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A Proof of Halpern–Läuchli Partition Theor em

S. A. ARGYROS, V. FELOUZIS AND V. K ANELLOPOULOS

A proof of the Halpern–L̈auchli partition theorem andits version for strong subtrees is given. We
prove a general statement which has, as an immediate consequence, the above-mentioned results. The
proof of this is direct and avoids metamathematical arguments. Some consequences for partitions of
finite products of metric spaces are also presented.
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INTRODUCTION

Halpern–L̈auchli partition theorem [1, 2] is a fundamental Ramsey type principle concern-
ing partitions offinite products of trees. This partition theorem plays an important role in
the development of the infinite Ramsey theory for trees [3, 4]. In the present paper we also
present some moreapplications of this theorem in the area of metric spaces. Its original proof
makes use of certain metamathematical tools difficult to be followed by unfamiliar readers.
The main purpose of the present paper is to give a proof of this theorem using exclusively
standard mathematical arguments.

Before presenting the statement of the main theorem we state the following result which is
actually the equivalent formulation of it in the context of metric spaces. We recall that a subset
F of a metric space(X, ρ) is said to beε-dense for someε > 0, provided thatρ(x, F) < ε

for all x ∈ X. Also (X, ρ) is totally bounded (or precompact) if for eachε > 0 there exists a
finite ε-dense subsetFε of X.

THEOREM 0.1. Let (Xi , ρi ), i = 1, . . . , d be a finite family of totally bounded metric
spaces. For each n∈ N and i = 1, . . . ,d choose an Fn,i

1
n -dense subset of Xi and set

Fn =
∏d

i =1 Fn,i . Then for every finite partition

∪
∞

n=1Fn = C1 ∪ · · · ∪ Cp

we have the following:
There exists an increasing sequence(nk)k∈N, Bnk,i ⊂ Fnk,i and j ∈ {1, . . . , p} such that

∪
∞

k=1

d∏
i =1

Bnk,i is j -homogeneous.

Moreover,

(a) If j = 1 then for all k∈ N, i = 1, . . . ,d, Bnk,i is 1
k -dense in Xi .

(b) If j > 1 then for all i = 1, . . . , d there exists a non-empty open neighborhood Vi of Xi

such that Bnk,i is 1
k -dense in Vi for all k ∈ N.

Some comments are in order concerning the above-stated theorem. First observe that the
conclusion is not symmetric with respect the members(C j )

p
j =1 of the partition of

⋃
∞

n=1Fn.
Also we should point out the double character of the conclusion. Namely, beyond thej −
homogenuity of

∏d
i =1 Bnk,i we also obtain the1k -density. Thus amore accurate description of

this theorem is as a Baire–Ramsey result.
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Several difficulties occur if someone attempts to proceed to a direct proof of the above
theorem. In particular,if he wants to proceed by induction on the numberX1, . . . , Xd of the
metric spaces, then ford ≥ 2 will face the difficulty of how the inductive assumption could
be used. This is one of the points where the statement of the theorem in terms of trees appears
to be very useful.

The statement of the main result requires some terminology, stated briefly below and more
carefully in the first section. Throughout the paper by the term a treeT we mean a finitely
branching tree of heightω with finitely many roots and without maximal elements.

LetW be a subset ofT . Thekth levelW(k) of W is the set{t ∈ W : |t | = k} and thelevel
setthe setL(W) = {k ∈ N : W(k) 6= ∅}.

A subsetW of T is said to bedensein T if L(W) = {lk}∞k=1 and for all k ∈ N, the
setW(lk) dominatesthe setT (k). (i.e., for everyt ∈ T (k) there existss ∈ W(lk) with
t ≺ s). Furthermore, fort ∈ T the setW is t-dense inT provided thatW(lk) dominates
Tt (k) = {s ∈ T : |s| = k, t ≺ s}.

Let T = (T1, . . . , Td) be ad-tuple of trees. Thelevel product of T denoted by⊗T is the
set

⋃
∞

k=1
∏d

i =1 Ti (k). ForWi ⊂ Ti , i = 1, . . . ,d, thed-tupleW = (W1, . . . ,Wd) is said to
be compatible ifL(Wi ) = L(W j ) for all 1 ≤ i , j ≤ d. For aW = (W1, . . . ,Wd) the level
product⊗W is also defined in a similar manner as⊗T .

