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ABSTRACT

In the third paper of this series on cardinal spline interpolation [4] Lipow and
Schoenberg study the problem of Hermite interpolation

S(») = v, S =y),..., SU V() =y, for all v.

The B-splines are there conspicuous by their absence, although they were found
very useful for the case » = 1 of ordinary (or Lagrange) interpolation (see [5-10]).
The purpose of the present paper is to investigate the B-splines for the case of Hermite
interpolation (» > 1). In this sense the present paper is a supplement to [4] and is
based on its results. This is done in Part I. Part II is devoted to the special case
when we want to solve the problem

S) = ¥y S'(y) =y, forally (1)

by quintic spline functions of the class C’”/(— oo, o0). This is the simplest nontrivial
example for the general theory. In Part II we derive an explicit solution for the
problem (1), wherev = 0, 1,..., .

INTRODUCTION

Let m and 7 be natural numbers and let
n=2m— 1, 7 < m. (1

Let, furthermore, S, , denote the class of cardinal spline functions of the
odd degree n = 2m — 1 and having all the integers as knots of multiplicity
r. This last requirement means that

* Sponsored by the United States Army under Contract No.: DA-31-124-ARO-
D-462.
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Sp.r © CIM=1-7(— oo 0), 2)

The problem of cardinal Hermite interpolation by elements of S, , is as
follows. A set of 7 sequences of numbers

y=m)h ¥ =0y = () (3)
being prescribed, we are to find S(x) € S, , such that
Sy =y, S') =3)/,..., S0 V) = y,ir-1 for all ». (4)

The main result of [4] is the following

TueEOREM 1. (i) If the sequences (3) satisfy the growth conditions
O =0(r) as v—>4o, (s=0,1,...,7—1), forsome y=0 (b)
then theve is a unigue S(x) € S,, , satisfying the growth condition
S(x) = O(x]") as x — 4 oo, (6)

and the interpolatory conditions (4).
(il) Moreover, if the fundamental functions are

LO(x)r Ll(x)r ety Lr—l(x)r (7)

1.e., they are the unigue bounded elements of S, , satisfying the conditions

L) =0 if p#s, LOO) =1, (8)
L) =L/() ==L D) =0 forall »#0, (s=0,...,7—1),
(9)

then the unique solution S(x) in (i) 4s given by the Lagrange-Hermite formula
S() = 2 ) Lo(x —») + 2 W) Lolx —9) + -+ + 2 fr VB Lroa(x — ).
(10)

In [4] it was shown that if we define
S%, = {S(); S(x) € Sp.r, S9(») = 0 forallyands = 0,...,» — 1} (1)

then this is a subspace of S, , of dimension
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d = 2m — 2r. (12)
Also that this subspace is spanned by 4 elements
S1(%), Sa(x), - - -, Sem—2r(%), (13)
that are solutions of the functional equations
S;x+ 1) =4,5,0) (=1,...,2m — 27). (14)

The functions (13) are called the eigensplines of S, , and are determined

only up to a multiplicative factor. The corresponding 4, are called eigen-

values. They are the simple zeros of a reciprocal monic polynomial
I, .(x) = Comer) T C—(mery42X + =+ + ™"

+ Clxm——r+1 4 - cm_rx2m—-2r (15)

called the characterisiic polynomial of S, ,.
and

Its coefficients are integers

c() > 0: C—v = cv; (]'6)

Cp-r = + 1.

We also know [4] that (15) can be expressed in terms of the Pascal
triangle by the determinant
I, (%) = (= m0r=D %

C) ) ) e e e
SOTES Y AHTioa TR

ot

()
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Its zeros
A Ags o) Aamear, (18)
are all simple, real, and have the sign of (— 1)". We arrange them so that
0 <A <o < < |A2mossl. (19)

In [4, Sec. 7] it was also shown how the fundamental functions (7) can
be constructed in terms of one half of the set of eigensplines (13). The
zeros (18) being reciprocal in pairs, and d = 2m — 2r being an even
number, we may make (19) more precise by writing

0< Ml\ << Mm—r\ <1l< Mm——r-rl‘ << MZm—zrl- (20)
The eigensplines
Si(x), Sa(#), - -+, Spr(x), (21)

correspond to the eigenvalues that are in absolute value below 1, and the
relations (14) show that they have the property

lim S,(x) =0 (w=1,...,m —7). (22)
Z-—>+ 0
We may describe them as the “‘decreasing’ eigensplines.
From the construction of the L (x) as given in [4, Sec. 7] we retain
only the following result to be used below.

LemMMa 1. Inthe interval (1, + o) the fundamental functions (7) may be
expressed as

Lyx) = Dd;Si(x) (s=0,...,7 — 1,1 <x < ), (23)
j=1
with appropriate constant coefficient d; .

The case of Lagrange interpolation, when » = 1, was discussed in-
dependently by several authors (see [12], [6], [1], [8], listing the papers
in the order of their appearance in print). In [6] and {7] extensive use is
made of the so-called B-splines. They seem particularly well suited for
utilizing fully the fact that the concept of a cardinal spline function is
invariant with respect to the group of translations by integers. Having
bounded supports, the B-splines lead to finite recurrence relations. They
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also made possible the explicit solutions of the corresponding finife inter-
polation problems (see [9-117).

The purpose of the present paper is to investigate the B-splines for
the case of Hermite interpolation (» > 1). In this sense the present paper
is a supplement to [4] on which it is based. The main result is Theorem 3
of Sec. 5. Unfortunately, the property of the B-splines there described is
made to depend on a deep number-theoretic problem: The irreducibility
in the rational field of the characteristic polynomial (17) for odd values
of w = 2m — 1. This, however, is surely not in the nature of the problem.
Rather, Assumption (5.1) of Theorem 3 should be removed altogether and
the matter should be settled by showing that a certain determinant does
not vanish. Part I contains the general discussion. Part II deals with
the special case when

For this case of Hermite interpolation by quintic splines we show how
to obtain explicit solutions for the interpolation problems in a finite set
of equidistant nodes. Since 2m — 27 = 2 we have only two eigensplines
and the problem is about as easy as for the case of interpolation by cubic
splines (see [9], [10]).

The Hermite interpolation problems here considered can be described
(in a notation due to Paul Turdn) as problems of type (0, 1,...,7» — 1).
Using the same Turdn notation, one could consider other interpolation
problems such as (0, 2), which are not of the Hermite type. The method
here developed can be adapted to furnish the solution of such problems,
for the cardinal as well as the finite case. However, such problems require
a corresponding set of B-splines, appropriate to the problem.

