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A Proof of Halpern—L &uchli Partition Theorem

S. A. ARGYROS V. FELOUZIS AND V. KANELLOPOULOS

A proof of the Halpern—Buchli partition theorem anits version for strong subtrees is given. We
prove a general statement which has, as an immediate consequence, the above-mentioned results. The
proof of this is direct and avoids metamathematical arguments. Some consequences for partitions of
finite products of metric spaces are also presented.
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INTRODUCTION

Halpern—lauchli partition theorem [1, 2] is a fundamental Ramsey type principle concern-
ing partitions offinite products of trees. This partition theorem plays an important role in
the development of the infinite Ramsey theory for trees [3, 4]. In the present paper we also
present some moiapplications of this theorem in the area of metric spaces. Its original proof
makes use of certain metamathematical tools difficult to be followed by unfamiliar readers.
The main purpose of the present paper is to give a proof of this theorem using exclusively
standard mathematical arguments.

Before presenting the statement of the main theorem we state the following result which is
actually the equivalent formulation of it in the context of metric spaces. We recall that a subset
F of a metric spacéX, p) is said to bes-dense for some > 0, provided thap(x, F) < ¢
forall x € X. Also (X, p) is totally bounded (or precompact) if for each- 0 there exists a
finite e-dense subsd¥; of X.

THEOREMO.1. Let (X, pj), i = 1,...,d be a finite family of totally bounded metric
spaces. For each re Nandi = 1,...,d choose an F; %-dense subset of jXand set

Fn= ]'[id=1 Fn.i. Then for every finite partition

we have the following:
There exists an increasing sequeriog)keN, Bn,,i C Fn.,i and j e {1,..., p} such that

d
U1 [ [ Bnei is j-homogeneous.
i=1

Moreover,

(@) If j =1thenforallke N,i =1,...,d, By,.iis %-dense in X.
(b) If j > 1thenforalli=1,...,d there exists a non-empty open neighborhopdf\X;
such that B, is i-dense in Vfor all k € N.

Some comments are in order concerning the above-stated theorem. First observe that the
conclusion is not symmetric with respect the memigers le of the partition ofl_J;~; Fn.
Also we should point out the double character of the conclusion. Namely, beyond-the
homogenuity oil'[id=1 Bn,,i We also obtain th%-density. Thus anore accurate description of
this theorem is as a Baire—Ramsey result.
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Several difficulties occur if someone attempts to proceed to a direct proof of the above
theorem. In particulaif he wants to proceed by induction on the numbat ..., Xq of the
metric spaces, then far > 2 will face the difficulty of how the inductive assumption could
be used. This is one of the points where the statement of the theorem in terms of trees appears
to be very useful.

The statement of the main result requires some terminology, stated briefly below and more
carefully in the first section. Throughout the paper by the term aZreee mean a finitely
branching tree of heighi with finitely many roots and without maximal elements.

Let W be a subset of . Thekth levelW (k) of W is the seft € W : |t| = k} and thelevel
setthe setL (W) = {k e N : W(K) # ¢}.

A subsetV of 7 is said to bedensein 7 if LOV) = {lk}i2, and for allk € N, the
setW(lx) dominatesthe set7 (k). (i.e., for everyt € 7 (k) there existss € W(lk) with
t < s). Furthermore, fot € 7 the set)V is t-dense in7 provided thatV(lx) dominates
Ti(k)y={seT:|s|=k,t <s}.

LetT = (71, ..., 7q) be ad-tuple of trees. Théevel product of 7" denoted byR7 is the
setUp T, Zi(k). Forwi € Ti,i = 1,....d, thed-tupleW = (M4, ..., Wy) is said to
be compatible iL (V) = L(Wj) forall 1 <i, j <d. Foraw = (Wx, ..., Wy) the level
product® W is also defined in a similar manner @< .

For a compatibley = W1, ..., Wy) andt = (11, ..., 1) we say thadV is dense f-
dense) inZ provided thadV is dense (tdense) inZ; foralli =1, ...,d. Finally we adopt
the following notation. FooW = (W, ..., Wy) and W'=(W,, ..., W) we denote by
W' < W the relationVy c W foralli =1,....d.