For a compatibleW = (W1, . . . ,Wd) and t = (t1, . . . , td) we say thatW is dense (t-
dense) inT provided thatWi is dense (ti -dense) inTi for all i = 1, . . . ,d. Finally we adopt
the following notation. ForW = (W1, . . . ,Wd) and W ′

=(W ′

1, . . . ,W
′

d) we denote by
W ′

≺ W the relationW ′

i ⊂ Wi for all i = 1, . . . ,d.
The main result of the paper is the following:

THEOREM 0.2. Let T = (T1, . . . , Td) be a d-tuple of trees andW = (W1, . . . ,Wd)

a compatible dense inT . Then for every finite partition⊗W = C1 ∪ · · · ∪ Cp one of the
following holds:

(a) There exists compatibleW ′
≺ W with W ′ dense inT and⊗W ′ is 1-homogeneous.

(b) There exists j> 1, t = (t1, . . . , td) and compatibleW ′
≺ W which is t-dense inT

and⊗W ′ is j -homogeneous.

The basic steps in the proof of the above theorem are the following:
First by an easy inductive argument we reduce the problem to the case of partitions with

two elements. Hence assume that⊗W = C1 ∪ C2. Then we proceed by induction. The
proof for the cased = 1 is given in the Proposition 2.2. For the general case we consider a
d + 1-tuple(S, T ) with T = (T1, . . . , Td) andS a tree. We denote byC∞(S) the set of all
infinite chains ofS. For c ∈ C∞(S) andW dense inT such that(c, W) is compatible, the
inductive assumption yieldsc′

⊂ c, W ′
≺ W with eitherW ′ dense inT andc′

⊗ W ′ is
1-homogeneous orW ′ t-dense inT andc′

⊗ W ′ is 2-homogeneous (Proposition 2.3).
The next stepis to consider a statement denoted byQ (ε, (s, t), (U, W)) whereε ∈ {1,2},

s ∈ S, t ∈ T , (U, W) dense in (S, T ). Also, the correspondingQ (ε, E0, (U, W)) is similarly
defined.

Related to this we show the next two

(A) If Q (ε, (s, t), (U, W)) holdsfor someε, (s, t), (U, W) then there exists(U ′, W ′) ≺

(U, W)(s, t) dense in(S, T ) such thatU ′
⊗ W ′ is ε-homogeneous. (If(s, t) = E0 then

(U ′, W ′) is obtained to be dense in(S, T ).)
(B) For(U, W) dense in(S, T ) eitherQ (1, E0, (U, W)) holds or else there exists(U ′, W ′)

≺ (U, W) and(s, t) such thatQ (2, (s, t), (U ′, W ′)) holds.
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(A) is proved in Proposition 2.4 and (B) in Proposition 2.5. Clearly (A) and (B) yield the
complete proof of Theorem0.2.

It is worth pointing out that (A) constitutes the ‘Ramsey’ part of the proof of the main
theorem while (B), the proof of which involves a Baire category argument, can be considered
as the ‘Baire part’ of the proof. We also should say that the requirement for the density of the
homogeneous subset, which at the beginning appears as an additional difficulty, turns out to
be very useful to overcome certain combinatorial difficulties.

In the last section we present a proof of the Laver–Pincus theorem [5] for strong subtrees
and a proof ofTheorem 0.1 stated above.

An earlier versionof the present paper appeared in 1998 under the names of the first two
coauthors. Recently the referee pointed out to us an error in that proof. Actually the arguments
presented in that paper could derive a proof of Theorem 0.2 ford ≤ 2. But as itis also
mentioned in Halpern–L̈auchli’s paper the full complexity of the proof appears ford > 2.
The present version is the result of the collaboration with the third named coauthor.

1. DEFINITIONS AND NOTATIONS

By the term treeT we will mean a finitely branching treeT with finitely many roots and
without maximal elements. Namely, the treeT has finitely many minimal elements, for each
t ∈ T the set{s ∈ T : s ≺ t} is finite and also the set of immediate successors oft is finite
and non-empty.

