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1. INTRODUCTION

Texture spaces, initially called fuzzy structures, were introduced in [3, 4].
The motivation was to provide a point set setting for the study of fuzzy
sets, and a detailed account of the relation between fuzzy lattices, fuzzy
sets, L-fuzzy sets [14], generalized fuzzy sets [20], and intuitionistic sets [11]
on the one hand and various classes of texture space on the other may be
found in [5-7]. The notion of a dichotomous topology (or ditopology for
short) on a texture space was also introduced in [3]. A fuzzy topology
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corresponds in a natural way to a ditopology on the corresponding texture
space, as we will see below, and the reader is referred to [8] for more
details. There is also a close relation between ditopologies and bitopolo-
gies, and this has served to motivate notions of compactness [3-5] and
connectedness [12].

The aim of this paper is to lay the foundation for a theory of dicovers for
ditopological texture spaces, and use this as the basis for a discussion of
paracompactness and full normality. Here again we will be motivated by
bitopological concepts, particularly the theory of dual covers given in [1].
For the benefit of the reader, and to make the paper reasonably self-
contained, we will begin by recalling some definitions from [3].

DerINITION 1.1. Let S be a set. Then ¥ c.2(S) is called a texturing of
S, and (S, %) is called a texture space, or simply a texture, if

(1) (&, <) is a complete lattice containing S and &, which has the
property that arbitrary meets coincide with intersections, and finite joins
coincide with unions.

(2) .~ is completely distributive.

(3) .# separates the points of S. That is, given s, # s, in S, we have
AeZ withs, €A, s, A, 0r A € withs, €A, s, € A.

A surjection o: % —.% is called a complementation if o?(P) = P for all
Pe%and PcQ in . implies o(Q) C o(P). A texture with a comple-
mentation is said to be complemented.

ExampPLEs 1.2. (1) For any set X, (X, 2A(X), 7w), 7(A) = X\ A4 is a
complemented texture space representing the usual (crisp) set structure
of X.

(2) Let L =(0,1], 2={(0,r]|r €[0,1]}, and A0, ] = (0,1 — ],
r €[0,1]. Then (L, Z, A) is a complemented texture space. It is the texture
corresponding to the classical fuzzy lattice [0, 1] (see [6]).

(3) For I=10,1] define o ={[0,¢]|t [0,1]} U {[0,1)|¢ [0, 1]},
u([0,)) =[0,1 — ) and «([0,7)) =[0,1 —¢], t €[0,1]. Again (1,7, ) is a
complemented texture space.

As usual, for s € S, we define P, € by P, = N{A|s €A €5}, so
that s — P, is an embedding of S in ., and the sets P, s € S, form a
base of . in the sense that for each 4 €.% we have A = V{P,|s € A}
(and, in fact, A = U{P,|s € A)}). Trivially each P, is a molecule in . (i.e.,
P+ and P,CAUB, A, Be¥=P,CcA or P, B), and (§,%) is
called simple if all of the molecules have this form. As noted in [6], there is
a one-to-one correspondence between complemented simple textures and

fuzzy lattices. We will return to this correspondence later in this paper.
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Looking at the above examples, we note that in turn, P, = {x}, P, = (0, r],
and P, = [0, ¢]. The first two textures are simple, but the third is not, since
the sets [0, ¢), t (0, 1], are also molecules.

As in [8] we will also consider the sets Q, €.%, s € §, defined by

Qsz V {Pt|S$PI}'

Referring to the above examples, we have Q, = X\ {x}, O, =0, r]=P
and Q, = [0, ¢) respectively. The second example shows clearly that we can
have s € Q,, and indeed even Q, = S. Also, in general, the sets O, do
not have any clear relation with either the set theoretic complement
or the complementation on .. They are, however, closely connected with
the notion of the core of the sets in .. We recall from [8] that for 4 €.%
the core of A is the set

core(A) = N{U 4 lien A=V {4,|4, e icl}}

Clearly core(A) c A4, and in general we can have core(A) .. We will
generally denote core(A) by A. The following facts will be used in the
sequel. The reader is referred to [8, Theorem 2.4] for details of the proof,
part of which depends heavily on the fact that (S,.%) is completely
distributive.
Lemma13. (1) s¢A=>ACQ =>s¢A foralls€S, A

(2 A =(s|A¢gQ) forall A .

() For A, €%, i €1, we have (ViE,Ai)L = UiE,Abi.

(4) A is the smallest element of % containing A forall A € %.

(5) For A,B €., if A & B, then there exists s € S with A ¢ Q, and
P, ¢ B.

6) A4=nN{0,|s &€ A} forall A €.

We now recall the definition of a dichotomous topology (or ditopology
for short) on a texture first given in [3].

DerFiNnITION 1.4. (7, k) is called a ditopology on (S, .%) if

(1) 7 c.7 satisfies
a. S,der
b. G,G,er=>G,NG, €7
c. Ger,iel=V, G, e and

iel
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(2) k c.Z satisfies
a S Jek
b. F,F,ex=F UF, €«

c. Fiexk,iel= N,c;F €«
The sets of 7 are called open and those of k are called closed. In general
there is no a priori relation between 7 and «, but if o is a complementa-
tion on (S,.%) and 7, « are connected by the relation « = o (7), then we
call (7, k) a complemented ditopology on (S,.%, o).
Finally, let Z < S. Then the closure of Z is the set [Z] = N{F € «|
Z C F}, and the interior is ]Z[= V{G € 7|G c Z}.

