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1. Introduction

Let ¢ = e™iT with Imt > 0. The Jacobi theta functions are defined by [8, p. 355, Section 13.19]

o0
01(21) =2 (~1)"q"+ 2 sin@n + D7z,
n=0

o0
62(z|T) =2 Zq(”’L%)Z cos(2n+ Dz,
n=0

o0
O3(z|t) =142 Zq”z cos2nmz,

n=1

o0
O4(z|T) =142 X:(—l)“q"2 cos2nmz.
n=1
We denote 6;(z|t) by 6;(z), i =1,2,3 and 4, when the dependence on z is to be emphasized and that on 7 is to be
suppressed. Moreover when z = 0, we denote the above theta functions by 6;, i.e., 6; :=6;(0|t),i =1, 2,3 and 4, where it is
easy to see that 6; =0.
Foru,v e C and t =int with Ret > 0, define Sj(u, v;t), j=1,2,3 and 4, to be the following quotient of theta functions:

0;(u/2limt)

0j(v/2limt)’ (11)

Sj=Sju,v;t):=
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Fig. 1. Sy(u,vit) foru= %, v="7 and 0.2 <t <0.8.

Monotonicity of these quotients has attracted a lot of attention in recent years. Monotonicity of Sy(u,v;t) on 0 <t < o0
arose naturally in the work of A.Yu. Solynin [14] where it is related to the steady-state distribution of heat. In particular,
Solynin used it to prove a special case of a generalization of a conjecture due to A.A. Gonchar [4, Problem 7.45] posed by
A. Baernstein II [1]. (For complete history and progress on Gonchar’s conjecture, the reader should consult [3,7].) We note
here that the proof for Sy(u, v;t) in [14] contained a small error since the constant term cy (see (2.6) below) is missing
in formula (4.20) in [14]. This error was corrected by A.Yu. Solynin and the first author in [7], where they also proved
monotonicity of Si(u, v;t), S3(u,v;t) and S4(u, v;t). It turns out that K. Schiefermayr [13, Theorem 1] independently
proved the same results on monotonicity of S3(u, v;t) and S4(u, v; t). It is worth mentioning that the proofs presented in
[14] and [7] and the proof in [13] use entirely different ideas. These results on monotonicity of S;(u, v;t), j=1,2,3,4, are
stated in [7] as follows.

For fixed u and v such that 0 < u < v < 1, the functions S1(u, v;t) and S4(u, v; t) are positive and strictly increasing on 0 <
t < oo, while the functions Sy (u, v; t) and S3(u, v; t) are positive and strictly decreasingon 0 <t < oo.

At the end of the paper [7], based on numerical calculations, it was conjectured that S;(u, v;t), j=1,2,3,4, are com-
pletely monotonic on 0 <t < oco. A function f is said to be completely monotonic on [0, co) if f € C[0, 00), f € C*°(0, 00)
and (—1¥f®(t) > 0 for any k non-negative and t > 0. Several functions related to gamma function, digamma function,
polygamma function and modified Bessel function etc. have been shown to be completely monotonic, see [5,9,11]. For a sur-
vey on properties of completely monotonic functions, see [12]. The above-mentioned conjecture can be precisely formulated
(and corrected) as follows.

Conjecture 1.1. Let S j(u, v; t) be defined as in (1.1). For fixed u and v such that 0 < u < v < 1, the functions %51 (u,v;t),Sa(u, v;t),
S3(u, v;t) and %54(u, v; t) are completely monotonicon 0 <t < oo.

If this conjecture is indeed true, by a theorem of S.N. Bernstein and D. Widder [6, p. 95, Theorem 1] there exist non-
decreasing bounded functions y; such that S;(u,v;t) = f0°° e‘“dyj(s) for j =2,3, and %Sj(u, vit) = ]Ooo e‘“dyj(s) for
ji=1,4.

In the present paper, we study convexity of Sy(u, v;t) and S3(u, v;t) as functions of t. Figs. 1 and 2 seem to indicate
that these quotients are convex on 0 <t < co, which is consistent with the above conjecture. Our main result given below
shows that this is indeed true.

Theorem 1.2. For fixed u and v such that 0 < u < v < 1, the functions S, and S3 are strictly convex on 0 < t < oo. In other words,

= and <52 are negative and strictly increasing on 0 <t < oo.