DEFINITION 1.1. Let T be a tree. Then

(i) for eacht ∈ T we define theorder |t | of t to be the cardinality of the set{s ∈ T : s ≺

t}.
(ii) For eachn ∈ N, we define thenth level T (n) of T to be the setT (n) = {t ∈ T : |t | =

n}.
(iii) For eachW ⊂ T , t ∈ T andn ∈ N we setW(n) = {t ∈ W : |t | = n} = W ∩ T (n)

Tt = {s ∈ T : t ≺ s, |t | < |s|},Wt = {s ∈ W : t ≺ s, |t | < |s|} = W ∩ Tt .
By L(W) we denote the setL(W) = {n ∈ N : W(n) 6= ∅} and we call it thelevel set
of W.

(iv) For eachM ⊂ N andW ⊂ T , we setW|M =
⋃

m∈M W(m).
(v) For everyW1, W2 subsets ofT we say thatW2 dominatesW1 if for eacht ∈ W1

there exists at2 ∈ W2 such thatt1 ≺ t2.

DEFINITION 1.2. LetT be a tree,W a subset ofT with level setL(W) = {ln}n andt ∈ T .
The setW is calleddense (t-dense)in T if W(ln) dominatesT (n)(W(ln) dominatesTt (n))

for all n ∈ N.

Dense andt-dense subsets ofT have a central role in the statements and the results appeared
in this paper. So we next state some permanence properties of them.

PROPOSITION1.1. LetW be a dense (or t-dense) inT . Then forevery infinite subset M
of the level set L(W) the setW ′

= W|M remains also dense (or t-dense) inT .

The proof of the above proposition follows immediately from the Definition 1.2.

DEFINITION 1.3. Let T1, . . . , Td be a finitesequence of trees. Thevector tree T is the
orderedd-tuple T = (T1, . . . , Td). A vector subsetW of T is an orderedd-tuple W =

(W1, . . . ,Wd) such thatWi ⊂ Ti for all i = 1, . . . ,d. A vector elementt of T is also an
orderedd-tuple t = (t1, . . . , td) with ti ∈ Ti for all i = 1, . . . ,d.
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NOTATION. Let W1
= (W1

1, . . . ,W1
d), W2

= (W2
1, . . . ,W2

d) vector subsets ofT . By
W1

≺ W2 we shall denote the relationW1
i ⊂ W2

i for all i = 1, . . . ,d.

DEFINITION 1.4. Let T = (T1, . . . , Td) be a vector tree,W = (W1, . . . ,Wd) a vector
subset ofT andt = (t1, . . . , td) a vector element ofT . The vector subsetW is calleddense
(t-dense)in T if Wi is dense inTi (Wi is ti -dense inTi ) for all i = 1, . . . ,d.

DEFINITION 1.5. Let T be a vector tree. A vector subsetW = (W1, . . . ,Wd) of T is
calledcompatible if for all i, j ∈ {1, . . . ,d}L(Wi ) = L(W j ). If W is compatible then the
level setof W , denoted byL(W), is the common level set of each component ofW .

DEFINITION 1.6. LetT = (T1, . . . , Td) be a vector tree andW = (W1, . . . ,Wd) a vector
subset ofT . Then for eachn ∈ N, we setT (n) = (T1(n), . . . , Td(n)) and we callT (n) the
nth levelof T .

Similarly we setW(n) = (W1(n), . . . ,Wd(n)).
If M is an infinite subset ofN we setW|M =

⋃
m∈M W(m).

The following proposition is a generalization of Proposition 1.1.

PROPOSITION1.2. Let W be a compatible vector subset of a vector treeT dense (ort-
dense) inT . Then for every infinite subset M of the level set L(W) of W , the vector subset
W|M is dense (ort-dense) inT as well.

DEFINITION 1.7. LetT be a vector tree andW1
= (W1

1, . . . ,W1
d), W2

= (W2
1, . . . ,W2

d)

vector subsets ofT . ThenW2 is said todominate W1 if W2
i dominatesW1

i for all i =

1, . . . ,d.

DEFINITION 1.8. Let T be a vector tree.

(a) Fora vector elementt = (t1, . . . , td) of T we define theorder |t| of t to be the number
|t| = max{|ti | : i = 1, . . . ,d}.

(b) For a vector elementt = (t1, . . . , td) of T and a vector subsetW = (W1, . . . ,Wd)

of T we setW t = (W ′

1, . . . ,W
′

d) where for alli = 1, . . . ,d, W ′

i = {s ∈ Wi : ti ≺

s and|t| < |s|}.

