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1. INTRODUCTION

In this paper we examine some stability questions associated with
problems in approximation theory and nonsmooth analysis. We study
what happens to various sets that often appear in those fields, when we
perturb in some sense the data determining them. Such sensitivity analysis
is important for developing efficient numerical algorithms. In the next sec-
tion we investigate the continuity of the map 4 — P ,(x), where P (x) is
the set of all best approximations to x from A4. This problem was first con-
sidered by Brosowski er al. [5], who considered a family {4,},_; of sub-
sets of a normed linear space X parametrized by a topological space T and
studied the continuity of r - P, (x). Recently Tsukada [267] addressed the
same problem but with a nonparametrized method. Namely, he allowed
the sets {A4,},-, to converge in some sense to 4, and he examined what
happens to the sequence {P,(x)},.,. However, he limited himself to
reflexive, strictly convex, smooth Banach spaces in which case the set P ,(x)
for A4, a nonempty, closed, convex subset of X is a singleton (ic., 4 is a
Chebyshev set). Our work, on the one hand, generalizes the work of
Tsukada [26] and, on the other hand, provides several new results on this
issue. In Section 3, we investigate analogous questions in the context of
nonsmooth analysis. Finally, in Section 4, we pass to prediction sequences
in the Lebesgue-Bochner space L}(€2,2). Here we examine the con-
vergence of those sequences as we vary the sub-g-field of X, not necessarily
in a monotone way, and the function f(-) that has to be approximated.

Our basic tool in this study will be Kuratowski-Mosco convergence of
sets and the corresponding t-convergence of functions. So let {4,},., be a
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sequence of subsets of a Banach space X. Define the weak limit superior of
the sequence {A4,},-; to be the set

w — lim sup A”:{xeX: x=w—lim x, ,x,ed, k= l}

ko= s

H

and the strong limit inferior of {A4,},., to be the set

svlimian,,z{xeX:x:s‘ lim x,,,x,,eA,,,nzl}.

n- o "

We will say that 4, converges to 4 in the Kuratowski-Mosco sense if
and only if
w—limsup 4, € A4<s—liminf 4,.

n—=

H— o "

Since we always have that s—lim inf, _, , A,=w—limsup,_ .. 4,, we
deduce that 4, converges to A in the Kuratowski-Mosco sense if and only
if w—limsup,_ ., 4,=s—liminf,_ , A,=A. Then we write 4, % " 4,
as n— oo.

Using this set convergence we can define a new mode of convergence for
extended real valued functions. So let {f,, f},., =R¥. We say that f, t-
converges to fif and only if epi f, =% *epi f, as n — 0. In general, t-con-
vergence is not comparable to pointwise convergence. These convergence
concepts were introduced by Mosco [14] and were extensively studied by
Salinettt and Wets [23, 24].

We will close this introductory section by recalling a few basic facts
about measurable multifunctions that we will need in the sequel. Assume
(2,2, 1) is a finite complete measure space and X a separable Banach
space. We use the following notations:

PA{X)={A < X: nonempty, closed }
Py X)={A4 < X: nonempty, (weakly) closed, convex }
Py X)= {4 € X: nonempty, (weakly) compact, convex }.

A multifunction F: € - P(X) is said to be (weakly) measurable if it
satisfies any of the following equivalent conditions:

(1) F(U)={we: Flo)nU#F}el, for all U<c X open;
(2) For all xe X, the map w — dpy,,, (x)=inf, .., lx—yi;

(3) There exists a sequence {f,(-)},», of measurable selectors f,:
Q— X of F(*) s.t. Flw)=cl{f(w)},-,, for all we Q2 (Castaing’s represen-
tation).
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Consider the set SL={f(")e L}(RQ): f(w)e F(w) p-a.e.}, ie. S} contains
all integrable selectors of F(-). Clearly S} is a closed subset of L}(£2) and is
nonempty if and only if inf, . g, |yl € L'(22). Using this set we can now
define an integral for F(-) as follows:

[ Forduto)={[ o) o fresi).

o Q2

where |, f(w) du(w) is the usual Bochner integral. This integral was
introduced by Aumann [3] as a natural generalization of the Minkowski
sum of sets and of the integral of a single valued function. For a com-
prehensive treatment of measurable muitifunctions we refer to Himmelberg
[8] and Rockafellar [21, 221].

