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Abstract

Heat transport at the microscale is of vital importance in microtechnology applications. The heat transport
equation is different from the traditional heat diffusion equation since a second-order derivative of temperature
with respect to time and a third-order mixed derivative of temperature with respect to space and time are
introduced. In this study, we develop a finite difference scheme with two levels in time for the 3D heat
transport equation in a sub-microscale thin film. It is shown by the discrete energy method that the scheme is
unconditionally stable. The 3D implicit scheme is then solved by using a preconditioned Richardson iteration,
so that only a tridiagonal linear system is solved for each iteration. The numerical procedure is employed
to obtain the temperature rise in a gold sub-microscale thin film. (©) 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Heat transport through thin films is of vital importance in microtechnology applications [9,10].
For instance, thin films of metals, of dielectrics such as SiO,, or Si semiconductors are important
components of microelectronic devices. The reduction of the device size to microscale has the
advantage of enhancing the switching speed of the device. On the other hand, size reduction increases
the rate of heat generation which leads to a high thermal load on the microdevice. Heat transfer
at the microscale is also important for the processing of materials with a pulsed-laser [12,13].
Examples in metal processing are laser micromachining, laser patterning, laser processing of diamond
films from carbon ion implanted copper substrates, and laser surface hardening. Hence, studying the
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thermal behavior of thin films or of microobjects is essential for predicting the performance of a
microelectronic device or for obtaining the desired microstructure [10]. The heat transport equations
used to describe the thermal behavior of microstructures are expressed as [15]

o oT
~V§+0=pCr5 M)
Ggx, y,z,t +19) = —kVT(x,y,z,t + 17), (2)

where § = (¢1,92,q3) is heat flux, T is temperature, k is conductivity, C, is specific heat, p is
density, Q is a heat source, 7, and 77 are positive constants, which are the time lags of the heat
flux and temperature gradient, respectively. In the classical theory of diffusion, the heat flux vector
(@) and the temperature gradient (VT) across a material volume are assumed to occur at the same
instant of time. They satisfy the Fourier’s law of heat conduction:

g(x, y,z,t) = —kVT(x, y,z,1). (3)

However, if the scale in one direction is at the sub-microscale, i.e., the order of 0.1 um (1 pm =
107% m) then the heat flux and temperature gradient in this direction will occur at different times, as
shown in Eq. (2) [15]. The significance of the heat transfer equations (1) and (2) as opposed to the
classical heat transfer equations has been discussed in [15] (see pp. 127-128). In Fig. 5.9 (see p. 128
in [15]) the author shows that for 77 = 90 ps and 7, = 8.5 ps the predicted change in AT/AT .
over time gave an excellent fit to the data and was significantly different from that predicted by the
classical heat transfer equations.
Using Taylor series expansion, the first-order approximation of Eq. (2) gives [15]

—

aq
ot
Tzou et al. [14,15] considered Egs. (1) and (4) in one dimension, and eliminated the heat flux ¢ to
obtain a dimensionless heat transport equation as follows:
oT *T T T

4% TP% = T Paar
They studied the lagging behavior by solving the above heat transport equation (5) in a semi-infinite
interval, [0,400). The solution was obtained by using the Laplace transform method and the
Riemann-sum approximation for the inversion [1]. Recently, we have developed a two level finite
difference scheme of the Crank—Nicholson type by introducing an intermediate function for solving
Eq. (5) in a finite interval [2]. It is shown by the discrete energy method [11] that the scheme is
unconditionally stable. Further, the scheme has been generalized to a 3D thin film case where the
thickness is at sub-microscale [3].

In this article, we extend our research to a 3D case and consider the domain to be a sub-microscale
thin film, ie., 0 <x,y <L; and 0 <z < L, where L, and L, are of order of 0.1 um, as shown in
Fig. 1. To this end, we first eliminate the heat flux ¢ in Egs. (1) and (4) and obtain a single
3D heat transport equation for the temperature 7. We then develop a two level finite difference
scheme for the 3D heat transport equation in the sub-microscale thin film. Using the discrete energy
method [11], we show that the scheme is unconditionally stable. To solve the 3D implicit scheme,
a preconditioned Richardson iteration is developed based on the idea in our previous papers [4—7],
so that only a tridiagonal linear systems is solved for each iteration. The method is then applied to

g+t k [VT + tTgt[VT]] . 4)

+G. (5)
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Fig. 1. Three dimensional configuration of a sub-microscale thin film.

obtain the temperature rise and the change of temperature on the surface of gold, where the length
and width are assumed to 0.5 pm while the thickness is 0.05 pm. It should be pointed out that
predictions of temperature rise and temperature distribution in the thin film are essential to predict
the thermal behavior in a nanophase structure.