I. THE GENERAL THEORY

1. The B-Splines for Cardinal Hermite Spline Interpolation
We retain the notations of the Introduction.

DEeFINITION ). We define the v elements of S, ,
No(x), Ni(x),. .., Ny (x) (1.1)

by means of the relations
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N,(x) = E'chs(x —9), (s=0,...,7 =1 (1.2)

v=—(m—7r)

We call them the B-splines of the class S, ;.

That they deserve this name will follow from their properties described
here and in Sec. 3 (Corollary 1) and Sec. 5 (Theorem 3).
Let us for the moment consider the case » = 1 and show that

No(x) = (2m — 1)I1M,,,(x), (1.3)
where
1 3 i 2m 3 2m—1
Moy (%) = @m 1) = (-1 ( ; )(x — 14 m), (1.4)

is the ordinary (central) B-spline of degree 2m — 1 (see 5, Sec. 3.13). To
see this we observe that (10) reduces to the Lagrange formula

oo}

S(x) = 2 ) Lo(x —»)

—00

which is exact for bounded elements of S;,,_; ;. But then we have the
identity

m—1
My () =_§%zm(V)Lo(x — ), (1.5)
while
¢, = (2m — 1)IM,,(v) w=—=m-—1),...,m —1)

are precisely the coefficients of the Euler-Frobenius polynomial I7,,, _; 1(x) =
I, 1(x) of [8]. Now (1.5) is seen to be identical to (1.2), except for the
factor (2m — 1)1, if» = 1.

We return to the general case and begin with

LEMMA 2. The B-splines Ny(x) (s = 0,...,» — 1) have their support
i the interval '
IT=(—m-—7r—+1),m—r+41), (1.6)

hence

Nfx) =0 if x<—m+r—1 o x=2m—r+1. (1.7
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Proof. Let
x=m—r+1, (1.8)
hence
x—v2=2l f v=—(m—7),—m—r)+1,...,m—7.
This shows that we can apply the representation (23) of Lemma 1 to all
terms of the right side of (1.2) to obtain

— S L= = e 3 duSir — )

v——(m 7) v i=1

Z d;, Z c,S;(x — ).

7=1

The vanishing of N (x), for x satisfying (1.8), will follow as soon as
we establish that

¢, Si(x —v) =0 for all veal x. (1.9)
2

—{m—r)
From the functional equations (14) we find that
Silx — ) = 4,7°S;(%)

and substituting this into the left side of (1.9) we find that

2 ¢, Silx —v) = D ¢,4;7"S,(x) = S,(%) Z_ c, A,
(m—r) » —{(m—r)

and the last sum vanishes, because 4, is a zero of the reciprocal polynomial
(15). This establishes the second half of (1.7).

The proof of Lemma 2 will be complete as soon as we establish the
symmelry relations

Ny(— x) = (— 1)°N,(x) (s=0,...,r —1). (1.10)
These are shown as follows. From (1.2)

= chLs('— X — ‘V) = (_ l)s Z chs(x + V)
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= (_ 1)8 Z C—vLs(x - 1’) = (_ l)s Z chs<x - V)

= (= 1pNx). W

2. A Construction of the B-Splines N(x)
From their definition (1.2) we see that the N,(x) have the properties

N =¢c, if —(m—r<<v<m—rv, (2.1
N =0 if —(m—r)<v<{m—r and p#s, and 0 p<Cr — 1.
(2.2)

However, by using the relations (1.10), it is clear that it suffices to construct
Ny(x) for x 2> 0. Cutting down the relations (2.1) and (2.2) we obtain

ZVS(S)(V) =c, for » = 0, 1,. oM —7, (23)
Ns(a)(,,) =0 for »=0,1,..., m — 7, pF S (2.4)

It is interesting that these last relations allow us to obtain the N (x),
explicitly. Indeed, if we realize that N(x) is a spline function of degree
2m — 1 and has »-fold knots we see that it must have the form

N(%)
=a (1 =224 a1 2—2) 214+ Fa, g —r+1—x),2m1

+aya(l—x)2" 2t ay 5(2—2) 224 o a_pyg o —7 + 1 —x) 2R

+a1,r<1 _x)Zm—r+a2,T(2_~x)+2m—1‘+ T +ar—m+1,r(m—7+ 1 _x)+2m—r)
if x>0, (25)

The computation of the coefficients a, ;, which all turn out to be rationals,
is extremely simple, if we go about the right way. Using the relations
(2.3) and (24) for v = m — 7 and substituting into (2.5) the value
x = m — v we see that all terms vanish, except the 7 terms in the last
column. This gives

ar-—m+1,v (’V = 1!' M) 7)'
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These being known, we now substitute x = m — » — 1 and obtain the

column
Ay (¥ =1,...,7).

Finally substituting x = 0 gives us the first column

As examples we work out the B-splines for the following two cases:

m = 3, y = 2 (2.6)
and
7y = 2. 2.7

To begin with, we need the coefficients of the corresponding char-
acteristic polynomials. These are

12 1—x 0
I50(x) = — Ll 5ol = —x246x—1, (28)
14 6 4
;1 5 10 10
and
1 2 1—x 0 0 0
1 3 3 1 —x
I ) 1 4 6 4 1—x 0 2.9
’ 1 5 10 10 5 1—x|
16 15 20 15 6
7 21 35 35 21

= x4 — 7248 4 26242 — T2« + 1,

respectively. Applying the general method just described we easily find
the following:
If m = 3,7 = 2 then

8(1 - x)+5 + 42 — x)+5
Nolx) = {— 50(1 — x),% — 52 — x).4 if x>0,
No(#) = No(— %) if %<0, (2.10)
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and
101 — )5 + (2 —x),8
Ny(x) = s 2
—26(1 — %), —(2—2)" f x>
Nyx) = — Ny(— %) if 2 <
If m = 4,7 = 2 then

—90(1 — x), 7 — 144(2 — x),7 — 6(3 — x),7

No(x) = {+ 1715(1 — 2),8 + 3922 — %),8 + 73 — 2),% if x>0,
No(x) = No(— %) if x<0;
(2.12)
and

_ 245 — x).7 — 562 — x),7 — (3 — x),7
M) = {+ 1191(1 — 2).5 + 1202 — x),6 + (3 — x),5 if «

»

0
0.
2.

n v

Ni(x) = — Nao(— %) if x

—

13)