A final piece of terminology: If fe R*, we define the effective domain of
f() to be the set dom f= {xeX: f(x)< +x}.

2. CONVERGENCE IN APPROXIMATION

For the first result assume that X is a reflexive Banach space and that
{An’ A }nz i = P/((X)

PropOSITION 2.1. If A,—* "MA, as n— oo, xeX, then for all
(X, a1 S X sit, x,— x, we have d, {x,) = d,(x).

Proof. Observe that |d, (x,)—dix)] < |du(x,)—d(x)} +
|d(x)—dy(x)] < |x,—x| + |d,(x)—d,(x)]. From Theorem 2.5(i) of
Tsukada [26], we know that d, () = d,(-). So passing to the limit as
n— o0, we get that lim,, , ,, d,(x,)=d (x). Q.ED.

The next result examines the stability of the best approximations to x
from a sequence of sets that converges in the Kuratowski-Mosco sense. So
assume that X is a Banach space and that {A4,, A},., S PAX).

PROPOSITION 2.2. If A, KM A as n— oo, then for all xe X, we have
w—lim, , P, (x)ES P (x)

Proof. Assume that w—Tim P, (x)# ¢ or otherwise the result is
obvious. Let hew —Tim, , ,, P, (x). Then there exist 4, € P, (x) k=1 s.t,
h, =" h, as k— . This means that hew—lim, ,,, A,=A. We have
d, (x)=llx—h,]l, and because of the weak lower semicontinuity of the

e ‘
norm we can write that

lx—hl < lim x—h,) = lim d,, (x). (%)
k— x

—
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On the other hand, for -es~1lim, ,, A,=4 there exist z, e 4, s.t.,
z, 'z as n— . Since d,(x)< |x—z,[, we get that Tim, ., d,(x)<
llx — z||l. But z was abitrary in 4. Hence Iim,, , , d 4 (x)<d4(x), combining
that with (x), we get that | x—#A| <d,(x). But recall that he A. So
d,(x)=|x—h||, ie, heP,x). Therefore w—Ilim P, (x)S P(x)

Q.E.D.

n—

Recall that if X is reflexive and strictly convex then every A€ P, (X) is a
Chebyshev set, i.e., P ,(x) is a singléton for all xe X. Also X is said to have
property (H) if and only if for every {x,},., =X st, x, >" xe X and
| x|l = |lx]i, then x, »* x. Locally uniformly convex spaces (in particular
Hilbert spaces) have property (H). Using Proposition 2.2, we can have the
following corollary which is Theorem 3.2(i) of Tsukada [26].

COROLLARY [26]. If X is vreflexive and strictly convex and
{A,, A} o1 S P(X) with A, -% M A, as n— o, then for all xeX,
P, (x) =" P,(x), as n— x. If in addition X has property (H) then the con-
vergence Is sirong.

Proof. For all n=1, we have d,(x)=x—P,(x)| and d,(x)=
[ x — P,(x)]. Also we know that {x— P (x)[| = [lx — P 4(x)||. Hence there
exists M>0 st [x—P,(xI<M=|P,(x)I <M+ |x|. Since X is
reflexive we can find a subsequence -{PA"A(x)}k21 st. Py, (x) " a From
Proposition 2.2, we deduce that «= P (x). So every subsequence of
{P,(x)},-, has a further subsequence that converges to P ,(x). Thus
P,(x)>"P,(x). Now if X has property (H) then we have that
X—=P, (X)) > x=P,yx)=P,(x) =" Py(x),as n— 0. Q.E.D.

Several proofs in the theory of best approximation involve elements z € 4
s.t., lx —zf <d {x)+¢, where ¢>0. We call such elements elements of &-
approximation (or following Buck, elements of good approximation). In
addition, such elements are useful in designing algorithms that determine
the vectors that realize the best approximation. We will denote the set of all
such g-approximations by P¢(x).