2. Finite difference scheme

To develop a finite difference scheme, we first rewrite the heat transport equation (4) as follows:

oq1 [oT 0 (0T\]

q1+ v k ax + o <5x>_ ) (6)
g 0T 0 (0T\]

92+Tq§*—k _E‘F’CT& <ay>_ 5 (7)
oqs [oT 0 (0T\]

q3“qaz__k_az+”at<az>_' )

Differentiating Eqs. (6)—(8) with respect to x, y, and z, respectively, and then substituting them into
Eq. (1), we obtain

oT *T 0

— +A4— =BV’T+C_-V’T +G, 9

o T T * ©)
where 4 =1,, B=k/pC,, C=ktr/pC,, and G=(1/pC,)(Q + 1,(0Q/0t)). It should pointed out that
A, B and C are positive constants. The initial condition is assumed to be

0T (x, y,z,0)

T(x’y,Z,O):TO(x:)/,Z)> ot :Tl(xay’z)' (10)
For simplifying the proof for stability in Section 3, the boundary conditions are assumed to be
T(O,y5Z:Z):T2, T(Lby»Z:t):Tfi, T(X,O,Z,Z):T4, (11)

T(X,L],Z,t):TS, T(xay’oat):T6a T(x7y5L2at):T7a (12)
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where T, to 77 are assumed to be constants. We also assume that the solution of the above initial
and boundary value problem is smooth. Since the exact solution is difficult to obtain in general, our
motivation is to develop a finite difference scheme for solving the above initial and boundary value
problem. It is noted that if Eq. (9) is discretized directly using a Crank—Nicholson type of finite
difference and a second-order central difference in time, then the scheme is three levels in time.
Furthermore, the scheme may not be unconditionally stable. Unconditional stability is particularly
important so that there are no restrictions on the mesh ratio, since the grid size in the x, y, and
z directions of the solution domain is very small compared with the time increment. In this study,
our goal is to obtain a scheme with two levels in time, second-order accuracy and unconditional
stability. To this end, we let

T
u—T+Aaa— (13)

In Theorem 1 (to be discussed in Section 3), we can show that our scheme is unconditionally stable
for two cases, (1) AB—C >0, and (2) AB— C < 0. Since AB— C = (k/pCp)(1y —17), AB—C =0
implies that 7, > 77 while AB—C < 0 implies that 7, < t7. For case 1, we obtain 07/0t=(1/A)(u—T)
from Eq. (13). Substituting the 07/0¢ expression into Eq. (9) gives

Ju 0? 0? 0? C C
For case 2, we obtain T =u — A(0T/0t). Substituting the 7T value into Eq. (9) gives
ou 0? 82 0? oT

We let 7 denote u(zAx, JAy, kAz,nAt), where Ax, Ay, Az and At are the x, y, and z di-
rectional spatial and temporal mesh sizes, respectively, 0 < i,j,k=0,1,...,N and NAx =NAy =
Ly, NAz=1L,. We use the following difference operators:

n n n n
v Uiy T Uik Vi — Uije — Ui—1jk
uljk - Ax > xuijk - A >

n n n
Suy Yijk = A2 oz (Ui e — 2wy +ui )

and so on. It can be seen that 62u uly = V- Vi
We now discretize Egs. (14) and (15) using a Crank—Nlcholson type of finite difference to obtain
n+l _ n

Uu.. u;;
Uth/k 7(52 + 8+ 07) (i )
1 C ) ) 2 n+1 n n+1/2
+o (B ) Ot 0y + o) (T + Tij) + Gy e
if AB—C >0, and
u'.'._"l u’!
UthUk B(52 + 0%+ 02) (! + )

P (€= AB) (4 8+ (T — T + G (17)
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if AB — C < 0. On the other hand, Eq. (13) is discretized using the trapezoidal method

