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ARTICLE INFO ABSTRACT

Keywords: The issues of robust stability for uncertain fractional-order systems of two types of order
;E)ﬁiﬁg‘gﬁﬁ;r system a € (0,1) are dealt with in this paper. For the polytope-type uncertainty case, a
Polytope-type uncertainty less coqservatlve suff1c1§pt condition for robust Sti.:ﬂ:‘)lllty is given; for thg nqrm-bounded
Norm-bounded uncertainty uncertainty case, a sufficient and necessary condition for robust stability is presented.
Both of these conditions can be checked by solving sets of linear matrix inequalities. Two

numerical examples are presented to confirm the proposed conditions.
Crown Copyright © 2012 Published by Elsevier Ltd. All rights reserved.

1. Introduction

As an application background of fractional calculus [ 1], fractional-order control systems [2-14] have attracted increasing
attention in the past few decades. The problems of robust stability for interval uncertain fractional-order systems were
investigated systematically in [15-20]. For instance, an experimentally verified Kharitonov-like procedure for checking
robust stability for interval fractional-order linear time invariant (FO-LTI) systems described by a transfer function was
proposed in [15]. In [16], the robust stability problem for interval FO-LTI systems with order 0 < o < 1 described by a
state-space form was discussed. In [17], a complex Lyapunov inequality was utilized to find the maximum eigenvalue of a
Hermitian matrix, and a robust stability checking method for interval FO-LTI systems with order 1 < o < 2 was proposed. As
an extension of [ 17], a necessary and sufficient condition for robust stability for uncertain FO-LTI systems withorder 1 < o <
2 was proposed in [18]. Further, in [ 19], necessary and sufficient conditions for stability and stabilization of fractional-order
interval systems with order 1 < o < 2 were presented. A sufficient and necessary condition for the robust asymptotical
stability of fractional-order interval systems with order 0 < « < 1 was presented in [20], and a sufficient condition for
the robust asymptotical stabilization was also derived. All the results in [19,20] were obtained in terms of linear matrix
inequalities. For more knowledge about stability conditions for interval fractional-order systems, please refer to [21-24].

For more general uncertainties in control systems theory, polytope-type uncertainty and norm-bounded uncertainty
are two representative forms of structured and unstructured uncertainties. Norm-bounded [25] uncertainty is mainly used
along with the small gain theory in the robust stability analysis, and the polytope-type [26] uncertainty is primarily used
for quadratic stability analysis. To the best of our knowledge, there exist no results about robust stability for fractional-
order systems with these two kinds of uncertainties. With motivation from the fact mentioned above, robust stability for
fractional-order systems of order @ € (0, 1) with structured and unstructured uncertainties is discussed in the current paper.
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This paper is organized as follows. Some preliminary results are recalled in Section 2. The main results on robust stability
for fractional-order systems with structured and unstructured uncertainties are addressed in Section 3. Two numerical
examples are given to verify the proposed conditions in Section 4, and a conclusion is given in Section 5.

2. Preliminaries

In this paper, we adopt the well-known Caputo definition for the fractional derivative [4],
1 o fF(r)dr
'@ —n) Jy (t—7g)eti-n

with @ € R satisfyingn — 1 < a < n,f(t) € C"(0, 00).
In general, FO-LTI systems can be described by the transfer function [4]

DUf(t) == oD{f(t) =

G() bmsﬁm ‘i‘bm—lsﬁm_1 +"'+b15ﬁ1 —|—b0 (l)
S) =

ansan +an—15a"71 —+ .. +(11S“1 + o
where a;, o, b, j € R(i=0,1,...,n,j=0,1,....,m), 0, #O oty > 0ty_1 > -+ > 01 >0, By > Bn_1>-->p1 >0
and oy, > Bn.

Assume that the FO-LTI system (1) can be converted into a commensurate form under some algebraic operations:
bmsm/v + bm,15(m_1)/v 4+t b]Sl/U + bO
ang”/v + anils("—U/U 4+ 4 (1151/” + ag ’

We focus our attention on the commensurate FO-LTI systems in the current paper.
The stability issues of FO-LTI systems were given in [3] as the following.

G(s) =

(v>1)

Lemma 1. An FO-LTI system described by the transfer function

bt

G(s) = =2 - g(sa), 0<a<2)
Z ak(sa)k (5 )
k=0

is asymptotically stable if and only if |arg(o;)| > aZ, with o; being the ith root of the pseudo-polynomial P(c), o = s®.

Lemma 2. An FO-LTI system described by the state-space form
D*x(t) = Ax(t), (0 <a <?2)
is asymptotically stable if and only if |arg(eig(A))| > a%, where eig(A) are eigenvalues of the matrix A.