By Proposition 1.2, ifW is a compatible dense vector subset ofT thenW t is a compatible
t-densevector subset ofT .

PROPOSITION1.3. Let T be a vector tree andW a compatible vectorsubset ofT with
level set L(W) = {ln}n. Then

(a) The vector subsetW is dense inT if andonly if W(ln) dominatesT (n) for all n ∈ N.
(b) If for all n ∈ N, W(ln) dominatesT t(|t| + n) thenW is t-dense inT .

PROOF. The statement (a) is obvious. We shall prove (b).
Let d ≥ 1, T = (T 1, . . . , T d), W= (W1, . . . ,Wd) andt = (t1, . . . , td). We observe that

for all n ∈ N, T t(|t| + n) = (T 1
t1 (|t| + n), . . . , T d

td (|t| + n)). If W(ln) dominatesT t(|t| + n)

thenW i (ln) dominatesT i
ti (|t|+n) and henceT i

ti (n) for all i = 1, . . . ,d andn ∈ N. Therefore
W i is ti -dense inT i that isW is t-dense inT . 2
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Halpern–L̈auchli partition theorem andour main theorem concerns finite partitions of the
level product of anyd-vector treeT . The definition of the level product has as follows:

DEFINITION 1.9. Let T = (T1, . . . , Td) be ad-vector tree. We denote by⊗T or ⊗
d
i =1T

the level product of T which is equal to
⋃

∞

k=0
∏d

i =1 Ti (k).
Similarly, for a compatible vector subsetW = (W1, . . . ,Wd) of T the level product⊗W

or ⊗
d
i =1Wi is also defined.

For t ∈ ⊗T we observe thatt is a vector element ofT and|t| is the uniquek ∈ N such
that t ∈

∏d
i =1 Ti (k).

In what follows we shall deal exclusively with compatible vector subsets ofT . Hence when-
ever we say that ‘Wis a vector subset ofT ’ we shall always mean thatW is additionally
compatible.

2. THE PROOF OFTHEOREM 02

Let us observe that the statement of the theorem allows us to reduce, by induction onp,
the proof to the casep = 2. We recall that forW vector subset ofET , the level product
⊗W is called 1-homogeneousor 2-homogeneousprovided that⊗W ⊂ C1 or ⊗W ⊂ C2
respectively. By the above it is clear that it suffices to prove the following:

THEOREM 2.1. LetT be a d-vector tree andW a dense vectorsubset ofT . Then for each
partition ⊗W = C1 ∪ C2 one of the following holds:

(a) There existsW ′
≺ W dense inT such that⊗W ′ is 1-homogeneous.

(b) There existst ∈ T andW ′
≺ W t-dense inT such that⊗W ′ is 2-homogeneous.

The proof of the above theorem will be given by induction ond. The case ofd = 1 is well
known. For the sake of completeness we present a proof of it.

PROPOSITION2.2. Let T be a tree andW a dense subsetof T . Then for each partition
W = C1 ∪ C2 either there exists an 1-homogeneousW ′

⊂ W dense inT , or there exists
t ∈ T and a 2-homogeneousW ′

⊂ W t-dense inT .

PROOF. Let L(W) = {lk}k be the level set ofW. We consider the following two alternative
cases:

Case 1. For eacht ∈ T there existskt ∈ N such that for allk ≥ kt ,W(lk) ∩ Tt ∩ C1 6= ∅.
Case 2. There existt ∈ T and a strictly increasing sequence(kn)n such that for alln ∈ N,

W(lkn) ∩ Tt ⊂ C2.
In Case 1, we can easily construct by induction a subsetW ′ of W dense inT and

1-homogeneous.
In Case 2, we setW ′

= ∪n∈NW(lkn)∩Tt . ThenW ′ is t-dense inT andW ′ is 2-homogeneous.
2

NOTATION. (i) Let T bea tree andW ⊂ T . Wedenote byC∞(W) the set of all infinite
linearly ordered subsets ofW. Every element ofC∞(W) will be called achainof W.
For eachc ∈ C∞(W) the level setL(c) of c is the setL(c) = {|t | : t ∈ c}. The notation
c′

≺ c denotes thatc′ is an infinite subset ofc and hencec′ is also a chain. Observe that
if W is dense ort-dense inT for somet ∈ T thenC∞(W) is not empty.
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(ii) In what follows it will be notationally convenient to denote anyd + 1-vector tree by
(S, T ) whereS is a tree andT = (T1, . . . , Td) is ad-vector tree. A vector subset of
(S, T ) will be denoted by(V, W) and by this we shall mean thatV is a subset ofS, W
is a vector subset ofT and(V, W) is compatible. Also, whenever we say that(V, W)

is (s, t) dense in(S, T ) we shall mean thatV is s-dense inS andW is t-dense inT .