Tn+1 n

T 1
ijk ijk
AjTt]:—i(ﬂﬁljl+Tnk)+ (“,,k + U )- (18)

We now simplify Eq. (16) to obtain an equation for u
Eq. (18) to obtain

l”j}:l To this end, we solve for Tl;’,jl from

At At " " "
<A + 2) Tl]/jl - < - 2> T ik + 7(“1]-1‘:1 + uijk)
and hence
(44 50) T = amy + S +ut)

Substituting 7}, + T4 into Eq. (16), we obtain

At ﬁ;l utk 1 At n n
(A - 2) # 3 (A - 2) — (07 + 05 4+ 02) (ufiy" + uly)

C
+ (B— A> (97 + 0%+ 07) [AT"H FRCTAREU

At n+1/2
(2o

At ; ;
<C + ZB> (82 + &, + 02) (ufit" + )

ijk

At
+(AB— C)(8; + &, + )Ty + <A + > GHY2, (19)

The same equation may be obtained by substituting Tl’j’k+1 into Eq. (17). The initial and boundary
conditions are:

T = (To)igs  uly = (To)ie + AT ks (20)
T(?/k = ”o]k T, T]r\;jk = ”7\/;1« =T, (21)
Tiok = wior = Tu, Ty = g = T, (22)
Ty = =T, Tiy=uyy =T (23)

Hence, one may use Eq. (19) to obtain uZZ] and then use Eq. (18) to obtain Tl’/lljl Both equa-
tions are only two levels in time. Since we employ a Crank—Nicholson type of finite difference
and the trapezoidal method, it can be seen that the truncation errors of Egs. (16)—(18) at point

(iAx, jAy, kAz,(n + %)At) are second-order accurate.
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3. Stability

We will employ the discrete energy method [11] to show the stability of the scheme, Egs. (16) and
(18), with initial and boundary conditions (20)—(23). To this end, we first introduce the definition of
the inner product and norm between the mesh functions u;, and v, Let S, be a set of {u"={u}; },
with ug, = uy, = ujy, = ujy, = uj, = uj;y = 0}. For any u” v" € S, the inner product and norm are
defined as follows:

—1IN—1

(", v")—AxAyAzZZZ Wil W' = @ u),

i=1 j=1 k=1
N—1
n \2
E (Vi)
k=1

—1N—1
J=1 k=

N—I
IV} = (V" V")) = AxAyAz >
i=0

and similarly for the y and z directions.

Lemma 1. For any u",v" € S,
(V' v") = —(u", V")
and
(82u",v") = —(Vu", Vv,

Similar results can be obtained for the y and z directions.

Proof. The above equations can be easily obtained by using the summation by parts (see [11]).

Theorem 1. Suppose that {u},, T}y } and {v}, S}, } are solutions of the scheme, Eqs. (16)~(18), with
the same Dmchlet boundary conditions, and initial values {uly, T3} and {v},,S}}, respectively.
Let q’)ljk Uiy — Vs & = T — Shy. Then {(,z')ljk, l]k} satisfy
16" + (4B = O)(|IVae"[[} + [IV,e" [} + 1| V=¢"[1])
< @112 + (4B — O)(|[ Ve [IF + IV, [1F + V21D (24)
if AB—C >0 and
16" + (C = ABY(IVae"[[} + [IV,e" [T + 1| V=¢"[1])
< [[@°7 +(C = AB)([Ve” [} + IVl + V=13 (25)

if AB—C < 0 for any n in 0 < nAt < ty. Hence, this scheme is unconditionally stable with respect
to the initial values.