A complemented ditopology on (X, 2(X), ) is precisely a topology.
On the other hand, a (not necessarily complemented) ditopology on
(X, (X)) can be associated with a bitopology on X. One of the topolo-
gies is 7, and the other k' = {X\ K| K € «}. Since . need not be closed
under set-theoretic complementation, this formal relation with bitopolo-
gies breaks down in the general case, but even so, many bitopological
concepts may be adapted to the ditopological setting by first expressing
them in a form involving the open sets from one topology and the closed
sets from the other. As a case in point, the following axioms, introduced in
[5], reflect Kopperman'’s subdivision of bitopological joint compactness into
compactness and stability properties [17].

DerINITION 1.5.  Let (7, ) be a ditopology on the texture (S,.%). Then
(7, k) is called

(i) Compact if whenever S = V,_, G, G, € 7,i €1, there is a fi-
nite subset J of I with U,.,; G; = S.

(i) Co-compact if whenever N,_, F,= O, F, € k,i €1, there is a
finite subset J of I with N, , F, = &.

(iii) Stable if every K € k with K # S is compact, i.e., whenever
KcV,.,G,G, € r,iel, there is a finite subset J of I with K C
Uje] Gj'

(iv) Co-stable if every G € 1 with G # J is co-compact, i.e., when-
ever N;c; F, G, F,€«k,ie€l, there is a finite subset J of I with
ﬂje J F} c G.

As noted in [5], for a complemented ditopological texture, compactness
and co-compactness coincide, as do stability and co-stability.
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2. DICOVERS AND PARACOMPACTNESS

The notion of dicover was used in [5] in relation to a concept of
compactness for ditopological textures.

DeriNITION 2.1. A subset ¢ of ¥ X.% is called a difamily on (S,.%).
Let # ={(G,, F,) | a € A} be a difamily on (S,.%). Then .~ is called a
dicover of (S,.%) if for all partitions A4,, 4, of A (including the trivial
partitions) we have

N F.c V G,.

a€A, a€A,

Now let (r, k) be a ditopology on (S,.%). Then a difamily # on (S,.%, 7, k)
is called (co-)open if dom(%) < 7 (ran(%) < 7), and (co-)closed if dom(%)
C k (ran(%) C «).

For a difamily # we will normally write GZF in preference to (G, F) € #.
If # =1{(G,, F,)| a € A}is an open and co-closed dicover on (X, Z( X)),
then 2 = {(G,, X\ F,) | a € A} is an open dual cover on X in the sense
of [1]. Dual covers have been studied extensively in the bitopological
literature, under a variety of different guises. See, for example, [2, 13, 21].
Our definitions relating to dicovers reflect this relation with dual covers,
but it should be noted that for textures in which infinite joins do not
necessarily coincide with unions, not all of the properties of dual covers
carry over. In particular, for each x € X we have a« € 4 with x € G, N
(X\F), that is, x € G, and x & F,. Furthermore, pairs in a dual cover
with an empty intersection may be removed without affecting its status as a
dual cover, and therefore it may be assumed without loss of generality that
all pairs in the cover meet. This corresponds to the condition G, ¢ F,,
a € A, but we now present an example to show that these properties are
not satisfied for dicovers in general. First we give the following result,
which is important in its own right.

LEMMA 2.2. Let (S,.%) be a texture. Then & = {(P,,Q,)|s € Sb} is a
dicover of S.

Proof. Let S‘;, S‘; be a partition of S°. We must show that Nsest O, S
Vies P Now N o Oy = Nyt Viep, Py and since both (S,.%) and
(S, 2(S)) are completely distributive, it is not difficult to show that it will
be sufficient to verify

N Urc UP.

seSi SEP, sES‘E
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Suppose this inclusion does not hold. Then by Lemma 1.3(5) we have r € §
with P, & Uscg P and Nycgt Use p P € Q,. This last relation shows
Q, # S, whence r € s by Lemma 1.3(2) applied to A = S. Hence r SLl
orre Sl;. However, both possibilities lead to an immediate contradiction,
and & is a dicover as claimed. |

COROLLARY. Given A €., A + O, there exists s € S" with P CA.

Proof.  Suppose that for some 4 €.% we have P, £ A Vs € s Then,
by Lemma 1.3(1), we have 4 € N;c ¢ O, € V, e P, = &, whence A = .

If we apply Lemma 2.2 to the texture of Examples 1.2(2), we see that
2 ={(0,r],0,rD|r € (0,1} is a dicover {(G,,F,)|a € A} for which
G, = F, for all « € A, thus providing a counterexample to the properties
mentioned above.

DEFINITION 2.3. Let (S,.%) be a texture, € and ' difamilies in (S, .%).
Then & is said to be a refinement of &', written & < &', if given AZB we
have A'¢'B’' with A c A’ and B’ C B.

If # is adicover and # < %', then clearly &’ is a dicover. On the other
hand, when we speak of a refinement of a dicover, we shall always mean a
dicover refinement unless stated otherwise. Given dicovers ¢ and 2, it is
easy to verify that

# A2 ={(ANC,BUD)|AZB,CoD)}

is also a dicover. It is the meet of & and 2 with respect to the refinement
relation.
We now present some finiteness properties for difamilies.

DerINITION 2.4. Let & = {(G,, F)|i € I} be a difamily faithfully in-
dexed over I. Then # is said to be

(i)  Finite (co-finite) if dom(%) (resp., ran(%)) is finite.
(i) Locally finite if for all s € S there exists K, € k with P, ¢ K
so that the set {i | G; ¢ K} is finite.
(iii) Locally co-finite if for all s € § with O, # S there exists H, € 7
with H, ¢ Q. so that the set {i | H, ¢ F.} is finite.