As a check on our computation we mention the following.
1. For the case m = 3, » = 2, the functions (2.10) and (2.11) must

satisfy the condition

Ny"(0) =0
because Ny(x) € C''(— o0, ), and

N7(0) =0

for the same reason.
2. For the case m = 4, r = 2, the functions (2.12) and (2.13) must

satisfy

No”(0) =0,  No®(0) =0,
because Ngy(x) € C5(— o, ), and

Ny#(0) =0,  N,'9(0) =0,

for the same reason. These six conditions are actually satisfied.
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3. Expressing the L(x) tn Terms of the N(x)
This is a simple matter that is useful. Let

! m—r

Fa) =1/ ea, (3.1)

[ —(m=1)

and observe that in view of the inequalities (20), F(x) is regular in an open
ring containing the unit circumference |x| = 1. We expand it there in a
Laurent series

F(x) = i o i |x] =L (3.2)

From the symmetry relations (16) we conclude that

w_, = w, forally. (3.3)

It is also clear that
w, — 0 exponentially, as v — 4 . (3.4)

The relations (3.1) and (3.2) imply that
2 iy =0, (¢; = 0if [f| >m —7). (3.5)

THEOREM 2. We can tnvert the relations (1.2) to obtain

Proof. For using (1.2) we have

ZolNE—n=o Felk—r—i
= Z w, ]2 civLo(x — 1)
- ; Lyx — 1) 2 Ciy®,
= ; Lyx — 1)0; = Ly(x).

The functions L,(x) and N,(x), for a particular value of s, are elements
of a subclass of S, , which we now define by
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S, = {S(x); S(x) € Sp.,, SP(») = Oforallvifps#£ s} (s=0,1,....,7—1).
3.7
CoroLLARY 1. [If
S(x)e SE,_,, (3.8)
and

S(x) = O(jx]") as x — oo, forsome y =0, (3.9)

then S(x) admits a unique vepresentation of the form
S(x) = i a;Ny(x —1). (3.10)

Proof. The assumption (3.9) implies that also
Sel(x) = O(|x]") as x>+ (p=0,1,...,7r —1). (3.11)

We may therefore apply to S(x) the Lagrange-Hermite expansion (10)
(Theorem 1) and obtain the expansion

St = 2 SOGL i) (3.12)

Indeed, by (3.7) we see that all other terms of (10) vanish. Using the
expansion (3.6), (3.12) gives

S(x) = ]Z 5¢(7) 2 o,Nx —7—7)
- Jz SUG) 3 0Nl =)
= SN =) Sy
and finally
Sir) = 3 a,N,(x — ), (3.13)

where
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2, = 3 0, ,S00). .14

j=—

Observe that these series converge by (3.4) and (3.11).

The existence of the expansion (3.10) is thereby established. However,
we have also established its unicity, for if S(x) were = 0 for all x, then
(3.11) surely holds, hence (3.13) and (3.14) are valid, while (3.14)
shows that all 4, vanish.

ReMARK. Corollary 1 already justifies the name of B-splines for the
N,(x). However, it is clear that S(x), defined by (3.10), is an element
of S no matter what the values of the coefficients @, may be. We would

n,r?
very much like to remove the assumption (3.9) and show that every
S(x) e S, (3.15)

nl

may be vepresented tn the form (3.10).
This we shall actually establish below under the following additional

AsSUMPTION 1. The polynomial
HZm—l.r(x) (316)

defined by (17) is irreducible in the rational field.

REMARK. The statement that the polynomial (3.16) is irreducible over
the rationals is most certainly true and also certainly a deep theorem.
The polynomials (2.8), (2.9), and

IT; 5(x)

are easily shown to be irreducible.

4. A Few Lemmas
Let N(x) = N,(x) be any one of the » B-splines having support in

I =(—m—r+1),m—r+41). (4.1)

It has 2m — 27 - 2 components, by which we mean the polynomials
representing N(x) in the 2m — 27 + 2 consecutive unit intervals that
make up I. If we confine x to
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—m—r+ 1)< — (m—7), (4.2)

then these component polynomials may be represented by
Nyx), Ng(x +1),..., NJ(x 4+ 2m — 27 + 1). (4.3)

LemMA 3. The 2m — 2r + 2 polynomials (4.3), for x satisfying
(4.2) are linearly independent if and only if there is no nontrivial element of
SY), having its support composed of only 2m — 2r + 1 consecutive unit
intervals.

1. The condition is sufficient. Assume that it holds, i.e., that the
support of Ny(x) is the shortest possible and let us show that the poly-
nomials (4.3) are independent. For suppose that they are not and that
we have a linear relation

agN(x) + aNy(x + 1) -+ dop o, 1 Ny(x +2m — 27 + 1) =0 (4.4)
for x in (4.2)

with coefficients a, that do not all vanish.
We consider the spline function

2m—2r+1
S(x) = D a,Ny(x + » for all real x. (4.5)

»=0

1t is surely an element of Sﬁf), Notice that
Nfx)=0 if x<—~(m—7r+1) or x>m—7r+1.
It follows that
S(x) =0 {4.6)
if x is such that
x=m—vr 4 1.
Similarly
x < —3m -+ 3r —2

implies that, if 0 <C» << 2m — 27 + 1, then
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x+rv—m+r—1

of that again S(x) = 0 by IEq. (4.5) and Lemma 2.
This means that the support of S(x) is confined to the interval

—3m 43 —2<x<m—r- L (4.7)

-

On the other hand, the identity (4.4) shows that
Sx) =0 f —(m—r+1l)<x<—(m—r+1)+1. (48)

Now the interval of (4.8) is exactly in the middle of (4.7). Hence, (4.8)
shows that the support of S(x) is confined to the nonabutting intervals

(—3m +3r—2, —(m—r+1) and (—m +r,m—7r+ 1) (4.9)

both of which are of the same length 2m — 2v 4 1.

In one of these intervals S(x) is not identically zero. Reason: S(x)
satisfies assumptions of Corollary 1.

Let I, be that interval (or one of them) among (4.9) where S(x) & 0.
Let

3 [S(x) if xely
(x) = 10 elsewhere.

This, however, is an element of Sff), of support 2m — 27 + 1, or less.

2. The condition is necessary. For suppose that it is violated and that
S(x) e Sif), is nontrivial and has its support in

I, = (0,2m — 2 + 1).

To fix the ideas and notations, let

when the support of N (x) is in (— 2, 2) and the support of S(x) is in
I; = (0, 3).