Proof. We first rewrite Eq. (16) as follows:
n+1 n
Wik ijk " "
Ak Tk ~ ) C(52 + 8%+ 02) (i + )

+ 5<AB = C) (3 + 05+ ) (T + Th) + 4G,
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Since {ujy, T}, } and {v],S;} are solutions of the scheme with the same boundary conditions and

initial values (s T} and {v04> S }» respectively, we let ¢y = uly — iy, &y =T/ — Sfy. Then,
¢",e" €Sy, and satisty (from the above equation and Eq. (18))

<f>,"“ g ,
Tk Tk _ c<5§+5i+5§><¢;;‘+¢,/k>+ Lus - C) [0 + 05 + 21 (e + ef)

At
(26)
and
g'.’.Jkrl — &l
A = —487;1 + ) + (D" + P 27)
Multiplying Eq. (26) by (q’):’]{l + @74 ), then summing i,/,k from 1 to N — 1, one obtains
A 1
(9P = 191) = S(AB = C) (X" + &M, + ¢7)
1
2(AB C)(52(8n+1 4" ) ¢n+1 _|_¢n)
1
E(AB C)(52(8n+1 +8 ) d)n+1 4 ql)n
1
2C(52(¢n+1 + qbn) qanrl + d)n
1
+ SO ¢, 9" 4 )
1
+ 3OO + 974" + ¢,
By Lemma 1, we have
A 1
U P = 11971 = =5 (4B = O) (V" + &), V(@™ + ¢")n
1
— (4B - CY(V, (" + "), V(¢ + ")
1
— 548 - CY(Vo(e" + "), V(@™ + ¢")
1 1
— SCIVA@™ + ¢ = SCIV,(@" + ¢M;
1
- *C\|Vz(<f>"+1 + ¢ (28)

Further, we multiply Eq. (27) by 52(82’;1 + &y ), and sum 7, j,k from 1 to N — 1 to obtain

%( a1 — " 52(8n+1 —|—8")): _%(811+1 +6",52(8n+1 4" ))+ (¢n+l + ¢n §(8n+1 +8n))'
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By Lemma 1, we have

A 1 1
— o IV T = IV [D) = S IV + &I = SV 4 "), V(@™ + ")

(29)
In a similar manner, we obtain for the y and z directions
A 1 1
—E(HVyE"HH? — IV, = EHVy(SnH +eM|i - E(Vy(gnH +&"), V(¢ + ")
(30)
and
1 1
UV = VD) = SV + &I = ST + 6, V(¢ + ).
(31)
If Egs. (29)—(31) are multiplied by —(4B — C), respectively, and added to Eq. (28), we obtain
A n n A(AB C) n n
U P = 11917 + ==V = VeI
A(AB C) " ; A(AB - C) ; "
+ B2V R - 19,21 + SV R - 9

1 1

IV + @M+ STV + 8D + 5CIT(9™ + g
1 1

+ 5B = O)| Vi + )|} + 5(4B — OV, + &)}

1
+ 5B = O V(" + &) =0

Since AB — C = 0, one may drop the last six terms on the left-hand side from the above equation
and obtain

A AAB - C

LR~ 19 + 2B e - v

A(4B — C)
At

| AUMB - C)

209, = 19,2 +

(V=" = V") < 0
Hence,
16" + (4B — OOVt 2 4+ [V, | + [ V2|2
< "1P + @B = O) (| V|F + IV,&"]F + 1V2¢"]1)- (32)
Summing n from 0 to n, we obtain Eq. (24)
16" + (4B — O)(|IVae"[[} + [IV,e" [} + 1 V=¢" 1)
< @112 + (4B = OV Ve [IF + IV’ [1F + [V
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For the case of AB— C < 0, one may use a similar argument. We first obtain from Eqs. (17) and
(18)

n+l _ n

: Y ! n n n
= 5B+ 5+ D [0+ O] +(C - Am—%¥+ﬁ2+$n%f—gﬂ (33)
and
"17;1  Cijk 1
A% - _7(32:1 + g;’/.k) + ,( Zzl ¢Z/k) (34)
Multiplying Eq. (33) by (¢Z.};1 + ¢j;) and multiplying Eq. (34) by 52((0:’]:1 — &), 52(85};1 — &)

and 62 gl —gn ), respectively, then summing i, j,k from 1 to N — 1, we obtain, by Lemma 1,
t/k ijk

LR = 9717) =~ (€~ AB) (V™! — &), D"+ 7))
(€ AB) (T, V(4 )
- (€ ABY (VA — ), V(4 g,
~SBIT@ T+ ¢~ BIV@ R

— JBIV 4 M (39)

and

A 1 1
— 1 IV =l = SV T = VeI = SV = &), Vi@ 4+ ),

(36)
A n+1 ny||12 1 n+1\12 n2 1 n+1 n n+1 n
IV = e = SV, R = 9,63 = ST, = &), 938" + @),
(37)
A n+1 ny|12 1 n+112 ni2 1 n+1 n n+1 n
IV = e = SV R = Va1 = (Vo™ = &), Vo™ + 6.
(38)