For these sets we can have a stronger stability result. Assume that X is
reflexive and that {A,, A}, . S P,(X).

ProPOSITION 2.3. If A, - M A, as n— oo, then for all ¢>0 and all
xe X, we have that P% (x) »* ™ Pi(x), as n > .
Proof. By definition for all # =1, we have that
Pi(x)=1hed, |x—h|<d,(x)+e}

hed,: |x—hl —d,(x)<¢).
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Let ¢x(h)=lix—hl| —d,(x)+ 6 ,4,(h). Then we see that
Pe(x)={heX:¢;(h)<e} =Ly,

From Tsukada [26], we know that d, (-} — d,(-), as n — c0. Also since
by hypothesis 4, »* * A, we have that 6, —" ,, as n > o0. From these
two facts it is easy to see that ¢¥(-) =7 ¢*(-). Clearly {¢3(-), ¢"(-)} are
closed, convex functions. Hence Lemma 3.1 of Mosco [14] tells us that
Ly, —>KMLiasn— o0 =Py (x) > XM Pr(x)asn - . Q.E.D.

Additional resuls in the direction of stability in approximation theory
were recently obtained by the authors in [9].

3. CONVERGENCE IN NONSMOOTH ANALYSIS

In this section we investigate analogous stability problems in the more
general context of nonsmooth analysis.

Recall that if X is a Banach space, by /(X), we denote the set of all
proper, convex, ls.c., R-valued functions defined on X. Also if /: X > R is
convex, its subdifferential at x e X is the set ¢f(x)= {x¥ € X*: (x*, z—x) <
f(z)—f(x), for all ze X}.

The first result of this section can be viewed as an extension of
Theorem 1.2 of Attouch [2]. So assume that X is reflexive, {f,, f},, <
I'y(X) and that f, -7 f, as n — .

PROPOSITION 3.1. If for all n>=21, x¥edf,(x,), x¥->"x* and x, -" x,
then x* € ¢f(x).

Proof. From convex analysis we know that for all n>= 1, x*¥e df,(x,) if
and only if f,(x,)+ f,¥(x¥)=(x* x,). Note that (x}, x,)— (x*, x), as
n— 0. Also because by hypothesis f, = f, from Lemma 1.1 of Mosco
[14], we have that f(x)<lim,_ ., f,(x,). Furthermore, since f, -»*f
implies that f* - f* as n— oo, we get that f*(x*)<lim, , , f.*(x*);
combining those two facts with our initial observations we finally have that
)+ f¥(x*) < (x*, x). The Young—Fenchel inequality forces equality to
hold, and so we conclude that x* € df(x). Q.E.D.

Remark. From the above result it is easy to see that for fixed xe X, we
have w—Tim &f,(x) < df(x). With additional hypotheses we can have a
stronger result, namely, that af,(x) =% " ¢f(x). For details we refer
to [18].

However, for e-subdifferentials 0,f(x)={x*e X* (x* z—x)—¢<
f(z)— f(x), for all ze X'} ¢> 0, we can have more as the next result shows.
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Assume that X is finite dimensional and that [f,. /), ., </ ,(X), with
int dom f'# (5.

PrROPOSITION 3.2. If f. — [, as n— o, then for all xedom ¢f( )=
{zeX: of(z)£ P} and all £>0, we have that ¢,f,(x) =% " ¢ f(x), as
n— .

Proof. For nz1 let g (h)=f,(x+h)—f,(x). Then gX(h*)=f}x(h*)+
f.(x)— (h*, x). Similarly, for g(h)= f(x + h)}— f(x), we have that g*(h*)=
F*(h*)+ f(x) - (h*, x). Note that g*(-) =0 and is equal to zero at all
h*e X* st h*e(?f(x). From the definition of the g¢-subdifferential we get
that

Cofulx)=(h*e X*: g (h*)<ef =L
and
O f(x)={h*eX*: g*h*)<e| =L

From Corollary 2C of Salinetti and Wets [23], we know that f, =7 f,
and this is equivalent to f,* - f*, as n— cc. From this we can easily see
that g* > g* as n— co. Thus Lemma 3.1 of Mosco [14] tells us that
Lo, o8 ML =0, f(x) =% Mo f(x),asn— . Q.ED.

