 1 (in
contrast to [28]) and to determine the direction of bifurcation by putting conditions on the birth and
death moduli and on the diffusion part. We also give an example demonstrating that the assumptions
imposed for the main result of Section 2, i.e. for Theorem 2.7, are quite natural.

We shall point out that our results and methods were inspired by [9], where global bifurcation
for population models neglecting spatial structure from the outset were investigated. More results
on bifurcation for age-structured equations with A =0 can be found in [8-10] and, respectively, in
[12,13] for linear and age-independent A. We also refer to [19-21,30] and the references therein for
equilibrium solutions for age-structured equations in general.

Section 3 is then devoted to a different approach for establishing solutions to the parameter-
independent problem (1.1), (1.2) not assuming a particular decomposition of A. This approach covers
“fully” quasilinear problems and is more or less independent of the previous considerations. Note that
the form of the solution in (1.4) allows one to interpret (u, B) with B :=u(0) as a fixed point of the
map

(u, B) > (ITy(-,0)B, Q (u)B).

To prove Theorem 3.1 we extend an argument of [20, Thm. 1] (see also [30, Thm. 4.1]) for non-
diffusive population equations which is based on a fixed point theorem for conical shells [1]. The use
of such a theorem prevents hitting the trivial solution u =0 (together with B =0 being obviously
a fixed point of the map above). We thus prove existence of nontrivial positive solutions for (1.1),
(1.2) under fairly general assumptions. Loosely speaking, nontrivial positive solutions exist provided
that the spectral radius of Q (u) for small populations with density u satisfies r(Q (u)) =r(Q (0)) =1
and is an eigenvalue with a common eigenvector B for all Q (u), and provided that, in addition, for
large populations densities there holds r(Q (u)) < 1. Thus relevant equilibrium solutions exist if small
populations do not affect the spatial distribution of net reproduction rate and large populations have
a spatial net reproduction rate not exceeding 1.

We conclude the introduction with some notation being used in the following. If E and F are
Banach spaces we write L(E, F) for the set of linear bounded operators from E to F, and we put
L(E) := L(E, E). The subset thereof consisting of compact operators is denoted by /C(E, F) and K(E),
respectively. We write r(A) for the spectral radius of an operator A € L(E). For an ordered Banach
space E we let £, (E) denote the positive linear operators and /. (E) is the set of compact positive

d
linear operators. Next, Lis(E, F) stands for the set of topological isomorphisms E — F. By E < F we
mean that E is densely embedded in F and E < F stands for a compact embedding of E in F.

d
If E<— F we let H(E, F) denote the set of all negative generators of strongly continuous analytic
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semigroups on F with domain E. Moreover, given w >0 and « >1 we write A € H(E, F; k, w) if
A€ L(E,F) is such that w + A € Lis(E, F) and

1 _ G+ Aul

————— <k, RerA>w, uekE\{0}.
ko Allulle + llulle

Note that

H(E, F) = U H(E, F: i, w).

Kk>1
w>0

We refer to [4] for more details.
Given open subsets X C E, Y C F, and another Banach space G we mean by f € C®?(X x Y, G) for
p >0 a continuous map f: X x Y — G such that f(x,-) is p-Holder continuous for each x € X. Then

Ifx, y1) — fx, ¥2)llc

12
y1.y2€Y ly1 — yallf
Y1#£Y2

[f(X, ')]p,Y =

We let Cy(E, F) denote the continuous functions from E to F being bounded on bounded sets.
1.1. General assumptions

Throughout the paper we assume that E is a real Banach space ordered by a closed convex cone

d
Ear and Eq{ < Eg for some Banach space Ei. We fix for each 6 € (0, 1) an admissible interpolation

functor (-,-)g, that is, an interpolation functor (-,-)g such that Eq <£> Ey :=(Eg, E1)g. Note that Ey <>
Ey for 0< ¢ <0 <1 (see [4, ], Thm. 2.11.1]). The interpolation spaces Ey are given their natural order
induced by the cone EJ =Ep N Ear. We fix a;, € (0, 00] and set ] :=[0, ap,). Observe that a;, = oo is
explicitly allowed.

2. Global bifurcation of positive equilibria

We focus our attention on the parameter-dependent problem (1.1), (1.2) subject to (1.5) in a more
general framework. More precisely, we look for solutions (n, u) to problems of the form

ogu+ A, a)u=0, ae],
u(0) =nl(u). (2.1)

The linear unbounded operator A(u,a): E;1 C Eg — Eg (for u and a fixed) and the operator ¢ with
£(u) € Eg and ¢(0) = 0 are supposed to satisfy some technical assumptions specified later on. The
main example for the latter we have in mind is, of course,

am

L(u) = / b(u,a)u(a)da. (2.2)
0

Clearly, the branch (n, u) = (n, 0), n € R, consists of (trivial) solutions to (2.1). Our aim is to prove that
another unbounded branch of nontrivial positive solutions (1, u) (i.e. u(a) € Ea' forae J and u #£0)
bifurcates from the trivial branch at some critical value, which we may assume to be n=1 under a
suitable normalization. Imposing maximal Lj,-regularity for (a part of) the operator A we will show
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that the nontrivial branch (n, u) is unbounded in RT x (L;(], E;)N W},(], Ep)) for some p € (1, 00)
fixed. The result is inspired by the work of [9] for the non-diffusive case A =0 and is a consequence of
Rabinowitz’s alternative [22]. The application of this alternative requires some compactness properties
of the operators involved in appropriate spaces, which are guaranteed, for example, by a generalized
Aubin-Dubinskii lemma (see Remark 2.1 and Lemma 2.3).
To state the precise assumptions let us fix p € (1, c0) and introduce the spaces
Eo:=Lp(J, Eo), Eqi:= Lp(J,El)ﬂW;(J,Eo)-

Recall the embedding

E; — BUC(J,E¢), (2.3)
where BUC stands for bounded and uniformly continuous and E. := (Eo, E1)¢,p with (-,-)¢ p being

the real interpolation functor for ¢ := ¢(p) :=1— 1/p. The trace yu :=u(0) is thus well defined for
u € E;. We further fix Banach spaces [Fq, IF5, 3, and F4 such that

Ei<TF;, j=1,2,3,4, (2.4)
and first remark the following:

Remark 2.1. Given o €[0,1) and s € [0, 1 — «), Sobolev spaces WISJ(], E) are appropriate choices for
IF; to satisfy (2.4) if am < oo. This follows from the compact embedding E; <= E, and a generalized
Aubin-Dubinskii lemma [5, Thm. 1.1].