Hereafter we assume that Theorem 2.1 has been established for somed ≥ 1. We fix a
d+1-vector tree(S, T ), a vector subset(V0, W0) of (S, T ) dense in(S, T ), and a partition
V0 ⊗ W0 = C1 ∪ C2. We shall prove that Theorem 2.1 holds for this case as well.

Our inductiveassumption yields the following proposition which plays key role in the rest
of the proof.

PROPOSITION2.3. Let c ∈ C∞(V0) andW ≺ W0 dense inT such that (c, W) is com-
patible. Then either

(a) There exist c′ ≺ c andW ′
≺ W dense inT suchthat (c′, W ′) is compatible and

c′
⊗ W ′ is 1-homogeneous, or

(b) There exist c′ ≺ c, a vector elementt of T and W ′
≺ W t-dense inT such that

(c′, W ′) is compatible and c′ ⊗ W ′ is 2-homogeneous.

PROOF. Let L(W) = {lk}k be the level set ofW . Thenc = {sk} wheresk ∈ V0 and
|sk| = lk for all k ∈ N. We consider the following partition of⊗W :

⊗W = C̃1 ∪ C̃2 where

C̃1 = {t : t ∈ ⊗W, |t| = lk for somek ∈ N and(sk, t) ∈ C1}

C̃2 = {t : t ∈ ⊗W, |t| = lk for somek ∈ N and(sk, t) ∈ C2}.

By our inductive assumption (recall thatW is dense in thed-vector treeT ) either there
existsW ′

≺ W dense inT such that⊗W ′ is 1-homogeneous or there existt ∈ T and
W ′

≺ W t-dense inT such that⊗W ′ is 2-homogeneous.
Hence, ifc′

= c|L(W ′) then eitherc′
⊗W ′ is 1-homogeneous orc′

⊗W ′ is 2-homogeneous
and the proof of Proposition 2.3 is complete. 2

For each(V, W) ≺ (V0, W0) dense in(S, T ), for each vector element(s, t) of (S, T )

and forε ∈ {1,2} we consider the following two statements:

Q (ε, (s, t), (V, W)) :

For eachs′
∈ Vs and eachW ′

≺ W with W ′ dense
in T there existc ∈ C∞(Vs′) and W ′′

≺ W ′ dense
in T such that(c, W ′′

t ) is compatible andc ⊗ W ′′
t is

ε-homogeneous.

Q (ε, E0, (V, W)) :

For eachs′
∈ V and eachW ′

≺ W with W ′ dense
in T there existc ∈ C∞(Vs′) and W ′′

≺ W ′ dense
in T such that(c, W ′′) is compatible andc ⊗ W ′′ is
ε-homogeneous.

The first of the two main steps of the proof for the cased + 1 is the following:

PROPOSITION2.4. Let (s, t) be a vector element of(S, T ), (V, W) ≺ (V0, W0) dense
in (S, T ) andε ∈ {1,2} such thatQ(ε, (s, t), (V, W)) holds. Then there exist(V ′, W ′) ≺

(V, W), (s, t)-dense in(S, T ) such thatV ′
⊗ W ′ is ε-homogeneous.

In the case whereQ(ε, E0, (V, W)) holds the resulting(V ′, W ′) is dense in(S, T ).
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PROOF. Suppose thatQ(ε, (s, t), (V, W)) holds, forε, (s, t), (V, W) as in the statement
of the proposition. By induction we construct a strictly increasing sequence(mn)n of positive
integers, a sequence(Vn)n of subsets ofV and a sequence(Wn)n of vector subsets ofW
such that for alln ∈ N:

(i) The setVn dominatesSs(|s| + n) andVn ⊆ Vs(mn).
(ii) The vector setWn dominatesT t(|t| + n) andWn ≺ W t(mn). (We recall that|t| =

max{|ti | : i = 1, . . . ,d} wheret = (t1, . . . , td)).
(iii) The level productVn ⊗ Wn is ε-homogeneous.