Remark. U f, —7f, as n— oo, we can assume that X is a general
reflexive Banach space.

In the rest of this section we will examine the continuity of some major
operations of nonsmooth and multivalued analysis, with respect to the -
convergence and the K — M-convergence.

We start with a result concerning asymptotic (recession) cones. Our
result improves Lemma 4 of McLinden and Bergstrom [12]. So suppose
that X is a Banach space and {4,, 4},., are nonempty, convex subsets
of X.

ProposITION 3.3, If A, - A as n-—oc, then w—1Ilim, ,,
(AH)'L gA7 -

Proof. Let hew—Tim (A,), . Then there exist A, €(A,),, k=1 s.t.,
h, —"h. By definition h, +A, A, =w—lim,_, (h, + A,,A)C W —
lim, ,, A4,,.Butw—lim, ,, (4, +A,,A)——h+A and sfllmka , A, Ew—
lim, ., A, Sw-—Tlim,_,, A,,A =w—lim, ,, A4, =A. Thus we finally have

that A + A < A, which means that he 4, . Q.E.D.

Remark. 1t is possible to have strict inclusion as the next example
illustrates: Let A,=[0,n], A=[0, ). Clearly, 4,-* * A But
(A4,), ={0} while 4, =A4=[0,). So lim (4,), =10} ¢ A=
[0, oc).

n— s
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Using the previous proposition we can now prove a corresponding result
for the recession functions. Again X is a Banach space and {f,, f},> are
proper convex functions from X into R.

ProrosiTion 3.4. If f,>7f and x,->"x, as n— oo, then [ (x)<
]imﬂaix, (fn)ol,: (’X‘-H)'

Proof. We know that f, —7f, if and only if, epi f, =% Mepi f, as
n— oo. Since {epi f,,epi f},., are nonempty, convex sets in X xR, we
can apply Proposition 3.3 and get that w—Tim, _ ,(epi f,).. < (epi f). .
But recall that (epi f,).. =epi(f,).. and (epi /), =epi [, . So we have that
w—1Iim, _, . epi(f,).. Sepif,.and thus is equivalent to saying that for all
x, =M fL(x)<lim, o () 2 (x,). QED.

In [3], Aumann proved a dominated convergence theorem for his set
valued integral under the assumption that X'=R". Here we present an
infinite dimensional version of it. Recall that a multifunction F: Q — P/(X)
is said to be integrably bounded if and only if |F(w)| =sup, .z, /x| is an
L' (Q) function.

Assume that X is reflexive and that F,(), F('}: Q- P,(X) are
measurable multifunctions.

THEOREM 3.1. If |F (o) <éd(w) pae, for ¢()el'(2) and
Fw) >5 Y Fw) p-ae., then (o F (o) du(w) 55 M [, Flo) du(w), as
n— oo, and Sp. —*"Y Sl as n— .

Proof. For x*e X, we have

O(ar(X*) = SUP (x*, y)= sup <x** Lf(w)du(cv)>

ot fest,

= sup [ (x*, f(0)) dulo).

resy “@

Using Theorem 2.2 of Hiai and Umegaki [7], we have that

sup | (<%, () du(@)=[ sup (x%.2) du(@)= [ 01,0, (x*) du(w).

fe S;h Q ze Fylw) Q
Hence we have that gy, . (x*) = _fQ amw,(xland aIgF(x*):
jg O jo)(X*). Using Fatou’s lemma we have that lim o, g(x*) = lim

Yo 0rw(x*) < [olim o, (x*). Because of the reflexivity of X and the
uniform boundedness by ¢(-), it is easy to see that lim g, (x*) <
O _Tim Fuon(X*) p-ae. Hence lim o, . (x*) < [ 650\ (x*) = 0, {x*), for
all x*e X* = w—Tim |, F,< [, F. On the other hand, let xe |, F. Then

