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Classical radiation power from an accelerated massive charge diverges in the zero-mass limit, while some 
authors suggest that strictly massless charge does not radiate at all. On the other hand, the regularized 
classical radiation reaction force, though looking odd, is non-zero and finite. To clarify this controversy, 
we consider radiation problem in massless scalar quantum electrodynamics in the external magnetic 
field. In this framework, synchrotron radiation is found to be non-zero, finite, and essentially quantum. Its 
spectral distribution is calculated using Schwinger’s proper time technique for ab initio massless particle 
of zero spin. Provided E2 � eH , the maximum in the spectrum is shown to be at h̄ω = E/3, and the 
average photon energy is 4E/9. The normalized spectrum is universal, depending neither on E nor on 
H . Quantum nature of radiation makes classical radiation reaction equation meaningless for massless 
charge. Classical theory is reliable only as providing the low-frequency part of the true quantum radiation 
spectrum.

© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Recently the problem of radiation from massless charges at-
tracted attention in the framework of classical electrodynamics. 
It was argued that the line singularity of the Lienard–Wiechert 
potential for the massless charge forbids using the Green func-
tion method to compute radiation [1,2], while, according to [3], 
the conservation equation for Maxwell energy–momentum tensor 
implies that the massless charge does not radiate at all [3]. The 
similar assertion was earlier formulated by Kosyakov [4] basing 
on conformal invariance of classical electrodynamics with mass-
less charges (see also [5]). On the other hand, a non-zero and finite 
expression has been derived [6,3] for the regularized radiation re-
action force acting upon an accelerated massless charge. Finally, 
both these alternatives seem to disagree with divergence of the 
classical formulas for radiation power from an accelerated massive 
charge [7] in the limit of zero mass. To clarify this confusion, one 
is led to consider the radiation problem from quantum viewpoint.

In quantum electrodynamics the limit of zero mass also has pe-
culiar features. First, apart from usual infrared divergencies, there 
are collinear singularities, occurring when photon is emitted from 
massless legs in the Feynman diagrams in the direction of the 
charge momentum [8]. This is manifestation of degeneracy of 
states of the charge and the photon moving along the same line. 
Elimination of collinear divergences is achieved using Kinoshita–
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Lee–Nauenberg [9–11] prescription to average over an ensemble 
of degenerate states (for review and further references see [12,
13]). Note that the above mentioned line singularities of classical 
retarded potentials look as classical counterparts of collinear sin-
gularities of quantum theory. Their regularization was proposed in 
[3] by imposing condition that the potentials should be defined as 
distributions, the idea reminiscent of the quantum averaging.

Second, vacuum polarization was shown to induce screening 
of the massless charges created in high-energy processes [14–16]. 
However, this screening occurs at very large distances of the order 
L ∼ E−1 exp(3π/α) [17], where α is the fine structure constant. 
It is therefore legitimate to consider processes whose formation 
length is of the order of E−1 (which turns out to be our case). 
Anyway, though peculiarities of massless QED were often inter-
preted as manifestation of inconsistencies of the theory or proof 
of non-existence of massless charges [14,15], the prevailing cur-
rent opinion is that massless QED is special, but viable theory 
[18,17,19]. Moreover, massless QED in the external magnetic field
attracted much attention during two past decades in connection 
with prediction of the magnetic catalysis of the chiral symme-
try breaking [20], and other interesting phenomena relevant to 
solid state physics and cosmology [21]. These effects are associ-
ated with dynamics at low Landau levels in the magnetic field. 
Here, exploring synchrotron radiation, we will deal with high ex-
citation levels. Note that, once the magnetic field is treated non-
perturbatively, the charges are never free, so in this approach there 
are no collinear singularities in the radiation amplitudes.
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We will show that the theory predicts finite synchrotron radi-
ation from massless charges at the quantum level. We will also 
investigate whether the zero mass limit of the radiation ampli-
tudes obtained within the massive theory match with genuine 
massless ones. We find that, unlike the situation in classical theory, 
the massless limit for synchrotron radiation in quantum theory is 
smooth in the quasiclassical (high Landau levels) regime.

