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Abstract

By Karamata regular variation theory and constructing comparison functions, we derive that the boundary behaviour of the
unique solution to a singular Dirichlet problem —Au = b(x)g(u) + A|Vul9, u > 0, x € §2, u|3¢ = 0, which is independent of
AMVuy |9, where §2 is a bounded domain with smooth boundary in RN, 1 e R, q € (0,2], limg_, g+ g(s) = 400, and b is non-
negative on §2, which may be vanishing on the boundary.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Semilinear elliptic equations; Dirichlet problem; Singularity; Convection term; Weight; Karamata regular variation theory; Unique
solution; Boundary behaviour

1. Introduction and the main results

The purpose of this paper is to investigate the boundary behaviour of the unique classical solution to the following
model problem

—Au=bx)gu)+Ar|Vul?, u=>0, xes2, ulae =0, (1.1)
where £2 is a bounded domain with smooth boundary in RY (N>1),reR, q € (0, 2], g satisfies
(g1) g €CH((0,00), (0,00)), g'(s) <0forall s > 0, lim;_, o+ g(s) = +00;

and b satisfies

(b1) b e C*(£2) for some « € (0, 1), is non-negative in §2 and positive near the boundary 9£2.
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The problem arises in the study of non-Newtonian fluids, boundary layer phenomena for viscous fluids, chemical
heterogeneous catalysts, as well as in the theory of heat conduction in electrical materials (see [4,7,10,17,21]).
For A =0, i.e., problem (1.1) reads the following one

—Au=>b(x)g(u), u=>0, xes2, ulye =0. (1.2)

Problem (1.2) was discussed in a number of works; see, for instance, [3,4,7,8,13-15,20-24,26,27].

For b =1 on £2: when g satisfies (g1), Fulks and Maybee [7], Stuart [21], Crandall, Rabinowitz and Tartar [4]
showed that problem (1.2) has a unique solution u € C>T%(£2) N C(£2). Moreover, Theorems 2.2 and 2.5 in [4]
showed that if ¢; € C[0,a] N C 2(0, a] is the local solution to the problem

—p(5)=2(¢1(5)), @1(s)>0,0<s<a, ¢ (0)=0, (1.3)

then there exist positive constants C; and C; such that

D Cre1(d(x)) <u(x) < Crp1(d(x)) near 982, where d(x) = dist(x, 952).
In particular, when g(u) =u~7", y > 1, u has the property:

(1) Cild @)Y Cu(x) < Co[d(x)]¥ 1Y) near 852.

In [15], by constructing a pair of global subsolution and supersolution, Lazer and McKenna showed that (I;) continues
to hold on £2. Then u € HO1 (£2) if and only if y < 3. This is a basic character to problem (1.2) for g(u) = u~" with
y > 0.

When A =+£1,0 < g <2, b(x) =1 on §2 and the function g : (0, c0) — (0, 00) is locally Lipschitz continuous and
decreasing, Giarrusso and Porru [11] showed that if g satisfies the following conditions:

() [y g(s)ds = o0, [[° g(s)ds < oo,
(g3) let G(r) = j;oo g(s)ds, t > 0; there exist positive constants § and M with M > 1 such that G{(t) < MG (21),
vt € (0, 98),

then the unique solution u to problem (1.1) has the properties:

(IN) |u(x) — @2(d(x))| < Cod(x),Vx € 2 for0 < g < 1;
(I) |u(x) — @2(d(x))| < Cod(x)[G1(2(d(x)))]9~V/2, Vx € £ for 1 < g < 2, where Cy is a suitable positive
constant and ¢ € C[0, 00) N C%(0, 00) is uniquely determined by

(1)

ds
——— =1, t>0. (1.4)
V2G1(s)
These imply that
lim 9y (1.5)
d(x)—0 @2(d(x))

In particular, if g(u) =u~",y > 1, then 3(s) = cs¥/1+) ¢ = [;;‘—Z;i]l/(]“’).

For other works, see [5,6,9,10,25,28,30] and the references therein.

Our approach relies on Karamata regular variation functions, which was first introduced and established by Kara-
mata in 1930 and is a basic tool in stochastic process, see [16,18,19], and has been applied to study the boundary
behaviour of solutions to boundary blow-up elliptic problems (see [1,2,29]) and singular nonlinear Dirichlet problems
(see [24,26-28,30]).
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Definition 1.1. A positive measurable function f defined on [a, o0), for some a > 0, is called regularly varying at
infinity with index p, written f € RV, if for each £ > 0 and some p € R,

lim 69
im =
§—>00 f(S)
In particular, when p =0, f is called slowly varying at infinity.
Clearly, if g € RV, then L(s) := f(s)/s” is slowly varying at infinity.
Some basic examples of slowly varying functions at infinity are:

£°. (1.6)

(i) every measurable function on [a, co) which has a positive limit at infinity;
(i) (Ins)? and (In(Ins))?, g € R;
(i) e™M” 0<p<1.