If the above construction has been done, then we set

V ′
=

⋃
n∈N

Vn, W ′
=

⋃
n∈N

Wn.

From (i), (ii) and Proposition 1.3 (b) it is clear that(V ′, W ′) ≺ (V, W) and (V ′, W ′)

is (s, t) dense in(S, T ). Also, V ′
⊗ W ′

=
⋃

n∈N Vn ⊗ Wn and hence from (iii) it is
ε-homogeneous.

The general inductive step for our construction goes as follows:
Assume that(mi )

n
i =1, (Vi )

n
i =1, (W i )

n
i =1 have been constructed so that (i)–(iii) are fulfilled.

SinceV is dense inS there exist am ∈ L(V) such thatV(m) dominatesS(|s| + n + 1). Then
actuallyVs(m) is non-empty and dominatesSs(|s| + n + 1). Let Vs(m) = {sk}

r
k=1. Since

Q(ε, (s, t), (V, W)) holds, by induction we construct

(i′) A finite sequence(ck)
r
k=1 of chains such thatck ∈ C∞(Vsk) for all 1 ≤ k ≤ r ,

(ii ′) A decreasing finite sequence(Wk)r
k=1 of dense vectorsubsets ofT such thatW � W1

� · · · � Wr with the property that:

For all 1≤ k ≤ r , (ck, Wk
t ) is compatible andck ⊗ Wk

t is ε-homogeneous.
We observe that ifc′

k = ck|L(Wr
t )

thenc′

k ⊗ Wr
t is ε-homogeneous for all 1≤ k ≤ r .

Choosemn+1 ∈ L(Wr ) such thatmn+1 > mn andWr (mn+1) dominatesT (|t| + n + 1).
Then alsoWr

t (mn+1) dominatesT t(|t| + n + 1). We set

Vn+1 =

r⋃
k=1

c′

k(mn+1) and Wn+1 = Wr
t (mn+1).

Observe thatVn+1 dominatesVs(m) and hence it dominatesSs(|s| + n + 1). Also,Vn+1 ⊗

Wn+1 ⊂
⋃r

k=1 c′

k⊗Wr
t and so by the preceding construction,Vn+1⊗Wn+1 isε-homogeneous.

The case whereQ(ε, E0, (V, W)) holds, is similarly treated. Namely we construct sequences
(mn)n, (Vn)n and(W)n such that(mn)n is strictly increasing and for alln ∈ N, Vn ⊂ V(mn),
Wn ⊂ W(mn), Vn dominatesS(n), Wn dominatesT (n) andVn ⊗ Wn is ε-homogeneous.
After this we setV ′

=
⋃

n Vn, W ′
=

⋃
n Wn and it is clear that(V ′, W ′) is dense in(S, T )

andV ′
⊗ W ′ is ε-homogeneous. 2

The second step of the proof is the next.

PROPOSITION2.5. For each(V, W) ≺ (V0, W0) dense in(S, T ) either

(a) Q (1,E0, (V, W)) holds, or
(b) There exist(s, t) vector element of(S, T ) and (V ′, W ′) ≺ (V, W) dense in(S, T )

such thatQ (2, (s, t), (V ′, W ′)) holds.
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PROOF. Assume on the contrary that none of the cases (a) and (b) hold. Then chooses0 ∈ V
andW0

≺ W dense inT witnessingthe failure ofQ (1,E0, (V, W)). Next fix an enumeration
(tn)n of all the vector elements ofT . Since (b) fails, we construct by induction two sequences
(s′

n)
∞

n=1, (sn)
∞

n=1 in S, as well as, a sequence(Wn)∞n=1 of vector subsets ofT and a strictly
increasing sequence(mn)

∞

n=1 of natural numbers such that the following are fulfilled for all
n = 1,2, . . . .

(i) The elementss′
n, sn belong toVs0, sn ∈ V(mn) ands0 ≺ s′

1 ≺ s1 ≺ · · · ≺ s′
n ≺ sn.

(ii) The vector subsetWn of T is dense inT , Wn(mn) dominatesT (n) and W0
�

W1
� · · · � Wn.