(iv)  Point finite if for each s € S the set {i | P, € G} is finite.
(v)  Point co-finite if for each s € S with Q, # S the set {i | F, € O/}
is finite.
To fully appreciate the symmetry between the definitions of locally finite
and locally co-finite, note that there is an implied condition “P, # (J” in

the definition of locally finite difamily, which remains implicit since it is
always satisfied, whereas, as we have seen, it is possible to have Q, = S.



150 BROWN AND DIKER

This point is further clarified by the following results. The proofs are
trivial and are omitted.

LEMMA 2.5. The following are equivalent:

(@) & =G, F)|ie<l}islocally finite.

(b)  There exists a family & = {B;|j € J} .\ {QD} with the property
that for A € &7 with A #+ &, we have j € J with B; C A, and for each j € J
there is K; € k so that B; ¢ K; and the set {i | G; ¢ K} is finite.

LEMMA 2.6. The following are equivalent:

@ & =G, F)|ie<l}islocally co-finite.

(b)  There exists a family & ={B;|j € J} <\ {S} with the property
that for A € % with A #+ S we have j € J with A C B;, and for each j € J
there is H; € 750 that H; ¢ B, and the set {i |H] ¢ F} is finite.

We are now in a position to prove

THEOREM 2.7. The difamily & = {(G,, F,)|i € I} is locally finite if for
each s € S with Q, # S we have K, € k with P, & K,, so that the set
{i| G; ¢ K} is finite.

Proof. Apply Lemma 2.5 to B ={P,|Q,#S}={P,|s S}, which
satisfies 4 e A\ {J} = 3Is S" with P, € A by the corollary to Lem-
ma 2.2.

Similar properties hold for point finiteness and point co-finiteness. The
details are left to the reader.
The next two theorems give results that will be needed later on.

THEOREM 2.8. Let & be a locally finite (locally co-finite) dicover and
se S (resp., s S "). Then there exists AZB with s € A and s & B.

Proof. Let & ={(A,,B,)|i €I} be locally finite and s € S. Choose
Kek with s K and {i €1|A; ¢ K} finite. Consider the partition
L={icllseA} ,={icl|s&A}of . Then N;c; B;C V,c, A
The set on the right does not contain s, since all but finitely many of the
sets A,, i €1,, are contained in K. Hence s & N B;, which gives
i €I, with s &€ B,, as required.

The proof of the second result is similar.

i€l

THEOREM 2.9. Let & = {(A4,, B,) |i € I} be a difamily.

@ If & is locally finite, then dom(%) is closure preserving.
(b) If % is locally co-finite, then ran(%) is interior preserving.
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Proof. We prove (a), leaving (b) to the reader. Take I' c I. Trivially
Ve [A,1c[V,c, Al so suppose the opposite inclusion does not hold.
By Lemma 1.3(5) we have s € S with[V,., 4,1 ¢ O, and P, ¢ V,.,[A4,].
Since # is locally finite, we have K € k with P, ¢ K,sothat{i € I |4, ¢
K} is finite. Let [, ={i € I' |4, ¢ K} and I, = I’ \ I,. Then

V 4,=V 4,0 U4, cKku U[4] €<k,

R . . .
iel iel, iely iely

O [Viep A1 KU U, [4;] However, from P, ¢ V.., [A] I, 1’
and P, ¢ K we may now deduce [V, ;. A4;] € Q,, which is a contradiction.
Hence

iel

iel’ iel'

[VAi] - V4],

as required. 1
DeriNITION 2.10. A ditopological texture (S,.%, 7, k) is said to be

(i) Dicover paracompact if every open, co-closed dicover of S has
an open, co-closed locally finite refinement.

(i) Dicover co-paracompact if every open, co-closed dicover of §
has an open, co-closed locally finite refinement.

(iii) Dicover biparacompact if it is both dicover paracompact and
dicover co-paracompact.

If (5,7, 7,k,0) is a complemented ditopological structure and & =
{((G,,F,)|a € A} is an open, co-closed dicover, then so is o(%) =
{(a(E), 0(G,)) | a € A}, while ¢ maps a family % satisfying the condi-
tions of Lemma 2.5 into one satisfying the conditions of Lemma 2.6, and
conversely. Hence we have proved

THEOREM 2.11. In a complemented ditopological texture the notions of
dicover paracompactness, dicover co-paracompactness, and dicover bipara-
compactness coincide.

DerINITION 2.12. A ditopological texture is dicover compact (dicover
co-compact) if every open, co-closed dicover has a finite (resp., co-finite)
subcover. A ditopological fuzzy structure that is both dicover compact and
dicover co-compact is dicover bicompact.

Clearly a ditopological texture is dicover compact if and only if every
element of « is compact, i.e., the space is compact and stable in the sense
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of Definition 1.5. Likewise, dicover co-compactness is equivalent to co-
compactness plus co-stability. The following result follows trivially from
the definitions:

THEOREM 2.13. A dicover compact (co-compact, bicompact) texture is
dicover paracompact (resp., co-paracompact, biparacompact).

EXAMPLE 2.14. Consider the texture (1,7, v) of Examples 1.2(3) and let
7={0,N]0<r<U{l}, «x={0,r]]0<r=<1} U{Z} = ur). This
lower ditopological unit interval is dicover bicompact, and hence dicover
biparacompact.

3. REGULARITY AND NORMALITY CONDITIONS

We begin this section by looking at regularity in relation to dicover
(co-)paracompactness. First we recall the following definition from [8].

DerFiniTioN 3.1. A ditopology (7, «) on the texture (S,.%) is said to be

@ R, if Ger,G¢gQ,P ¢G=3H et with H¢Q,,
P, ¢ [H]

(b) CoR, if Fexk, P ¢F F¢gQ,=3Ke«k with P ¢K,
IK[g Q..