The stable regions denoted as the D“-stable regions for0 < « < 1, = 1and 1 < « < 2 are shown in Fig. 1.
To proceed with our discussion about the robust stability for the uncertain fractional-order systems, the following
lemmas need to be recalled.

Lemma 3 ([27]). An FO-LTI system described by
D*x(t) = Ax(t), O<a<1)

is asymptotically stable if and only if there exist two positive definite Hermitian matrices Q; and Q, such that
e Q,A* + e P AQ, + e P Q,A* + eAQ, < O,

where 6 = (1 — o) /2.

Lemma 4 ([20]). An FO-LTI system described by
D*x(t) = Ax(t), O <a<1)

is asymptotically stable if and only if there exist two real symmetric positive definite matrices Q11 and Q.;, and two skew-
symmetric matrices Q1, and Q,2, such that

Zsym{@,-j ® (AQy)} < 0,

i=1 j=1

Qi Qn Q1 Q»
[—Qu Qn]>0’ [—sz 021]>°
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Fig. 1. Stableregionsfor0 <o < l,a =1land1 <o < 2.
where 0 = (1 — a)m /2, and the ®; (i, j = 1, 2) are defined as follows:

(D) =G [0 =]
)
)

O = , O = To Ta
—sin (—) cos (—
L 2 2
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cos ( — sin | —
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3. The main results

In this section, robust stability for fractional-order systems of order &« € (0, 1) with structured and unstructured
uncertainties are analyzed.

3.1. The polytope-type uncertainty case

Consider an uncertain FO-LTI system described by
D*x(t) = Ax(t), O <a<1) (4)

where x(t) € R",and A € R™" belongs to a polytope-type domain A. Any matrix inside the domain A can be written as a
convex combination of the known vertices A; of the uncertainty polytope [26], i.e.,

N N
A=A AG) =) EA; ) =1 5>0¢. (5)

i=1 i=1

Remark 1. Polytopes of matrices have been established as one of standard representations of uncertainties involved in
control systems described by the state-space models [28]. It is natural to discuss the robust stability problem when the
system matrices of uncertain systems are formulated in terms of a polytope of matrices.

On the basis of Lemma 3, the following definition is given.

Definition 1. The uncertain FO-LTI system (4) is said to be robustly stable if there exist positive definite Hermitian matrices
Q1(¢) and Q, (&) such that

" QEATE) + e "AGQUE) + e " QHANE) + " AE)Q(6) <0,
forany A(§) € A, where 6 = (1 — o)1 /2.

Due to convexity, robust stability of the uncertain FO-LTI system (4) can be easily verified through the existence of positive
definite Hermitian matrices Q; and Q, such that

e’ QAT + e "AQ +e QAT +eYAQ <0, (i=1,2,...,N), (6)
where 0 = (1 — a)m /2.
Remark 2. Note that (6) yields a conservative result, as the Hermitian matrices Q;(£) and Q, (&) are restricted to constant

positive definite Hermitian matrices Q; and Q,. A less conservative alternative for testing the robust stability of the uncertain
FO-LTI system (4) is given as the following theorem.
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Theorem 1. If there exist positive definite Hermitian matrices Qi; and Qy; (i = 1, 2, ..., N) such that
e’ QuA; + e "AQi + e QuAf + €"AQ < I, (i=1,2,....N), ™)
i0 —i0 g% i0 —i0 px —io i0 g% —io i0 4% 2
e QA + e VAT Qy + " QuAj e A Qi + e T QA + VA Qe T QuiAj e A]-in<ﬁ1
i=12,...,.N—1,j=i+1,...,N), (8)

then the uncertain FO-LTI system (4) is robustly stable.

Proof. Let Q;(£) = Y 1, &Qu, Q(€) = YN, £Qu, where Y1 & = 1and & > 0. It is clear that Q;(£) and Q,(£) are

positive definite parameter dependent Hermitian matrices. From (5), the following equation can be obtained:

e?Qi(E)A*(E) + e TPAE)Qi(E) + e Y Qu(E)AT(E) + €7AE)Qu (&)

N—1

= Zs (@ QuAT + e "AQi; + e QuAT + e”AiQa) + Z Z £ QuAT + e "AQy; + ¢ QAT

i=1 i=1 j=i+1
+e PAQi + e QuA! + €Ay + e Q] + e”A Q).
Since
N-1 N
(N — 1)25, —22 Z =) Y (E—§7 =0,
i=1 j=i+1 i=1 j=i+1
from conditions (7) and (8), one gets

N-1

N
QAT (E) + e "AE)Q(E) + e QAT (E) + €AE)Q () < — <Z & —
i=1

N
ZSS]N ) <0.

i=1 j=i+1

This completes the proof of the theorem. O

Remark 3. It is important to note that if the polytope obtained in (5) is known to be robustly stable, then any positive
combination of its vertices can also produce stable matrices for the uncertain FO-LTI system (4), since a strictly positive
scalar number clearly does not affect the arguments of the eigenvalues of the system matrix.