The main result of the paper is the following:

THEOREMO.2. Let7 = (73,...,7q) be a d-tuple of trees and¥y = Wy, ..., Wy)
a compatible dense ii". Then for every finite partitio®@W = C, U --- U Cp one of the
following holds:

(a) There exists compatibley’ < W with W’ dense inZ7” and®@W' is 1-homgeneous.
(b) There exists j> 1,t = (t1,...,tg) and compatibldV’ < W which ist-dense inZ-
and®W' is j-homogeneous.

The basic steps in the proof of the above theorem are the following:

First by an easy inductive argument we reduce the problem to the case of partitions with
two elements. Hence assume tlgV = C; U C,. Then we proceed by induction. The
proof for the case&l = 1 is given in the Proposition 2.2. For the general case we consider a
d + 1-tuple(S, T) with 7 = (71, ..., 7q) andS a tree. We denote h¥,,(S) the set of all
infinite chains ofS. Forc € Co(S) andW dense inZ” such that(c, W) is compatible, the
inductive assumption yields c ¢, W' < W with eitherWW’ dense inZ andc’ @ W' is
1-homogeneous oV’ t-dense i7" andc’ ® W' is 2-homogeneous (Proposition 2.3).

The next stefis to consider a statement denoted®ye, (s, t), U, W) wheree € {1, 2},
seS, teT,U,W)densein (§T). Also, the correspondin@ (e, O, (4, WW)) is similarly
defined.

Related to this we show the next two

(A) If Q(s, (s, 1), (U, W)) holdsfor somes, (s, t), U, VW) then there existg/’, Vy/) <
U, W)(s, t) dense inS, T) such thal/’ ® W' is e-homogeneous. (ifs, t) = 0 then
(U’, W) is obtained to be dense ¢, 7).)

(B) For@, W) dense inS, T) eitherQ (1, 0, (4, W)) holds or else there exist&’, W')
< (U, W) and(s, t) such thaQ (2, (s, t), U’, W")) holds.
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(A) is proved in Proposition 2.4 and (B) in Proposition 2.5. Clearly (A) and (B) yield the
complete proof of Theorei®.2.

It is worth pointing out that (A) constitutes the ‘Ramsey’ part of the proof of the main
theorem while (B), the proof of which involves a Baire category argument, can be considered
as the ‘Baire part’ of the proof. We also should say that the requirement for the density of the
homogeneous subset, which at the beginning appears as an additional difficulty, turns out to
be very useful to overcome certain combinatorial difficulties.

In the last section we present a proof of the Laver—Pincus theorem [5] for strong subtrees
and a proof ofTheorem 0.1 stated above.

An earlier versiorof the present paper appeared in 1998 under the names of the first two
coauthors. Recently the referee pointed out to us an error in that proof. Actually the arguments
presented in that paper could derive a proof of Theorem 0.2ifer 2. But as itis also
mentioned in Halpern-duchli's paper the full complexity of the proof appears dor 2.

The present version is the result of the collaboration with the third named coauthor.

1. DEFINITIONS AND NOTATIONS

By the term treeZ” we will mean a finitely branching tre€ with finitely many roots and
without maximal elements. Namely, the tréehas finitely many minimal elements, for each

t € 7 the set{s € 7 : s < t} is finite and also the set of immediate successotsigfinite
and non-empty.

DEFINITION 1.1. Let7 be atree. Then

(i) for eacht € 7 we define theorder |t| of t to be the cardinality of the s¢s € 7 : s <

t).

(i) For eachn € N, we define thanth level 7 (n) of 7 tobe thesef (n) ={t € 7 : |t| =
n}.

(i) ForeachWW c 7,t € T andn e NwesettWWn) = {t e W : |t =n} = WN7T(n)
Tr={seT t<s|t<Is;,Wr={seW:t=<s |t <|s|]}=WNT.
By L(W) we denote the sdt(W) = {n € N : W(n) # ¢} and we call it thdevel set
of W.

(iv) ForeachM c NandW c 7, we setV|m = Umem WM.

(v) For everyWi, W» subsets ofl we say thatV, dominatesV; if for eacht € W,
there exists & € W5 such that; < t».

DEFINITION 1.2. Let7 be atree)V a subset of with level setlL (W) = {l,}handt € 7.

The setV is calleddense {-dense)n 7 if W(ln) dominates (n)(W(l,) dominates/; (n))
foralln e N.