We also see that a positive measurable function g defined on (0, a) for some a > 0, is regularly varying at zero
with index o (write g € RVZ,) if t — g(1/¢t) belongs to RV _.

Proposition 1.1 (Uniform convergence theorem). If f € RV ,, then (1.6) holds uniformly for § € [a, bl with0 < a < b.

Proposition 1.2 (Representation theorem). A function L is slowly varying at infinity if and only if it may be written in
the form

L(s):qﬁ(s)exp(‘/@dr), s>a, (L.7)

a

for some a > 0, where the functions ¢ and y are measurable and for s — 400, y(s) — 0 and ¢ (s) — co, with co > 0.

We call that
s
I:(s)zcoexp</Mdr>, s >a, (1.8)
T
a
is normalised slowly varying at infinity and
f(s)=cos”L(s), s=>a, (1.9

is normalised regularly varying at infinity with index p (write f € NRV ).

Similarly, g is called normalised regularly varying at zero with index o, written g € NRVZ,, if t — g(1/t) belongs
to NRV _,.

A function f € RV, belongs to NRV , if and only if

/7
f eC][b,oo) forsome b >0 and lim SS6) =p
s—oo  f(s)
In this paper, by Karamata regular variation theory and constructing comparison functions, we derive the boundary
behaviour to the unique solution to problem (1.1) for the weight » which may be vanishing on the boundary.
Our main results are the following.

(1.10)

Theorem 1.1. Let L € R, g € (0, 2], b satisfy (by), g satisfy (g1) and g € NRVZ_,, with y > 1. Suppose that there exist
a positive non-decreasing C'-function k € NRVZ, 2 with o € [0,y — 1) and a positive constant by such that

; b(x) _
(b2) 1img(x)~0 z2gi0; = bos

then the unique solution u;, € C(§2) N C*(82) to problem (1.1) satisfies

u; (x)

li — 7 %, 1.11
a0 K@) D
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2(y—o—1)

= Rt 7=-D and ¢1 € C[0,a]lN C2(0, a] is the solution to problem (1.3), i.e.,

where &~V !

P1(1)

\/%W =t, tel0,a] forsmalla >0, (1.12)
t b
K@) = /k(s) ds, te€[0,al; Go(t) = / g(s)ds, te(0,b], b>0. (1.13)
0 t

Moreover, @1 € NRVZy;(14y) and there exists y; € C(0,a] with limg_, o+ y2(s) = 0 such that ¢i(t) =
2/ s e (0, a).

Corollary 1.1. When g(u) = u~" with y > 1 in Theorem 1.1, u,, satisfies

; Uy (x) |:b0(2+0)(1 +y)2}1/(1+y)
lim — .
d(x)—0 [K (d(x))]>/1+y) 4y —o — 1)

(1.14)

Remark 1.1. By (1.12), we see that the asymptotic behaviour of u; is independent of A|Vu; |?.

Remark 1.2. By (g;) and the proo_f of the maximum [12, Theorems 10.1 and 10.2], we see that problem (1.1) has at
most one solution in C 2(.Q) N C(£2). For the existence of solutions to problem (1.1), see [28].

Remark 1.3. Some examples of the functions which satisfy the conditions in Theorem 1.1 are:

(1) gw)=u"Y,wherey > 1;

(2) g(u) =u"" arctan(u~"'), where y > 1;

3) gw)=u"(n(1 +u)) 72, where y; >0, y» >0and y; + y» > 1;
@) gw)=u""("—1)"72, where y; >0, y» >0and y; +y» > 1;
5) gw)=u"Y(—Inu)?,wherey >1,peR,0<u<a<l;

©6) gu) = u=v eI’ \where y>1,pe0,1),0<u<a<l;

(7 gw) =u"7(n(=Inu))?,wherey >1,peR,0<u<a<1.

Remark 1.4. The key of the paper is the estimation of |Vu|? which is very different from that one in [28] and [30]
where the weight b is singular on the boundary.

The outline of this paper is as follows. In Section 2 we recall some basic the properties to Karamata regular variation
theory. The proof of Theorem 1.1 is given in Section 3.

2. Some basic definitions and the properties to Karamata regular variation theory
We recall some basic properties to Karamata regular variation theory (see [16,18,19]).
Proposition 2.1. If functions L, L1 are slowly varying at infinity, then:
(i) L? foreveryo €R, ciL+ L1 (¢c1 20, c2 20withci+¢3>0), LoL; (if L1(t) > 400 ast —> +00) are

also slowly varying at infinity.
(ii) Forevery 8 > 0andt — 400,

t?L(t) > 400, 17L(t)— 0.