If Egs. (36)—(38) are multiplied by (—2/A#)(C — AB), respectively, and added to Eq. (35), one
obtains

1 n+112 n
SR~ g1y +

CAB

A (19, = 9 )

CAB

(Ve MR = 1IV,e" 1) +

(V=" = V="

1 1 1 ) )
- 5Buvx(¢"“ + IR+ 53||vy<¢"+1 + IR+ SBIV9" 4+ 9"
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2 2
+ 27 AC = AB)[Vi(& + &} + Z5AC = AB)| V(" + e

2 n+1 ny||2
+ R AC = AB) V(e e[} =0, (39)

Since 4B — C < 0, Eq. (39) can be simplified as follows:

(C — AB)

1 n n J n
" = 10717 + = — UV T = IV [D)

C

— AB ) ; o=
+ SV, - 9,1 +

AB
(V=17 = | Vee"[[}) < 0
Hence, we obtain Eq. (25)
19" + (C = 4B) (IVx"[[F + IV,e" 1T + [ V"]

< [@°17 + (€ = aB)([V"[F + IV,e[IF + [ V=), O

4. Preconditioned Richardson iteration

Since Eq. (19) is a 3D implicit scheme, it involves very heavy computation. To simplify the
computation, we first rewrite Eq. (19) as follows:

At A\ At
it =5 (4+5) <C #58) @4 B g
At\ 2 2 2y n+(1/2)
+AL (44— (AB C)(02 + &, + )Tl + MGy (40)

We then simplify the linear system (40) into a tridiagonal linear system by simplifying the coefficients
related to the x and y based on the idea in [4—7] and develop a preconditioned Richardson iteration
as follows:

pre(un+1)(nz+1) =Ly (uZJlgl)(M) —w {[(u?ﬁgl)(m) —uly]

1
(a0 F) (o) e s

A\
—At <A+2> (4B — C)(0; + &5 + 0T}y

AtG;;“/z)}, m=0,1,2,.... (41)
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where the preconditioner is chosen to be

Ar\™! At 2At  2At At
Lye=1 A+ — —B i — ) I 42
P +<+2> <C+2 ><Ax2+Ay2 252) “2)

Here, o is a relaxation parameter, 0 < w < 1. L, in Eq. (42) is obtained from Eq. (41) by dropping
out the coefficients of ufflljk,ul’.'jbk,uff_ll , and u:ﬁllk, selecting the coefficients of ul’;zl and doubling

those related to x and y. It can be seen that the method in Eq. (41) is convergent. In fact, let

B At A\ At
(1Axllwrl ),:/'k = —— <A + ) <C + B) 5)%“7]2:17

2 2 2
. At A\ At .
Wy ==5 (a+5) (cr5B)Bu
. At A\ At .
(Acu +1)z‘jk =" (A + 2> (C + 2B> 53“,-;1,

where A,, A, and A are matrices, and ! is a vector consisting of u,.”l.zl, Ljk=1,...,N — 1.
Then the system (41) can be written in a vector form:

Lpre(ﬁn+l)(m+l) — Lpre(ﬁ”+l)(m) _ w{(ﬁn+l)(m) 4 (Ax + Ay 4 AZ)(ﬁn+l)(m) o f’}’ (43)

where the preconditioner is chosen as follows:

Ar\! At 2At 2At
14 (a+ 2 Slp) (2L, 2L
#(13) (e+3) (R ay)

. At A\ At
)i = {1 + = <A + ) (C + 2B> (6 + & + 53)} W

Lo = 1+A.

and

2 2

A\ . .
+At (A + 2) (AB — C) (32 + &% + )Tl + ArGl 2.