Dense and-dense subsets @f have a central role in the statements and the results appeared
in this paper. So we next state some permanence properties of them.

PrRoPOSITION1.1. LetW be a dense (or t-dense) ih. Then forevery infinite subset M
of the level set PV) the setV’ = W|u remains also dense (or t-dense)in

The proof of the above proposition follows immediately from the Definition 1.2.

DEFINITION 1.3. Let73,..., 7q be a finitesequence of trees. Thector tree 7 is the
orderedd-tuple T = (73, ..., 7q). A vector subsetW of 7 is an orderedl-tuple W =
W1, ..., Wq) such thatV, c 7 foralli = 1,...,d. A vector elementt of 7 is also an

orderedd-tuplet = (11, ...,tq) withtj € Z; foralli =1,...,d.
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NOTATION. Let W = W], ..., WD, W? = W2, ..., W3) vector subsets of . By
W1 < W2 we shall denote the relation’t ¢ W2 foralli =1,...,d.

DEFINITION 1.4. Let7 = (71,...,7g) be a vector treeyV = Whs, ..., Wq) a vector
subset of7 andt = (1, ..., ty) a vector element of. The vector subsatV is calleddense
(t-dense)in T if W is dense irif; (W istij-dense irZ;) foralli =1, ...,d.

DEFINITION 1.5. Let 7T be a vector tree. A vector subs¥ = W4, ..., Wq) of T is
calledcompatibleif for all i, j € {1,...,d}LOV) = L(OWj). If W is compatible then the
level setof W, denoted by (W), is the common level set of each componenVf

DEFINITION 1.6. LetT = (71, ...,74) be avectortree andy = W1, ..., Wy) avector
subset of7". Then for eachn € N, we setZ (n) = (71(n), ..., Zqg(n)) and we callZ (n) the
nth levelof 7.

Similarly we setWW(n) = Wi(n), ..., Wy(n)).

If M is an infinite subset dff we setW|u = [Upem W(M).

The following proposition is a generalization of Proposition 1.1.

ProOPOSITION1.2. Let W be a compatible vector subset of a vector tEEelense (ort-
dense) inZ". Then for every infinite subset M of the level séYV) of W, the vector subset
W|wm is dense (ot-dense) inZ” as well.

DEFINITION 1.7. Let7 be avectortree arev® = OV, ..., WhH, W2 = W2, ..., W3)
vector subsets of. ThenW? is said todominate W1 if Wi2 dominatesWi1 foralli =
1,...,d.

DEFINITION 1.8. Let7 be a vector tree.

(a) Foravector element = (13, ..., tg) of 7 we define therder |t| of t to be the number
[t =max{t|:i=1,...,d}.

(b) For a vector elemerit = (t1, ..., tg) of 7 and a vector subsdty = W1, ..., Wy)
of T we setWy = OV, ..., W) whereforalli =1,....d, W ={seW :t <
sand|t| < |s|}.

By Proposition 1.2, iy is a compatible dense vector subseZothenWW; is a compatible
t-densevector subset of".

PrOPOSITION1.3. Let7 be a vector tree andV a compatible vectosubset ofZ” with
level set W) = {In}n. Then

(a) The vector subsaty is dense irZ” if andonly if W(l,) dominatesZ (n) for alln € N.
(b) Ifforalln € N, W(l,) dominatesT ;(|t| + n) thenW is t-dense in7".

PrROOF. The statement (a) is obvious. We shall prove (b).

Letd > 1,7 = (7%, ..., 79, w= W1, ..., W% andt = (11, ..., tq). We observe that
foralln e N, T¢(jt|+n) = (ZX(It|+ 1), ..., ZI(t| +n)). If W(ln) dominatesT ¢(|t] + n)
thenW' (In) dominatesZ,! (|t|+n) and hencdy (n) foralli = 1,...,d andn € N. Therefore

Wi isti-dense in7 | thatisWV is t-dense inZ". o
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Halpern—lauchli partition theorem andur main theorem concerns finite partitions of the
level product of anyd-vector treeZ . The definition of the level product has as follows:

DEFINITION 1.9. LetT = (73, ..., 7q) be ad-vector tree. We denote kg7 or ®id:1’1’
thelevel product of 7" which is equal td_Jz- ]_[id:1 7 (k).