(©) Regularif Ger,G ¢ Q,=3H € 7 with H¢ Q,,[H] c G.

(d) Co-regular if F € k, P, ¢ F = 3K € k with P, ¢ K, F C IK[.

For each property £ in this list, & and co-# are equivalent for a
complemented ditopology. It should also be noted that in establishing
regularity it is sufficient to find H € 7 satisfying s € K,[H] € G. Like-
wise, the requirement P, ¢ K in the definition of co-regularity may be
weakened to K € Q.. The reader is referred to [8] for details of the proof.

THEOREM 3.2. (i) A R, co-paracompact ditopological texture is regular.
(i) A co-R, paracompact ditopological texture is co-regular.
Proof. We prove (i), leaving the essentially dual proof of (ii) to the
reader.
To prove regularity, take s € S and G € 7 with G ¢ Q,. By the R,

axiom, for all r € § with ¢t & G, we have H, € 7 with H, ¢ O, ¢t ¢ [H,].
Using Lemma 1.3(5) we may establish N, ., [H,] € G, whence

&= {(S.[H])]1 £ G} U {(G.2)



PARACOMPACT DITOPOLOGICAL TEXTURES 153

is an open, co-closed dicover of (S,.%). Let & ={(G,,F,)|a € A} be
an open, co-closed locally co-finite refinement of &. Since G ¢ Q, im-
plies Q. # S, we have H € 7 with H ¢ Q,, so that the set {«|H ¢ F,} is
finite. Let A} ={a|H CF)}, A2={alH¢F, and G, ¢ G}, and 4, =
A\ (A4} U A2). Since  is a dicover we have

N F,Yv NFc V G cG.

acAt acA? ac€A,

Clearly s € HC N,c 4 F, € k. For a € A} we have G, ¢ G, whence
since & < &, we have t, € § with [H, ] CF,. From H, ¢ O, we deduce
$ € Nygeaz H, € Nycaz F, € k. Since A% is finite, M = H N
Necaz H, €7 CIearIy s € M and [M] c G. By the note following Defi-
nition 3. 1, this shows that (%, , k) is regular. I

We now turn to normality.
DerFiniTioN 3.3.  The ditopology (7, x) on (S, .%) is called

(1) Normal if given G €7 and F € k with F c G there exists
Herwith FCHC[H]CG.

(2) Dicover normal if given an open, co-closed difamily 2 and
G e 1, Feksothat 2 U{(G, F)} is a dicover, there exists H € 7 with
[H] < G sothat 2 U {(H, F)} is a dicover.

(3) Dicover co-normal if given an open, co-closed difamily £ and
G e 1, Fe ksothat 2 U {(G, F)} is a dicover, there exists K € k with
F c]K[ so that 2 U {(G, K)} is a dicover.

(4) Dicover binormal if it is dicover normal and dicover co-normal.

Normality reduces to (one expression for) the usual normality axiom in
the topological case and to the pairwise normality of J. C. Kelly [16] in the
bitopological case, and corresponds to the normality property usually
considered in fuzzy topology [19]. The dicover normality conditions are
generalizations of a stronger normality axiom (binormality) for bitopologi-
cal spaces discussed in [1]. However, the treatment in [1] is based on the
joint topology, a concept that has no clear counterpart in ditopological
textures, and the notion of dicover has been used here in its place. Let us
first note some elementary results concerning these concepts.

THEOREM 3.4. (1) A dicover normal ditopological texture is normal.

(2) A dicover co-normal ditopological texture is normal.

(3) The following are equivalent for a ditopological texture (&, 7, k)
on S:

a. (& 7, k) is dicover binormal.
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b. Given an open, co-closed difamily & and G € 7, F € k, so
that @ U {(G, F)} is a dicover, there exists H € T and with [H] C G and
K € k with F C]K|, so that 2 U {(H, K)} is a dicover.

(4) In a complemented ditopological texture the notions of dicover
normal, dicover co-normal, and dicover binormal coincide.

Proof. (1) TakeG € 7and F € k with F c G. If we let 2 = {(S, F)},
then it is trivial to verify that 2 U {(G, )} is a dicover. Hence we have
H e 7 with [H] € G, so that 2 U {(H, D)} is a dicover. But then F C H,
which proves normality.

(2) Similar to (2).
(3) Straightforward.

(4) Suppose that (%, 7, k, o) is dicover normal. Let & be an open,
co-closed difamily and G € 7, F € «k be such that 2 U {(G,F)} is a
dicover. Then o(2) is also an open, co-closed difamily, o(2) U
{(a(F), o(G))} is a dicover, o(F) € 7 and ¢(G) € k. Hence we have
H € 7 with [H] € o(F), so that o(2) U {(H, 6(G))} is a dicover. Now
letting K = o (H), we deduce that 2 U {(G, K)} is a dicover, K € k and
F CIK]. Hence (%, 7, k, o) is dicover co-normal. The converse is similar.

1
We may now state

THEOREM 3.5. (1) A regular, dicover paracompact ditopological texture
is dicover normal.

(2) A co-regular, dicover co-paracompact ditopological texture is di-
cover co-normal.

Proof. Since these results are essentially dual to one another, we
content ourselves with proving (1).

Let o ={(G,, F,)|a € A} be an open, co-closed difamily and let
G € 1, F € k besuch that # =2 U {(G, F)} is a dicover. We wish to find
H e r with [H] € G so that 2 U {(H, F)} is a dicover. Clearly we may
assume without loss of generality that & is not a dicover, for otherwise we
may simply take H = .