2. Preliminary results

In this section, we collect main ingredients all of which are subsequently required in the proofs of our results. We
then prove certain lemmas also to be used in the later sections. Then in Section 3, we prove Theorem 1.2 for 952 Finally,

at
Section 4 is devoted to the proof of Theorem 1.2 for %

We first start with some important properties of the Weierstrass elliptic function. For z € C, let ¢ (z) denote the Weier-
strass elliptic function with periods 1 and 7. It is known [8, p. 376] that & (z) maps the period parallelogram R (rectangle in

our case) with vertices 0, w =1/2, w+«' =1/2+1/2 and ' = t/2 conformally and one-to-one onto the lower half-plane
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Fig.2. S3(u,v;t) foru= 45, v= 75 and 0.5 <t < 1.7.

{w: Imw < 0}. Moreover, g (z) is real and decreases from oo to —oo as z describes the boundary of R in the counterclock-
wise direction starting from 0. It is known that ¢ (z) and g’(z) are respectively even and odd functions of z.

Let g, and g3 denote the invariants of g (z). The following differential equations for & are well known and can be found
in [8, p. 332]:

0'2(2) =4p>(2) — 2200 (2) — g3,
9'(2) = 6p%(2) — 22,

2
9"(2) =120 (2)p(2). (21)
The first equation in (2.1) can also be represented in the form [8, p. 331]
P22 =4(p @ —e1)(p @ —e2) (9 (2) — e3), (22)

where eq,e; and e3 are values of the o (z) at z=1/2,(r +1)/2 and 7/2 respectively [8, p. 330]. As can be easily seen
from (2.2), ’(z) vanishes at these values of z. It is known that es < e, < eq, that e3 < 0 and that ey > 0. Again, from
[8, p. 332], we find that

€1 =—ey —e3,

g2 = —4(e1ez +eze3 +eseq),

g3 =4ejezes. (2.3)
Further, the quantities eq, e; and e3 are related to theta functions by [8, p. 361]

(e1 —e3)'/? =m62,

(e1 —ex)'? =m63. (2.4)
From [7, Eq. (2.6)], we have
010\’
= — X) —Co), 2.5
(55) =~ -c) 25)
where cg is a multiple of weight 2 Eisenstein series [2, p. 87, Eq. (4.1.7)] given by
2 o n
T nq
= =——(1-24 , 2.6
Co = Co(@) =~ ( ;1_‘1") (2.6)

see [7]. Using [7, Eq. (4.4)], we have
e3 <Cgp<ey<ej. (2.7)

We note that 6, (x|imrt) and 65(x|imt) are related to 01 (x|irrt) by the following simple relations:

1
Oy (x|imrt) =61 (5 - x|int>,

03 (x|imt) = iqg~ /4e~"Xg, (x|imt). (2.8)
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Observe that from [7, Eq. (2.9)], we have on 0 <x < 1/2,
01 (x) £'(x)
01(x) o (x) —co
which when combined with (2.8) implies that on 0 < x < 1/2,
29§(X) p'(x—1/2)
X  ©k—-1/2)—co

Finally, we use the fact that each of the theta functions 6;(x/2]imwt), j =1,2,3 and 4, satisfies the heat equation
[8, Section 13.19]
96 96 (2.10)
a  axe '

We now prove an inequality which will be instrumental in our proof of the monotonicity of %Sz(u, v;t) on 0 <t < oo.

>0,

(2.9)

Lemma 2.1. Let 0 < q < 1. Let e1, g2, g3 and cg be defined as above. Then the following inequality holds:
2
g
e (82— 12c§) +e1(6g3 +4g2¢0) + <ZZ + g2c2 + 6g3c0> <0. (2.11)
Proof. Let T(q) denote the left-hand side of (2.11). We view T(q) as a quadratic function in cg rather than that in eq, i.e,,