To S(x) we can surely apply Corollary 1, since all assumptions of
Corollary 1 are satisfied and obtain the unique representation

@

S(x) = D a;Nyx —q) forallx, (notalla;=0). (4.10)

—
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Notice that
1
in (— 1,0) (4.10) reduces to > a;N(x — 1) = 0; (4.11)
=

5
in (3, 4) it reduces to D a;N(x —7) = 0. (4.12)
2

Moreover in (v, v + 1) (4.10) reduces to

vizﬂfN(x—y') in (v,» + 1). (4.13)

By assumption we know that S(x) % 0 in some one of the three intervals
vy+1) (»=2012)
This means that among the three sets of coefficients
(@1, ag, a1, az), (ao, ay, ag, a3), and (ay, as, a3, a4),

at least one set is not entirely composed of zero elements. This implies
that at least one of the coefficients

a_q, ag, a1, Ao, g, a4, 15 #* 0.

But this surely implies that at least one of the sums (4.11) and (4.12) is not
trivial. Suppose it is the first, hence

a_sNy(x 4+ 2) +a_Nx + 1) + apN(x) +a;N(x — 1) =0, mm (—1,0).
Equivalently, setting x = ¢ 4+ 1 we find that
NG +aeNE+ 1) +a NE+2)+aoNE+3)=0 in 0t
This is what we wanted to prove. W

The proot obviously generalizes.

LEMMA 4. If m and v ave such that Assumption 1 1s satisfied, then, for
every s = 0,1,...,7 — 1, the 2m — 2¢ + 2 components (4.3) are linearly

independent.

Proof. For suppose they were not. It follows from Lemma 3 that
S(;,lhl,, contains a nontrivial element S(x) with support in
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I, = (0, 2m — 2¢ 4 1).
We claim: At least one of the quantities
SE(1), S¥(2),..., S 2m — 27), (4.14)
1s # 0.

Proof. We realize that S(x), besides having support in /;, has the
properties

SN1) = SW2) =--» = SV2m — 2) = 0, (4.15)
p=01,...,s—1s+1...,r—1
Suppose that S®(1) = 0. It follows that
S5(0) = S(0) =+ = SE-D(Q) =+++ = S2m—r-1(0) = 0
(because S € C¥m—r-1)

and

S(1) = S'(1) = -+ = Ser-D(l) = 0.

But then the polynomial component P(x) of S(x) in (0, 1) has at x = 0
a zero of order 2m — », and at x = 1 a zero of order », thus a total of

(2m —7) + 7 = 2m.

This is one zero too many for its degree 2m — 1 and we conclude that
P(x) = 0. Nowif S®(2) = 0, we similarly conclude that S(x) = 01in (1, 2),
and so on.

We claim: We may assume the quantities (4.14) to be rationals or even
integers.

Proof. We may assume S(x) to be of the form
S(x)

=ap 002" fay (k= 1) 2 e Ay g (8 — 2m - 27 — 1) 2T

—f-a2_0x+2m‘2—|—a2,1(x-—— 1)+2m—2 + e

+a, 0% 2Ty g (1) BT b Gy g _gpa (K= 2m A 27 — 1) 2
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for all real x. This linear form in the g4, satisfies numerous linear homoge-
neous equations, namely Egs. (4.15) and also

S2m — 2y +1) =0 for »=0,1,...,2m —r — 1.

This homogeneous system does have a nontrivial solution because the
quantities (4.14) do not all vanish. The existence of a nontrivial solution
means that the rank of the system is less than the number of unknowns.
Moreover, all coefficients of the system are integers. It follows that the
system has also a rational solution that is as close to the nontrivial one as
we wish. Multiplying it by an appropriate integer we obtain a solution
such that the quantities (4.14) are all integers, not all = 0.
Let us now consider the function

o

Blx;t) = 3 6S( —7), (t#0), (4.16)
which satisfies
D(x + 1;8) = tD(x, 1), (4.17)
This means that if
D05 £y) = 0, (4.18)

then
D9 (y; ty) = 0 for all integers ».

Thus @(x; t,) 1s an eigenspline of S,,,_;., for the eigenvalue ¢, and this
because it satisfies

However (4.18) is equivalent to
> /SO(— ) = SO(1)tg + SO 4 -+

+ SS9 (2m — 2)t,—2m2) = 0,
or

S(s)(l)t02m—27—1 + S(s)(g)tozm—2r—2 R S(S)(zm — 27) = (. (419)
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Therefore
P(x) — S(s)(l)xzm—2r—1 N S(s)(zm — 27) (4‘20)

is a nontrivial polynomial of degree < 2m — 27, all of whose zeros are
also zeros of

1, ,(x).

Therefore P(x) is a factor of 17, ,(x) with integer coefficients. This contra-
dicts Assumption 1 and proves the lemma. M

3. The Main Result
We can now prove

THEOREM 3. If m and r are such that

Iy, _1..(%) s trreducible over the rationals, (6.1)

then every S(x) € S(ZS,Z,_L, admits a unique representation of the form
S(x) = 2 a;Ny(x — ). (6.2)

Proof. By Lemma 4 we know that the components of (4.3), in (4.2),
are linearly independent. But then the proof runs along familiar lines that
were used before:

1. Let S(x) = 0 ¢4f x << 0. Observe that if we set

g=m—vr+1
then Ny(x — ¢q) = Q{x) also vanishes for x < 0 since
Q(x) has support in (0, 2m — 27 4 2)
and its components are linearly independent. But then

(s)
1(8) = S() — %% 0w

has property ¢;%(1) = 0 and therefore ¢;(x) = 0 in (0, 1) by a previous
argument. Continuing in like manner we see that

S = 3 a0l — ) (5.3)

with coefficients a; that are uniquely determined.
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2. Let S(x) e S{). Let 0 < x < 1. Since
0x),0x+1),....0x+2m —2r +1) (0<<x<]) (5.4)
are linearly independent in (0, 1) we can determine a; so that
0
Sy = > aQx—4j) in 0<x<1 (5.5)
—(@m—2r+1)
This requires some explanation: The component of S(x) in (0,1) is a
polynomial #,,, ; satisfying

POO) = PO(1) =0 if p=0,..,s—1Ls+1,...,7—1

this is a set of 2» — 2 homogeneous conditions. Such polynomials form
a linear space of dimension 2m — 2v 4 2. Since the (5.4) are linearly
independent, they must span this space and (5.5) follows.

Now

0
Solw) = S(x) — 2 a;,0(x — 1) (5.6)
—(2m—2r+1)
vanishes in 0 <L x L 1. Let
jS it x>=1
~ o if x <1
[0 if x>0
T 1Selw) i x <0,
By the first case 1 of the proof we know that

Silx) = ; a,Q(x — 1)

and
—{(2m—27+2) )
Sa(x) = E a;Qx —9)-
Since
Solx) = S1(x) + Sg(x) for all «,

we conclude from (5.6) that
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[va]

0
S() = Selx) + X 2,0 — ) + S1l0) = X a,0(x — 7). W

—(2m—2r+1) —x

REMARK. It would be interesting to establish Theorem 3 without
the Assumption (5.1), as undoubtedly is true. The matter hinges on
showing the nonvanishing of a certain determinant.