3.2. The norm-bounded uncertainty case

Consider an uncertain FO-LTI system:
D*x(t) = A(A)x(t), O <a<1) (9)

where A(A) € Ay, := {A+ DAE | ||A|| < 1}, A, D and E are known real matrices with appropriate dimensions.
On the basis of Lemma 4, we have the following definition.

Definition 2. The uncertain FO-LTI system (9) is said to be robustly stable if for any A satisfying ||A|| < 1, there exist two
real symmetric positive definite matrices Q;; and Q»1, and two skew-symmetric matrices Q;; and Q,,, such that

2
> sym{05 ® (A(A)Qy)} <0,

MN

i=1 j=1
Q1 Q12 Q21 Q2
[—le Qn] >0, |:—Q22 Q21:| >0,

where the ©; (i, j = 1, 2) satisfy (2)-(3).

On the basis of Definition 2, the following theorem is given.
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Theorem 2. The uncertain FO-LTI system (9) is robustly stable if and only if there exist two real symmetric positive definite
matrices Q11 and Qz1, two skew-symmetric matrices Q1 and Qoy, and scalar constants A > 0 (i, j = 1, 2) such that

Py Pz

I:P;[Z P22:| <0 (10)
Qi1 Q12 Q21 Q22

[—le Qn] >0, |:—Q22 021] >0 an

where the ©; (i,j = 1, 2) are defined in (2)-(3), sym{X} is defined as sym{X} = X + XT, and Py; = Zizz] ij:]{sym{@ij ®
(AQy)} + A;i(I, ® DD™)},

I, ® (EQq1)
L ® (EQ12)
L ® (EQ) |
I, ® (EQx)

Py = Py, = —diag(Aq1, A2, A21, A2) ® by

Proof (Sufficiency). As

2 2 2

22 _symiO5 @ WA} =) > syml©; ® (AQ} + Y Y sym{Oy ® (DAEQ;)},

i=1 j=1 i=1 j=1 i=1 j=1
then for any given || A|| < 1,i.e., AAT < I, one has
LeAN6LON =6LeA) LA =(1®AA) <I. (12)
Note that @,]@,]T =1 (i,j = 1, 2).Itis known from (12) and Lemma A.3 that for any real scalars A;; > 0 (i,j = 1, 2),
sym{@; ® (DAEQ;)} = sym{(©; ® D) (I ® A) (I, ® EQ;)}
< 2@ ®D)(1L ® A) (L ® 4)' (@5 ® D) + A; " (I, ® EQy) (I, ® EQy)
(I, ® DD") + )»,-171 (I, ® EQy) (I, ® EQy).

A

IA

Then

2 2
sym{@5 ® (A(A)Q)} < Y Y (sym{O ® (AQy)} + X(l, ® DD"))

i=1 j=1 i=1 j=1

t 2

i=1 j

A (1 @ EQy) (1 @ EQy). (13

2
=1

As (10) and (11) hold, then by using the Schur complement [29] of (13), one has

M~

Zsym{@g ® (A(4)Qy)} < 0.

i=1 j=1

Then it is known from Definition 2 that the uncertain FO-LTI system (9) is robustly stable.

(Necessity) As the uncertain FO-LTI system (9) is robustly stable, then it is known from Definition 2 that there exist two real
symmetric positive definite matrices Q;; and Qy1, and two skew-symmetric matrices Q;; and Q,;, such that

sym{@; ® (A(4)Q;} < 0, (14)

i=1 j=1
where the @; (i, j = 1, 2) satisfy (2)-(3). From (14), one has

2 2 2 2

Too =Y Y sym{03 ® (AQ} + Y _ Y sym{(®5 ® D) (I, ® 4) (I, ® EQy)} < 0. (15)

=1 j=1 =1 j=1
Let @11 = Too — sym{(©11 ® D) (I, ® A) (I, ® EQ11)}; then from (15) one knows that for any &, & € R%, & = [&],&]17 # 0,
ETd1E < —28"(01:®D) (I, ® A) (I, ® EQ)E.
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Define I" := {£€7(®1; ® D) (L ® A) (I, ® EQ11)E, || Al| < 1}; then —x e I' forany x € I'. So one has

”T”aé{g(@n ®D) (I, ® 4) (I, ® EQ1)§} > 0.