Similarly, for a compatible vector subsegY = W4, ..., Wy) of T the level produc® W
or@?_, W is also defined.

Fort € ®7 we observe that is a vector element of” and|t| is the uniquek € N such
thatt € [T, 7 (k).

In what follows we shall deal exclusively with compatible vector subse®.dence when-
ever we say that ‘Ws a vector subset dI”’ we shall always mean thaty is additionally
compatible.

2. THE PROOF OFTHEOREMO2

Let us observe that the statement of the theorem allows us to reduce, by inductmpn on
the proof to the cas@ = 2. We recall that folW vector subset off, the level product
®W is called 1-homogeneows 2-homogeneougrovided that VW ¢ C1 or @ W C Cp
respectively. By the above it is clear that it suffices to prove the following:

THEOREM2.1. Let7 be a d-vector tree an¥tV a dense vectasubset off . Then for each
partition @ W = C1 U C, one of the following holds:

(a) There exist3V’ < W dense inZ such that® V' is 1-homogeneous.
(b) There exists € 7 andW’ < W t-dense inZ such that® W'’ is 2-homogeneous.

The proof of the above theorem will be given by inductiondomhe case ofl = 1 is well
known. For the sake of completeness we present a proof of it.

PROPOSITION2.2. Let7 be a tree andV a dense subsetf 7. Then for each partition
W = Cj U C; either there exists an 1-homogened¥$ C W dense in7, or there exists
t € 7 and a 2-homogeneodd” c W t-dense irn7 .

PROOF LetL (W) = {Ix}k be the leel set ofiV. We consider the following two alternative
cases:

Case 1. For eache 7 there exist; € N such that for alk > ki, W(lx) N7t N Cy # @.

Case 2. There existe T and a strictly increasing sequen@®), such that for alh € N,
W(lk,) N'T; C Co.

In Case 1, we can easily construct by induction a subsétof YW dense in7 and
1-homogeneous.

In Case 2, we sétV’ = UnenW(lk,)N7;. ThenW' ist-dense iril andV’ is 2-homogeneous.

]

NOTATION. (i) Let7 beatree andV C 7. Wedenote byC., (W) the set of all infinite
linearly ordered subsets V. Every element of ., (V) will be called achainof W.
For eaclc € Coo (W) the level seL (c) of cis the setL(c) = {|t| : t € ¢}. The notation
¢’ < cdenotes that' is an infinite subset af and hence’ is also a chain. Observe that
if W is dense ot-dense inZ for somet € 7 thenCy (W) is not empty.
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(i) In what follows it will be notationally convenient to denote ady+ 1-vector tree by
(S,7T) whereS is atree andl’ = (71, ..., 7q) is ad-vector tree. A vector subset of
(S, T) will be denoted by(V, W) and by this we shall mean thgtis a subset of, W
is a vector subset af and(V, W) is compatible. Also, whenever we say tligt V)
is (s, t) dense in(S, 7)) we shall mean that is s-dense inS andWV is t-dense inZ .

Hereafter we assume that Theorem 2.1 has been established fordsemg. We fix a
d + 1-vector tre€S, 7T'), a vector subsddp, Wo) of (S, T) dense in(S, T'), and a partition
Vo ® Wo = C1 U C,. We shall prove that Theorem 2.1 holds for this case as well.

Our inductiveassumption yields the following proposition which plays key role in the rest
of the proof.

PROPOSITION2.3. Let c € Coo(Vo) and W < Wy dense inZ” such tha (c, W) is com-
patible. Then either

(a) There exist c < ¢ andW’' < W dense in7 suchthat (¢’, W) is compatible and
¢ ® W' is 1-homogeneous, or

(b) There exist ¢ < c, a vector element of 7 and W’ < Wt-dense in7 sud that
(¢, W') is compatible and’cg W' is 2-homogeneous.

PrOOF Let L(W) = {lIk}k be the leel set of W. Thenc = {s} wheresc € Vg and
|sk| = Ik fo[ all k~e N. We consider the following partition WV :
QW = Cq1 U Cy where

Ci={t:te@W,]|t| =l for somek € N and(s, t) € C1}
Co={t:te@W,|t| =l for somek € N and(s, t) € Cy}.