640,49:1-4
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x=[g flw) with f(-)eS}. An easy application of Aumann’s selection
theorem provides f,(-) € S}. s.t. dp ., (f(®)) = | f,(w) = flw)] - 0 p-ae., as
n—ow = [of, > {of = xes—lim |, F,. Therefore [, F<s—lim |, F,
Thus we conclude that |, F, >% ¥ [, F

For the second part note that for every u(-)e L. = (LL)*, we can show
as above that aS;”(u) = (o 04 (u(w)). Hence mas;n(u) <
folim o, (u(@) < [qouu,(u@)) = o5(u) = w—Tim S, =S}. Also
note that using Theorem 22 of [7], we can show that dg ( ) =
'fg Fiw)(&(®)), for all g(-)eL). Therefore usmg Theorem 2.2 ( ) and

(i) of Tsukada [26], we get that Iim dg s.(g) IQ Iim dp(8lw)) <
fo drolglo)) = dg(g) = Spss—Ilim S} . So finally, we have that
Sy, XM S Q.E.D.

Before stating the last result of this section we need to present an easy
lemma. For normal integrals see Rockafellar [227]. Here X is any separable
Banach space.

LEMMA. If - 2x X > R is a convex, normal integrand s.1. for all xe X,
fC,x) and [f*(,0)]" have ﬁ'nite integrals, then for @(x jQ flw, x)
du(w), we have that @ _(h)= jg) (w, h) dulw), he X.

Proof. From Proposition 6.8.3 of Laurent [ 1], we have that for any x,
he X,

flw, x + Ah)— f(w, x)

Soulw, hy=sup -
>0 A
:>J fx(w,h)dy(w)zj Supf(w,x+)yh~)*f(w, x) du(o),
Q Q50 4

but the integrands of the right hand side increase with A1>0. So an
application of the monotone convergence theorem gives us

[ o by dusen) =sup | H2X 2 ZVT0 0 g

L0782

D(x + ih)— DP(x)
P 1 '

£2>0

Note that @&(-) is finite convex. Also recall that —f*(w,0)=
inf . , f(w, x), and since by hypothesis [ f*(-, 0)]" is integrable, we deduce
that for all xe X, f(-, x) is bounded from below by a function whose
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integral is bigger than —oo. Hence if x,— x, an application of Fatou’s
lemma gives us that

B(x) = jg f(o, x) dp(w) < jg lim f(w, x,) du(w)

n— oo

< lim | flo,x,) du() = lim @(x,)
n-— o0 YQ n-> 0

Therefore @(-) is in I'y(X) and so sup; ., (P(x + Ah) — D(x))/A=D (h)

Thus we have shown that jg foow, h) du(w)=@ (h), forall he X. Q.E.D.

We will use that result to study the convergence of the recession function
of the integral functional @(-). So assume that X is a finite dimensional
Banach space.

ProposITION 3.5. If f,, f: @ x X —> R are normal, convex integrands s.t.,
for all xeX, f,(,x)="""f(,x) and [£X(,0)]1", [f*(,0)]* are
integrable, then for all x, —" x, we have that

J, ot x) du(@) < tim | (f,)cl@, x,) du(o)

Proof. Since by hypothesis for all xe X, f,(-, x) —»“""1[(-, x), we have
that

J, it x) dis() = | fe. x) du(e),

&, (x) > d(x), as n — oo, for all xe X.

Observe that {@,(-), @(')},-, S o(X) and dom @, =dom @ =X. Thus
Corollary 2C of Salinetti and Wets [23] tells us that @,(-) =~ &(-). Hence
we can apply Proposition 3.4 and deduce that @ _(x)<lim, _, . (®,)..(x,).
Using the lemma, we finally can say that jg folw, x) du(w) <
im, - o fo (fu)o (@, x,) du(). QED.

We will conclude this section with a result that establishes the continuity
of the intersection operation with respect to the K— M-convergence. So
assume that X=R" and that {4,, B,, 4, B} = P,(X).