Therefore,

§'0ng < -2 max (6" (01 ®D) (b ® 4) (b ® EQu)E) =<0,

And for any given £ € R?", £ # 0, one obtains

2
E"PnE)’ >4 (m‘ixl{ET(@n ®D) (L, ® 4) (I, ®EQ11)$}> ,

4l

and then

2

(lr?ixl{g(@n RD)LRA) L® EQH)‘E}) = I\Tlfi(l(g(@“ ®D) (b, ® A) (I, ® EQi1)é)>. (16)
On the basis of Lemma A.1, it is known from (12) and (16) that

(" P116)* > 46" (011 @ D)(O11 ® D) ) (¢ (I, ® EQn)' (I, ® EQq1)§). (17)
Then it is known from Lemma A.2 that there exists a real scalar A;; > 0 such that

231011 ® D) (011 ® D) + A11®11 + (b ® EQi1)" (I ® EQi1) < 0.
Thus,

Tii = @11+ A11(011 ® D) (O11 ® D) + A3} (I, ® EQi1)" (I, ® EQu1)

= Too — sym{(@11 ® D) (b ® A) (I, ® EQi1)} + 211(E11 ® D) (O11 ® D)T + A7, (I ® EQi)" (I ® EQq1) < 0.

Let @1, = Ty — sym{(®2; ® D) (L, ® A) (I, ® EQ»)}; from the above inequality one knows that for all £, &, € R",
£=[g.51 #0,

ETdpE < —26"(01, ®D) (b ® A) (I, ® EQi)E,
and hence,

A ‘{Elfi(]{g(@u ®D) (L ® A) (I, ® EQp)E} < 0.
Therefore, for any given £ € R?", & # 0, one has

lAl<
=4 max (§"(@11 ®D) (b ® A) (I, ® EQi1)&)>.

lAl=1

2
(E"P18)* > 4 (m‘?gl{sT(@u ®D)(L® 4) (1 ® EQ12)5}>

On the basis of Lemma A.1, one has that
(€7 P126)* > 45T (01, ® D)(©12 ® D)'E) (T (1 ® EQi2)" (I ® EQ1)§).
Then it is known from Lemma A.2 that there exists a real scalar A1, > 0 such that
23, (@12 ®D) (©12 @ D) + A2®12 + (I ® EQ12)" (I, ® EQy2) < 0.
Thus,
Tiz = ®12 + A12(01, ® D) (O12 ® D) + A3, (I, ® EQ12)" (I, ® EQ12)
= T —sym{(@1, ® D) (b ® A) (I ® EQ12)} + 212(E12 ® D) (O1, ® D)T + A7, (I, ® EQi2)" (I, ® EQ2) < 0.
Similarly, let @1 = T13 — sym{(®2; ® D) (I, ® A) (I, ® EQy1)}; it is known that there exists a real scalar A,; > 0 such that
251(021 ® D) (O21 @ D) + A21@21 + (I ® EQa1)" (I, ® EQ21) < O.
Thus,
Ty1 = ®21 + A21(021 ® D) (O21 ® D) + 5] (I, ® EQa1) (I, ® EQ21)
= Tiz — sym{(@ ® D) (b ® A) (I ® EQ21)} + 221(O21 ® D) (@31 ® D)T + A5, (I, ® EQ21)" (I, ® EQz1) < 0.
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Let @5y = To1 — sym{(©2; ® D) (I, ® A) (I, ® EQ7)}. It is known that there exists a real scalar A;; > 0 such that
23,(@2 ®D) (02 ® D) + A3 ®2 + (I ® EQ22) (I, ® EQx) < 0.
Thus,
Ty = @2 + A22(O2 @ D) (O ® D) + 1, (I ® EQz)" (I ® EQ2)
= T —sym{(O2 ® D) (b ® 4) (I ® EQ)} + 122(€22 ® D) (B2 @ D)' + 13 (Il ® EQz)' (12 ® EQa),

2 2 2 2
T =) > sym{O;® A} + > > 103 @D)(@3@D)" + Y Y 2;'(lh ®EQ)  (lh ®EQy) < 0. (18)

i=1 j=1 i=1 j=1 i=1 j=1
As @;0] =1, (i,j = 1,2), it can be found from (18) that

2 2 2 2
T =) Y sym{@5 ® (AQy) + Aj(la @ DD} + > Y a7 (I ® EQy)' (I, ® EQy) < 0.

i=1 j=1 i=1 j=1

By using the Schur complement of the above inequality, one obtains (10). This completes the proof of the theorem. O

Remark 4. Control systems with norm-bounded uncertainty are discussed frequently when no structured information
about the uncertainties is assumed. In other words, the basic robust control theory addressing the norm-bounded
uncertainty problem can accommodate uncertainties with arbitrary structure. On the basis of Lemma 4, LMI methods have
been used for testing the robust stability for the uncertain FO-LTI system (9), and Theorem 2 provides a robust stability
condition for (9) no matter what the structure of A is.