6. The Use of B-Splines in Cardinal Spline Interpolation
We know that the interpolation problem (4) is solved by the expansion

S() = 2 wlolv — ) + 20/ Lilx —v) + - 4+ 20, VL, 4 (x — ).
(6.1)

This can be given a more advantageous form if we use the expansions
(3.6) of Theorem 2. Indeed we find that

S 9OLx — ) = 3 69N, — ),
7

4

where

Cj(s) = Z yv(s)a)j__v, (S = 0,. v,V — 1). (6.2)

= —00

We record this as

COROLLARY 2. The solution S(x) of the problem (4) can be expressed
in the form

oc

Sx) = D¢, ONy(x —7) + D¢, INy(x —f) + -+ X ¢, UN,_4(x —7),

—o0

(6.3)

where the c;¥) are computed from (6.2).

Of course, we have assumed here that the conditions (5) of Theorem 1
are satisfied. The computational advantages of the representation (6.3)
were already pointed out in [5, Appendix, p. 89} for the special case when
r = 1.
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II. INTERPOLATION BY QUINTIC SPLINE FUNCTIONS

Let m = 3, so that we deal with 5th degree spline functions. We may
now choose the muitiplicity # such that 1 <{» < m = 3. If we chooser = 3
then the problem of interpolation (4), as well as the problem of interpolation
in a finite number of nodes, become trivial because it reduces to asuccession
of separate two-point Hermite interpolation problems (see [4, p. 32]). The
choice » = 1 is the subject of the note [11]. In that case 2m — 2» = 4
and the problems depended on the four eigenvalues which are the zeros
of the Euler-Frobenius polynomial

I 1(x) = x* -+ 26x3 - 6622 + 262 + 1.

For the remainder of this paper we assume that » = 2. While not trivial,
this case is simple because it depends on the #wo zeros of the polynomial
(2.8).

7. Statement of Results
We assume throughout that

We have determined explicitly the corresponding B-splines (2.10) and
(2.11). They have the properties

Nof—1)=—1,  No(0) = +6,  No(l) = —1,

No'(—1) =0, Ng'(0) =0, Ny(1) = 0; (1.1)
and

Ny(—1) =0, N, (0) = 0, Ny(1) =0,

N{/(—=1) = —1, N (0) = + 6, N/() = —1; (7.1)

and sketches of their graphs are as shown in Fig. 1.

Unlike our previous use of the letter # (when we wrote n = 2m — 1),
let now # denote any natural number. Let S; 5[0, #] denote the class of
quintic splines defined in [0, #] and having double knots at the points
x=1,2,...,n — 1. Likewise let

SO0, n] = {S(x); S(x) € S5,2[0,n], S'(¥) =0 (»=0,1,..., %)},
(7.2)
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S0, n] = {S(x); S(x) € S5.00,#], SH) =0 (»=0,1,..., %)}

Fra. 1

We wish to solve the following

ProBrLEM 1. The function f(x) being in C[0, n] we are to find an
element of Sy 5[0, #] such that

and satisfying the boundary conditions
S”(0) = 0, S (n) = 0. (7.5)

The boundary conditions (7.5) are sometimes referred to as “‘natural,”
because the solution S(x) which they produce has the property of minimiz-
ing

S [S""(%)]? dx

among all functions having a square-integrable third derivatives and
satisfying the interpolation conditions (7.4).
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In describing our solution of Problem 1 we depart from our previous
notation (7) and will use the symbol L (x) for another purpose. In fact, let

n

Sl = éf(v)llv(x) + 2 ' Ax) (7.6)

0

be the Lagrange-Hermite formula which describes the solution of our
interpolation problems (7.4) and (7.5). In other words, the L,(x) and
A,(x) are the fundamental functions of our process. They have the property
that all quantities L,(7), L,'(j), A,(5) and A,'(]) vanish, except that

L(vy=1 and A/ (v) = 1. (7.7)
From these it follows that
L,(x)e 5‘5(?%[0, n], A,(x)e Sé?z)[(), nl (»v=0,...,n). (7.8)

In this connection the following finite analogue of Theorem 3 is of
relevance.

LEMMA 5. 1. Every S(x) € 5(5?2){0, n) admits in [0, n) a unique representa-
tion

n+1

S(x) = Z ¢;No(x — 7). (1.9)

=y
2. Every S(x) € S{J[0, n] admits in [0, n] a unique representation
n+1 )
S(x) = 2 yilNilx — ). (7.10)

—1

In view of (7.8) and Lemma 5, we may represent the fundamental
functions in the form

n+1

Ly(x) = -21: ¢ wlNo(x — 1), (7.11)
n+1

Av(x) = ; yi.le(x - 7)’ (712)

with coefficients ¢; , and y, , that have appropriate rational values. The
explicit values of these coefficients are given by
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THEOREM 4. We define
A=3—2)2 = 017158 (7.13)
as the smaller voot of the quadratic equation
— Il o(x) =22 —6x+1=0. (7.14)

In terms of A we define for every integer k two sequences of integers (a;) and
(bi) by

W= a, + b2 (7.15)
We may also define them as sequences satisfying the recurrence relation
Xprz — 6% + %, = O for all integer , (7.16)
with the imitial values
ay=1, a,=3 and b, =0, b = — 2,
vespectively. We easily find the table of values

R 1—-—2 =10 1 2 3 4 5 6 7

a 17 31 3 17 99 5717 3363 19601 114243

b, | 12 20 —2 —12 —70 —408 — 2378 — 13860 — 80782
Observe that (a;) is an even sequence, while (b,) is odd.

In terms of these integers, the coefficients in (7.11) and (7.12) are expressed
as follows:

-, (7.17)

‘0= TRy,

1 . .
— ———aa,, if 1<y, 0<y<m,
4b,
6y = ; (7.18)
— g if =y, 0<y <
n

Moreover, we have the symmetry relations

Cijv = Cp_jmey (7.19)
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and therefore, in particular,

Cijn = Cn_jo (7.20)
which ave given by (7.17).
Also
3bo; .,
Yo =39 if j=0, (7.21)
30
=14 2
yoro =1+ 55 (7.2
1 o
ﬁ’ba‘bn—v 1.’( ]<V, 0<’V<1’l,
2b,
Vi 1 (7.23)
__%bvbn—j lf ]2"’, 0 < v < n.
Finally, we have
Yiv = Vn—in—vs (724:)
and, in particular
Yin = Yn—i0 {7.25)

which are given by (7.21)} and (7.22).