PROPOSITION 3.6. If for all n>21, int A,# , int A#J, A, %" A4,
B,—»X"MB a5 n—oo, and intA,nB#Q, intAnB#, then
A, "B, % " MANB, asn— 0.
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Proof. From Lemma 5 of Moreau [13], we know that for all n > 1,

0a,nl ) =104, og)0)

and
0 4npl)= (0, o)),

where [ denotes the operation of infimal convolution (see Laurent [11]
or Rockafellar [20]). Since by hypothesis int 4 N B# (J, we have that
Oeint(4 — B), and this is equivalent to saying that (epig,), N
(—epiog), ={0}. Hence we can apply Theorem 4 of McLinden and
Bergstrom [12] and get that

.
04,0 0g—— 0,00y,

1—*
=0 4,~B," > 04nB

=A,"B, X AnB asn— . Q.E.D.

4. PREDICTION SEQUENCES IN L}

Suppose that (2, X, u) is a complete probability space and that X is a
separable reflexive Banach space. Let 2, be a sub-o-field of 2. Consider the
Lebesgue-Bochner space LY(X,) and let f(-)e LL(X)=L}. We define

de(f)= f ff—g|,

g€ X( )
and

Ps(f)={geL(Zo):ds(f)=1/—gll}

The main purpose of this section is to study the behavior of those two
operators under variations of the sub-g-field 2, and of the function f(-)

We start with an existence result analogous to Theorem 5 of Shintani
and Ando [25], which was for the case X =R. However, thanks to the
reflexivity of X and the Dunford-Pettis compactness criterion (see Diestel
and Uhl [6], p. 101), their proof also applies to this more general case. So
we have:

ProrositioNn 4.1.  Every minimizing sequence is relatively w-compact and
its w-limits are in Py (f). Hence in particular, L\(%,) is proximinal.

In the sequel we will need the following lemma.
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Lemma 4.1 If g(-)€ Px(f), then || g(o)] <2E®| f(w)l| 1 ae.
Proof. Let AeX. Observing that y ,ge L}(X,), we have that

| gt du()+ds(1)

<[ 18 du@) + | 1/(@) = 14(0) g(0)] du(e)

<] 1) = gl duw) + [ 1f@)] du(e)
+ jg /(@)= 74le) g(e)] du(e)

= | 1/(@) = gl duo) + [ 1/(@)] dutw)
v L If @)l du) + | /(o) - g()] du(w)

= | 17(0)~ g(@) dutw) +2 | 1f(@)} dutw)

=ds (/)42 If@)] du()

Hence we have that
|, Ng@)l du(@) <2 [ 1f@)l duw) =2 [ E=) ()] duw)

Since this is true for ali 4eX, we conclude that |g(w)| <2E*| f(w)|
u-a.ce. Q.E.D.

Now we will introduce the convergence of g-fields that we are going to
use through our sensitivity analysis. So let {Z',} be a sequence of sub-o-
fields of 2. We will say that X', converges 1n L} to X, also a sub-g-field of
Z if and only if, for all feL}, E* L Ez“f In [17] the first author
proved that if limsup,_ ., 2 —hm inf,,, 2,=2_, then 2, —»LX).T
Also the martingale convergence theorem (see for example Neveu [16]
Proposition V-2-6, p. 104) tells us that if {Z,},> is monotone increasing,
then 2, Ly 2., as n—>oo. When X=R, this convergence is in fact
equivalent to the strong convergence (s-convergence) of o-fields introduced
by Neveu [15] and studied by Kudo [10] and Becker [4].
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The first result tells us that the subspaces L(X,) are continuous in a cer-
tain sense with respect to the above convergence of g-fields. For this result.
X is any separable Banach space with X* having the Radon-Nikodym
property (R.N.P.).