For the nonlinear operator A in (2.1) we then shall assume a decomposition of the form
Adu,a) =Ao(a) + Ax(u, ), (2.5)

where Ag is an age-dependent parabolic operator and the nonlinearity of A in u is contained in a
“lower-order perturbation” A,. To be more precise we suppose for the linear part Ag that

Ag € Lo ( J, L(Eq, Eo)) generates a positive parabolic evolution operator
ITy(a,0), 0 <o <a<apy, on Eg with regularity subspace E{ and

possesses maximal Lp-regularity, thatis, (95 + Ao, y) € Lis(Eq, Eg x E¢), (2.6)
while for the nonlinear part A, we assume that
Ay € C(IEH , L(F, EO)) with A, (0, -) =0. (2.7)
We also assume ¢ in (2.1) admits a decomposition

L(u) = Lo(u) + €4 (u) (2.8)

with linear part

Loe L(Eq, Ey) + L(F3,E.) forsome ¥ € (g, 1], (2.9)

and nonlinear part
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Ly € Cp(Eq, Ey) + C(Fs, Ec) with H‘f*(“)ﬂsg =o(llullg,) as lullg, — O. (2.10)

A consequence of (2.6) is that for each datum (u°, f) € Ec x Eg the problem
dau+Ag(@u=f(a), ae), u0) =u°
possesses a unique solution u € [£1 given by
u(@ = Mo(a, 0u’ + (Ko /)@, ae ],
satisfying for some number cg > 0 independent of f and u®
lulle, <co(u®flg, +11£lk,).

where
(Ko f)(a) ::/Ho(a,a)f(a)do, ac ], fekEy.
0

Therefore,

Ilo(-,0) € L(E¢, E1), Ko € L(Eo, Eq), (211)
and (2.4), (2.9) thus imply
[f > €o(Kof)] € L(Eo, E). (212)
We also note that
Qo € K(E¢) for Qow :=£o(ITo(-,0)w), w € E, (213)

which is a consequence of (2.11) and either Ey <« E. if £9 € L(E1, Ey) or (2.4) if £o € L(F3, E¢).
Without loss of generality we may assume that ¢¢ is normalized such that the spectral radius of
Qo € K(E¢) equals 1, that is, r(Qo) = 1. We first consider the linearization of (2.1) around u = 0.

Lemma 2.2. Suppose (2.4)-(2.10) and let r(Qo) = 1. Then, for each (hy, hy) € E¢ x Eo, the problem
1
dqu +Ao(@u =hy(a), ae], u(0) - zfo(u)=h1 (2.14)

admits a unique solution u = S(hy, hy) € Eq given by u = Iy (-, 0)w(hq, h2) + Kohy, where

1\ '/
w(hy, hy) = (1 - EQ()) (550(1(0/12) +h1> cE.. (215)

The solution operator S belongs to L(E; x Eg, Eq).
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Proof. By the previous observations problem (2.14) is, for any given (h1, hy) € E¢ x Eg, equivalent to

u(a) = Ip(a, 0)u(0) + (Kohz)(a), ac ],

u(O) = 5.Qou(0) + 5 fo(Kohy) + .

Taking 2 > r(Qp) into account, the latter equality entails (2.15), and defining
S(h1, h2) := Mo (-, 0)w(hy, hy) + Koha,

we derive S € L(E¢ x Eo, Eq) from (2.11) and (2.12). O

Lemma 2.2 allows a reformulation of problem (2.1) in terms of the operator S: writing n=1+1/2,
a function u € Eq solves (2.1) if and only if

u=Alu+ H®, u), (2.16)

where

Lu:=S(€o),0),  H®,u):=S((A+1/2)€ ), —A(u, )u).
The maps L and H enjoy the following properties.

Lemma 2.3. Suppose (2.4)-(2.10) and let r(Qo) = 1. Then L € IC(E1). Moreover, H € C(R x Eq, Eq) is com-
pactand |[H(x, w)|lg, = o(llullg,) as ||ullg, — O uniformly on bounded X intervals.

Proof. Clearly, Lemma 2.2, (2.4), and (2.9) ensure L € L(E1). Using Ey < E if €9 € L(Eq1, Ey) or
Eq < F3 if £g € L(IF3, E¢), the compactness of L is obvious. Next, Lemma 2.2 together with (2.7) and
(2.10) imply H € C(R x Eq,Eq). As for its compactness we note that if (u;) is a bounded sequence
in Eq, then (£4(u;)) is relatively compact in E. either because (£4(u;)) is bounded in Ey < E if
£y € Cp(IEq1, Ep) or because Eq <« Fy if £, € C(IF4, E¢). Next, (2.4) and (2.7) ensure that (A, (uj)u;)
is relatively compact in Eg. Hence the compactness of H follows from Lemma 2.2. Finally, the last
assertion is a consequence of (2.7), (2.10), and again Lemma 2.2. O

Remark 2.4. Alternatively to (2.7) we could have assumed A, € C(E, L(E1, Ep)) with A,(0,:) =0 is
such that (u — A, (u)u) € C(Eq1, Ep) is compact.

To problem (2.16) we may now apply Rabinowitz’s alternative [22]. Recall that the characteristic
values of a linear operator are the reciprocals of its real nonzero eigenvalues. A continuum in R x [Eq
is a closed connected subset thereof, and it meets infinity if it is unbounded.