2. Classical theory with quantum cut-off

Classical formula [7] for the total radiation power emitted by a 
massive charge moving with the energy E along the circle in the 
magnetic field H ,

Pcl = 2e4 H2

3m2

(
E

m

)2

, (1)

diverges in the limit m → 0. To clarify the origin of this divergence 
let us pass to the spectral-angular distribution. The famous Schott 
formula

dP =
∞∑

ν=0

e2ν2ω2
H

2π

[
tan 2θ J 2

ν(νβ cos θ) + β2 J ′
ν

2
(νβ cos θ)

]
d�,

(2)

where E = m/
√

1 − β2, shows that the frequency of radiation is 
discrete and consists of the harmonics of the relativistic Larmor 
frequency:

ω = νωH , ωH = eH

E
, (3)

and by virtue of the properties of Bessel functions, the effective 
domain of ν extends to

ν � νcr ∼ (1 − β2)−3/2 = (E/m)3 . (4)

The Schott formula itself does not depend on m and admits 
the limit of the velocity of light β → 1. But in the massless the-
ory there will be no frequency cutoff (4), and this is the reason 
why the total power (1) diverges in this case. Therefore, for the 
massless charge, the cutoff frequency should necessarily be quan-
tum, h̄ωmax = E , or νmax = E2/eH (assuming eH > 0). This quan-
tum cutoff does not depend on the mass m either and nicely 
fits with the quantization rule for purely transverse motion [22]: 
E2 = E2

n = m2 + eH(2n + 1), n = 0, 1, 2, . . . , provided both initial 
and final level numbers n, n′ are large and ν = n − n′ � n.

Integrating (2) over angles and passing to continuous frequency 
distribution P = ∫

P (ω) dω, one can show that the low frequency 
limit of P (ω) is also mass-independent:

P low(ω) = e2ωH 31/6	(2/3)

π

(
ω

ωH

)1/3

, (5)

so we can integrate it up to ωmax = E/h̄ to get an estimate for the 
total radiation power:

Pcut = e2
√

3	(2/3)

4π h̄2
(3eh̄HE)2/3 . (6)

This quantity is finite, but contains a factor h̄−4/3, showing that 
radiation is essentially quantum.
3. Mass operator for m = 0

Quantum theory of synchrotron radiation has different formu-
lations. Historically, the first was a direct approach making use of 
exact solutions of the wave equations in magnetic field [22] (for 
a more recent review see [23]). Later on Schwinger suggested the 
“proper time” method to calculate the mass operator of the charge 
in the constant field Fμν for spins s = 0, 1/2; its imaginary part 
gives the total probability rate of synchrotron radiation [24,25]. 
Further ramifications of this approach allow to get spectral and 
spectral-angular distributions of radiation [26] (for alternative con-
structions of the mass operator in constant electromagnetic field 
see [27,28]). Here we apply the technique of [24,25] for zero-spin 
charged particle of strictly zero mass. The massless limit of the cor-
responding massive theory will be discussed in the next section.

The action term involving the mass operator for the complex 
scalar field φ(x) is

−1

2

∫
φ(x)M(x, x′)φ(x′)dxdx′, (7)

where M(x, x′) in Schwinger’s operator notation reads:

M = ie2
∫ [

(� − k)μ
1

k2

1

(� − k)2
(� − k)μ

]
dk

(2π)4
− M0 . (8)

Here �μ = −i∂μ − e Aμ , Aμ denotes the constant magnetic filed, 
and M0 is the subtraction term needed to ensure vanishing of M
and its first derivative with respect to �2 at �2 = 0. It consists of 
the first two Taylor expansion terms of M in �2 for F = dA = 0. 
The idea of the proper time method is to perform exponentiation 
of propagators

1

k2

1

(� − k)2
= −

∞∫
0

sds

1∫
0

e−isH ,

H = (k − u�)2 − u(1 − u)�2 , (9)

and to replace the k-integration by averaging over the eigenstates 
of the operator ξμ , canonically conjugate to kμ , [kμ, ξν ] = iημν in 
the Hilbert space of a fictitious particle:

M = ie2

∞∫
0

sds

1∫
0

du〈ξ |(� − k)μe−isH(� − k)μ|ξ〉 − M0 . (10)

The quantity H is then treated as Hamiltonian of this particle and 
the averaging is performed in the Heisenberg picture passing to 
s-dependent operators k(s), ξ(s), �(s), which can be found exactly 
in terms of F . Performing calculations and comparing the results 
with formulas given in [25] for the massive theory we find that 
one can start with Eq. (40) of Tsai [25] setting there m = 0. The 
subsequent computations in [25] use approximations of the inte-
grals in terms of the Macdonald functions. These approximations 
become singular as m → 0, so we develop an alternative integra-
tion scheme.

