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High precision data of dilepton angular distributions in γ ∗/Z production were reported recently by the 
CMS Collaboration covering a broad range of the dilepton transverse momentum, qT , up to ∼ 300 GeV. 
Pronounced qT dependencies of the λ and ν parameters, characterizing the cos2 θ and cos 2φ angular 
distributions, were found. Violation of the Lam–Tung relation was also clearly observed. We show that the 
qT dependence of λ allows a determination of the relative contributions of the qq̄ annihilation versus the 
qG Compton process. The violation of the Lam–Tung relation is attributed to the presence of a non-zero 
component of the q − q̄ axis in the direction normal to the “hadron plane” formed by the colliding 
hadrons. The magnitude of the violation of the Lam–Tung relation is shown to reflect the amount of this 
‘non-coplanarity”. The observed qT dependencies of λ and ν from the CMS and the earlier CDF data can 
be well described using this approach.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
The Drell–Yan process [1], in which a lepton pair is produced 
in a hadron–hadron collision, is one of the most extensively stud-
ied reactions. This process together with Deep Inelastic Scattering 
(DIS) are the main tools for extracting the parton distributions 
in hadrons [2]. However, some characteristics of the lepton de-
cay angular distributions in the Drell–Yan process are still not well 
understood. In particular, the Lam–Tung relation [3], which is ex-
pected to be largely valid in the presence of QCD corrections, was 
found to be significantly violated in pion-induced Drell–Yan data 
collected at CERN [4] and Fermilab [5]. Very recently, the CMS 
Collaboration reported a precision measurement of angular distri-
bution in Z production at 

√
s = 8 TeV, again showing a significant 

violation of the Lam–Tung relation [6].
A general expression for the Drell–Yan angular distribution 

is [3]

dσ

d�
∝ 1 + λ cos2 θ + μ sin 2θ cosφ + ν

2
sin2 θ cos 2φ, (1)

where θ and φ denote the polar and azimuthal angle, respectively, 
of the l− in the dilepton rest frame. In the “naive” Drell–Yan model, 
where the transverse momenta of the partons and QCD processes 
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involving gluons are ignored, λ = 1 and μ = ν = 0. When QCD 
effects [7] and intrinsic transverse momentum [8] are included, 
λ �= 1 and μ, ν �= 0 are allowed. Nevertheless, λ and ν are expected 
to largely satisfy the Lam–Tung relation [3], 1 − λ = 2ν . This rela-
tion, obtained as a result of the spin-1/2 nature of the quarks, is 
analogous to the Callan–Gross relation [9] in DIS. However, unlike 
the Callan–Gross relation, the Lam–Tung relation is predicted to be 
insensitive to QCD corrections [10].

The Drell–Yan angular distributions were first measured in 
fixed-target experiments with pion beams by the CERN NA10 [4]
and the Fermilab E615 Collaborations [5]. A sizable ν , increasing 
with the dilepton transverse momentum qT was observed by NA10 
and E615. Perturbative QCD calculations predict much smaller val-
ues of ν [7]. A large violation of the Lam–Tung relation was also 
found in the E615 data [5], suggesting the presence of effects other 
than perturbative QCD. Several non-perturbative effects [11–14]
were suggested to explain the data. Boer suggested [15] that the 
observed behavior of ν can be explained by the existence of a 
transverse-momentum dependent function [16]. This interpreta-
tion was later shown to be consistent with a fixed-target Drell–Yan 
experiment using a proton beam [17,18].

A measurement of the angular distributions of electrons in the 
pp̄ → e+e− + X reaction at 

√
s = 1.96 TeV in the Z mass region 

(66 < Mee < 116 GeV/c2) with qT up to 90 GeV was reported by 
the CDF Collaboration [19]. The CDF data were found to be in good 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Fig. 1. Definition of the Collins–Soper coordinates, the hadron plane, the lepton 
plane, the quark plane, and the various angles discussed in the text.

agreement with the Lam–Tung relation, in contrast to the findings 
in fixed-target experiments. Very recently, the CMS Collaboration 
reported a high-statistics measurement [6] of angular distributions 
of γ ∗/Z production in p + p collisions at 