For s € S with G ¢ Q, we have H, € 7 with [H,] € G by regularity.
Using a by now familiar argument, we may verify G = Vs, H,, whence
&=2U{(H,F)|G ¢ Q} is a dicover of (S,.%), which is clearly open
and co-closed. Let & = {(Mg, N,)| B € B} be an open, co-closed locally
finite refinement of &, and define

B'={BeBlacA=M,¢G,orF,¢N,)}.
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Note that B’ # J, for we are assuming & is not a dicover, whence %
cannot refine 2. Define H = V{M|pB € B'} € 7. We wish to show H
has the required properties. Suppose first that [H] ¢ G and take s € S
with P, ¢ G and [H] ¢ Q.. Since & is locally finite, we may choose K € «
with s & K so that {B|M, ¢ K} is finite. Let {B|B € B', My £ K} =
{B1, By, .., B}, whence

HCKUM,; U~ UM,.
1 n

Since ¥ <&, for i =1,2,...,n we may choose s, €S with G £ Q,,
Mg C H,, and F C N, . Hence
[HlcKU[H,]| V- U][H,].
However, K c O, since s ¢ K, and [H;] < G c Q; for each i since
s & G, which gives the contradiction [H] C Q,. This establishes that
[H] cG.
Finally, to show that 2 U {(H, F)} is a dicover it is sufficient, since we
know that @ U {(G, F}) is a dicover, to prove that

N FEcHU V G,

aE€A, a€A,

for all partitions A,, A, of A. Let B, = {B|3a € A, with M; C G, and
F, Ny}, B, =B\ (B, UB’). Since B, N B = (J, we see that By, B,,
and B’ form a partition of B. For g € B; choose a; € A; with M, C Gaﬁ
and F, C N, and let 4 = {ag| B € By}. Likewise, recalling that & < &,
we see that for g € B, we may choose az € A, in a similar way, and we
let A, ={ay|B € B,}. Then

NnrcNNc V Mm=Hu V McHU V G,
acA) BEB; BEB'UB, BEB, acA),

whence

N F.c NF<cHU V G,cHU V G,
a€A, a€A, a€A, a€A,
which is the required result. i
Combining Theorems 3.4 and 3.5 gives us

THEOREM 3.6. (1) A regular dicover paracompact ditopological texture
is normal.

(2) A co-regular dicover co-paracompact ditopological texture is
normal.
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Likewise, Theorems 3.2 and 3.5 give us

THEOREM 3.7. A R, (co-R,) dicover biparacompact ditopological texture
is dicover normal (resp., co-normal).

CoroOLLARY 1. A R, and co-R, dicover paracompact ditopological tex-
ture is dicover binormal.

COROLLARY 2. A R, or co-R, dicover biparacompact ditopological tex-
ture is normal.

4. A CONCEPT OF FULL NORMALITY

We begin by describing the notion of (co-)shrinkability for dicovers. As
in the case of classical topology, this will play an important role in our
treatment of full normality.

DerFINITION 4.1. Let 9 ={(M,,N,)|a € A} be a dicover of (S,.%),
faithfully indexed over A.

(1) 9 is called shrinkable if for each « € A we have G, € 7 with
[G,]cM, sothat &=1{(G,, N))|a < A} is a dicover of (S§,.%). In this
case & is called a shrinking of 9.

(2) 9 is called co-shrinkable if for each « € A we have F, € k with
N, clF, [sothat ¥ ={(M,, F,)| a € A} is a dicover of (S,.%). In this case
& is called a co-shrinking of 9.

THEOREM 4.2. (i) Euvery point finite open, co-closed dicover of a dicover
normal ditopological texture is shrinkable.

(i)  Every point co-finite open, co-closed dicover of a dicover co-normal
ditopological texture is co-shrinkable.

Proof. 'We concentrate on (i), leaving the proof of (ii) to the reader. Let
& ={(G,, F,)| a € A} be a point finite open, co-closed dicover. Consider
the set .7 of functions i: D(h) c A — 7, where [h(a)] € G, Ya € D(h)
and

& =1{(G

o

F,) |a € AND(h)} U {(h(a), F,)| a € D(h)}
is a dicover.

(@) #Z+ . Indeed, take any u € A. Then letting 2 = {(G,, F,) |
a € A\{u}}, we see that o U{(G,, F,)} is a dicover, G, € 7, and
F, € k, so since (%, 7, k) is dicover normal, we have H € 7 satisfying
[H] < G, and such that 2 U {(H, F,)} is a dicover. If we define D(h) =

{u} and A(u) = H, we see that h € 7.
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(b) If for h,k €# we define h <k & D(h) c D(k) and h(a) =
k(a) Ya € D(h), then (#, <) is inductive. To see this, let 7’ C# be a
chain and define D(h) as the set U{D(h') |h' €.#'}. For each « € D(h)
there exists h' €7’ with o« € D(h'), and the value of h'(a) is indepen-
dent of the particular 4’ so chosen, since /# ' is a chain. Hence we may
define a function h: D(h) — 7 by h(a) = h'(a). We prove that i €7,
whence A will be an upper bound of 7' in Z That [h(a)] € G, Ya € D(h)
is trivial, so we prove that %, is a dicover. Suppose not; then for some
partition A4,, A, of A we have

Nreg V koyu V G,

acA, acA,nD(h) acA\D(h)

By Lemma 1.3(5) we have s € S with

pg NV he)u V G, (1)
a€A,ND(h) ac€A,\D(h)
a€A,

Since # is point finite the set {a|s € G} is finite, and hence so, too, is
the subset {a| a € 4, N D(h) and s € G, }. This subset is nonempty, for
otherwise we should have V. 4 pu) G, € Q,, and noting that (1) im-
plies V¢ 4,\ by O € Q,, We could deduce N, c 4, F, € O, from the fact
that & is a dicover, so contradicting (2). Denote it by {«;, a,,..., @,}, and
for each i, 1 <i < n, choose h;, €. 7' with «, € D(h,). If we let A’ denote
the largest member of the set {4, &,,..., h,} with respect to the ordering
< on %, then {ay, a,,..., a,) € D(h') € D(h). Since %, is a dicover, we
have