As in [25], our starting formula is valid for the on shell mass 
operator, i.e. for φ(x) = φ(r)e−iEt satisfying the wave equation 
�2φ = 0, with discrete eigenvalues of the energy (we consider 
purely transverse motion)

E = √
eH(2n + 1) . (11)

It reads:
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M = e2

4π

1∫
0

du

∞∫
0

ds

s

[
e−iψ�−1/2

(
E2�1 + 4ieH�2 + i�3/s

)

− 2i/s
]
, (12)

with

�1 = 3 − 4u + u2 − (1 − u)2

�
(4 cos 2x − 1) − u(1 − u)

x�
sin 2x ,

�2 = sin 2x − 2u(1 − u) sin2 x

x�
cos 2x ,

�3 = 1 + 1 − u

�
(2 cos 2x − 1) + u sin 2x

2x�
(4 cos 2x − 3) , (13)

where x = eHsu, and

� = (1 − u)2 + u(1 − u)
sin 2x

x
+ u2

(
sin x

x

)2

,

ψ = (2n + 1)[β − (1 − u)x] , tanβ =
(

cot x + u

x(1 − u)

)−1

.

This expression is valid for all Landau levels n.
In what follows we will be interested in the case n � 1, when 

the integrals can be evaluated expanding all x-dependent quanti-
ties in power series. Indeed, the main contribution to the integral 
over x comes from the region where the phase ψ(x, u) � 1, in 
which β for x � 1 can be approximated as

β ≈ (1 − u)x + u(1 − u)2x3/3 , (14)

so that

ψ ≈ (2n + 1)αx3 = E2

eH
αx3 = s3

3
(eH E)2u4(1 − u)2 ,

α = u(1 − u)2/3 . (15)

For large n, apart form the narrow regions around the limiting 
points of u,

u > n−1 , 1 − u > n−1/2, (16)

which a posteriori give negligible contributions, the essential do-
main of x is

x � n−1/3 . (17)

Therefore we use (15) in the exponent, expanding the other func-
tions in powers of x1:

�−1 ≈ 1 + u(4 − 3x)x2/3 , (18)

�1 ≈
(

8 − 32u/3 + 13u2/3 − u3
)

(1 − u)x2 , (19)

�2 ≈ 2(1 − u + u2)x , (20)

�3 ≈ 2 − (4 − 10u/3 + u2)x2 . (21)

Using the bound (17) and taking into account different orders of 
various terms in n, we find that the contribution of �2 will be 
of the order of n−1/3 with respect to the leading term �1, while 
in �3 one has to keep only the zero order term. Introducing the 
decay rate via

1 The initial integral (12), (13) converges at the upper limit x → ∞, while higher 
terms in Taylor expansion of the integrand will produce divergent quantities, what 
is typical for asymptotic series. We will keep only the leading terms giving the 
convergent integrals over x.
	 = − 1

E
Im M , (22)

we obtain

	 = e2

4π E

1∫
0

du

∞∫
0

dx

x

(
E2�1 sinψ + 2

eHu

x
(1 − cosψ)

)
, (23)

where for ψ one has to use (15), and for �1 — the approximation 
(19). Taking into account the table integrals

∞∫
0

sin(z3) zdz = 	 (2/3)

2
√

3
, (24)

∞∫
0

[
1 − cos(z3)

] dz

z2
=

√
3	 (2/3)

2
, (25)

we get

	 = e2	 (2/3) (3eH E)2/3

8π
√

3E

1∫
0

8 − 32u/3 + 19u2/3 − 3u3

u2/3(1 − u)1/3
du .