(iii) For p e Randt — +oo, In(L(t))/Int — 0 and In(t"L(¢))/Int — p.
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Proposition 2.2 (Asymptotic behaviour). If a function H is slowly varying at zero, then for a > 0 and t — 0

() [y sPH)ds =B+ D)W PH@), for > —1;
(i) [sPH(s)ds=(—B— D) ""PH®), for p <—1.

Let ¥ be non-decreasing on R, we define (as in [18]) the inverse of ¥ by
(1) =inf{s: ¥(s) >1}. (2.1
Proposition 2.3. (See [ 18, Proposition 0.8].) The following hold:

(1) lffl € RV,O]s f2 € RV,OZ’ then fl : f2 € RVp1+p2;
(i) if fi RV, f2 € RV, with lim;_, { oo f2(t) = +00, then fi o f2 €RV s
(iil) if f is non-decreasing on (a, o), f € RV, with p > 0, then [ € RV -1

By the above propositions, we can directly obtain the following results.

Corollary 2.1. If g satisfies (g1) and g € NRVZ_,, with y > 1, then:

() g(t) =177 exp([* 22 ds), 0 <1 <a, y € C(0,al, limy_ o+ y(s) =

Gyt _
g(1)

VG2 ().

g

(i) lim, o+ g(t) = +o0 = lim, g+ G2 (¢); lim, o+

G _ 1 .y 18’ _
g0 = y=T> M0t iy ==V

=0=lim,_ o+

(iii) lim,_ o+
Corollary 2.2. k in Theorem 1.1 has the following properties:

() k(t) =1°/? exp( [0 g for t € (0,a), yi € C(0,al, limy_g+ yi(s) =0

2 .
(i) lim, o+ X k(t) ) = 0; lim, o+ k([)) %3 limy o+ tkg; 2+o’
KK K
(i) lim,_ o+ 5(12)0)([) =lim;_, o+ k(t)) lim, _, o+ zkg; L{r'

3. The exact asymptotic behaviour

First we give some preliminary considerations.

Lemma 3.1. Under the assumption in Theorem 1.1:

(i) @1 € NRVZy(14y);

(i) (gogpioK)?'. K7 k172 € RVZg with B = W

Proof. (i) Let f1(¢) = fé J%’ vVt € (0,a). By I’Hospital’s rule and Proposition 2.3(iii), we can easily see that

f1 €RVZ14yy2 and 1 = fl_1 € RVZ5/(1+y). Moreover, we see by (1.10), the following Lemma 3.2(i) and Proposi-
1o1(t)

tion 2.2(i) that (01 € NRVZ_(,_1)/(y+1) and lim;_, o+ o = V—‘rl

(ii) follows by (i) and Proposition 2.3. O

Thus @1 € RVZy/(14).

Lemma 3.2. Let g, k and ¢ be as in Theorem 1.1, then:

o PO 4l
(1) hmt—)O"’ t(plll(l‘) - y—1°

(Y4
(i) Tim,_ o+ D2 —0, g € (0,2];
@y (1)
K1) (9, (K (1)1

(i) lim, o+ 5o drecs- =0, g € (0,21,
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Proof. We see by (1.12) and a direct calculation that

P1(1) =,/2Ga2(e(®), —¢[(1)=g(p1(1), O0<t<a.
(1) It follows by Corollary 2.1 and 1’Hospital’s rule that

o) 2G(e@) VZGz(u /g(u) ( /(u)Gz(u))
im = = lim Y2 — _ |im 1+2 lim &—=—
1—0+ 1] (1) -0+ 1g(p1(1)) =0t fo m u—0t g% (u)
<1+2 tim 4% i Gz“”) _r+t
u—0+ gu) u—0+ ug(u) y —1

(ii) It follows by Corollary 2.1 that
I (t 2
@w? _ G _

m =
t—0t QD;/(I) u—0+ g(u)

Since lim,_, g+ ¢} (t) = 400, we have

i CAG) . (¢1 (t>)2
im = lim
=0t @] (1) 0t @] (1) z—>0

m (¢1(0)"" 20 for0<gq<2.