Writing
(7.26)

>

Co = llessll and Iy = [yl

where § indicates the row and » the column, for these (n 4 3) X (# + 1)
matrices of coefficients, we find as an example that

|| 99 594 102 18 3
577 198 34 6 1
.99 594 102 18 3

Co = f 17 102 578 102 17
3 18 102 594 99
l 1 6 34 198 577

3 18 102 594 99
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and
—987(3/8) — 140 —24 —4  —1(3/8)]]
204(3/8) 0 0 0 0 '
. 35(3/8) 140 24 4 1(3/8) |
I's= g6 6(3/8) 24 144 24 6(3/8)]|-  (7.28)
1(3/8) 4 24 140 35(3/8)
0 0 0 0 204(3/8) |
—1(3/8) —4 —24 — 140 — 987(3/8) I
8. Semicardinal Intervpolation
From (7.15) we obtain that
wo= HA LI, b= (B 1) 8.1)
2|/2 '
From these we obtain the relations
lim 22~ = )25, lim @; = 4 for all j. (8.2)

These relations show that the computation of the ¢; , and y; , as given
by Theorem 4 never presents any difficulty or loss of accuracy no matter
how large » may be In fact the situation is as follows. If we write¢;, =
¢ and y; , = y¥) to indicate the dependence of these coefficients on n,

and use the formulas (7.17), (7.18}, (7.21)~(7.23), and (8.2) we find that

if n — o0

/2
lim el = ¢}y = 1 Aldl, (8.3)
) /2471 27 if <y, »>0,
lim c(") = ¢, = L‘ ! / (8.4)
V2 4-1g, 27 if j=wv, v>0,
lim %,y = yTug = — 1+ (31321, (8.5
lim p) = iy = (3/32)47 if >0, (8.6)

A — bAar it <
. m o+ 2V ™=
lim Viv = Viv = {__ %bvlj if ] 2 . (87)
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It follows that the fundamental functions (7.11) and (7.12) converge to the
spline functions

L) = fﬁlc:wo(x — 9, (8.8)
and
A0 = 3yl — ), (8.9)

respectively, where the coefficients have the values as given by Eqgs. (8.3)-
(8.7).
We may state without proving it here the following

THEOREM 5. If the data f(v), f'(v) (v = 0, 1,...) are such that
f¥) = 0@), f(v) = O0@W) as v -, for some y =0 (8.10)

then there is a unique S(x) € S5 o[0, ©) satisfying the conditions

Sx) = 0O(x") as x — 0, (8.11)
Sy =fw), S =FfF »=012..), (8.12)
S0y = 0. (8.13)

This unique solution is given by the expansion

fvol

S(k) = :ﬁf(V)Lﬁ(x) + 2 A x). (8.14)

0

9. Interpretation of Results of Sec. 7 in Terms of Matrix Inversions

Let us consider the (# 4+ 3) X (n -+ 1) matrices C, and I', defined by
(7.26) and define two new (# 4 1) X (# + 1) matrices C,* and I',*
obtained from C, and [',, respectively, and obtained from them by
deleting their first and last rows. Thus

Co* = lesull, ¥ =llyisll G,y =0,1,...,2). 9.1)

We define the following (# 4+ 1) X (# -+ 1) square matrices
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’+6 —2 0 0 . 0]
—-1 +6 —1 0
i 0 —1 +6 —1 |

P, = | | (9.2)
J 1 +6 —1 |
I —1 +6 —1)|
Lo 0 -2 +6}
and
132/3 0 - 01
\~1 6 —1 0 I
\ —1 6 —1 |
0. = . ’ (9.3)
‘ —1 \
‘ 0 0 wm”
Both matrices are what they seem to look like: Toeplitz matrices with
rows 0,0, — 1,6, — 1,0,..., except that the first and last rows are
modified.

THEOREM 6. The following matrix velations hold

C,* =P, (9.4)
and

= Q, . (9.5)

Proof. 1. Let us attack directly the interpolation problems (7.4) and
(7.5) by means of our B-splines Ny(x) and N,(x) of Fig. 1. The problem
as it stands depends on solving a linear system of (roughly) 2% unknowns.
The peculiar properties of the B-splines allow to reduce this problem to
the solution of fwo systems each in # unknowns. Indeed, consider the
spline function

n+l

Ulx) = g ANo(x —7) (9.6)

which if restricted to [0, #] becomes an element of S; ,[0, #]. Automatically
it has the property
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U =0 (»=0,1,..., 1), 9.7)

whatever the constant coefficients 4; may be. Let us determine these
such that

and
U’ =0, U'n) =0. (9.9)

If we substitute (9.6) into (9.8) we get the equations

—A_;+64,—4, = /(0)
— Ay +64,— A4, =f(1)
_An—2+6An—1"An :f(n—l)

- An»l + 6An - An+1 = f(ﬂ)'
(9.10)

Ny(x) being an even function, we conclude that Ny’ (0) = O while Ny'"'(— 1)
and No'" (1) are equal and of opposite sign. In fact they have the values
4+ 120, but that is unimportant, because (9.9) leads to the two
equations

A=A, A,y =An. (9.11)

Eliminating 4_; and 4,,; between Eqgs. (9.10) and (9.11) we obtain the
square system

+ 64, — 24, = (0)

— 4o+ 64, — Ay = (1)

— An—Z + GAn‘l — An = f(% - 1)

— 24, 4 + 64, = f(n)
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whose matrix is P,. Solving the system, we obtain
l[Ag, A1, .oy AT = P, 72 |[H0),. . ., f(m)||7. (9.12)

On the other hand, from Eqs. (7.6) and (7.11) we find that

n+l

Ul) = .%;ﬂvmm = S S ¢ Nolx — )

v=0 Jj=—1

Comparing with Eq. (9.6) and using the unicity of the representation (9.6),
we conclude that

4, = zn: e ) (= —1,0,..., 0+ 1). 9.13)

Leaving out the first and the last equation, we obtain

Ay = Dc;fwy for j=0,1,..., %, (9.14)
=0
or

Ao, Ay, .o, AT = CH[H0),. . ., fm)]]". (9.15)

A comparison of this with (9.12) establishes (9.4). |

2. We establish (9.5) similarly. We consider

n+1
Vix) = _21 B;Ny(x —7), (9.16)
which is to satisfy
Vi) =Ffly) (»=0,...,n), 9.17)
and
Vo) = 0, V'"'(n) = 0. (9.18)