(26)

The integrand has an integrable singularity at the lower limit. In-
tegrating, we finally obtain the total decay rate

	 = 4e2

9E
	 (2/3) (3eH E)2/3 . (27)

With account for radiative decay, the energy levels of a charge 
in the magnetic field are no longer stationary, but quasi-stationary, 
provided the level spacing �E = En − En−1 ≈ (eH/2n)1/2 is much 
larger than 	/2. This leads to an upper bound for the Landau level 
number n:

n � 81

16 [	 (2/3)]3

1

α3
≈ 0.5 · 107 , (28)

where α = 1/137. Thus our calculation is consistent under the fol-
lowing conditions for the energy:

eH � E2 � 107eH , (29)

which leaves enough space of validity, though one has to keep in 
mind that our formulas are valid in the leading order in n−1/3.

4. The spectral power

To get the spectral power of radiation one has to perform 
Fourier expansion in the mass operator, leading to

ImM = Im

⎛
⎝∫

dω

∞∫
−∞

eiωτ M ′ dτ

2π

⎞
⎠ , (30)

where

M ′ = −ie2

∞∫
0

sds

1∫
0

du〈ξ |(� − k)μe−isHe−ik0τ (� − k)μ|ξ〉

− M ′
0 . (31)

The spectral power P (ω) is then introduced via the relation

	 =
∫

P (ω)
dω

, (32)

ω
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so one obtains:

P (ω) = −ω

E
Im

⎛
⎝ ∞∫

−∞
eiωτ M ′ dτ

2π

⎞
⎠ . (33)

With this modification we find:

P (ω) = − e2

4π

ω

E
Im

∞∫
0

ds

s

1∫
0

du

[
E2x2

3
e−iψ

×
(

24 − 56u + 45u2 − 16u3 + 3u4
)

+
(

e−iψ − 1
)(

2i

s
− i(2 − u)

s

d

du

)]
J , (34)

where the non-leading terms were omitted, and J denotes the in-
tegral over τ :

J (ω, u) = 1

2π

∞∫
−∞

ei(ω−uE)τ−iτ 2/4sdτ . (35)

For large E , this integral is formed in the region uEτ � 1, where 
the quadratic factor in the exponent has the order

τ 2

4s
∼ eH

4uE2x
= 1

4(2n + 1)ux
. (36)

For n � 1, the effective domain in the x-integral is x � n−1/3, thus 
the whole factor has the order n−2/3. Omitting this term in the 
exponent, we obtain the delta-function

J (ω, u) ≈ δ(ω − uE) , (37)

which is then used to integrate over u. The derivative term is eval-
uated by parts. Differentiating the phase ψ , one has to take into 
account that the independent variables are (s, u), so one has to 
use for ψ the last expression in (15) giving

∂uψ = 2E2x3

3eH
(2 − 3u)(1 − u) . (38)

Then, denoting v = ω/E , we obtain

P (ω) = e2 v

4π E

∞∫
0

(
E2(8 − v2)(1 − v)2x sin ψ

+ eH v

x2
(1 − cosψ)

)
dx . (39)

The integral over x is evaluated as before, and finally we get

P (ω) = 2e2 	 (2/3)

27h̄E
(3eh̄HE)2/3 P (h̄ω/E) , (40)

where the Planck constant is restored, and the normalized spectral 
function is introduced

P (v) = 27

2π
√

3
v1/3(1 − v)2/3 ,

1∫
0

P (v)dv = 1 . (41)

This spectrum, shown in Fig. 1, is perfectly smooth function, whose 
maximum lies at

h̄ωmax = 1
E . (42)
3

Fig. 1. The universal normalized spectral distribution P (v) (40) of synchrotron 
radiation from massless scalar charge with the energy E satisfying E2 � eH ver-
sus v = h̄ω/E . The curve has maximum at v = 1/3, the average photon energy 
h̄ω = 4E/9.

The average photon energy is

〈h̄ω〉 = E

1∫
0

vP (v)dv = 4

9
E . (43)

The total energy loss per unit time,

P =
E/h̄∫
0

P (ω)dω = 2e2 	 (2/3)

27h̄2 (3eh̄HE)2/3 , (44)

differs from the estimate (6) only by a numerical coefficient.
Synchrotron radiation of the massless charge is therefore purely 

quantum, its intensity being divergent when h̄ → 0. It consists of 
energetic quanta of the order of the charge energy. The spectral 
distribution of radiation in the leading order in inverse quantum 
number 1/n is given by a universal formula which does not depend 
on the magnetic field at all. So even in a weak magnetic field the 
massless charge converts its energy into quanta of the same order 
of energy.