Proposition 2.5. Suppose (2.4)-(2.10) and let r(Qo) = 1 be a simple eigenvalue of Qo € K(E) with eigen-
vector B € E. Then there exists a maximal continuum € in R x Eq consisting of solutions (n, u) to (2.1) with
u=£0ifn#1and (1,0) € €. For (n, u) € € near (1, 0) we have

u=elo(-,0)B +u.(e) with [u.(e)]z, =o(e)ase — 0. (217)

The continuum € satisfies the following alternative: either € meets infinity or it meets a point (i, 0) with
[t =1 — 1/2 being a characteristic value of L.
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Proof. First note that u = wlu with u € E; and p € R is equivalent to

u=Ilp(-,00u(0),  u(0)=(u+1/2)Qou(0) (218)

owing to Lemma 2.2 and (2.3). Thus, u + 1/2 is a characteristic value of Qg € K(E.) if and only if
W is a characteristic value of L € IC(Eq). Additionally assuming w + 1/2 to be a simple characteristic
value of Qg we claim that y is a simple characteristic value of L. For, let u € ker((uL —1)?) C B¢ and
define v := (uL — 1)u € ker(uL — 1) C E1. Then (2.18) ensures v = ITy(-, 0)v(0) with v(0) belonging
to ker(1 — (u + 1/2)Qp). The characteristic value u + 1/2 of Qo being simple, we deduce v(0) =r&
for some r € R and &y € E. with ker(1 — (1 4 1/2) Qo) = span{&g}. Hence

v = rlo(-, 0)&, (2.19)

and we aim for r = 0. Clearly, from (2.18) we have ITy(-,0)& € ker(uL — 1), whence from (2.19)
u=L(uu —rull(-,0)&). Lemma 2.2 then entails

(1= (u+1/2)Qo)u(0) = —rpQoéo = ﬁ‘f“

Consequently,

rigo e rg(1 — (1 +1/2)Qo) Nker(1 — (1 +1/2)Qo) = {0}

since u + 1/2 is a simple characteristic value of the compact operator Qg. We conclude r =0 as
desired because ;=0 is impossible owing to the fact that 1/2 is no characteristic value of Qg since
r(Qo) = 1. But then v = 0 by (2.19) and so ker((uL —1)?) C ker(uL —1). Therefore, p is indeed simple
for L provided u + 1/2 is simple for Qg. In particular, w = 1/2 is a simple characteristic value of L
due to the assumption on r(Qg).

Taking Lemma 2.3 into account we may apply Theorem 1.3 from [22] to conclude the existence
of a maximal continuum € in R x Eq with (1,0) € € such that (n,u) € € solves u=ALu + H(A, u)
with A =n —1/2, where u 0 if n# 1, and € either meets infinity or meets a point (i1, 0) with a
characteristic value (i =n — 1/2 of L different from 1/2. Finally, [22, Lem. 1.24] implies (2.17) and the
statement follows. O

Imposing further conditions on A and ¢ we now prove that a global branch of positive solutions
(n,u) to (2.1) exists emanating from the trivial branch (n,0), n € R, at the critical point (1, 0). To
prove this result we suppose that

foreach u € Eq, A(u, -) generates a positive parabolic evolution operator
IT,(a,0), 0< o <a<ap, on Eg with regularity subspace E1. (2.20)
We also assume that
there is £, with £,(u) = £, (u, u) and £,(0,-) =0

such that Q € K (E) for eachu € E{, where

Quw = o(MTy(-,0)w) + &y (u, My (-,0)w), w € E. (2.21)

Note that this definition of Q, is consistent with (2.13). Let int(E;f) denote the interior of the positive
cone E;r. Then we assume further that
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for each u € Eq, any positive eigenvector to a positive eigenvalue of Q

belongs to int(Ef). (2.22)

This last assumption is crucial for positivity of solutions but not too restrictive in applications as noted
in the following remark (see also Example 2.10).

Remark 2.6. If int(E;L) #¢¥ and Qu € K, (E,) is irreducible (e.g. if strongly positive), then the Krein-
Rutman theorem [11, Thm. 12.3] ensures that the spectral radius r(Q,) > 0 is a simple eigenvalue of
Q, with an eigenvector belonging to int(E*g'), and it is the only eigenvalue with positive eigenvector.
Thus (2.22) holds in this case.

The main result of this section is the following theorem on the existence of an unbounded branch
of positive solutions to (2.1).

Theorem 2.7. Suppose (2.4)-(2.10) and (2.20)-(2.22). Further let r(Qg) = 1 be a simple eigenvalue of Qg €
K (E¢) with eigenvector B € int(E ;f) and suppose Qg has no other eigenvalue with positive eigenvector. Then

there is a continuum ¢+ in Rt x IE]+ of positive solutions to (2.1) connecting (1, 0) with infinity.
Proof. Let ¢ denote the maximal continuum of solutions to (2.1) provided by Proposition 2.5. Clearly,
if (n,u) € &, then u = IT,(-,0)u(0) by (2.1), (2.16), and (2.20). Thus u € IE}“ provided u(0) € E?. Also

note that (0, u) € € would imply u = 0 and is thus impossible. Due to B € int(E}) it follows from (2.3)
and (2.17) that for (n,u) € € near (1,0) we have for sufficiently small ¢ >0

1u(0)—B+1 u.(e) e ET
gl TR T g s

Since u = 1/2 is a simple characteristic value of L, we may refer to [22, Thm. 1.40] to deduce that
¢ is the union of two subcontinua ¢+, where €* consists of positive solutions near (1,0), and ¢+
(and also €7) meets (1,0) and either meets infinity in R x E; or a point (2 + 1/2,0) with i being
a characteristic value of L different from 1/2. Consequently, €+ N (R x ]ET) # ¢, and we now show
that €* leaves R* x Ef only at the bifurcation point (n, u) = (1, 0). For, suppose the continuum ¢*
leaves RT x EI at some point (n, u,). Then there are (nj, u;) € €* N (RT x EJ) with

(nj,uj) = (N4, uy) InRxEq. (2.23)

In particular, writing nj = A; +1/2 we have u; = AjLu; + H(Aj,u;), j € N, and letting j — oo we
obtain from Lemma 2.3 that u, = A, Lu, + H(A4, uy) for A, :=n, —1/2. Hence

OgUy + A(uy, a)uy, =0, U, (0) = n,l(uy)
from which
uy = Iy, (-, 0)u,(0), U4(0) =n, Qyu, u«(0)

by (2.20). Therefore, either u,(0) = 0 and then u, =0 or u,(0) € E‘; \ {0} by (2.3) in which case n, >0
must be a characteristic value of Q,, with a positive eigenvector. Thanks to (2.22) we derive