√
s = 8 TeV with qT up 

to 300 GeV, clearly observing the violation of the Lam–Tung rela-
tion [6]. The different conclusions reached by the CDF and the CMS 
Collaborations regarding the Lam–Tung relation in γ ∗/Z produc-
tion are surprising and require further study. Moreover, the much 
larger values of qT covered by the CDF and CMS experiments imply 
that the cross sections are dominated by QCD processes involving 
hard gluon emissions [20]. This is different from the fixed-target 
Drell–Yan experiments at low qT , where the leading-order q − q̄
annihilation and non-perturbative effects dominate. The collider 
data could offer important insights on the impact of perturbative 
QCD effects on the validity of the Lam–Tung relation.

In this paper, we present an intuitive interpretation for the CMS 
and CDF results on the qT dependencies of λ and ν , as well as the 
origin for the violation of the Lam–Tung relation. We show that 
the emission of more than one gluon in higher-order (≥ α2

s ) QCD 
processes would lead to a non-coplanarity between the q − q̄ axis 
and the beam/target hadron plane in the γ ∗/Z rest frame, result-
ing in a violation of the Lam–Tung relation. Using this geometric 
picture, the pronounced qT dependencies of λ and ν observed by 
the CMS and CDF Collaborations can be well described.

The angular distributions of the leptons are typically expressed 
in the rest frame of γ ∗/Z , where the l− and l+ have equal mo-
menta with opposite directions. Clearly, the q and q̄ forming the 
γ ∗/Z are also co-linear in the rest frame. Various choices of the 
coordinate system in the rest frame have been considered. In the 
Collins–Soper frame [21], the x̂ and ẑ axes lie in the hadron plane 
formed by the two colliding hadrons and the ẑ axis bisects the 
momentum vectors of the two hadrons (see Fig. 1). We define the 
momentum unit vector of the quark as ẑ′ , which has polar and az-
imuthal angles θ1 and φ1, as shown in Fig. 1. The corresponding 
angles of the lepton l− (e− or μ−) from the γ ∗/Z decay are la-
beled as θ and φ, as in Eq. (1). Note that for any given values of θ
and φ, θ1 and φ1 can vary over a range of values.

In the dilepton rest frame the angular distribution of l− must 
be azimuthally symmetric with respect to the ẑ′ axis with the fol-
lowing polar angular dependence [22]

dσ

d�
∝ 1 + a cos θ0 + cos2 θ0. (2)

The forward–backward asymmetry coefficient, a, comes from the 
parity-violating coupling to the Z boson, and θ0 is the angle be-
tween the l− momentum vector and ẑ′ . One must convert Eq. (2)
into an expression in terms of the physically measurable quantities 
θ and φ. The expression given by CMS is
dσ

d�
∝ (1 + cos2 θ) + A0

2
(1 − 3 cos2 θ) + A1 sin 2θ cosφ

+ A2

2
sin2 θ cos 2φ + A3 sin θ cosφ + A4 cos θ

+ A5 sin2 θ sin 2φ + A6 sin 2θ sinφ

+ A7 sin θ sinφ. (3)

To go from Eq. (2) to Eq. (3), we note that cos θ0 satisfies the fol-
lowing relation:

cos θ0 = cos θ cos θ1 + sin θ sin θ1 cos(φ − φ1). (4)

Substituting Eq. (4) into Eq. (2), we obtain

dσ

d�
∝ (1 + cos2 θ) + sin2 θ1

2
(1 − 3 cos2 θ)

+ (
1

2
sin 2θ1 cosφ1) sin 2θ cosφ

+ (
1

2
sin2 θ1 cos 2φ1) sin2 θ cos 2φ

+ (a sin θ1 cosφ1) sin θ cosφ + (a cos θ1) cos θ

+ (
1

2
sin2 θ1 sin 2φ1) sin2 θ sin 2φ

+ (
1

2
sin 2θ1 sinφ1) sin 2θ sinφ

+ (a sin θ1 sinφ1) sin θ sinφ. (5)

From Eq. (3) and Eq. (5) one can express A0 to A7 in terms of θ1, 
φ1 and a as follows:

A0 = 〈sin2 θ1〉 A1 = 1

2
〈sin 2θ1 cosφ1〉

A2 = 〈sin2 θ1 cos 2φ1〉 A3 = a〈sin θ1 cosφ1〉
A4 = a〈cos θ1〉 A5 = 1

2
〈sin2 θ1 sin 2φ1〉

A6 = 1

2
〈sin 2θ1 sinφ1〉 A7 = a〈sin θ1 sinφ1〉. (6)

Equation (6) is a generalization of an earlier work [23] which 
considered the special case of φ1 = 0 and a = 0. The 〈··〉 in Eq. (6)
is a reminder that the measured values of An are averaged over 
the event sample. A comparison of Eq. (1) and Eq. (3) gives

λ = 2 − 3A0

2 + A0
; μ = 2A1

2 + A0
; ν = 2A2

2 + A0
. (7)

Equation (7) shows that the Lam–Tung relation, 1 − λ = 2ν , be-
comes A0 = A2.

From Eq. (6) and Eq. (7) several remarks regarding the nature 
of the γ ∗/Z decay angular distribution can be made:

a) In the “naive” Drell–Yan the q − q̄ axis coincides with the ẑ
axis of the Collins–Soper frame, hence θ1 = 0 and λ = 1. The 
deviation of λ from the “naive” Drell–Yan prediction of unity is 
due to non-zero θ1, which reflects the mis-alignment between 
the q − q̄ axis and the ẑ axis of the Collins–Soper frame [23,22]. 
It is important to note that λ (or A0) does not depend on φ1, 
which is a measure of the non-coplanarity between the q − q̄
axis and the hadron plane. In contrast, μ and ν (or A1 and A2) 
depend on both θ1 and φ1.

b) Eq. (6) also shows that the Lam–Tung relation, A0 = A2, is 
valid when φ1 = 0, i.e., for the co-planar case. Violation of the 
Lam–Tung relation is caused by the presence of the cos 2φ1
term in A2 (or ν), and not due to the A0 (or λ) term. More-
over, the non-coplanarity factor, cos 2φ1, ensures that A0 ≥ A2, 
or 1 − λ − 2ν ≥ 0.
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c) The parity-violating parameter a is not present for the coef-
ficients A0, A1, A2, A5 and A6. In particular, the parameter a
has no effect on the Lam–Tung relation, A0 = A2.

d) The forward–backward asymmetry, A4, is the only term which 
does not vanish when θ1 is zero. A4 is reduced by a factor 
cos θ1 compared to the value of a. The mis-alignment be-
tween the q − q̄ axis and the ẑ axis of the Collins–Soper frame 
will dilute the forward–backward asymmetry. Moreover, A4 is 
independent of the angle φ1, thus un-affected by the non-
coplanarity between the q − q̄ axis and the hadron plane.

e) The coefficients A5, A6, A7 are all odd functions of φ1. From 
symmetry consideration, the γ ∗/Z events must have symmet-
ric φ1 distributions. Hence 〈sin φ1〉 and 〈sin 2φ1〉 would vanish 
in the limit of large statistics. Therefore, the values of these 
three coefficients, summed over a sufficiently large data sam-
ple, should approach zero. This is consistent with the observa-
tion by the CMS Collaboration [6].

In perturbative QCD at the order of αs , ignoring the intrinsic 
transverse momenta of the colliding partons, the qq̄ → γ ∗/Z G an-
nihilation process gives [24–26]

〈sin2 θ1〉 = sin2 θ1 = q2
T /(Q 2 + q2

T ) (8)

in the Collins–Soper frame, where qT and Q are the transverse 
momentum and mass, respectively, of the dilepton. One notes that 
θ1 given in Eq. (8) is identical to the angle β between �P B (or �P T ) 
and the ẑ axis in the Collins–Soper frame (see Fig. 1). This result 
can be readily understood as follows. Emission of a gluon from 
one of the colliding partons would not affect the momentum of 
the other parton, which moves along the �P B or �P T direction (see 
Fig. 1). Hence the q − q̄ collision axis (ẑ′ in Fig. 1) is along either 
the �P B or �P T direction, and Eq. (8) is obtained. For the qG →
γ ∗/Zq Compton process, it was shown [4,28,29] that 〈sin2 θ1〉 is 
approximately described by