Now we need the values of N;"""(— 1), Ny"’(0), N{"'(1). Actually they are
found to be 36, 168, 36, but the numbers 3, 14, 3 proportional to them will
do, for now we have from (9.17) the system
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—B_,+6B,— B, = /'(0)
‘Bo+GB1”‘Bz =f’(1)
'—Bn—2+6Bn—~1_Bn = f’(% - 1)

— By, 6B, — Bn+1 = f’(%)
(9.19)
while (9.18) and (9.16) lead to the two equations

3B_; +14By + 3B, =0, 3B,_, + 14B, + 3B,,; = 0. (9.20)

Substituting
14 14
B+ B)=— “3—30: Byi+ By = — §Bn
into Egs. (9.19) we obtain the system
32 ,
5 Bo = 1'(0)
— By + 6B, — By = {'(1)

?B" = f'(n) (9.21)
having the matrix Q,. Solving we find
[|Bo, B1,. - ., B,l|T = Q, | (0),. .., f(n)]l. (9.22)
On the other hand
n " n+1
Vix) = ;f(”)Av(x) = 26 f’(V)AZIVj.le(x — 1),
v= j=—

n+1 "

V(x) = 2 Ni(x —7) lyj.vf'(v)-

j=—1 y—
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Comparing with (9.16) we find that

Zwvf j=—10...,n+1 (9.23)

Retaining all of these except the first and last we have

B; Z%vf() for 1=0,...,n

or
1By, - ., Bul|T = T*|[(0),. .., £ ()]

A comparison with Eq. (9.22) establishes Eq. (9.5).

RemARKs. 1. Theorem 6 gives all elements of C, in terms of P71
except the first row y_;, and the last row y,.;,. However (9.13)
shows that

A—l = éc—l,vf(v)’ An+1 = $6n+l.vf(v)

and now the relations (9.11) show that
€1y = Cly Cpgly = Cn_1y, (@ =0,...,n). (9.23)
Similarly, Eqgs. (9.23) and (9.20) show that

14 14
YV-1v = — _3’7’0.v — Vi Vatriy = — ‘g"yn.v - Vn-1,v

»=0,...,n). (929

The relations (9.23) and (9.24) are readily seen to hold on the numerical
examples (7.27) and (7.28).

2. Explicit expressions for the inverses of the matrices P, and Q,,
defined by (9.2) and (9.3), would therefore furnish our results of
Theorem 4. Such explicit inverses can be constructed by means of some
results of Gantmacher and Krein [2, p. 95]. See also [3]. This, however,
is not the way in which we obtained Theorem 4. The remainder of this
paper describes the way by which we derived Theorem 4.
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10. Preparations for Deriving Theorem 4
These fall into several parts.

A. Proof of Lemma 5 of Sec. 7. 1f S(x), defined in [0, ], is an element
of SPJ[0, n], then it is fairly clear that we can extend the definition S(x)
to all real x so as to become an element of Sé?;. This means that there
exists an

S(x) e SY) (10.1)
such that
Sr) = S(x) if 0<x < m. (10.2)

Indeed, we can first extend S(x) to all real x by removing the knots
at x = 0 and ¥ = » and obtain Sy(x) (— o < ¥ < ) such that

Si(x) = S() if 0<x<n

while
Six)ens in (—oo,1] andalso S;(x)ems; in [# — 1, ).
Next we define
S() = S1(x) + anlv — n),® + @yl —n —1),5 4

4 bp(x — 1)t by~ — 1) 4

+oag(—2) 2 Faq(—x— 1) 4

+bol— 2t b (—x = 1) e,
and determine a,, b,,, (this can be done in many ways) such that S’ (n + 1) =0.
Next a,,1, bny1, 50 that S'(n + 2) = 0, a.s.o. Similarly we can achieve

that §'(— 1) = §(—2) =--- = 0. But then (10.1) surely holds. To
S{x) we apply Theorem 3 to obtain the expansion

oo

S() = X e;Nofx — ).

Restricting x to [0, %] and using (10.2) we obtain the desired rep-
resentation (7.9). The two lemmas of Sec. 4 imply its unicity. A similar
proof establishes the second part of Lemma 5.
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B. Determining the Fundamental Functions Ly(x), L1(x), and the
Eigensplines S1(x), So(x), of the Class Sg . We change notation from that
used in Theorem 1 and let us denote by

Lox) and ZLy(x) (10.3)
the fundamental functions of S5 ,. Furthermore, let
Si{x) and Sy(x) (10.4)

denote the eigensplines of the class Sy o (see [4, Sec. 2]). These span the
class

S5 = {S(x); S(x) € S5,2, S(») = S'(») = 0 for all »}. (10.5)
We begin by finding the functions (10.3). By Theorem 2 we have

Lolx) = Ocz w,No(x — v), (10.6)
Lilx) = Ci w,Ni(x — v), (10.7)

where the w, are the coefficients of the Laurent expansion

1 0
= > v, 10.8
—x L6 —x1 kmwvx (10.8)

Using 4, defined by (7.13), as the smaller root of (7.14), we find

=}
> Alilyi
—a0

l+2x+12x2+...+)¥x~1+12x—2+...

i

1 Ax—1 1 — 22 1 — A%

T T T = — A 1 — gk — i f 22

Since A2 — 61 + 1 = 0 we obtain

© 9 -1 __ g 9
Sawio . 2760 227 —6 4)/2
=~ 61 —Ax —Ax ! —x46 21 —x6—x1
because 24~ — 6 = 2(3 + 2}/2) — 6 = 4}/2. Thus
1 1 o=
= 131y 10.
ey s 41/2%,1 x (10.9)
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which shows that

w, = A—‘li"\ for all ». (10.10)

42

Finally (10.6) and (10.7) become

Lolx) = 2 AN (x — 7) (10.11)

4]/2

and
Li(x) = V Z AN (x — 7). (10.12)

That these functions do have the properties
Lol0) =1, ZLolv) =0 if v#£0, Ly(») =0 forallw
F0) =1, Z/») =0 if »#0, L (»)=0 forally (10.13)

is easily verified if we use the relations (7.1) and (7.1').
We now turn to the eigensplines (10.4). As mentioned before, these
are determined only up to a constant factor. We claim that, with 4 =

3 — 2]/2—, we may set
= D MNg(x —1), Sa(x) 2 A=ING(x — 9). (10.14)
This is clear, because
Si(x + 1) = AS;(x) for all %, (10.15)
S;(») =0 forally, (10.16)
while (10.14) implies also
S0) =2 —6+A1=1Y2—-61+1) =
and therefore

Si(») =0 forally, (10.17)

in view of the functional relation.
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Finally
Solx) = ; ATINy(x — 7)) = ]Z AiNg(x +4) = ; ANy(— x — §),
so that
So(x) = Si{— x). (10.18)
But then
So(x 4+ 1) = Si(— x — 1) = A71S,(— %) = 1715,(x),

showing that S,(x) is indeed an eigenspline corresponding to the eigenvalue
A1 =3 4 2)2.