U, =0 or u.(0)eint(Ef). (2.24)
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First suppose that u, =0. Then (nj, u;) — (14, 0) in Rt x ET and we claim that A, =n, —1/2is a
characteristic value of L. Indeed, putting v; := ||uj||IEIl u; and taking into account (2.16), the compact-
ness of the operator L, and the fact that |[H(A, w)llg, = o(llullg,) as [lullg, — O we realize that we
may extract a subsequence of (v;) converging in E; toward some v € ET \ {0} with v = A,Lv. Thus
Ay is indeed a characteristic value of L. As in (2.18) this implies that n, = A, + 1/2 is a characteris-
tic value of Qg with a positive eigenvector v(0) € EF, whence n, =1 by assumption. Therefore, ¢+
leaves R™ x E{ at the bifurcation point (n, u,) = (1, 0). Now suppose that u,(0) € int(Eé). Since ¢+
is connected and leaves R* x ET at (n, uy), there is a sequence (n;,i;) € ¢t with uj ¢ ET and
(R, ij) = (N, uy) in R x Eq. According to (2.3) we find m € N with i, (0) € EL. But (fim, ilm) € €+
and thus

Oailm + A(ily, @)im = 0, Um (0) = Aml(lim),

that is, Uy = Iy, (-, 0)ur(0) € IEJ]+ due to (2.20) contradicting the choice of the sequence (ui}). There-
fore, u,(0) € int(E?) is impossible. We have thus shown that €* leaves R x E{ only at the bifurca-
tion point (n,, uy) = (1, 0).

It remains to prove that €* does not meet a point ({i +1/2,0) with [t # 1/2 being a characteristic
value of L. For, suppose ¢ meets such a point. Then we find (nj,uj) € ¢t c Rt ><IE¥r with (nj,u;j) —
(L +1/2,0) in RT x E{r Exactly as above one shows that then [ = 1/2 which is ruled out by
assumption. This proves the theorem. 0O

If the interior of the positive cone E;f is empty, one can prove another result if we put some
symmetry conditions on A and ¢. For the eigenvector B of Qy we only assume that B € Ea“ .

Theorem 2.8. Suppose (2.4)-(2.10), (2.20), and (2.21). Moreover, suppose that for each u € Eq, any positive
eigenvalue of Q, has geometric multiplicity 1 and possesses a positive eigenvector B, € Ear . In addition, let
Ax(—u, ) = Ay(u, ) and L. (—u, ) = L, (u, ) foru € Eq.Ifr(Qo) = 1 is asimple eigenvalue of Qo € K+ (E¢)
with an eigenvector B € EX, and if there is no other eigenvalue of Qo with positive eigenvector, then

¢ ={muwe& u©eEf}u{m —u); (nu) e, u®©)¢ES, n>0}

is an unbounded closed subset of R x IET such that €4\ {(1, 0)} consists of positive nontrivial solutions to (2.1),
where € is the maximal continuum from Proposition 2.5.

Proof. As in the proof of Theorem 2.7 we have u € ET for (n,u) € € provided u(0) E;. If (n,u) e
¢ is such that u(0) ¢ Ear and n > 0, then u = I7,(-,0)u(0) and u(0) =nQ,u(0). Hence n>0 is a
characteristic value of Q, and by assumption there is a corresponding eigenvector B, € Eg such that
u(0) = ryB, for some r, <0. Due to the symmetry conditions put on A, and ¢, it is easily seen
that v := —u satisfies v = IT, (-,0)v(0) and v(0) =nQ,v(0) with v(0) = —r,B, € Eg. Consequently,
n,v) e RT x ET solves (2.1). Hence ¢, consists of nonnegative solutions only. To show that € is
unbounded assume to the contrary that € meets a point (/t + 1/2,0) with a characteristic value { of
L different from 1/2. Let (Aj 4+ 1/2,u;) € € be such that (A}, uj) — (&,0) in R x Eq. Recall (2.3) and
set ilj:=uj if uj(0) € E§ and uij:= —u; if uj(0) ¢ E{. Then j € Ef and (A, ;) — (2, 0) in R x E;.
Exactly as in the proof of Theorem 2.7 we deduce that i + 1/2 is a characteristic value of Qg with
an eigenvector in E}“, whence [t +1/2=r(Qg) =1 by assumption contradicting fi # 1/2. Therefore,
¢ is unbounded according to Proposition 2.5 and so is €. That the latter is closed in R x E; is a
consequence of the continuity of L and H. This concludes the proof. O
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Let us consider the set of possible parameter values in more detail. For, suppose the conditions
of Theorem 2.7, let €+ denote the unbounded continuum in Rt x I[*Il+ consisting of positive solution
to (2.1), and recall that Q, € K4 (E¢) for u € Eq was defined by

Quw :=Lo(ITy(-,0)w) + £y (u, [Ty (-,0)w), weEc, uek.

Observe that for (n,u) € € we have u = IT, (-, 0)u(0) with u(0) =nQ,u(0), whence nr(Qy) > 1 for
(n, u) € ¢*. In addition, if

foreachu e Ef, Q, € K1 (E¢) hasonly r(Qy) > 0

as eigenvalue with positive eigenvector, (2.25)

which holds e.g. if the Krein-Rutman theorem applies to Q,, then necessarily

nr(Qu) =1, (mu)ect. (2.26)
This observation guarantees a more precise characterization of the spectrum
o := {n; thereisu € Ef with (n,u) € €*\ {(1,0)}}
as well as of the solution set
I :={u; thereisn e R with (n,u) e €\ {(1,0)}}.

The next proposition is in the spirit of [9] for the spatially homogeneous case A=0 in (1.3) and
the easy proofs carry over to the present situation almost verbatim. We nevertheless include them
here for the reader’s ease.

Proposition 2.9. Suppose the conditions of Theorem 2.7 and (2.25). Setting

oj:=info, 05 :=Ssupo, N; = ulgﬁ r(Qyu), Ng := su}gr(Qu),
ue

we have:

(i) 0¢o CRYand I CE].