Remark 5. In[30], it is pointed out that the control problems of controlled systems with unstructured uncertainties are the
main issues in nonlinear robust control, which is an important approach in engineering application, e.g., it is extensively
applied in motion control of flying robots [31]. Therefore, the robust control of uncertain fractional-order systems with
unstructured uncertainties should be a future topic of ours due to its significance both in theory and in application.

4. Numerical examples

In this section, two numerical examples are presented to demonstrate the effectiveness of the proposed theorems.

Example 1. Consider an uncertain FO-LTI system (4) with « = 0.5, N = 2, A; = [:?:‘fg?i i?ggls]and A, =

—3.1198  4.7278
—5.1389  —8.8802 |*

By solving complex LMIs (7) and (8), one obtains positive definite Hermitian matrices

01 = 10.1770 1.4741 4 j2.7719 0 = 10.2520 2.5827 +j3.3649
117 11.4741 — j2.7719 3.5683 ’ 127 12.5827 — j3.3649 5.8371 ’

0y = 10.1770 1.4741 — j2.7719 Oy = 10.2520 2.5827 — j3.3649
17 11.4741 4+ j2.7719 3.5683 ’ 2= |2.5827 +j3.3649 5.8371

By Theorem 1, one can conclude that the uncertain FO-LTI system (4) is robustly stable. For numerical confirmation, we
chose 100 random numbers for &; in [0, 1] with the uniform distribution; then 100 matrix pairs (A(§), Q1(£), Q2(€)) were
obtained for the following inequality to be satisfied for each matrix pair (A(§), Q;(§), Q2(§)):

e’ QEIAE) + e A (£)Qi(E) + e P Q(E)AE) + YA (§)Qu(&) < 0.
Thus, Theorem 1 is confirmed numerically.

Example 2. Consider an uncertain FO-LTI system described by (9) with « = 05, A =

—4.3228 0.4066 D
0.5306 —-3.6772 |

0.6555  0.7060 0.6324  0.2785
[0.1712 0.0318]‘ and E = [0‘0975 0.5469

0,, = [44590 08436 01, = 0 0.0852
17 10.8436 1.6910 |° 27 1-0.082 0 |°

_ [4.4590 0.8436 _ 0 —0.0852
Q1 =108436 1.6910| Q2 = | .0852 0 ’

and )\.1] = )\.]2 = )\.2] = )\.22 = 10.9045.

]. By solving (10) and (11), one obtains
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Therefore, by Theorem 2, the uncertain FO-LTI system (9) is robustly stable.
To confirm this conclusion numerically, we choose 100 random uncertain matrices A satisfying || A|| < 1.1t can be shown
that |arg(eig (A(A)))| > a% holds for any chosen A. Thus, Theorem 2 is verified numerically.

5. Conclusions

Robust stability for uncertain FO-LTI systems of order « € (0, 1) with structured and unstructured uncertainties was
discussed in this paper. For fractional-order systems with polytope-type uncertainty, a less conservative sufficient condition
was given: that the robust stability can be guaranteed by the existence of two positive definite parameter dependent
Hermitian matrices. For fractional-order systems with norm-bounded uncertainty, a sufficient and necessary condition for
robust stability was shown, in terms of two real symmetric positive definite matrices and two skew-symmetric matrices,
which can be obtained by solving a set of linear matrix inequalities. Finally, two numerical examples were presented to
illustrate the effectiveness of our results.
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Appendix

Lemma A.1 ([32]). Given any x € R", the following equation holds:

”nAqﬁaxl{(xTDAEx)2 cATA <1, A e R™"} = x"DD"xx"ETEx.
=<

Lemma A.2 ([32)).Let X, Y and Z be given n x nreal matrices suchthat X > 0,Y < 0andZ > 0. Assume (x" Yx)> —4x" Xxx" Zx >
0 holds for all x € R", with x # 0. Then there exists a constant A > 0 such that

MX4+AY+Z <.

Lemma A.3 ([25]). For any matrices X and Y with appropriate dimensions, we have
XTY +YTX < AXTX + (1/0)YTY
valid for any A > 0.
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