It should be pointed out that L is a tridiagonal matrix and hence only a tridiagonal linear system
is solved for each iteration. Therefore, the computation is simple. It is well known from numerical
linear algebra that the iteration process converges if the iteration operator

R=I-oL[I+A +A,+A] (44)

has a spectral radius p(R) < 1. It can be shown that the eigenvalues of Lp_ré [I+A,+A,+A;] have
the form

1 + 7, sin®(inAx/2) + r, sin’(jrAy/2) + r, sin*(knAz/2)
IL+r+r,+r sin?(knAz/2)

Aijk =

b
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where 7, = 2(At/Ax*)(A + (A1/2))"(C + (At/2)B), r, =2(At/Ay* (A + (At/2))"'(C + (At/2)B),
and r, = 2(At/Az*)(A + (A1/2))1(C + (At/2)B). 1t is obvious that 0 < Z;% < 1. If one chooses a
relaxation parameter w = 1, then from Eq. (44) the spectral radius p(R) will be less than 1. Hence,
we conclude that the iteration method (43) is convergent when o = 1.

5. Numerical example

To demonstrate the applicability of the numerical procedure we investigate the temperature rise
in a sub-microscale gold film. The thickness for the gold film is 0.5 pm, while the length and width
are 0.5 um, as shown in Fig. 1. The properties of gold are C, = 129 kJ/kg/K, k =317 W/m/K,
p=19300 kg/m3,rq =85ps (1 ps=10"'%5) and 77 = 90 ps [15,8].

The heat source was chosen to be [15]

l1-R

—0.94
O(x, y,2z,t) =09 J[ 5

] e—(@/0)—alt=2tpl/tp (45)
P

where J = 13.7(J/m?), ¢, =100 fs (1 fs =10""s), =153 nm (1 nm = 10" m), and R = 0.93.
The initial conditions were chosen as follows:

T
T(x,9,2,0) = Too, %(x, 1,2,0)=0, (46)

where T, = 300 K.

The boundary conditions were assumed to be insulated. Such boundary conditions arise from the
case that the thin film is subjected to a short-pulse laser irradiation. Hence, one may assume no heat
losses from the film surfaces in the short-time response [15].

We chose a variety of meshes of 20 x 20 x 20, 20 x 20 x 50 and 20 x 20 x 100 with a time
increment of 0.005 ps. To use the preconditioned Richardson iteration (41), we chose w = 1.0 and

the convergent solution {Tl;’,':l} was obtained if the convergence criterion

1 1 1 -7
max ()" = ™| < 10

was satisfied.

Fig. 2 gives the temperature rise along the vertical line x =0.25 pm and y =0.25 pm for different
times (¢ =0.2, 0.25, and 0.5 ps) for the mash 20 x 20 x 20. It can be seen from the figure that the
heat is transferred from the top to the bottom.

Fig. 3 shows the change in temperature (AT7;/(AT;)Max) on the surface of the gold film using
three different meshes. The maximum temperature rise of 7 (i.e., (AT;)Max) on the surface of the
gold film is about 10.25 K obtained using a mesh 20 x 20 x 20. From this figure, it is seen that the
temperature rises to a maximum at about 0.275 ps and then goes down. This figure is similar to that
obtained in [15] for one dimension case (see p. 125 in [15]) except that the temperature rises start
at t = 0. This is because in [15] it appears that the initial time was set equal to 2¢, in Eq. (45).

Furthermore, the preconditioned Richardson iteration is fast since the solution converges at most
after a couple of iterations for each time step. The cpu time for a mesh of 20 x 20 x 50 and #=0.5 ps
on a SUN workstation is about 6.5 min.
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Fig. 2. Temperature profiles along the vertical line, x =0.25 pm and y = 0.25 um. The mesh is 20 x 20 x 20 with a time
increment of 0.005 ps.
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Fig. 3. Temperature change on the surface of the gold layer. The maximum temperature rise (73 Max = 10.25 K) was
obtained using a grid of 20 x 20 x 20.

6. Conclusion

In this study, we develop a finite difference scheme of the Crank—Nicholson type by introducing
an intermediate function (Eq. 13) to the heat transport equation, Eq. (9). The scheme is two levels
in time. It is shown by the discrete energy method that this scheme is unconditionally stable with
respect to the initial values. To solve the 3D implicit finite difference scheme, a preconditioned
Richardson iteration is developed so that only a tridiagonal linear system is solved for each iteration.
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The numerical procedure is employed to obtain the temperature rise in a gold submicroscale thin

film.
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