(i) 0<oi <1 <05 <00

(ili) N; =0iffos = 0o, and if N; > 0, then o5 = 1/N; < o0.

(iv) Ny =o00iffo; =0, and if Ny < oo, theno; =1/Ns > 0.

(v) Ifr(Qu) — Oas |lullg, — oo, then o5 = oo.

(vi) If1(Qy) < & for some & > 0 and every solution (n,u) € Rt x ET to (2.1), then o; > 1/&. In particular,
if r(Qy) < 1 for every solution (n,u) € RT x IEI;r to (2.1), then o; =1 corresponding to supercritical
bifurcation.

Proof. (i) We note that, according to (2.20), any solution (n, u) to (2.1) satisfies u = IT, (-, 0)u(0) with
u(0) =0 if n =0, whence u =0 in this case. Hence 0 ¢ o.

(ii) Since (1,0) € €7 this is immediate.

(iii) Let N; = 0. Then there is a sequence ((nj,u;)) in ¢t with uj#0 and 1(Qu;) 0. From (2.26)
we obtain n; /' oo, whence os = co. Conversely, let o5 = co. Then there is a sequence ((nj,u;)) in
¢t with nj / oo and (2.26) ensures r(Qu;) \ 0, whence N;=0. Let now N; > 0. On the one hand,
we necessarily have 1 =nr(Qy) > nN; for all (n,u) € ¢*. Consequently, n < 1/N; for ne€ o so that
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o5 < 1/N;. On the other hand, since 1=nr(Qy) < osr(Qy) for (n,u) € € we have r(Qy) > 1/0; for
u e’ and thus N; > 1/0s.

(iv) The same as in (iii).

(v) Theorem 2.7 implies that o5 = oo or there are uj € I' with |luj|lg, — oo. Then o5 = oo or
r(Qy) — 0 by assumption, hence o5 = co in both cases according to (iii).

(vi) From (iv) we obtain o; = 1/Ng > 1/& if Ns < &. In particular, if € =1, then o; =1 due
to (ii). O

Of course, particularly interesting is the case o = oo when there is for each parameter value n > 1
a positive solution to (1.4). As in [9, Cor. 3] one can easily impose conditions on A=A + @ and on b
in (3.1) guaranteeing r(Qy) — 0 as |lu|lg, — 0, whence o5 = oo by (v) of the above proposition.

A simple situation where this occurs is if there are a function 1 :E; x ] — R and some ¢ € E;\{O}
such that

-Alu, ) =1, )¢, ueckq, ae], (2.27)
with
am
/b(u, @)eo M489 4q 0 a5 |lu|g, — oo,
0

where £ in (2.1) is given as in (2.2) with b € Cy(Eq, Ly (J)) for 1/p +1/p’ = 1. Then, supposing the
conditions of Theorem 2.7 and (2.25) we have

am 0
Qu(/):/b(u,a)nu(a,0)(/)da:/b(u’a)efélk(u,g)dg dag
0 0

by (2.27) and thus, from (2.25),
am
r(Qy) = /b(u,a)efé'“”ﬂ“” da— 0 as [|ullg, — oo.
0

As in [28, Ex. 3.3] one can also put conditions on A=A+ i and on b in (3.1) leading to r(Qy) <1,
that is, to supercritical bifurcation in view of (vi).

As pointed out in Remark 2.6 the assumptions on the spectral radii and the properties of the
eigenvalues of the operators Q, in Theorem 2.7 or Theorem 2.8 are not too restrictive but rather
natural in applications due to the fact that these operators are compact and strongly positive in
many cases. In general, we refer to [28, Thm. 3.1, Ex. 3.1, Ex. 3.2, Ex. 3.3] for other examples of
diffusion operators A, birth moduli b, and death moduli u satisfying the assumptions of Theorem 2.7
or Theorem 2.8 and provide here just one example.

Example 2.10. Let £2 c RN, N > 1, be a bounded and smooth domain lying locally on one side of 952.
Let the boundary 92 be the distinct union of two sets I'p and Iy both of which are open and closed

in 9£2. For simplicity we assume a, € (0, o0) and consider a second-order differential operator of the
form

A(u, a,)w := —Vy - (D(@, x)Vxw) + g(u(a), Vxu(a)) - Vxw + h(u(a), Vxu(@)w, (2.28)

where
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D: J — C'(£2) is bounded and uniformly Holder

continuous with D(a, x) > 0, (a,x) € | x £2, (2.29)

and
geC3(R xRV, RY) withg(0,00=0 and heC}(R xRN R). (2.30)

Let
voeCl(I), wvo(x) =0, xeli, (2.31)

and let v denote the outward unit normal to Iy. Let

on Iy,

w
BXx)w = {

Zw+veXw, onlt.
Fix
pe @+ N,o0) (2.32)

and let Eg := Ly :=Ly(£2) be ordered by its positive cone of functions that are nonnegative almost
everywhere. Observe that

Ey:i=W, 3:=W} 5(2):={ueWy: Bu=0} <> L, =Eg

and, up to equivalent norms, the interpolation spaces are subspaces of the Sobolev-Slobodeckii spaces
W = W (@), that is,

2
Wi, 0<2&<1/p,
. 2 S w2 2
Eei=(Lp.Wpp)e, =Wpsi=1{weW; iulp =0}, 1/p<26<1+1/p, 26#1,
(weWy;Bu=0), 1+1/p<2&<2

(see, e.g.,, [25]). In particular, since 2 —2/p > N/p + 1, we have E. = Wﬁfgz/” — C1(2) for ¢ =
1—1/p and thus int(E;) # (). Assume then further that

u:R x J — [0, 00) is uniformly Lipschitz continuous on bounded sets (2.33)
and that, for 6(a) := (0, a) + h(0, 0),
6 : ] — (0, 00) is bounded and uniformly Hoélder continuous. (2.34)
Finally, let b be such that
b e C%4([0,am] x R, (0, 00)). (2.35)
Consider