By our inductive assumption (recall thyy is dense in thal-vector tree7’) either there
existsWW < W dense in7 such that W' is 1-homogeneous or there existe 7 and
W’ < W t-dense inZ such thatx W' is 2-homogeneous.

Hence, ifc’ = c|| 14y, then eithec’ ® W' is 1-homogeneous af ® W' is 2-homogeneous
and the proof of Proposition 2.3 is complete. O

For each(V, W) < (Mo, Wo) dense in(S, 7)), for each vector elemerts, t) of (S, 7)
and fore € {1, 2} we consider the following two statements:

For eachs’ € Vs and each'W' < W with W dense
in 7 there existc € Co(Vy) and W’ < W’ dense
in 7 such that(c, Wy) is compatible andt ® WY is
e-homogeneous.

Qe (s 1), Y, W)):

For eachs’ € V and eachW’ < W with W’ dense
in 7 there existc € Cso(Vy) and W’ < W' dense
in 7 such that(c, W) is compatible andc @ W’ is
e-homogeneous.

Qe 0, (V,W)):

The first of the two main steps of the proof for the cdse 1 is the following:

PROPOSITION2.4. Let (s, t) be a vector e@ment of S, 7), (V, W) < (Vo, Wo) dense
in (S, 7) ande € {1,2} such thatQ (s, (s, t), (V, W)) holds. Then there exist’, W') <
(V, W), (s, t)-dense in(S, T) such that”’ ® W' is e-homogeneous.

In the case wher@ (¢, 0, (V, W)) holds the resulting)’, W) is dense inS, 7).
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PROOF Suppose tha@(e, (s, t), (V, W)) holds, fore, (s, t), (V, W) as in the statement
of the proposition. By induction we construct a strictly increasing sequ@ngg, of positive
integers, a sequenc®’y),, of subsets of¥ and a sequencé&V,), of vector subsets ofV
such that for alh € N:

(i) The setV, dominatesSs(|s| + n) andV, C Vs(Mp).
(i) The vector seW, dominatesZ (|t| + n) andW, < Wi(mp). (We recall thatt| =
max{[t|:i =1,...,d} wheret = (t1, ..., tg)).
(iii) The level product,, ® Wy, is e-homogeneous.

If the abow construction has been done, then we set

V=W W=Wn
neN neN

From (i), (ii) and Proposition 1.3 (b) it is clear tha¥’, W) < (V, W) and (V', W)
is (s, 1) dense in(S, 7). Also, V' @ W' = Upey Vo ® Wh and hence from (iii) it is
e-homogeneous.

The general inductive step for our construction goes as follows:

Assume thatmi)'_;, V)i ;, (Wi){_; have been constructed so that (i)—(iii) are fulfilled.
SinceV is dense inS there exist an € L (V) such thal’(m) dominatesS(|s| +n+ 1). Then
actually Vs(m) is non-empty and dominate$s(|s| + n + 1). Let Vs(m) = {sc}}_,. Since
QCe, (s, 1), (V, W)) holds, by induction we construct

(i") Afinite sequenceck),_, of chains such thatk € Coo (V) foralll <k <r,
(ii") Adecreasing finite sequen(:Ev")[(:1 of dense vectosubsets off” such thaty > W?
> ... > W' with the property that:

Foralll1<k <, (c, W't‘) is compatible andy ® W't‘ is e-homogeneous.

We observe that if;, = ¢ thenc, ® W is e-homogeneous forall £ k <.

Choosemp,1 € L(W") such thamn, 1 > my, andW' (mp1) dominatesZ (Jt| + n + 1).
Then alsowW} (mp+1) dominatesZ ¢ (|t| + n + 1). We set

;
Vni1 = U C(Mny1)  and W1 = Wi(Mny).
k=1

Observe thavy 1 dominates/s(m) and hence it dominatess(|s| + n + 1). Also, Vhi11 ®
Wht1 C Urk:1 c’k®W{ and so by the preceding constructidf+1®WWn41 is e-homogeneous.