2
g
T(q) = (g2 — 12€2)c3 + (6g3 + 4g2e1)co + (Zz + g2e? + 6gse1>. (212)
Employing (2.3) in (2.12), we see that
T(q) = —4(2e§ + 5eye3 + Zeé)c(z) — 8(263 +7e3es + Teze3 + 2e§)co + (86‘2l + 44e3e; + 76e3e3 + 44ezes + 86‘31)
= —4(2e3 + e3)(e2 + 2e3)(c§ + 2(e2 + e3)co — (€3 + 3ezes + €3)). (213)
The quadratic in cp in the last expression in (2.13) has discriminant
4(ez +e3)* +4(e3 + 3ezes + €3) = 4(2e; + e3)(e2 + 2e3) = 4(e1 — e2)(e1 — e3),
where we utilized (2.3) in the last equality. Hence,
T(q) = —4(e1 —e2)(e1 — e3)(co — (—(e2 +e3) + w26202)) (co — (—(e2 + e3) — 726363))
=—4(e1 —ez)(e1 —e3)(co—e1 — N29329f)(co —er+ 7T29329§), (2.14)

where we invoked (2.4) in the first equality and (2.3) in the second. Using (2.7) and (2.14), it suffices to show that e; —cp >
726367 To that end, observe that using [2, p. 15, Eq. (1.3.32)], we have

6304 = 62(0|27). (215)
Also, from [10, Eq. (4)],
4 — (=1)"q"
94_1+8n§m. (2.16)
Using (2.15) and (2.16), we deduce that
o0
2626} :n2+8nzz%. (217)
n=1
But from [7, Eq. (4.1)],
St q2n
e1—c0:ﬂ2+8n2zm. (2.18)
n=1

Thus (2.17) and (2.18) along with the fact that 0 < q < 1 imply the inequality e; — co > n@%@f. This proves (2.11). O

Next, we give a lemma which will be used in establishing the monotonicity of 5’753 (u,v;t)on 0 <t < oo.
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Lemma 2.2. Let 0 < q < 1. Let e3, g2, g3 and cg be defined as above. Then the following inequality holds:
g2
e3(g2 — 12¢3) + e2(6g3 + 4g2c0) + (?2 + 8263+ 6ggco) > 0. (2.19)

Proof. Let U(q) denote the left-hand side of (2.19). From (2.3) and (2.7),

g2

U(q) = (g2 — 12€3)c3 + (6g3 + 4g2e2)co + (72

= —4(ey —e3)(2e2 + eg)(cg —2e3c0 — (e% —epe3 — e%))
=4(e1 —ez)(e2 — e3)((co — €2)* + (e1 — e2)(e2 — €3))

> 0. O

+ gz@% + 6g3ez>

. e ERY
3. Proof of monotonicity of %2

From [7, Theorem 1], since S, (u, v;t) is decreasing on 0 <t < oo, we see at once that "52 < 0. Let Ly :=1log Sy (u, v; t).
Observe that
05> oLy

2 _g, 22 31
at 2ot (3D

In order to show that 3—5 is increasing on 0 < t < oo, it suffices to show that " 52 > 0. Now from (3.1),

925y 9 AT 32L2+ Ly
oz e\ ac ) a2 " \ar ) )

We claim that % > 0 whence we will be done. Using (2.10) twice, we see that
i Or(x/2]inct) = o (o Or(x/2]imt) | = K G (x/2|imct) | = o* 62 (x/2|imt)
a2 T ar\ax? 2 ~ax2\or ot '

Hence,
Ly 8 (&ba)2limt)  F6(v/2)imD)
a2 ot 62 (u/2|ime) 62(v/2limt)

_ 6 w/2ling 65 vy2lin  ((65w/2linn\? (85 2lint))’
T @/2lint) (v 2linD) _<(92(U/2|i7”)) _(92(V/2|i7ft)> )

Thus it suffices to show that the function 02(4) (xlimrt) /62 (x|imwt) — (05 (x|imt) /62 (x]irt))? decreases on 0 < x < 1/2. From now
on, we fix t where 0 <t < oo and henceforth suppress the dependence of 6,(x/2]izt) on t. From (2.8) and (2.5), we find
that

05 (x))’
2
=) =—(p(x—1/2) = o), (32)
(92 (*) ( / )
since g (x) is an even function of x. Then by a repeated application of the quotient rule for derivatives and (3.2), it is easy
to see that the following are true:
05 (x) <9§ (x))2
= —(p&x—1/2) —co),
62 (x) 62(x) ( / )
05 ) _ <9§ (x) )3 350
02(x) 02(x) 02(x)
(4) / 4 / 2 /
0, (%) (9 (X)) (9 (X)) 6,(%) 2
2 2 2 2 l "
2= (2) 62 ) (p(x—1/2) —co) — 42— (x—1/2) +3(p (x — 1/2) —co)” — 9" (x — 1/2),
02 (%) 02 (%) 02 (%) ( ) 02 (%) ( )
from which it easily follows that