Alu,a)w:=A(u,a, )w, wekEq, uek,



C. Walker / ]. Differential Equations 248 (2010) 1756-1776 1769

and define A(u,a) := A(u,a) + u(u(a),a) for u € E1 and a € J. Then
Ag(@w :=A(0,a)w = —Vy - (D(a, ) Vxw) + 0(@)w

defines a bounded and uniformly Hélder continuous map Ag: | — E(W;B, Ly) by (2.29) and (2.34).
Moreover, from [2, Sect. 7, Thm. 11.1] it follows that for a € | fixed, —Ag(a) is resolvent positive,
generates a contraction semigroup of negative type on each L;(£2), r € (1,00), and is self-adjoint
on Ly(£2). Hence Ap generates a positive parabolic evolution operator with regularity subspace
Ei1= W;,B by [4, II, Cor. 4.4.2] and possesses maximal Lp-regularity according to [4, III, Ex. 4.7.3,
I, Thm. 4.10.10], whence (2.6). Owing to (2.32) we may choose numbers s, &, and « such that

1 1 N
—<s<l—-a<l—-a<=-——. (2.36)
p 2 2p

Then, as in Remark 2.1, we have
Ei:=Lp(J.Wp g) NWy(J. Lp) <> W (], W%) =F;, j=1.2,
and from [26, Lem. 2.7] we obtain that
[u g, Va)]: W% — W5 — C(2)
is Lipschitz continuous since 2« > 1+ N/p. In particular, since s > 1/p we deduce for u € E; that
[a— g(u(@), Viu(@)]: ] - C(22)
is Holder continuous. Clearly, the same holds true for h(u, Vyu). Similarly we obtain from (2.33) and
the embedding E; < C*7V(J,Ey), v<g¢ (being due to the interpolation inequality
[4, I, Thm. 2.11.1]) that [a — w(u(a),a)]: ] — C(§2) is Holder continuous. Gathering these information
and invoking [4, II, Cor. 4.4.2] we deduce that A(u,-) generates for each u € E; a positive parabolic
evolution operator I1,(a,0), 0 <o <a <ay, on Eg = Lg, whence (2.20). Obviously, (2.7) holds for

Ac(u,a) :=A(u,a) — Ao(a).
Choose 1> > f8>1—1/p > N/2p. Then pointwise multiplication
2B 28 2(1-1/p)
Wp.B . Wp,B — vaB =E; (2.37)
is continuous according to [3, Thm. 4.1]. Let s € (0,1 — B) so that
5 28\ _. 2B
Ey e Wy (J, W,/5) =:F3 = Li(J, W,';).
From [29, Prop. 4.1] it follows that
2 28
(U b(U.)]: W5 — Lo (J. W)

is Lipschitz continuous. Thus, writing U := f(;lm u(a)da e W;ZfB foruel; = W;(], W;FB), we obtain
from (2.37) that £g € L(FF3, E¢) and ¢4 € C(IF3, E), where

am am

Lo(u) ::[b(O,a)u(a)da and €, (u) ::/[b(U,a)—b(O,a)]u(a)da.

0 0
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Furthermore,

el <clb.=50.0], st Il o

whence (2.9) and (2.10). Defining

am
Qu :sz(U,a)Hu(a,O)da, ueky,
0
it is immediate that Q, € K4 (E.) due to [4, II, Lem. 5.1.3] and the compact embedding E1 < E
since a; < co. Moreover, Q, is strongly positive since I7,(a,0) is strongly positive on E? for a

J\ {0} (see [11, Thm. 13.6]). In particular, Q, is irreducible and so, by [11, Thm. 12.3], r(Qy) > 0 is

simple and the only eigenvalue of Q, with a positive eigenfunction since int(E;f) #+ () as observed

above. This ensures (2.21) and (2.22). Therefore, if b is normalized such that r(Qg) = 1, we conclude
thanks to Theorem 2.7:

Proposition 2.11. Suppose (2.28)-(2.35) and let r(Qo) = 1. Then the problem

da + A, a,0)u + u(u(@,a)u=0, ac], xe,
a
u(O,x):n/b(U(x),a)u(a,x)da, xe 8,
0
Bx)u(a,x)=0, a>0,xe0ds2,

am

U(x):/u(a,x)da, X e 2,
0

admits an unbounded continuum ¢ of positive nontrivial solutions (n, u) in
+ + 2 1
RY > (Ly (], Wy 5) "W, (], Lp)).

A noteworthy variant of Proposition 2.11 is to consider a functional (instead of a local) dependence
of A or  on u with respect to age. For details we refer to [28, Ex. 3.2, Ex. 3.3].

3. Positive solutions via a fixed point argument

The aim of this section is to give sufficient conditions for the existence of nontrivial nonnegative
solutions to the (parameter-independent) problem

du+A(u,a)u=0, ae],
u(O):/b(u,a)u(a) da, (3.1)

0

in Ep without assuming a decomposition (2.5)-(2.7). Due to the quasilinear structure of the first
equation we require some assumptions that can considerably be weaken if one restricts to linear
problems. For 6 € (0, 1) we put Xy :=L1(J, Eg) and X := L] (J, Ep). Let
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O<a<pB<l. (3.2)

We suppose that, given any R > 0, there are p,w,n >0, 0 € R, and « > 1 depending possibly on R
such that for @, :=Bx, (0, R) N X} we have

A€ C¥(dq x ], L(Er, Eo)) with [A(u, )], | <1,
foreachu e &y andae J, o + A(u,a) € H(Eq, Eg; kK, w)

and A(u, a) is resolvent positive. (3.3)

Observe that (3.3) and [4, II, Cor. 4.4] ensure that for each u € @, there is a unique positive parabolic
evolution operator I7,(a,0), 0 <o <a < ay, on Eg corresponding to A(u, -). The evolution operator
satisfies according to [4, II, Lem. 5.1.3] the estimates

| Mu(a, o)Hﬁ(Eé) + (@ —0)5 2| My(a, G)HL(E:’EE) <ce'@ 9, 0<o<a<ayn (34)

for 0 < ¢ <& <1 and some constants cp =co(R,&,¢) > 0 and v =V (R) € R (independent of u € @, ).
We assume that

v<0 ifay=o0. (3.5)