Nnrc V #wou V G

a€A; ac€A,ND(h") a€A\D(h")
= V. i(e)u \ G,u V G,
a€A,ND(h") a€A,N(D\D(h") a€A,\D(h)

Each of the three sets on the right is a subset of Q.. Indeed this follows
immediately from (1) for the third set, and for the first set if we note that
D(h') € D(h). Finally, a & D) = a &{a;, ay,...,a,) ={a|a€ A,
N D(h) and s € G,}, whence a« € 4, N (D(W\ D(h")) =s & G, = G,
C Q,, which proves the result for the second set. However, we now have
Nee 4, F, € Q,, which again contradicts (2). Hence, &, is a dicover, and
h € # as required. Thus, (7, <) is inductive.
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By Zorn’s lemma, /# contains a maximal element 4. We prove that
D(h) = A. Suppose this is not so and take uw € A4\ D(h). For 9 =
{(h(a), F)|ae D} UG, F)|ac A\ (D) U {u))}, we see that
2 U{(G,, E,)} is a dicover, G, € 7, and F, € «, so since (r, «) is dicover

a’l o

normal, we have H € v with [H] cG,, so that U{(H,E)} is a
dicover. If we define i’ by

h(e)  if a€D(h)

h'(e) = H if a=u,

then clearly h’' e #and h < h', since D(h) € D(h’) = D(h) U { u}, which
contradicts the maximality of 4. Hence D(h) = A, and it follows that

£ = {(h(a). F,) |a 4]

is a shrinking of . 1

Now we define the notion of star and co-star of a set in . with respect
to a difamily.

DerFINITION 4.3. Let & = {(A4;, B,)|i € I} be a difamily, C €.%. Then
the star of C with respect to # is the set

st(z,C) = V {4,liel,C ¢ B} €2,
while the co-star is the set
CSt(#,C) = N\ {B;/licl, A, ¢ C} €2

LEMMA 4.4. If & be a dicover and C €., then C € S(%,C) and
Cst(#,C) c C.

Proof. Let #={(A,,B)|liel}, ,={icl|C¢B} and I, =1\1,.
Then, since & is a dicover,

Cc NBcVA4=5s4zC).
i€l i€l,
The second result is proved likewise. |
DerINITION 4.5. Let & and & be dicovers.
(@) We say that & is a delta refinement of &, and write @ <
(A, if

{(s(z, P).csK(7,0,))|s €S} <.
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(b) We say that & is a star refinement of &, and write € < (#)9, if
((St(#, A),CS(%, B)) |AZB) <2.

ExampLE 4.6. Consider the dicover & = {(P,,Q,) |s € S’). The reader
may easily verify that St(<, P,) = P, and CSt(Q?’ Q)=0, forall s S
Hence & < (A)% and & < (*)2.

LEMMA 4.7. Let Z, 9, and & be dicovers of (S,.5).

1) #<(x)=>%<9.
Q2 IfP<Fthen < (x)2 =% <(A)9D.
(3) If & has the property AZB = A ¢ B then
() <A =7%<9.
(i <A < Q)& =7 < (%)&.

Proof. (1) Immediate from Lemma 4.4.

(2) Given s € S there exists AZ’B with P, c Aand B C Q,, whence
St(#, P,) c St(#, A) and CSt(#, B) c CSt(#, Q,).

(3)(i) Given AZB we have s € S with 4 ¢ Q,and P, ¢ B, whence
A c St(#, P,) and CSt(#, Q,) C B.

(3)(ii) With A4, B and s as in (i) we have
(@ st(#,4) c Sz, P,), and
(b) Cst(Z,Q,) c CSt(#, B).

We prove (a), leaving (b) to the reader. For A'#B’ with 4 ¢ B’ choose
te S with 4 ¢ Q, and P, ¢ B'. Since & < (A)Z we have CZD with
St(#,P)cCand D c CSt(% Q,). Since P, ¢ B’ we have A’ c St(#, P,)
Cc C, and from A ¢ Q, we obtain D C CSt(%, Q,) CB.Butnow P, ¢ B
implies P, ¢ D, whence 4 c C c St(Z, P,), from which we may de-
duce (a). |

DeriniTION 4.8. A ditopological texture is called dicover fully normal if
every open, co-closed dicover has an open, co-closed star refinement.

We are now ready to present our main theorem of this section.

THEOREM 4.9. A R,, co-R, dicover biparacompact ditopological texture is
dicover fully normal.

Proof. Let & be an open, co-closed dicover of (%, 7, k). We have a
locally co-finite open, co-closed dicover & = {(Hg, K;) | B € B} with & <
#, since (%, 7, k) is co-paracompact. By Theorem 3.7, (., 7, k) is dicover
co-normal. Hence, since & is point co-finite, by Theorem 4.2(ii) it is
co-shrinkable. Hence for each 8 € B we have Z; € « with K; C]Z[, so
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that &* = {(Hy, Z3) | B € B} is a dicover. Using dicover paracompactness
we have a locally finite open, co-closed dicover & = {(G,, F,) | a € A}
with @ < &*. Again by Theorem 3.7, (%, 7, k) is dicover normal, so the
point finite dicover & is shrinkable by Theorem 4.2(i). Hence for each
acAwehave T, € 7 with [T,] € G,, so that 2* = {(T,,F,) |« € A} is
a dicover.