(iii) If Vn
= V|L(Wn) then for allc ∈ C∞(Vn

s′
n
) andall W ′

≺ Wn dense inT such that
(c, W ′

tn
) is compatible, thenc ⊗ W ′

tn
is not 2-homogeneous.

(iv) The integermn is greater than theorder|tn| of tn.

The general inductive step goes as follows.
Suppose that(s′

k)
n
k=1, (sk)

n
k=1, (Wk)n

k=1, (mk)
n
k=1 have been defined so that (i)–(iv) hold.

Since (b) fails we can choose ans′

n+1 ∈ Vn
sn

and aWn+1
≺ Wn dense inT witnessing the

failure ofQ (2, (sn, tn+1), (Vn, Wn)).
Let Vn+1

= V|L(Wn+1)
and observe that sinceVn+1

⊂ Vn, condition (iii) remains valid
with n + 1 in place ofn. It is clear that we can choose a sufficiently large integermn+1 such
that mn+1 ∈ L(Wn+1), mn+1 > max{|s′n+1|, |tn+1|}, and alsoV(mn+1) dominates{s′

n+1}

and alsoWn+1(mn+1) dominatesT (n + 1). Finally, we pick ansn+1 ∈ Vs′

n+1
(mn+1). This

completes the inductive construction.
We setW∞ =

⋃
∞

n=1 Wn(mn) andc∞ = {sn}
∞

n=1.
From the above (i) and (ii) we obtain thatW∞ ≺ W0, W∞ is dense inT , c∞ ∈ C∞(Vs0)

and(c∞, W∞) is compatible. By our assumption abouts0, W0 we have that for allc ≺ c∞,
U ≺ W∞ dense inT with (c, U) compatible, the level productc⊗U is not 1-homogeneous.
Hence, by Proposition2.3, there existc ≺ c∞, a vectorelementt of T and aU ≺ W∞

t-dense inT , such that (c, U) is compatible andc⊗U is 2-homogeneous. There existsn ∈ N
such thatt = tn.

Let L = {mn, mn+1, . . . }, c′
= c|L , U ′

= U |L .
Then by (i) and (ii), we have thatc′

∈ C∞(Vn
s′
n
) andU ′

≺ Wn is tn-dense inT .
It is easy to see thatU ′ is extended to a dense inT vector subsetU ′′ of W∞ such that

L(U ′′) = L(U ′) and furtherU ′′
tn

= U ′
tn

. Observe that(c′, U ′′) is compatible and alsoc′
⊗

U ′′
tn

= c′
⊗ U ′

tn
is 2-homogeneous. This contradicts the assumption (iii) of the inductive

construction and the proof is complete. 2

PROOF OFTHEOREM 0.2. Proposition 2.4, 2.5 immediately yield a proof of Theorem 2.1
for partitions with two elements. As we have already pointed out, the proof for an arbitrary
finite partition followsby an easy inductive argument. 2

3. CONSEQUENCES

This section contains some consequences of Theorem 0.2.
We start withthe proof of Theorem 0.1 stated in the introduction and which as we have

mentioned is the equivalent statement of Theorem 0.2 in the context of metric spaces. Its
proof requires thefollowing lemmas. The first is well known and the proof follows by a direct
inductive argument.
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LEMMA 3.1. Let (X, ρ) be a totally bounded metric space. Then there exist a finitely
branching treeT and a family of open non-empty subsets of X, denoted by{Gt }t∈T , such
that the following properties are fulfilled:

(1) The treeT has a unique root denoted byρ(T ) and Gρ(T ) = X
(2) If t ∈ T , |t | > 1, thendiam(Gt ) < 1

|t |
(3) If t , s ∈ T , s ≺ t then Gt ⊂ Gs

(4) Gt =
⋃

s∈I S(t) Gs, for all t ∈ T .

By I S(t) we denote the set of all immediate successors oft in T .

LEMMA 3.2. Let {(Xi , ρi )}
d
i =1 be a finite family of totally bounded metric spaces and

{Gt }t∈Ti be the corresponding families of open sets resulting from the previous lemma. For n∈

N, i = 1, . . . ,d, let Fn,i be an 1
n -dense subset of Xi . Then there exist families{{xt }t∈Ti }

d
i =1

and a strictly increasing sequence(mk)k such that for all i = 1, . . . ,d the following are
fulfilled:

(1) For all t ∈ Ti , xt ∈ Gt .
(2) For all k ∈ N {xt : t ∈ Ti , |t | = k} ⊂ Fmk,i .