〈sin2 θ1〉 = 5q2
T /(Q 2 + 5q2

T ). (9)

Unlike Eq. (8), which is an exact relation, Eq. (9) is an approxima-
tion, since the exact value depends on the details of the parton dis-
tribution functions involved in the qG Compton process. As shown 
in Ref. [28], this approximate expression is expected to be valid 
over a broad range of kinematics. This can be qualitatively under-
stood [20], since A0 (or equivalently, sin2 θ1) can be expressed as 
the ratio of two cross sections, A0 = 2dσ L/dσ U+L , where dσ U+L

is the unpolarized cross section and dσ L is the cross section for 
longitudinally polarized virtual photon. While each cross section 
depends on the parton distributions, the ratio is largely insensitive 
to them.

Using Eq. (7), Eq. (8) and Eq. (9) imply

λ = 2Q 2 − q2
T

2Q 2 + 3q2
T

ν = 2q2
T

2Q 2 + 3q2
T

(qq̄)

λ = 2Q 2 − 5q2
T

2Q 2 + 15q2
T

ν = 10q2
T

2Q 2 + 15q2
T

(qG). (10)

We note that for both processes, λ = 1 and θ1 = 0 at qT = 0, while 
λ → −1/3 and θ1 → 90◦ as qT → ∞. Moreover, Eq. (10) shows 
that the Lam–Tung relation, 1 − λ = 2ν , is satisfied for both the qq̄
and qG processes at order αs .

Fig. 2(a) shows the CMS results for λ versus qT for two rapid-
ity regions, y ≤ 1.0 and y ≥ 1.0. We use Eq. (7) to convert the 
CMS measurement of A0 into λ, since the original Lam–Tung re-
lation was expressed in terms of λ and ν . Both the statistical and 
systematic uncertainties are taken into account. The dashed and 
dash-dotted curves in Fig. 2(a) correspond to the calculation using 
Fig. 2. Comparison between the CMS data [6] on γ ∗/Z production at two rapidity 
regions with calculations for (a) λ vs. qT , (b) ν vs. qT (c) 1 − λ − 2ν vs. qT . Curves 
correspond to calculations described in the text.

Eq. (10) for the qq̄ annihilation and the qG Compton processes, re-
spectively. Both the qq̄ and qG processes are expected to contribute 
to the pp → γ ∗/Z X reaction, and the observed qT dependence 
of λ must reflect the combined effect of these two contributions. 
Adopting a simple assumption that the fraction of these two pro-
cesses is qT independent, a best-fit to the CMS data is obtained 
with a mixture of 58.5 ± 1.6% qG and 41.5 ± 1.6% qq̄ processes. 
The solid curve in Fig. 2(a) shows that the data at both rapidity 
regions can be well described by this mixture of the qG and qq̄
processes. In pp collisions the qG process is expected to be more 
important than the qq̄ process [27], in agreement with the best-fit 
result. While the amount of qG and qq̄ mixture can in principle 
depend on the rapidity, y, the CMS data indicate a very weak, if 
any, y dependence. The good description of λ shown in Fig. 2(a) 
also suggests that higher-order QCD processes are relatively unim-
portant.

We next consider the CMS data on the ν parameter. As shown 
in Eqs. (6) and (7), ν depends not only on θ1, but also on φ1. In 
leading order αs where only a single undetected parton is present 
in the final state, the q −q̄ axis must be in the hadron plane, imply-
ing φ1 = 0 and the Lam–Tung relation is satisfied. We first compare 
the CMS data, shown in Fig. 2(b), with the calculation for ν using 
Eq. (10), which is obtained at the leading order αs . The dashed 
curve uses the same mixture of 58.5% qG and 41.5% qq̄ compo-
nents as deduced from the λ data. The data are at a variance with 
this calculation, suggesting the presence of higher-order QCD pro-
cesses leading to a non-zero value of φ1. We performed a fit to the 
ν data allowing A2/A0 to deviate from unity. The best-fit value is 
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Fig. 3. Comparison between the CDF data [19] on γ ∗/Z production with calculations 
for (a) λ vs. qT , (b) ν vs. qT (c) 1 − λ − 2ν vs. qT . Curves correspond to calculations 
described in the text.