60 (00N (0002 2
62(x) _<92(x)> __4<92_(x)) (9 (x—1/2) —co) +2(p (x — 1/2) — co)

2( )
92( )Y

(p(x—1/2) —co) — ' (x —1/2),

9 (x=1/2) —p"(x—1/2).
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Again using (3.2), we find that

d (6,70 _ (0\) _ 60 2 (50N
a( 62(%) _<92(X)> >_Sez_<x>(p("‘”2)‘c0) —4(92—(,0) 9'(x—1/2)

05(x
+8(p(x—1/2) —co)p'(x—1/2) — 492—859”(;( -1/2) — " (x—1/2).
p)
From the monotonicity of g along the boundary of the rectangular lattice as mentioned in Section 2, in the case at hand,

we have in particular that e (x) is strictly decreasing on 0 < x < 1/2. Hence g (1/2 —x) is strictly increasing on 0 < x < 1/2.
Since £ (1/2 — x) = o (x — 1/2), this implies that &’(x —1/2) > 0 on 0 < x < 1/2. Define the function F,(x) as

1 d (P (™)
R0 = a1 &< 00 (92(X)> )

B 89§(x) (9 (x —1/2) — co)? _4<9§(X)

T px—1/2) 02(x)

00 " (x=1/2) 9" (x—1/2)
ba(x) '(x—=1/2) ' (x—=1/2) "
(3.3)
It suffices to prove that F(x) < 0. We prove this by showing that F>(1/2) =0 and F/(x) > 0, since then, the mean value
theorem implies that for any x € (0,1/2), Fa(x) — F2(1/2) = Fj(c)(x — 1/2) for some c € (x,1/2). We begin by showing
F2(1/2) = 0. We require the following series expansions in order to establish this. First, from [8, p. 358, Section 13.19],

2
) +8(p(x—1/2) —co) — 4

0(2) - Y
—— =-—mwtanwz+ 4w Z(—l) sin2nmz
02(2) = 1—g*
1 7'[2 0 q2n
=|———-"—=(z—-1/2)—-- | +4n 1" sin2nmz. 34
(2_1/2 3 Z-1/2) )+ ; i (34)
Further, the Laurent series expansions of ¢ (z—1/2) and g'(z—1/2) around z = 1/2 are as follows [8, p. 330, Section 13.12].
z—1/2)= ! £2-1/2% gz-1/2* g@z-1/2)°
& T Z=1/2)72 25 2.7 24352 :
—2 202-1/2) g@2-1/2° gz-1/2)°
2(z—1/2) = 35
ple—1=r—pst 10 7 23.52 (3:5)

Using (3.4), (3.5), the third differential equation in (2.1) and simplifying, we find that F»(1/2) = 0. Differentiating both sides
of (3.3) with respect to x, using (2.1), (3.2) and simplifying, we get

Fy(x) _ 6,0 9*x—1/2)(g2 —12cp) + p (x — 1/2)(6g3 + 4g2c0) + (6g3¢0 + 8265 + %)
4 " 6 9'2(x—1/2)
N @(X—1/2)(g2/2—66(2))+g3+2c3+gzco/2. (3.6)
p'(x—1/2)

Now we show that F/(x) > 0. Let

A1(x) := o (x — 1/2)(g2/2 — 6¢3) + g3 + 2c3 + 82¢0/2,

Az(x) =% (x — 1/2)(g2 — 12¢3) + 9 (x — 1/2)(6g3 + 4g2¢0) + (683C0 + &2F + 85/4). (3.7)
By Remark 1 in [7], we have
—(2g3 +4c) + g200)

g —12c3 '

e < (38)

This along with the fact that o (x — 1/2) is strictly increasing on 0 < x < 1/2 from e to oo implies that A1 has a unique

zero, say aj, in (0, 1/2). Now Lemma 2 from [7] implies that g, — 12c3 > 0. This along with the fact that o (x — 1/2) — oo

as x — %_ implies that A(x) - oo as x — %_. Using the fact that o (1/2) = p(—1/2) =e; and Lemma 2.1, we have