To control the dependence of the evolution operator IT, on u € ®, we require for each u € @, the
existence of £ =¢&(u) > 0 and a measurable function g: (0, &) x ] — RT (depending possibly on u)
with

am
lim /g(r,a)da:O,
r—0+
0
max |A@,0) =A@, )| o, g <8(lu—1llgs,a), ae), lu—ily <e  (36)

0<o<a
As for b appearing in (3.1) we suppose that
bell (Pyx ], F),
e b, a) = b, a)| <g(lu—ily:.a), ae], lu—ily: <e. (3.7)

Here F is assumed to be a Banach space ordered by a convex cone F* such that a (bilinear) multipli-
cation m:=[(f,e) —~ fe] is induced which is continuous considered as a mapping

m:FxEg—Eg and m:F x Ey— E; forsomes e (B,1] (3.8)

and such that m(f,e) = fee E; for feFT and ee E;;. Note that F =R is appropriate with § =1.
As a consequence of (3.4), (3.5), (3.7), and the compact embedding E; < Eg we have

am

Q(u):/b(u,a)ﬂu(a,O)dae£+(E,g,E3)0K+(E5), ue dy. (3.9)
0
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Solutions to (3.1) are, as noted in the introduction, fixed points of the map
(u, B) ~ (MMy(-,0)B, Q (u)B)

with B = u(0). Clearly, (3.2)-(3.8) are technical but not restrictive assumptions for applications (see
[28, Sect. 3]). However, since the main task is to single out nontrivial solutions we also have to impose
structural and thus more restrictive assumptions in order to apply a fixed point theorem for conical
shells [1]. The assumptions read:

there are 7o > O and ¥ € Eg with y ¢ U rg, (1-Q)), (3.10)
ueX;\{0}
llullx, <To

where 1g, (1 - Q(u)) :={(1—-Q(u))B; Be E;}, and

there is 71 > 0 such that (Q (1)) < 1foru e XT with |Jullx, > 71, (3.11)

where r(Q (u)) denotes the spectral radius of the positive operator Q (u) € L(Ep).
We comment in more detail on the structural requirements (3.10), (3.11) after the proof of the
following result, which is in the spirit of [20, Thm. 1]:

Theorem 3.1. Suppose (3.2), (3.3), (3.5)-(3.8), (3.10), and (3.11). Then (3.1) has at least one nontrivial non-
negative solution

uweli(J,En)NC'(J\ {0}, Eo) N C(J, Ey).

Proof. We shall employ [1, Thm. 12.3] in proving the statement. Let X := X7 x E; and Xp :=Bx(0, R)
with

R:= Tl(”i”ﬁ(EB,Ea) + ||b||Lw(BX;(0,r1)xj,F)) >0,
where i is the natural injection Eg — E,. We put

f(u, B) := (Iu(-,0)B, Q (u)B)

and first claim that f: Xk — X is continuous and f(Xg) is relatively compact in X. Indeed, given
(u, B), (u, B) € Xg we note that

am am
/||17u (a.0)B — (@, 0)B| ; da < /||Hu(a, 0) — M(a.0) |, , dallBlg,
0 0

am
+/.”17,;,(a,0)HL(Ea)da||B — Bllg,
0

am
<c(®) [ g(lu =l a) da-+ c(R)IB - Bl
0
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where we invoked (3.4)-(3.6), and [4, I, Lem. 5.1.4]. Thus IT;(a, 0)B — IT,(a, 0)B in X as (i, B) ap-
proaches (u, B) in Xg by (3.6). Similarly we deduce Q (i1)B — Q (u)B in Eg as (u, B) — (u, B) in Xg,
whence the continuity of f. Next, we use the characterization for compact sets in Xq = L1(J, Ey) due
to [14]. We may assume a;; = oo since the case a;; < oo is similar but easier. The previous argument
entails

sup | Mu(-,0)B[ < oo.
)eXg

(u,B

Moreover,
[o.¢] [e.¢]
/||Hu(a, O)BHEQ da < C(R)/e"ada —0 asN— oo
N N

uniformly with respect to (u, B) € Xg by (3.4) and (3.5). Let h > 0. Then, from (3.4), (3.5), and
Eq. (I1.5.3.8) in [4] we deduce

oo oo
/||17u(a+h,0)B—Hu(a,O)B||Ea da</||17u(a+h,0)—Hu(a,O)HE(Eﬁ’Ea)da IBllE,
0 0

<c(R)hP

and the right-hand side tends to 0 as h — 0 uniformly with respect to (u, B) € Xy in view of (3.2).
Furthermore, since (3.4), (3.5) ensure

HHu(a,O)B”Eﬂ <c(R), ae(0,00), (u,B) € Xg,

we obtain from the compact embedding Eg < E that I1,(a, 0)B belongs to a fixed compact subset
of Ey. Applying now [14, Thm. A.1] we derive the relative compactness of the set {IT,(-,0)B; (u,B) €
XRgr} in Xy. Next, observing that

am
lQ@sls, < [ 1wl M@0 s, 5, dalBle, <ci
0

for (u, B) € Xg according to (3.4), (3.7), and (3.8) we may use the compact embedding Es < Eg
and also obtain the relative compactness of the set {Q (u)B; (u, B) € Xg} in Eg. Therefore, f(Xg) is
relatively compact in X. It remains to check the crucial conditions (i) and (ii) from [1, Thm. 12.3].
For (i) suppose there exist A > 1 and (u, B) € Xy for which

lullx, +1Bllgs = ||, B)|y, =R and  f(u,B)=Ax(u,B),
that is,
ru(a) =I1,(a,0)B, ae],
AB=0Q(u)B. (312)

Since A > 1 we have B # 0 (otherwise u = 0 contradicting R > 0). From (3.2), (3.4), (3.5), (3.9) we de-
duce, on the one hand, that B € E; is an eigenvector for Q (u) corresponding to the eigenvalue A > 1
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and, on the other hand, that u € X1+. Invoking (3.11) we see that this is only possible if |ullx, < 71.
Consequently, recalling (3.8) and (3.12) we derive the contradiction

am

am
1
R = llullx, + 1Bl =/Hu(a) g, da+ /b(u,amu(a,O)B da
0 0 Eﬂ
am
< T1llillcEg. Ee) + /b(u,a)u(a) da
0 Eg