5. Massless limit of the massive theory

Transition to the massless limit in the quantum theory of syn-
chrotron radiation of massive charge is subtle, since the results 
of the latter depend on two dimensionless parameters (in units 
h̄ = c = 1):

η = H

H0
= eH

m2
, χ = H

H0

E

m
= eH E

m3
, (45)

which both diverge as m → 0. This is why we started by consid-
ering radiation in the massless theory ab initio. Now we are going 
to discuss the massless limit in some results of the massive theory 
which are known analytically.

Simple closed formulas for the spectral power and the total in-
tensity of synchrotron radiation from scalar charge exist for η � 1
and arbitrary χ [29,30]. This case corresponds to transitions be-
tween Landau levels n � 1 and n′ � 1 giving the dominant contri-
bution in this case. Sub-expansions in terms of η were explored in 
[31–33]. It was shown that for large χ the leading term remains 
dominant provided χ � η even if η itself is not very small. Note, 
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that the two parameters (45) have different orders in 1/m, so that 
the ratio η/χ = m/E tends to zero in the massless limit. There-
fore, one can hope to get sensible results using formulas obtained 
in the case η � 1.

The total probability and the total power of radiation in the 
massive η � 1 case are known to be mass-independent in the so-
called ultra-quantum limit χ � 1 [33].2 Closer look reveals that 
they are given precisely by our formulas (27) and (44) obtained in 
the strictly massless theory. Thus we have proven that even in the 
case η → ∞ the leading term in χ of the massive theory remains 
untouched if χ/η → ∞ as well. Moreover, the spectral distribution
of synchrotron radiation in the massive quantum theory obtained 
for η � 1 also tends to our universal power spectrum (41). Indeed, 
the spectral distribution found in [29,30,25] for η � 1 and arbi-
trary χ in our notation reads:

Pmass(ω) = e2m2ω√
3E2

∞∫
y

K5/3(ξ)dξ , y = 2ω

3(E − ω)χ
, (46)

where K5/3 is the Macdonald function. In the limit m → 0 one has 
χ → ∞ and y → 0, and, using l’Hopital rule

∞∫
y

K5/3(ξ)dξ ∼ 22/3	 (2/3) y−2/3 , (47)

we see that the spectral power (46) reduces to (40), (41) in-
deed. Thus our calculations in the preceding section prove that 
the standard quasiclassical approximation derived in the massive 
theory for η � 1 and any χ remains valid in the ultra-quantum 
limit χ � 1 not only for finite η, but also for η → ∞, provided 
χ/η → ∞ as well.

Similarly, using the results of [30], one can perform transition 
to zero mass in the amplitudes for emission of photons with dif-
ferent polarizations. One finds that the linear polarization in the 
plane orthogonal to magnetic field Pσ prevails above the orthogo-
nal component Pπ :

Pσ = 3Pπ . (48)

6. Magnetically induced m2

In scalar massless QED it is natural to consider magnetic gen-
eration of the square of mass m2, since just this quantity enters 
the Klein–Gordon equation. In the definition (7) the mass opera-
tor has dimensionality of m2, so its real part gives correction δm2. 
This quantity is finite for m = 0. Had we extracted (as in [28,32]) 
the linear quantity δm instead, we would get an infinite result: 
since δm2 = 2m δm, the linear correction δm = δm2/(2m) diverges 
as m → 0. Thus δm is meaningless in the massless case.

Keeping only the leading terms in the real part of (12) we find:

δm2 = ReM = e2

4π

1∫
0

du

∞∫
0

dx

x

(
cosψ �1 + 2 sin ψ

eHu

x

)
. (49)

Using the integrals

∞∫
0

cos(z3) zdz = 1

6
	 (2/3) , (50)

2 I am indebted to A.V. Borisov for drawing my attention to this fact.
∞∫
0

sin(z3)
dz

z2
= 1

2
	 (2/3) , (51)

we obtain:

δm2 = e2

4π

1∫
0

8 − 32u/3 + 19u2/3 − 3u3

u2/3(1 − u)1/3
du

= 4e2 	 (2/3)

9
√

3
(3eHE)2/3 . (52)

This expression, non-perturbative in H , is valid for any H , provided 
the condition (29) holds.