A>(0) < 0. Since A, is quadratic in g (x — 1/2) and g (x — 1/2) is strictly increasing on 0 < x < 1/2, there exists a unique
value a; of x in (0, 1/2) such that Ay(az) =0. Let P := g (az — 1/2). Note that a; is not a double root of A,. Next, P has
two possibilities, say,

_ —6g3 —4gaco — VA —6g3 — 4g2c0 + VA

P=P;:= or P=Py:=
1 2(g2 — 12¢}) ’ 2(g2 — 12¢})
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Fig. 3. Graphs of 10A1(x) and Az(X) on 0 <x < %
where
A := (6g3 + 482c0)* — 4(g2 — 12¢5) (6g3c0 + 825 + 85/4) > 0. (3.9)
the last inequality coming from the above discussion. We now claim that P = P;. Now
—6g3 — 4g2¢
> 83~ 800 (3.10)
2(g2 — 12c3)
and
—6g3 —4g2c0 283 +4ch + 82C0 _ —83—8200/2— 2c;  6c3 — 820/2 L Rl (311)
2(g2 — 12¢3) g2 — 12¢2 (g2 — 12¢) g2 — 12¢2 2 ’ '
where we utilized (3.8) in the penultimate step and (2.7) in the ultimate step. Therefore, by (3.8), (3.10) and (3.11),
—(2g3 +4c) + g2¢
o < P& TAGT 800 (312)

g — 12c0

This shows that g (x — 1/2) attains the value P, for a unique x in the interval (0, 1/2). This combined with the facts that
P1 < Py and A, has a unique root in 0 < x < 1/2 implies that P = P,.

Remark 1. The above discussion implies that P; < e < P,. As the real period of g is 1, this tells us that there is no real
number x such that o (x —1/2) = P

Using P = P, and (3.12), it is clear that 0 < a; < ay < 1/2. Fig. 3 shows the graphs of 10A1(x)% and A;(x). Define
Fy(x)'2(x —1/2)

G =
209 4A>(x)
2g3 +4c3 +82C0
o 9= 1/2)(p (= 1/2) + F=0E) (313)
020 29200~ 1/2) + p (x — 1/2) Satigamn | OB /) '

2
12c 82—12¢;

Next, we differentiate the extreme sides of (3.13) with respect to x and use (3.2) so that 6](x)/62(x) is eliminated from the
right-hand side of (3.13) and we have everything in terms of g and g’. This along with the second differential equation

n (2.1) gives

(692 (x—1/2) — &) (p (x— 1/2) + w%)

GH(x)=—(p(x—1/2) —co) +

2(920—1/2) + (x— 1/2) B850 Bescot 8264 53/4)

12c 2 12c0
n ©2(x—1/2)
_ 6g3+4g2c0 6g360+g260+g2/4
(@ (X 1/2)+50(X 1/2) 12c + g2 — 12c0 )

2 The graph of Aq(x) is scaled by the factor of 10 for better view without changing the fact 0 < a; < ay < 1/2.
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9 2(x—1/2)(p(x—1/2) + w)(%@ (x—1/2) + i)

25 24 (3.14)
2(p2(x = 1/2) + g (x — 1/2) 22228250 4 ScoteGig/y? .
12c3 go—12c2
Simplifying the first three terms of (3.14), we obtain
/2
x—1/2
( 2(X —1/2)+p(x—1/2) 6g3+4g2c0 + 5g3C0+g2C€+g%/4)
L ® 12C gz—lZC%
P20 1/2)(p (x— 1/2) + HEAEH0) (0 (x 172 4 S0
- . (3.15)
22— 1/2) + g (x — 1/2) Sxtigacn | B 642
12C 2 12c0

Consider three cases: 0 <x <ay, a1 <x<ay and ap <x<1/2.