PROOF. For eachi = 1, . . . , d and t ∈ Ti we chooseyt ∈ Gt and δt > 0 such that
B(yt , δt ) ⊂ Gt . Next for eachk ∈ N we setδk = min{δt : t ∈ Ti , |t | = k, i = 1, . . . ,d}.
Finally we select a strictly increasing sequence(mk)k∈N such that 1

mk
< δk for all k ∈ N.

Observe that fort ∈ Ti with |t | = k, Fmk,i ∩ B(yt , δt ) is non-empty and henceFmk,i ∩ Gt is
non-empty as well. We setxt to be any element ofFmk,i ∩ Gt . It can be readily checked that
{{xt }t∈Ti }

d
i =1 and(mk)k∈N have the desired properties. 2

PROOF OFTHEOREM 0.1. By the preceding two lemmas, for each(Xi , ρi ) we have a tree
Ti , a family {Gt }t∈Ti and a family{xt }t∈Ti with the listed properties. LetT = (T1, . . . , Td).
Observe that the partition∪∞

n=1Fn = C1 ∪ · · · Cp induces a corresponding partition of the
level product⊗T which is as follows:⊗T = C′

1 ∪ · · · ∪ C′
p where for eachj ∈ {1, . . . , p},

C′

j = {t : t ∈ ⊗T , t = (t1, . . . , td) and (xt1, . . . , xtd) ∈ C j }. 2

By Theorem 0.2 either there exists a dense vector subsetW of T such that⊗W is 1-
homogeneousor there exist at = (t1, . . . , td) and at-dense vector subsetW of T such that
⊗W is j -homogeneous for somej ∈ {2, . . . , p}. Let W = (W1, . . . ,Wd) and L(W) =

{`k}k∈N be the level set ofW . Let also(mk)k be the resulting sequence from the above
lemma. If 1-homogenuity occurs then for eachi = 1, . . . ,d andk ∈ N we setnk = m`k and
Bnk,i = {xt : t ∈ Wi (`k)}. We observe that the properties of{Gt }t∈Ti , {xt }t∈Ti yield thatBnk,i

is 1
k -dense inXi , Bnk,i ⊂ Fnk,i for all 1 ≤ i ≤ d andsince⊗W ⊂ C′

1, ∪
∞

k=1

∏d
i =1 Bnk,i is

1-homogeneous. This proves Theorem 0.1 if the first alternative occurs.
If W is t-dense inT and ⊗W is j -homogeneous, forsome j > 1, then settingt =

(t1, . . . , td) and also,

nk = m`k , Bnk,i = {xt : t ∈ Wi (`k), t � ti } and Vi = Gti ,

the properties of{Gt }, {xt } yield that Bnk,i ⊂ Fnk,i , Bnk,i is 1
k -dense inVi and in addition

∪
∞

k=1

∏d
i =1 Bnk,i is j -homogeneous. This completes the proof of Theorem 0.1 2

We conclude this section with the Laver–Pincus theorem concerning strong subtrees of a
vector treeT . We begin by recalling the definition of a strong subtree.
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DEFINITION 3.1. A subtreeW of a treeT is calledastrong subtreeof T if the following
conditions are fulfilled.

(i) For everyk ∈ N there exists ank ∈ N suchthatW(k) ⊂ T (nk).
(ii) For everyt ∈ W ands ∈ I S(t, T ) there exists a uniques′

∈ I S(t,W) with s ≺ s′.

An easy inductive argument yields that every dense inT or t-dense inT subset of a finitely
branching treeT contains a strong subtree. This remark with Theorem 0.2 yield a proof of
Laver–Pincustheorem which states the following:

THEOREM 3.3 (LAVER–PINCUS). Let(Ti )
d
i =1 be a finite sequenceof trees and

⋃
∞

n=0
∏d

i =1
Ti (n) =

⋃p
j =1 C j for some p∈ N. Then there exist j∈ {1, . . . , p} and a sequence(Wi )

d
i =1

withWi strong subtree ofTi such that
⋃

∞

n=0
∏d

i =1Wi (n) ⊂ C j .
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