However, we obtain a second set of eigensplines by proceding similarly
by using the second B-spline N;(x). Arguments similar to the above show
that

S0 = SN i) S = XAV — i), (1019)

is also an acceptable set of eigensplines for S o also corresponding to the
eigenvalues A and A7, respectively. It follows that we must have

851(%) = C1S1(8),  Safx) = CaSs (). (10.20)

The values of the constants C; and C, are readily determined as
follows. Observe first that the relation between the functions (10.19) is a
little different from the relation (10.18) because

So(—2) = 227N (—x —f) = 20 PNy(— x +7)

i

— 3 PNy — ),
7
and therefore

Sy(— x) = — S1(n). (10.21)

No'(—1) =20,  Ny"(0) = — 40, Ny”(1) =20, (10.22)

N/(—1)=—8, N,”(0) =0, Ny(1) =8,  (10.23)
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that are easily obtained from the explicit expressions (2.10) and (2.11).
From (10.14) and (10.19) we obtain

S,7(0) = 80,  $,(0) = 32)/2 (10.24)
and the first relation (10.20) becomes

~ 2

Si(x) = 2‘Sl(x). (10.25)

5
But then, by (10.18) and (10.21) we find

M@——&hﬂ=—%@%m
hence
- 2|2
Sp(x) = — TSQ(x). (10.26)

We note in particular the relations (10.11), (10.12), (10.14), (10.19),
(10.25), and (10.26) to be used below.

11. Determining the Fundamental Functions L,(x) in (7.6)
Using the formulae (10.11) and (10.14) we try to determine L,(x)
(0 << v << ») from a representation

L,(x) = Lolx — v) 4 ¢151(x) + c252(%), (1L.1)

with coefficients ¢; and ¢, to be appropriately determined. This looks
promising because the L,(x) defined by Eq. (11.1) for all real x, already
satisty the conditions that L,(7), L,’(j), vanish for all integer j, except
that

L,(» =1
The only remaining conditions to be satisfied are
Lvu/(o) — O’ Lv”'(ﬂ) = 0, (1]_2)

and these will yield the values of the constants ¢; and ¢,.
Requiring (11.1) to satisfy {11.2) leads to the equations

0151111(0) _|_ 0252111(0) — golu(_ 'V),

61517 (n) 4 €5y (n) = — Ly (n — ). (11.3)
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By direct calculation we obtain from (2.10) that
Ny"(=1) =120, Ny"(0) =0, Ng"(1) = —120 (11.4)
and the first expansion (10.14) shows that
S/7(0) = — 480)/2. (11.5)
The functional equation (10.15) yields Sy(x + #) = A75;(x) whence
S\"(n) = AnSy"(0) = — 480}/2 . (11.6)
Since Zy(x) is an even function in C""* we have
Ly (0) = 0. (11.7)
For £ > 0, however, we find from (10.11) and (11.4) that
Lok = — 1200k, (k> 0). (11.8)
Therefore
L' (n—v) = — 1204, (v < n), (11.9)
and finally, again from (10.11),
Ly (— ) = — Ly (») = 120 (11.10)
Finally (10.18), (11.5) and (11.6) show that
Sy""(0) = — S,"(0) = 480]/2, (11.11)
Sy"'(n) = — S, (— n) = 480]/2 4. (11.12)

We now distinguish two cases.

CasE 1: » = 0. Using (11.5), (11.6), (11.11), (11.12), (11.7), and (11.8)
for the coefficients of (11.3), we find that

o

42 (am — Ay’
Substituting these into (11.1) and using the expansions (10.11) and (10.14)
we find that

€] = ¢C3 =

L) = 3 esoNols — i) (1113
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where
_ ) Anti _|_ An—i
42650 = A1 — St
If § > 0, this yields
_ An—i + A—n+i
4V2 Cj,O = - AWZT 1)
while if 1 < 0 we get
- Anti + J—n—i
4V2 Cjog= — W .

In either of these two cases we can write

— Ar—1il -+ A+l
41/2 Cijo= — ‘W.

However, using the integers defined by (8.1), we may write

1 a,y
Cijo = —§bAny

which is the desired result (7.17).

Case 2: 0 < v < n. In this case we obtain from (11.3) the values

S e i R S G w0 L
1 41/5 n— A 2 4V§ o pn

Substituting these into (11.1) we obtain

‘

L) = 3 eslolr — i)

where

— n—yv —n4v v —y
ze,, = A EA A AA

e mln_]. (1114)

We must again distinguish two cases.
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Case 1: j <{». In this case we find that

Civ = — Zb;aj“n—v-
Case 2: § = v». Then
1
Civ = — Eava’n—j'

These results establish (7.18). For our purpose we need them only
forj = —1,0,1,...,n + 1. The symmetry relations (7.19) follow from
the identity

Lv(x) = Ln—v(” - x)

in view of the fact that

n+1 n+1
Lyyn—2) = X cinNolt — 2 — 1) = 2 CajinlNo(— % + 1)

j=-1 =1

n+1

= E C’n—~j,n—vN0(x _ ])
-1

12. Determining the Fundamenial Functions A,(x) in (7.6)
The main difference from Sec. 11 is that we now try to determine
A,{x) from a representation

Ay(x) = Li(x — ») + e151(x) + 2Se(%) (12.1)

where all three terms on the right side by (10.12) and (10.19) are
expressed in terms of the second B-splines N;(x¥ — 7). We are hereby
assured that the right side of (12.1) already vanishes for all integer
values of x. Thus

A,) = A,/(G) = 0 for all §, except that A,'(») = 1.
The only conditions that still have to be satisfied are
A,”7(0) =0, A,""(n) =0, (12.2)
leading to the system
e1517(0) + ¢255"7(0) = — £y"(— )
015, (n) + €235 (n) = — L1 (n — ). (12.3)
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Now we need the values

to

Nllll(_— 1) —_ 36’ NIIII(O) = 168, I\Tll//(l) —_ 36,
find the values

L00) = 36 — 48)/2, 2,(k) = — 48)/2 2%, (k> 0).

The quantities S;"”’(0), S,"’(0) are immediately obtained from (11.5),
{(11.11), and the relations (10.25) and (10.26).

The remaining calculations are so very much similar to those of

Sec. 11 that they may be safely omitted.
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