A2/A0 = 0.77 ± 0.02. The solid curve in Fig. 2(b), corresponding 
to the best-fit, is in better agreement with the data. The deviation 
of A2/A0 from unity is due to non-zero values of φ1 signifying the 
presence of non-coplanar processes. Fig. 2(c) shows that the qT de-
pendence of 1 −λ −2ν , a measure of the violation of the Lam–Tung 
relation, is well described by the calculation using A2/A0 = 0.77.

The violation of the Lam–Tung relation reflects the non-
coplanarity between the q − q̄ axis and the hadron plane. This can 
be caused by higher-order QCD processes, where multiple partons 
are present in the final state in addition to the detected γ ∗/Z . To 
illustrate this, one considers a specific quark–antiquark annihila-
tion diagram at order α2

s in which both the quark and antiquark 
emit a gluon before they annihilate. The hadron plane in this case 
is related to the vector sum of the two emitted gluons, and the 
q − q̄ axis is in general not in the hadron plane. This would lead 
to a non-zero φ1 and a violation of the Lam–Tung relation. Sim-
ilar consideration would also explain why the intrinsic transverse 
momenta of the colliding quark and antiquark in the “naive” Drell–
Yan could also lead to the violation of the Lam–Tung relation, since 
the vector sum of the two uncorrelated transverse momenta would 
lead in general to a non-zero value of φ1.

There remains the question why the CDF p̄p Z -production data 
are consistent with the Lam–Tung relation [19]. Fig. 3(a) shows λ
versus qT in p̄p collision at 1.96 TeV from CDF. The qT range cov-
ered by the CDF measurement is not as broad as the CMS, and the 
statistical accuracy is somewhat limited. Nevertheless, a striking qT
dependence of λ is observed. The dashed and dash-dotted curves 
are calculations using Eq. (10) for the qq̄ annihilation and the qG
Compton processes, respectively. The solid curve in Fig. 3(a) shows 
that the CDF data can be well described with a mixture of 72.5% 
qq̄ and 27.5% qG processes. This is consistent with the expecta-
tion that the qq̄ annihilation has the dominant contribution to the 
p̄p → γ ∗/Z X reaction. It is also consistent with the perturbative 
QCD calculations showing that the qG process contributes ≈ 30% 
to the production of Z bosons at the Tevatron energy [19]. The 
CDF data on the ν parameter, shown in Fig. 3(b), are first com-
pared with the calculation (dotted curve) using Eq. (10) with a 
mixture of 72.5% qq̄ and 27.5% qG deduced from the λ data. The 
solid curve in Fig. 3(b) results from a fit allowing A2/A0 to deviate 
from unity. The best-fit value is A2/A0 = 0.85 ±0.17. The relatively 
large uncertainties of the data prevent an accurate determination 
of the degree of non-coplanarity. Nevertheless, the data do allow a 
non-zero value of φ1, implying that the Lam–Tung relation could 
be violated. The quantity 1 − λ − 2ν , shown in Fig. 3(c), is com-
pared with the solid curve obtained using A2/A0 = 0.85. The CDF 
data is consistent with the solid curve, and the presence of some 
violation of the Lam–Tung relation can not be excluded by the CDF 
data.

In conclusion, we have presented an intuitive explanation for 
the observed qT dependencies of λ and ν for the CMS and CDF 
γ ∗/Z data. The violation of the Lam–Tung relation can be at-
tributed to the non-coplanarity of the q − q̄ axis and the hadron 
plane, which occur for QCD processes involving more than one 
gluon. The present analysis could be further extended to the other 
coefficients, A1, A3 and A4 [30]. It could also be extended to 
the case of fixed-target Drell–Yan experiments, where the non-
coplanarity at low qT can be caused by the intrinsic transverse 
momenta of the colliding partons in the initial states [30]. The ef-
fects of non-coplanarity on other inequality relations, as discussed 
in Ref. [31], are also being studied.
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