Case 1: 0 < x < ay. Then, A1(x) <0 and Az(x) < 0. We show that Gy(x) < 0. Note that from (2.2), (3.4), (3.8) and
Lemma 2.1, it readily follows that G,(0) = 0. Since A1(x) <0, A2(x) <0 and g — 12C(2) > 0, we have

283 + 4¢3 + gac
prx—1/2)4 20 T80 (3.16)
g2—12c0

6g3 +4g2c0 . 6830 + 8263 + g3 /4

2
x—1/2)+px—1/2 <0. 317
P12 4P =1/ g PR (317)
From (3.16) and (3.11), we see that
6 4
2p(x—1/2) + 22 T2820 (3.18)
22 —12c0

Therefore, (3.16), (3.17) and (3.18) imply that G/,(x) < 0. By the mean value theorem, for any x € (0, ay), G2(x) = xG)(d) for
some d € (0, x). Hence Ga(x) < 0. Thus F,(x) >0 in 0 <x < ay.

Case 2: a; < x < ay. Note that A1(a1) =0, Ay(ay) <0, A1(az) >0 and Az(ay) =0. Also, A1(x) > 0 and Ay(x) < 0 when
a1 <Xx<dp.

Since g (x — 1/2) is strictly increasing on 0 < x < 1/2, we have g'(x—1/2) >0 and g (x —1/2) —co > e1 —cp > 0, where
we invoked (2.7) in the last step. This along with (2.9) shows that 6](x)/62(x) < 0 on 0 < x < 1/2. Using all the above facts
and (3.6), we observe that F)(x) > 0 on a1 <x < aa.

Case 3: a <x < 1/2. Since A1(x) >0, A2(x) >0 and gy — 12c% > 0, we have

283 + 4¢3 + gac
px—1/2)+ BTT0TR0 (319)
g2 — 12¢;
6g3 +4g2c0 . 6830 + 8262 + g3 /4
g —12c3 g —12c3

P2 (x—1/2)+p(x—1/2) > 0. (3.20)

From (3.13), as x — %_,

00 p'(x—1/2) ( ( 1 ))
20=50 T 2pa=1/2) px—1/2)
Using (3.4) and (3.5), it is easy to check that G2(1/2) = 0. Next we show that G’ (x) < 0. From (3.15),
#2(x=1/2)(1 - QX))

GH(x) =
6g3+4 6g3c0+g2c3+83 /4
(9200 = 1/2) +p (x— 1/2) B850 . SEPERE )
where
(p(x—1/2)+ 2g’”‘“%)(z@ (x—1/2) + itz
QX = (3.21)

2?0 =1/2) + 9 (x— 1/2) 8850 Gg“ggf;;gz/ 4
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Fig. 4. Graph of G3(x) on 0 <x < 3.

We claim that Q (x) > 1. Note that the denominator of Q (x) can be simplified as follows:

6g3 +4g2c0  683C0 + &205 + g§/4>

2[p?x—1/2)+p(x—1/2
(@( D pE=1/D7 5 - 122

6g3 + 48200 6g3 + 48200
:(25@(){—1/2)+—2 PER=1/2)+ ————-
g2 — 12¢; 2(g2 — 12¢p)

6g3c0 + 8263+ g5/4 (683 + 48200)>
N (2 830 + 265 ' g/4  (6g3+ g2€20) > (3.22)
g2 — 12§ 2(g2 — 12cf)?
Now
+4 +48ac
29— 172) + 2B o0 (g, 1) 4 S8 F 280
g —12c3 82— 12¢4
6g3 + 4
—op 4 2838820
g2 — 12(.‘0
VA
(g2 —12c3)
> 0. (3.23)
From (3.11), we have
2g3 + 4c2 + goc + 4g)c
px—1/2)+ 2 TT0T80 o 12)+ 7‘% £2%0 (3.24)
82— 12¢; 2(g2 — 12C0)

By (3.9), the last term on the right-hand side of (3.22) is negative. Hence, (3.22), (3.23), (3.24) and (3.20) imply that
Q (x) > 1. Therefore G, (x) < 0. By the mean value theorem, for any x € (a2, 1/2), G2(x) — G2(1/2) = G4(b)(x — 1/2) for some
b € (x,1/2). Hence G(x) > 0. Since Ay(x) > 0, this implies that F}(x) > 0.

From the above three cases, we conclude that F/(x) > 0 in 0 < x < 1/2. Since F»(1/2) =0, by another application of the
mean value theorem, we conclude that F»(x) <0 in 0 < x < 1/2. This completes the proof. Fig. 4 shows the graph of G;(x)
on0<x<1/2.