S Tllill g Eo) + 1D Lo B+ 0,700 x ) Py 1Ullxs < R.
5

This ensures f(u, B) # A(u, B) for all A > 1 and all (u, B) € Xg with ||(u, B)|lx; = R, whence (i) from
[1, Thm. 12.3]. Finally, let ¥ be as in (3.10) with 79 < R and assume there exist A > 0 and (u, B) € Xg
with ||(u, B)|lx; = 7o and (u, B) — f(u, B) = A(0, ¥). Then u = I1y(-,0)B, hence u € X1 by (3.4), (3.5)
with |Jullx, < 7o, and B = Q (u)B + A¢. The latter implies ¢ € rg, (1 — Q (u)) contradicting (3.10).
Thus (ii) from [1, Thm. 12.3] is verified, too, and we conclude a fixed point (u, B) € Xg \ {(0,0)} of
the map f, that is, a nontrivial positive solution to (3.1). As for the additional regularity stated in the
theorem we observe that necessarily u(a) = IT,(a, 0)B for a € ] with B = Q (u)B € Es. It thus suffices
to refer to the regularity theory of Chapter Il in [4]. O

Example 2.10 or the examples in [28, Sect. 3] apply with minor modifications to the situation of
Theorem 3.1. We note that the special assumptions (3.5), (3.10), and (3.11) are also not too hard to
verify in certain applications in view of the following remark.

Remarks 3.2. (a) Let A(u, a) be of the form (1.3) with p being a nonnegative and real-valued function
so that its evolution operator is given by

My(a,0)=e o HEDIY, @, o),

where Ujxy,) denotes the parabolic evolution operator corresponding to A(u,-). Then (3.5) holds
provided that there is ©o > s(—A(u,a)) such that limg oo (u,a) > o uniformly with respect to
ue @y forue dy, and a € (0, o0) with s(—A(u, a)) being the spectral bound of the operator —A(u, a)
considered as a linear operator in Eg (see [4, Sect. L1, Sect. IL.5]).

(b) Suppose (3.9). Then condition (3.11) is equivalent to assume that ker(A — Q (u)) N E;;r = {0} for
all A>1 and u € X{" with [lul|x, > 71.

Proof. This follows from (3.9) and the Krein-Rutman theorem which states that r(Q (u)) > 0 is an
eigenvalue of Q (u) € K (Eg) with a positive eigenvector. O

(c) Suppose (3.9). Then condition (3.11) holds if [|Q (u)|lz(g,) < 1 for some 6 € [0,8] and all u € X1+
with [ullx, 2> 1.

Proof. This is a consequence of (b) and (3.9). O
(d) Suppose (3.9). Then condition (3.10) is satisfied provided

Qu)—1eL (Eg) foruce Xl+ \ {0} with [lullx, < To.
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Note that the latter condition corresponds in the non-diffusive case A=0 to assuming the scalar
inequality Q (u) > 1 for |u| small as in [20, Thm. 1] and [30, Thm. 4.1].

Proof. Since the assumptions imply rg, (1—Q (u)) C —E;{ we may choose ¥ € E;{ \ {0} arbitrarily. O

(e) Suppose (3.9). Then condition (3.10) holds provided there is i € ker(1 — Q (u)) N E; \ {0} such

that Q (u) € K4 (Ep) is irreducible for each u € X;“ \ {0} with |lu|lx, < 7o and, e.g., the interior of E;
is nonempty.

Proof. If ¢ is as in the statement, then the Krein-Rutman theorem (e.g. see [11, Thm. 12.3]) warrants
that r(Q (u)) =1 is a simple eigenvalue of Q (u), hence

ker(1— Q) Nrg(1 — Q) ={0},
from which we conclude ¥ ¢ rg, (1 — Q (u)) for each u. O

(f) If effects of small populations are negligible, then (3.10) holds. More precisely, let Q (u) = Q (0)
for small u € XT and let Q (0) € K4 (Ep) be irreducible, r(Q(0)) =1, and int(E;“) # (). Then there

is ¥ € E;{ \ {0} with ¥ € ker(1 — Q (0)) according to the Krein-Rutman theorem [11, Thm. 12.3],
and (3.10) follows from (e).

(g) Suppose (3.9). Then condition (3.10) is satisfied if there are 7o >0 and ¢ € int(Eg) such that,
given any u € XT \ {0} with [lullx, < 7o, Q(u) is irreducible and there exists a(u, ) € L1 joc(0, am)
with

am
—A(u,a)y =au,a)y, aec ], and /b(u,a)ef;"‘(”’r)dr da=1.
0

It is worthwhile to remark, however, that in this case a nontrivial solution to (3.1) can be found also
in the form u(a) = ¢ (a)y¥, where the existence of a nonnegative nontrivial ¢ follows from [20].

Proof. The assumptions imply I7,(a, 0)y = elo @@y qe | for u e X7\ {0} with Jlullx, < To,
whence v € ker(1 — Q (1)), and we may apply (e). O

(h) Clearly, Theorem 3.1 applies to models involving several species, say with densities u;,
1<j<N,and u=(ujy,...,un). If A and b in (3.1) have “diagonal form”, that is, if each u; satis-
fies (3.1) with A(u,a) and b(u,a) replaced by Aj(u,a) and b;(u, a), respectively, then it suffices to
assume (3.10) and (3.11) for some component. More precisely, the assertion of Theorem 3.1 holds true
provided there are j € {1, ..., N} (at least one) and (3.10) is replaced by

there are 7o > 0 and ¥/ € E; with v/ ¢ U rg, (1 - Q)
ue(XHN

lull x4 )N <To

while (3.11) is replaced by
there is 771 > 0 such that r(Q(u)) < 1foru e (X;F)N with [[u| x,v > 71,

where
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am
Qj(u) ::/bj(u,a)Hu,j(a,O)da
0

with [T, j denoting the parabolic evolution operator corresponding to A;(u, -).

Proof. Looking for solutions u = (u1,...,uy), where only the j-components are non-vanishing with j
as above, this follows by an obvious modification of the proof of Theorem 3.1. O
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