1

LEmMMA 42, Let {f,}<L) and {g,},.1SL}{ st, f,—=" "/
| .
Sup,, > ||gn||30<M’ andgn_)lYWLX'gEL%*' Then <fn9 gn>_’<f’ g>

Proof. Without loss of generality assume that g =0. Then for ¢ >0, we
have

[ 81 <[ 1), gD dule0)

<[ pollgldio)+ | if g @) due
{Hifull > a}

Sl € aj

SMJ I fl)]l dutw) + all gl

(Al > a)
but {f,},-, is w-compact in L}, so uniformly integrable. Hence
sup [ S @) di(@) > 0, a5 o0 = (£, g,> = 0. QED,
nz 1 Yl >at

Using this lemma we can prove the following.

PROPOSITION 4.2. If X, -5 | then LX) »* M LYZ ).

Proof. Let few—Tlim Li(X,). Then there ex1sts S)eLi(Z,,) st
f.—" Lxf For any g(-)€ L%, using that &, — Ly ¥ and Lemma 4.2, we
have

Cfg>=lim S gy=lim (fi B> = (fLES g,

Sof=E*f=fel\(X, )=w—Tim LY, = LYZ.). On the other hand,
let felL'(X.,) Then E*felL'(X,) and E5f 5~ Ly EX«f = f So
LYZ,)Ss—lim L\(2,). Thus, finally, L\(2,) % ¥ L(X,).  QED.

Now we are ready for the main result of this section. So assume that X is
also reflexive.

THEOREM 4.1. If £, =YX and f, »"*f, as n— oo, then any sequence
g.€ Ps (f,) is relatively weakly compact in L ; its weak limits are in Pz (f)
and ds (f,) > ds (f), as n— o0,

)
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Proof. From Lemma 4.1 we know that for all n>1, ||g, |, <2l /.l
But {f,}.>, is an L}-convergent sequence and so it is L}-bounded and
uniformly integrable (see Diestel and Uhl [6], p. 104). Furthermore, since
X is reflexive for all 4e X, K, = {IA g ) du(w)}, s is a relatively weakly
compact subset of X. So invoking the Dunford-Pettis compactness
criterion, we deduce that {g,},-  is relatively w-compact in L.. Thanks to
the Eberlein-Smulian theorem, we know that it is relatively w-sequentially
compact. So let g, S Ly g. We will show that ge P, _(f). From the weak
lower semicontinuity of the norm we have that |f—g|, <
lim, , . | f—g.l:. Let ge Py (f). From Proposition 4.1, we know that
such a function exists. Then we have

I/ =gl Skli_m dz,,k(f)gkli_m‘ If = E=gll,
< Hf—é'lll+kli_m 1§ — E*gll,

=ds,(f)+ lim ||E*<g — E*ng],,

k — o

since by hypothesis 2, —Lx T we have that
lim (E*»g— E*#g|, =0.

k— o0

Thus, finally, we get that ||/ — gll, <ds_(f). Since g(*)e L} (2. ), we con-
clude that |/~ gll, =ds, (/). ie. g€ Py, ().

Next we claim that d5 (f)—ds- (f), as n— . Let u,e Py (f) n>1.
Then dy (f)=|f—wu,ll,. From the first part of the proof we know that
{14} 51 is relatively w-compact in L}(2). Hence u,, Srliye Py (f) as
k— 0 =limy .. ds, () =limy .. [/ —u,l,>f—ul,=ds (). On the
other hand, from Theorem 3.2 of Tsukada [26] and Proposition 4.2, we
have that Iim, , dz,,k(f)Sdz,(f) So dznk(f)—>d£((f). Therefore we
have shown that every subsequence of {d, (f)},-, has a further sub-
sequence that converges to dx (f), which means that d; (f)—ds (f), as
n— oo. Now because the distance function 1s Lipschitz, we have

e (fa) =de (NN =N +1ds (f) = ds (f)

= lim |dy,(f,)—ds (/)] =0, ie. ds,(f,) > dx, (f),asn— oo,
T Q.ED.
Remarks. (1) The second claim of the theorem can not be obtained
from Proposition 2.1, because we proved that proposition for reflexive
Banach spaces.

(2) The above theorem tells us that if {X,, 2}, ., are as described,
then w'l—ianaoc PZ,,(fn) S PZ,J(f)
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