4. Proof of moneotonicity of 353

9S3
ot

S3(u, v;t) is decreasing on 0 <t < 0o, we see at once that 353 <0. Let L3 :=1logS3(u, v;t). Observe that

053 dL3
2§y,
ot ot

The method for proving monotonicity of is similar to that of 352 and so we will be brief. From [7, Theorem 1], since

It suffices to show that 3 53 > 0. Now,

32S3 8 (. L 32L aL3\>
3 s ) =s5( S22+ (22) ).
at? ot ot at? ot
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We show that % > 0. Observe that using (2.10) twice, we have %«93 (x/2]irt) = %93(x/2|int). It suffices to show that

the function 9;4)(x|int)/93(x|iﬂt) — (Gé/(xlint)/93 (x|imt))? decreases on 0 < x < 1/2. Fix t where 0 <t < oco. Using (2.8) and
(2.5), we find that

00\ -1

(93—(x)> “(‘@("*—z )“°>- (41)
Observe that

0570 (050N (050 -1 -1 2

63x) _<93(x>> __4<M> (“’(“ 2 >_C°>+2(5°<x+ 2 >_C°>

0% (x) T—-1 T—-1

430/ x —p"[x+—).

03<x>“"<+ 2 ) o' 55 )
Using (4.1), we find that

d (6570 (0500 \*\ _ 65 T -1 2BV (T
&(eaoc) _<93<x)> >_893(x>(5°<x+ 2 >_C°> _4<03(x)> p(” 2 )
3 T—1 , T—1
+ 8| » X+T —Co | X—I—T
6;(x) , -1 w -1
~ta® () o ()
Since p (x + %) decreases on 0 < x < 1/2, we have g’ (x + ’2;1) < 0. Define a function F3(x) as
1 d (0% [0\
Fa) = — _<3 ()_(3()))
o'(x+ ) dx \ 63(%) 03(x)

’ =1\ _ )2 ’ 2 _
_ g i+ 5) —co) —4(93(x)> +8<&><X+T2—1>—CO>

B p(x+ ) 63(x)

’ " -1 m -1
B0 ek ) (42)
B o' (x+ 1) o' (x+ )

It suffices to prove that F3(x) > 0. We prove this by showing that F;(x) <0 and F3(1/2) > 0, because then by the mean
value theorem, for any x € (0, 1/2), we have F3(x) — F3(1/2) = Fé(e)(x — 1/2) for some e € (x,1/2) whence F3(x) > 0. We
first show that F3(1/2) > 0. Using the third differential equation in (2.1), we have

o0, (e;(x)
x—17

F3(1/2) =8(e3 — cp)? lim P

17 9 (x+ 551)
65 (%)/603(x)

2
) + 8(e3 — ¢o)

—4p"(t/2) lim — — 12e3. (4.3)
i 9 (x5
Now [8, p. 358, Section 13.19]
0L(z ad n
5@ _ 47 Z(—l)” T _ sinonnz (44)
03(2) b 1—gn

implies that 6} (x)/63(x) vanishes at x =1/2. Note that o’(x+ T2;1) =0 at x=1/2 too. Hence, using L'Hopital’s rule in (4.3),
then (4.1), the second differential equation in (2.1) and simplifying, we see that

16(e3 — co)°
g2 — 123

Now using (2.3) and (2.7), note that

F3(1/2) =

g — 12e% = —4(e1ex +eze3 +ezeq) — 12e%
=4(e3 —ey)(ez —e3)
< 0.
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Fig. 5. Graphs of A1 (x + %) and Ay (x + %) on0<x< %

Thus, we need to show that 16(e3 — cg)® — 12¢o(g2 — 12e2) < 0 or equivalently, (e3 — c)® < 3co(e3 — e1)(e2 — e3). Consider
two cases.

Case 1: c¢g < 0. By (2.7), the left-hand side is less than zero but the right-hand side is greater than or equal to zero. This
proves the required inequality.

Case 2: cg > 0. Using (2.3),

3co(es —eq)(e2 — e3) — (e3 — co)® = (e1 + e2 + co)® — 3co(2e1 + e2)(e1 + 2e7)
1
= ﬁ(((zﬁ +e) + (e1 +2e2) + 360)3 —27-3co(2e1 +e2)(eq + 2e2)).