7. Stochastic nature of radiation reaction force

Recently radiation reaction problem for massless charge at-
tracted some attention. In [6] the closed formula for classical 
reaction force was derived including three divergent terms. Com-
paring these results with those known in the massive case, one 
notices several strange features. First, there is no intrinsic param-
eters which could absorb divergencies, like mass in the massive 
theory, while the number of divergent terms is increased from 
one to three. Second, there are divergent terms of non-lagrangian 
nature which cannot be incorporated into the action. Third, the 
finite part of the reaction force contains quite a high derivative 
(fifth), and no examples are known to compare it with the radia-
tion power. Finally, the reaction force cannot be obtained from the 
finite Dirac–Lorentz force known in the massive case since the lat-
ter diverges in the limit of zero mass.

The formal result of [6] was confirmed in [3] using different 
regularization, but the conclusion of [3] was that the reaction force 
has no physical meaning, since massless charge does not radiate 
at all. As we have shown here, the massless charge does radiate 
and the radiation power is finite. However, it is essentially quan-
tum and the average energy of the photons is of the order of the 
particle energy. The reaction force is therefore stochastic, and con-
sequently, the classical Lorenz–Dirac type equation derived in [6]
is meaningless indeed.

Moreover, although the stochastic nature of the radiation re-
coil is already enough to preclude any classical radiation reaction 
equation, in the theory of synchrotron radiation of massive charges 
there also exists a much stronger restriction on the validity of such 
an equation, known as the E1/5 bound [22]. The reason is that the 
quantum states of the charge in the magnetic field for the trans-
verse motion depend on two quantum numbers, the second one 
being responsible for location of the center of the orbit [22]. Quan-
tum fluctuations due to excitation of the orbit center start at much 
lower energies than quantum recoil comes into play. Namely, for 
η � 1,

Erecoil ∼ m
H0

H
, Efluct ∼ E1/5 = m

(
H0

H

)1/4

, (53)

so Efluct � Erecoil. Classical description of radiation reaction is valid 
for E � E1/5. Now, for massless particles E1/5 = 0, so classical ra-
diation reaction is twice meaningless.

8. Discussion

We have shown that quantum scalar electrodynamics in the 
external magnetic field unambiguously predicts finite synchrotron 
radiation from massless charges in the form of emission of hard 
photons with energy of the order of the particle energy. We have 
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found this first using the strictly massless theory, and then con-
sidering the zero-mass limit of the massive theory. Both give the 
same results for the total probability, the total radiation power 
and the spectral distribution of radiation, provided the condition 
(29) holds. Classical theory is still reliable, but only as describing 
the low frequency region of the true quantum radiation spectrum. 
This view is different from previous proposals by Kosyakov [4]
and Lechner [3]. Althoug this is not directly applicable to quantum 
electrodynamics in the external field, it is also worth mentioning 
that the renormalization group flow of massless QED has stable 
infrared point corresponding to vanishing charge [34].

The normalized spectrum of photons emitted by the massless 
charge in the magnetic field does not depend on any parameter. 
Thus, even in a very small magnetic field like that of the Earth, 
massless charges of the energy satisfying E2 � eH will emit pho-
tons with energies of the same order. Also, since we have shown 
that the limit to zero mass in the massive theory is smooth, our 
universal spectrum (41) has not only academic interest, but also 
applies to massive particles with energies E/m � η−1 for any η.

Another interesting prediction following from our calculations 
is magnetic generation of the square of mass in the linear order 
in α. This was obtained taking the real part of the mass opera-
tor, and also can be derived via dispersion relation from the syn-
chrotron radiation rate.

We have considered here only the quasiclassical case n � 1. 
Note that in Schwinger approach summation over the finite quan-
tum numbers n′ is performed automatically, so in the leading in 
1/n1/3 approximation our results are not restricted by the condi-
tion ν = n − n′ � n. For low initial Landau levels n the problem 
must be treated numerically. Partially, the results may be extracted 
from the existing numerical calculations performed in the massive 
theory (see [33] and the references therein).
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