The case wher@®(e, 0, (V, W)) holds, is similarly treated. Namely we construct sequences
(Mn)n, Vn)n and(W),, such thaimy)y, is strictly increasing and for all € N, V, € V(my),
Wh C W(my), V, dominatesS(n), Wy, dominatesZ (n) andV, ® Wy, is e-homogeneous.
After this we sed’ = | J, Vo, W' = |J, Wh and itis clear that)’, W’) is dense inS, T)
andV’ ® W' is e-homogeneous. O

The second step of the proof is the next.

PROPOSITION2.5. For each(V, W) < (Vo, Wo) dense in(S, T) either

(@ Q (1.0, (V. W)) holds, or
(b) There exists, t) vector element oS, 7) and (V', W) < (V, W) dense in(S, T)
such thalQ (2, (s, t), (V', W) holds.
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PROOF Assume on the contrary that none of the cases (a) and (b) hold. Then sheose
andW? < W dense iriT” witnessinghe failure ofQ (1, 0, (V, W)). Next fix an enumeration
(tn)n of all the vector elements & . Since (b) fails, we construct by induction two sequences
(S)peq, (Sn)p2; in S, as well as, a sequencwn)ﬁ‘;l of vector subsets df” and a strictly
increasing sequendaeny);” ; of natural numbers such that the following are fulfilled for all
n=12,....

() The elementsy,, s, belong toVg,, s € V(mp) andsp < §; <S1 < -+ < §) < .
(i) The vector subseW" of 7T is dense inZ", W"(mpn) dominatesZ (n) and W° >
Wl ... wn
(iii) If V" = V| ) then for allc € cm(v;) andall W < W" dense inZ such that
(c, Wy,) is compatible, ther ® Wy is not 2-homogeneous.
(iv) The integemy is greater than therder|t,| of t,.

The general inductive step goes as follows.

Suppose thats),_;, (SOp_1 (Wk)ﬂzl, (my_, have been defined so that (i)—(iv) hold.
Since (b) fails we can choose &f, , € Vg and aw" ! < W" dense inZ” witnessing the
failure of Q (2, (s, thy1), V", WM)).

Let V"1 = V| 4 ne1, @nd observe that sinag™™ c V", condition (iii) remains valid
with n + 1 in place ofn. It is clear that we can choose a sufficiently large integgr, such
thatmpy1 € LOV™Y, mpyq > max{|$|+l|, |th+1l}, and alsoV(mpy1) dominates{s{wrl}
and alsow"t1(mn;1) dominatesZ (n + 1). Finally, we pick ars 1 € Vs/n 1(mnH). This
completes the inductive construction. ’

We setWqo = Unoq W"(mp) andcy = {sh}2;.

From the above (i) and (ii) we obtain the¥, < WO, W is dense inT, ¢ € Coo V)
and(Cx, Weoo) is compatible. By our assumption abayt WP we have that for alt < coo,
U < W dense inZ with (c, i4) compatible, the level product® U is not 1-homogeneous.
Hence, by Propositio.3, there exist < c, a vectorelementt of 7 and alf < W
t-dense i7", such that (ci4) is compatible and ® U is 2-homogeneous. There existg N
such that = t,.

LetL = {(my, Mpy1,...5, ¢ =c|, U =U|_.

Then by (i) and (ii), we have thaf € Co, (V;) andid’ < W" is tp-dense ir7 .

It is easy to see thdil’ is extended to a dense ifi vector subset/” of W, such that
LWU") = LW') and furthetd{ = U} . Observe thatc’, ") is compatible and alsd’ ®
U{ = ¢’ ® U, is 2-homogeneous. This contradicts the assumption (iii) of the inductive
construction and the proof is complete. O

PROOF OFTHEOREM 0.2. Proposition 2.4, 2.5 immediately yield a proof of Theorem 2.1
for partitions with two elements. As we have already pointed out, the proof for an arbitrary
finite partition followsby an easy inductive argument. O

3. CONSEQUENCES

This section contains some consequences of Theorem 0.2.

We start withthe proof of Theorem 0.1 stated in the introduction and which as we have
mentioned is the equélent statement of Theorem 0.2 in the context of metric spaces. Its
proof requires théollowing lemmas. The first is well known and the proof follows by a direct
inductive argument.
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LEMMA 3.1. Let (X, p) be a totallybounded metric space. Then there exist a finitely
branching tree7 and a family of open non-empty subsets of X, denote3h).7, such
that the following properties are fulfilled:

(1) The tree7 has a uniqueaot denoted by (7) and G,(7) = X
(2) Ift € 7, |t] > 1, thendiamGy) < —‘

(3) Ift,se7T,s<tthen G C Gg

(4) Gt = Useisit) Gs, forallt € 7.