(i) When g = 2, (ii) implies (iii). For g € (0, 2), since y > 1 and o € [0, y — 1), we see that g(1 4+ o) > ¢ for
gell,2)and 2—q)y >y >0 forq € (0,1). Thus 2 —q)y +q(1 +0) — o > 0 for g € (0,2). Since 8 > 0, we
see by Lemma 3.1(ii) and Proposition 2.1(ii) that

lim (g(o1(K(0)))"" K@k >@) = lim P H@) =0, (3.1)
t—0t t—0t

where H is slowly varying at zero.
It follows that
k() (@ (K@)N? ( P (K (1))
im ————=1lim|——
-0t k2(D)e] (K (1)) >0t K ()¢ (K(1))
+1 . - -
=(Z5) i (elon(xa)) ™ kom0

y—1
=0.

q
) lim (—wi’(K(r)))”‘lKq<r>kq—2(r>

The proof is finished. O

Proof of Theorem 1.1. Let &, ) 70/bg, where
2y —o—1) 20+ 1)
p=———"— >0, l—-9g=———"—>0.
Q+o)y—-D Q+o)y—-1

Fix ¢ € (0, 79/4) and let

b\ b\
El&=<_[0_26> ) EZs=<_L_O+26) .

It follows that

2\ 0+ 2\ /)
— =Ci<ée<bp<ble<Cr=|— :
319 70

Since 952 € C2, there exists a constant § € (0, 8 /2) which only depends on §2 such that
(i) d(x) € C%(2s) and |Vd|=1o0n 25 = {x € 2: d(x) < §}.

By (b1), (by), Corollary 2.2 and Lemma 3.2, we see that corresponding to ¢, there is §, € (0, §) sufficiently small
such that:
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(i) fori=1,2,

Kdx)K ) ¢i(s) K(d(x)) ¢i(s) LK W) (@] (K (d(x)))?

— —1 Ad
2ae) sl TV T k@) sl MY T 2aey) el k@)
V(. s) € 25, x (0,8,);
£2:k2(d (1)) g (1 (K (d(x)))) £1:K2(d () g (1 (K (d(x))))
b —e), 5.,
(i) cEnp (K@) e S < K@) 0T e

Let ity = &1:01(K(d(x))), ue = &2:01 (K (d(x))), x € §25,. We see that for x € 25,

Aitg (x) + b(x)g (ite (x)) + A|Vite (x) |7
= £1.0] (K (d(0)))K(d(x)) + E109} (K (d(0))K (d(x)) + E1090, (K (d (x)))k(d () Ad (x)
+bg (5191 (K (d))) + €] (01 (K (d(x)))) k7 (d (x))
b(x)g (191 (K (d(x))))
= £, K(d K (d [ -
e 1 (K (@O E®)| 07000 e K@)
_(k’(d(x))K(d(x)) AK@) _1)>
Rdx)  KA)e[(Kdx))
gl k@) (gog(K(d(x))))q]
Rdx) ¢ (Kdx))

70

K@)  p(K(dx)))
k(d(x)) K(d(x)e|(K(d(x)))

Ad(x)

<0

and

Aug (x) +b(x)g (e (x)) + A Vue (x) |7
= E200] (K (d(x)))K*(d () + E20} (K (d(x)))K' (d () + Eae | (K (d(x)))k (d(x)) Ad (x)
+b(0)g (5201 (K (d(0)))) + 1E5K (d(0)) (¢ (K (d(x))))*
b(x)g (&1 (K (d(x))))
=&, K(d k*(d [ —
f8 (01 (K(AONEU®)| o5 ek @mm °
_(k’(d(x))K(d(x)) AK@o) _1)>
Rdx)  KA)e[(Kdx))
CKdW)  gi(Kdw)
k(d(x)) K(d(x)¢](K(d(x)))
>0.

ndr) _ Mt K1@0) (¢ (K (d(x))))q]
dx) ¢ (Kdx)

Letu) € C(2)N C2+°‘(9) be the unique solution to problem (1.1). We assert us (x) < ux(x) <ug(x), Vx € £25,. In
fact, denote §25, = 254 U §25—, where 254 = {x € 25,1 up(x) > u(x)} and 25— = {x € £2s,: u; (x) < ue(x)}. We
need to show §25_ = 4. Assume the contrary, we see that there exists xo € £2s_ (note that u,(x) = u) (x), Vx € 082;5_)
such that

0 < ue(x0) — u5(x0) = max (ue(x) — us(x))
xXes—

and
Ve (x0) = Vuy(xo), Aus —uy)(xo) < 0.
On the other hand, we see by (by) and (g1) that
— A(uy, — ug) (x0) = b(x0) (g (ue (x0)) — &(un(x0))) <O,
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which is a contradiction. Hence 25 = 0, i.e., u(x) > u.(x) in £2;. In the same way, we can see that u) (x) < u.(x),
Vx € §25. It follows that

. u; (x) . uy (x)
lim inf ———— < lim sup———— < é§p,.
d0)—0  @1(K(d(x))) dx)—0 ~ ¢1(K(d(x)))
Thus let ¢ — 0, we see that
. uy, (x)
lim ——————— =
d(x)—0 @1 (K (d(x)))
The last part of the proof follows from Lemma 3.1(1). O

‘528 <

&o.
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