Take s € §”. Since Z* is locally finite, by Theorem 2.8 we have «, € A4,
sothat s € T, and s & F, . Furthermore, 9* <9 < &* <& < &, so we
have B, € B and AZB,, satlsfylng

a’t [e3

PcT, c|T,] <G, cHy cA
B cKy c|Z[cZ

For t € S define

M, = n{Ga|Pz§Ga} and N, = V{[Ta]|Pt-¢—[Ta]}'

(@ The set {«|P, c G,} is finite since & is point finite. Thus
M, € 7, and clearly P, Cc M,.

(b) Since @ is locally finite, so is 2*. By Theorem 2.9, dom(2*) is
closure preserving, whence N, € k. In addition we clearly have N, C Q,.

By (a) and (b), & = {(M,, N)) |t € S’} is an open, co-closed difamily, and
P < %, whence by Lemma 2.2 it is a dicover. We show that

St(Z,P,) cA,.

Take 1 €S with P, ¢ N, Then P, ¢ [T,]1= P, ¢ [T,]. But P, T,
[T,]1s0 P, clIT, ]CG which gives M, c G, C 4,. Hence St(? P)
V{M | P, ;c_N} CA , as required.

Now for t € § deflne

U= N{1Zl1Zlz 0} and V,= V {K;|K, CQ,}.

Usmg the local co- flnlteness of &, we deduce U, € 7 and V, € k. Defining
={U,V)|te S}, we have & <.7, so # is an open, co-closed dicover,
and it is easy to verify that

N

c CSt(7, Q,).

If now we let =2 A%, then % is an open, co-closed dicover and
Z < €. Repeating the argument above with .Z in place of % gives an
open, co-closed dicover % with % < (A)7. Flnally let.7 be a locally finite
open, co-closed refinement of .%. For each s € S’ we have C, /D, with
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se€C, and s & D, by Theorem 2.8. Let .# ={(C,,D,)|s € S"). Since
P <M We see # is an open, co-closed dicover, .7 satisfies C.#D = C ¢
D, and .7 < (A7 < (A)Z. By Lemma 4.7(3)(ii) we have .Z < (%)%,
whence (%, 7, k) is dicover fully normal, as required. |

In the case of a topology, i.e., a complemented ditopology on
(X, (X), 7), the converse is also true (Coincidence theorem of Stone
[22]), but it is not true in general, as the following examples show.

ExAamPLES 4.10. (1) Consider the texture space (L, .#, A) of Examples
1.2(2) with the (necessarily complemented) discrete ditopology ™= k =%,
and define the open, co-closed difamily # by

& ={((0,r—¢,(0,r])|0<r<1,e>0}

where for r — € < 0 we are setting (0, — €] = . The reader may verify
that & is in fact a dicover of (L, %). Moreover, # refines every dicover of
(L, ) and & < (#)&. In view of Lemma 4.7(1) it is immediate that (7, x)
is dicover fully normal. As for any discrete ditopology, (7, k) is R, and
co-R,. Finally, that (7, ) is not dicover paracompact or dicover co-para-
compact may be seen directly, or by noting that ¢ is an open, co-closed
dicover, whose only open, co-closed refinement is itself, which does not
satisfy the conclusion of Theorem 2.8.

(2) The lower ditopological unit interval of Example 2.13 is dicover
paracompact and trivially R, and co-R,, so by Theorem 4.9 it is dicover
fully normal. Let us consider instead the lower ditopological real line, which
is the texturing % of R defined by #Z = {(—oo,r]|r € R} U {(—o,r) |r €
R} U {, R}, with the complementation p((—, r]) = (=, —r), p((—, r)
=(—o, —r], p(@ =R, p(R) =, and complemented ditopology 7 =
{(=o,r)|re RRU{G R}, k ={(—,r]|re R} U{J, R} It is not diffi-
cult to see that (7, k) is again R, and co-R,, but not dicover paracompact
or dicover co-paracompact. To see that it is dicover fully normal, let
& ={(G,, F,) | « € A} be an open, co-closed dicover. Since join and union
coincide, given r € R, we have a« € 4 with r € G, r € F,, sO we may
choose §,, 0 < §, < 1, with (=, r +48) c G, and F, € (—o,r — 45)).
By Lemma 4.7(3ii) it will be sufficient to show that

T ={((—©r+8),(—or—35])|reR} <(1)7.

However, if we let 8 = sup{§, | P, & (=, s — §,) and (==, s + 5) ¢ Q,}
=sup{d,|s — 6, <r<s+ 8} and choose t € Rsothat r — 5, <r <t +
8, and &, > 26/3, then it is easy to verify that

St(2,P) C(—»,t +48,) and (—o,t—45,) cCSt(Z,0,),

which gives the required result.
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5. RELATIONS WITH FUZZY TOPOLOGY

As pointed out in the Introduction, textures may be used to represent
lattices of fuzzy sets of various kinds [5—7]. Indeed, if L is any fuzzy lattice,
i.e., a completely distributive lattice with order reversing involution ', L
is the set of molecules (join irreducible elements) of I, and we set ¢(a) =
melL|m<a},acsl,and &= {¢(a)]|a € 1}, then

THEOREM 5.1 [6]. (L,?) is a simple texture space with complement
Me(a)) = ¢la’), a €L, and ¢: L - is a complete lattice isomorphism
that preserves complementation.

Conversely, every complemented simple texture space may be obtained in
this way from a suitable fuzzy lattice.