The last expression is clearly positive by the arithmetic mean-geometric mean inequality and since 2eq + e, e1 + 2e; are
positive by (2.7) and since 3cg is positive. From the above two cases, we conclude that F3(1/2) > 0. Our next task is to
show that Fj(x) < 0. From (4.2), we have

F.(x) _ 05(x) Ax(x+7%) A(x+7%)
&) )
where Aq(x) and A,(x) are defined in (3.7). Now

, T , T—1 2 71
A, x+o ) =9 (x+—— 2(g2 — 12¢f)p Xk —— + (683 +482¢0) |-

From (2.7), (3.8) and the facts that e3 < p (x+ 551) < ez and '(x+ 1) <0 on 0 <x < 1/2, we find that Ay(x+ %) > 0.
Also by Lemma 2.2, A2(%) > 0. By the mean value theorem, for any x € (0, 1/2), we have Ax(x+3) = A2(§)+XA’2(I<+ %) >0
for some k € (0, x). Fig. 5 shows the graphs of A1(§) and A2(§) on 0 <x < 1/2. Now define G3 by

_ B®e?(x+ 5

G3(x):
3(X) Py
= = 2g3+4ci+
_ 6 /(1 T5) (o x+ I3t + 2 ) (45)
= . |
%00 2(9?(x+ 1) +p(x+ ) ngir‘]ligo Ggac(gfz;c;%gzm)

From the above discussion, it suffices to show that G3(x) < 0. Now, from (4.4) and the fact that p/(fz;]) =0= gf(%). it is
easy to see that G3(0) = 0 = G3(1/2). This implies that G} (x) has at least one zero in 0 < x < 1/2. Differentiating both sides
of (4.5) with respect to x and simplifying, we observe that

o2+ (1= Qe+ )

2., .2
2 -1 71\ 6g3+4g2c0 , 683C0+82c5+85/4
(@ (X+ 2 )+5/')(X+ 2 ) g2—12¢3 g2-12c3 )

G3(x) =

)

where Q (x) is defined in (3.21). Now
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Fig. 6. Graph of G3(x) on 0 <x < 3.

_ 2g3+4c3+gac _ G244
(e ) (o 51) + ZEH4BH00) 0 £51) 4 iz
p— X + — — —
2 2 -1 -1 6g3+48>¢, 6g3C0+g2ca+82/4
2% (x+ 5+ p(x+ 57) L R )
_ —4¢3
2p(x+ ) £TE0 4 ¢
= =0 (4.6)
292 (x+ 1) + p(x 4 T5b) Setaec 6gsCo+gzcé+g§/4)’ :
L 2 ® 2 ) gy—12¢ g2—1232
where

_2(6g3co + 822+ g5/4) (683 +48200)(283 + 4¢3 + g2¢0)

C:
g2 — 12¢2 (g2 — 12c3)?

The numerator in the last expression of (4.6) has at most one zero since it is linear in g (x + f2;1) and p(x + %) is
monotone. Hence, G5(x) has exactly one zero, say xo, in 0 < x < 1/2. Thus we will be done if we can show that G3(x) <0
at some point in the interval 0 < x < 1/2. In fact, we show that G3(x) <0 on (0, xp).

For any x in (0, xo), we have g (x + T2;1) > p(xo0 + r2;1). Also,

g+ 80— 4] _ 83+8:00/2+2¢;  Co(82/2—6c) —(e1—co)
g2 — 12¢2 g2 — 12¢2 g2 — 12¢2 2 '

where the last two inequalities follows from (3.8) and (2.7). Therefore

r—l>g3+g260—468
2 g —12c2

T—1 + g200 — 4¢3
>g3 820 04c—o.

20 x+ +C <2p( xo0+
p( p(” 2 g2 — 1202

where the last equality comes from the fact that G} (xp) = 0. Hence, G%(x) <0 for 0 < x < xp. Then it is clear by the mean
value theorem that for any x € (0, x9), G3(x) = XG4 (x1) < 0 for some x; € (0,x). So finally G3(x) <0 for 0 < x < 1/2. This
completes the proof. Fig. 6 shows the graph of G3(x) on 0 <x < 1/2.
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