By 1 S(t) we denote the set of all immediate successotsiofl .

LEMMA 3.2. Let {(X;, ,oi)}id=1 be a finite family of totally bounded metric spaces and
{Gt}e7; be the corresponding families of open sets resulting from the previous lemmacFor n

N,i=1,...,d, let /y; be an%—dense subset of;XThen there exist familieﬁxt}teyi}szl
and a strictly increasing sequencey)x such that for alli = 1,...,d the following are
fulfilled:

(1) Forallt € 7j, x € Gt.
(2) Porallk e N{x¢ : t €7, |t| =k} C Fm,.i-

PROOF. For eachi = 1,...,d andt € 7; we choosey; € G; andé; > O such that
B(yt, 8t) C Gt. Next for eactk € N we setsy = min{& : t € 7j, |t| =k i=1,...,d}.
Finally we select a strictly increasing sequerio®)ycy such that— < J for all k e N.
Obsere that fort € 7; with [t| = Kk, Fm,.i N B(yt, &) is non-empty and hendén, i N Gt is
non-empty as well. We set to be any element dfy, i N Gt. It can be readily checked that
{{xt}teyi}id:l and(my)ken have the desired properties. a

PrROOF OFTHEOREM 0.1. By the preceding two lemmas, for eaefy, pj) we hae a tree
T, afamily {Gthiez; and a family{xt}tET with the listed properties. LeT = (71, ..., 7g).
Observe that the partition > ; F, = C1 U --- Cy induces a corresponding partltlon of the
level productpZ which is as foIIows@T CjU---UC,where foreachi € {1,...,p},
C/ {t:te®7,t=(1,...,tq) and (X, ... xtd)eCj}. ]

By Theorem 0.2 either there exists a dense vector subgeif 7 such that W is 1-
homogeneousr there existd = (ty, ..., tg) and at-dense vector subs®Vy of 7 such that
®W is j-homogeneous for somee {2,...,p}. LetW = W4, ..., Wq) andL(W) =
{€xlken be the level set oM. Let also(mk)k be the resulting sequence from the above
lemma. If 1-homogenuity occurs then for eack 1, ...,d andk € N we setny = m;, and
Bnk i = {X :t € Wi(l)}. We observe that the propertles{ﬁt}tef {XthteT; yleld thatBp, i
is ——dense inXi, Bn,.i C Fn.iforalll <i < dandsince@W c Cj, Uﬁoll"[, _1Bn,.i is
1- homogeneous This proves Theorem 0.1 if the first alternative occurs.

If W is t-dense in7 and ®W is j-homogeneous, fosome | > 1, then setting =
(t1, ..., tg) and also,

Nk = My, Bri = {Xt :t e Wiy, t >t} and Vi =Gy,

the propertles ofGt}, {xt} yield thatBp,; C Fn,.i, Bn.i iS E-dense inV; and in addition
UkSq H. 1 Bny.i is j-homogeneous. This completes the proof of Theorem 0.1 ]

We conclude tls section with the Laver—Pincus theorem concerning strong subtrees of a
vector treeZ”. We begin by recalling the definition of a strong subtree.
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DEFINITION 3.1. A subtree/V of atree7 is calledastrong subtreeof 7 if the following
conditions are fulfilled.

(i) Foreveryk € N there exists ax € N suchthatWW(k) c 7 (ng).
(i) Foreveryt € W ands € | S(t, 7) there aists a uniques’ € | S(t, W) withs < .

An easy inductive argument yields that every densg ior t-dense inZ” subset of a finitely
branching treeZ” contains a strong subtree. This remark with Theorem 0.2 yield a proof of
Laver—Pincusheorem which states the following:

THEOREM 3.3 (LAVER—PINCUS). Let(??)id:1 be a finite sequena¥ trees and_J;- o ]'[id=1
7i(n) = Ujpzl C; for some pe N. Then there exist g {1,..., p}and a sequenc(ai/vi);’:1
with W strong subtree of; such thaf_J~ ]_[id=l Wi(n) C Cj.
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