Now let T be a topology on L, i.e., a subset of L containing the largest
and smallest element of L, and closed under finite meets and arbitrary
joins. Then o(T) is the set of open sets and o(T') = A(e(T)), where
T’ ={a'|a € T}, the set of closed sets for a complemented ditopology on
(L, %, M. Moreover, every complemented ditopology on (L, %, A) may be
obtained in this way [8]. This correspondence permits the notions consid-
ered here to be expressed quite easily in the language of topological fuzzy
lattices, and the details are left to the interested reader. Insofar as this
description involves the use of molecules in L, it falls naturally within the
scope of, for example, Wang'’s theory of topological molecular lattices [23].
However, Wang and others working in this area elect to work almost
exclusively with the closed set structure, in contrast to our approach, which
involves both the open and closed sets. In fact, from a topological point of
view, our bitopologically based ditopological view often leads to concepts
quite closely related to those considered by mathematicians who favor a
“point free” approach to topological fuzzy lattices. Indeed in [8] it is shown
that the regularity axioms of Definition 3.1, as well as the normality axiom,
correspond precisely to the corresponding point free concepts in [15].
Moreover, the notion of dicover is point free, and many of the concepts
associated with it are also either intrinsically so, or can be given such a
characterization. See, for example, Lemma 2.5 and Lemma 2.6 in relation
to local finiteness and local co-finiteness. Thus, while we feel that the
concept of “point” is basic, and for this reason have placed the notion of
texture firmly in a point set framework, this convergence between pointed
and point free concepts, which parallels that for standard topology, is
nonetheless highly significant.

We end by considering very briefly the special case of [.-fuzzy sets, which
include classical fuzzy sets as the special case L =1 =1[0,1]. If X is a
nonempty set, then the molecules of the fuzzy lattice W = LX are just the
“fuzzy points” x,, for x € X and m € L. These are in one-to-one corre-
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spondence with the points of W =X X L, and ¢ now takes the form
o(f) ={(x,m)|m < f(x)}, feW. Setting 7= o(W) and w(e(f)) =
o(f), f'(x) = f(x)', gives us the complemented texture space correspond-
ing to LX. In fact, (W, 7", w) is the complemented product of the crisp set
structure (X, #(X), w) of X and the complemented texture (L,.Z, A)
corresponding to L. For the definition of the complemented product of
textures, and the proof of this result, the reader is referred to [6]. A fuzzy
topology T on X in the sense of Chang [10], i.e., a topology on W,
corresponds as before to a complemented ditopology, this time on
(W, 7", »). The structure of W = ¥ is quite special, and this is reflected
in the various forms of paracompactness discussed in the literature. As
expected, there is little relation between these notions and the general
concept of paracompactness considered in this paper, but we will present
two forms of fuzzy paracompactness, based on ideas presented in [9, 19],
which are implied by the dicover paracompactness of the corresponding
ditopology on (W, 7). For simplicity we restrict our attention to the case
L = 1. Let T be a fuzzy topology on X. It will be natural for us to call a
subset C of W = [¥ locally finite if the difamily & = {(¢(f), @) |f € C} is
locally finite in (W, %). This leads to the following.

DerINITION 5.2.  C € W is locally finite for the fuzzy topology T if given
x€ X and 0 < € < 1 there exists g € T with g(x) > 1 — ¢, so that the
set{fe C|f< 11— g}isfinite.

This notion of local finiteness is weaker than that used in [9, 19], which
requires the existence of g € T with g(x) = 1.

DerFiNnITION 5.3. Let T be a fuzzy topology on X.

(1) (X,T)is a-paracompact if whenever B € T and o € (0, 1] satis-
fies V B > @, there exists a locally finite refinement C c T of B satisfying
VC = a.

2 (X,T) is a, eparacompact if whenever B C T and « € (0,1]
satisfies V B > «, there exists for each €, 0 < e <1, a locally finite
refinement C ¢ T of B satisfying VC > o — e

Here local finiteness is taken in the sense of Definition 5.2, and @
denotes the closure in (X, T') of the constant function on X with value «.
In the case of a stratified fuzzy topology T these functions are closed, and
then @ may be replaced by « in Definition 5.3. We may now give

THEOREM 5.4. Let T be a fuzzy topology on X, and suppose that the
corresponding ditopology on (W, %) is dicover paracompact. Then (X, T) is
a-paracompact.
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Proof. Take B c T and a € (0,1] with V B > a. If we let

# = (S, e(@)) U ((¢(£).D) If =B},

then it is easy to verify that % is an open, co-closed dicover of (W, %),
whence it has a locally finite open, co-closed refinement #. Let

C={heT|e(h) €dom® and 3f € B with ¢(h) C o(f)}.

Since & is a dicover and refines %, it is easy to verify that VB > a.
Moreover, for x€X and 0 < e<1 we have (x,e) € W=X x (0,1],
whence for some g € T we have (x,€) &€ o(1 —g), and {h € C| o(h) ¢
o(1 — g)} finite. Hence g(x) >1—€ and {h € C|h £ 1 — g} is finite,
i.e., © is locally finite in the sense of Definition 5.2. Finally C is clearly an
open refinement of B, so (X, T) is a-paracompact.

Since every a-paracompact fuzzy topology on X is also clearly «,
e-paracompact, we have the following

COROLLARY. Let T be a fuzzy topology on X, and suppose that the
corresponding ditopology on (W, %) is dicover paracompact. Then (X, T) is
a, e-paracompact.

Naturally, since the ditopology corresponding to a fuzzy topology is
complemented by Theorem 2.11, dicover paracompactness may be re-
placed by dicover co-paracompactness in the statement of Theorem 5.4
and its corollary. A trivial modification of the proof of [9, Theorem 4.1]
may be made to show that «, e-paracompactness is actually a good
extension of paracompactness in the sense of Lowen [18]. The reader is
referred to [8] for a discussion of goodness of extensions from a ditopologi-
cal perspective.
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