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Abstract

We consider the multiple M2-branes wrapped on a compact Riemann surface and study the arising
quantum mechanics by taking the limit where the size of the Riemann surface goes to zero. The IR quan-
tum mechanical models resulting from the BLG-model and the ABJM-model compactified on a torus are
N =16 and N = 12 superconformal gauged quantum mechanics. After integrating out the auxiliary gauge
fields we find OSp(16]2) and SU(1, 1|6) quantum mechanics from the reduced systems. The curved Rie-
mann surface is taken as a holomorphic curve in a Calabi—Yau space to preserve supersymmetry and we
present a prescription of the topological twisting. We find the N = 8 superconformal gauged quantum
mechanics that may describe the motion of two wrapped M2-branes in a K3 surface.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

M2-brane appears to be a fundamental object in M-theory in the sense that it can be identi-
fied with the fundamental string after the compactification of M-theory to type IIA string theory
[1]. In the past decade some progress has been made in finding the low-energy world-volume
descriptions for multiple M2-branes. Inspired by the work in [2] and [3], Bagger, Lambert and
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Gustavsson discovered the three-dimensional A" = 8 superconformal Chern—Simons-matter the-
ory, the so-called BLG-model [4-8]. Subsequently Aharony, Bergman, Jafferis and Maldacena
constructed the three-dimensional A/ = 6 superconformal Chern—Simons-matter theory, the so-
called ABJM-model [9]. Since then, the BLG-model and the ABJM-model have been proposed
as the low-energy effective world-volume theories of multiple planar M2-branes.

In this paper we study more general M2-branes wrapping a compact Riemann surface X, of
genus g. For g # 1 the world-volume of the M2-branes is curved and the Riemann surface has
to be taken as a holomorphic curve in a Calabi—Yau manifold to preserve supersymmetry. The
construction of such world-volume theories on the wrapped branes can be implemented as topo-
logically twisted theories [ 10]. For the world-volume descriptions of wrapped M2-branes, we can
take the further limit where the energy scale is much smaller than the inverse size of the Riemann
surface. This implies that the Riemann surface shrinks to zero and thus the three-dimensional
world-volume theories reduce to a one-dimensional field theories, i.e. quantum mechanics. The
purpose of the present paper is to derive and study the emerging IR quantum mechanics by re-
ducing the BLG-model and the ABJM-model.

It has been argued in [11] that there exist IR fixed points with AdS; factors in d = 11 su-
pergravity solutions describing the M2-branes wrapping X, which are gravity dual to supercon-
formal quantum mechanics (SCQM). Quite interestingly we show that our low-energy effective
quantum mechanics possesses a one-dimensional superconformal symmetry. Generally super-
conformal quantum mechanics is characterized by a supergroup that contains a one-dimensional
conformal group SL(2,R) and an R-symmetry group as factored bosonic subgroups. The first
detailed analysis for a simple conformal quantum mechanical model, the so-called DFF-model
is found in [12] and there has been a number of attempts to construct superconformal mechanics
since the earliest work of [13,14]. One of the most powerful way to build such superconformal
quantum mechanics is to resort to superspace and superfield formalism. However, it is unreason-
able and unsuccessful for highly supersymmetric cases with A/ > 8 supersymmetry because it is
extremely difficult to pick up irreducible supermultiplets by imposing the appropriate constraints
on the superfields [15]. Remarkably we find that such highly extended superconformal quantum
mechanical models arise from the M2-branes wrapping a torus and that our reduced quantum
mechanical actions agree with the predicted form for N' > 4 SCQM in [16-18].

This paper is organized as follows. In Section 2 we review the BLG-model [4-8] and the
ABJM model [9]. In Section 3 we study the multiple M2-branes wrapped around a torus. From
the BLG-model we find that the low-energy dynamics is described by A" = 16 superconformal
gauged quantum mechanics. Furthermore, we show that OSp(16]2) superconformal quantum
mechanics appears from the reduced system after integrating out the auxiliary gauge field. Sim-
ilarly from the ABJM-model N = 12 superconformal gauged quantum mechanics makes an
entrance at low-energy and we find the reduced quantum mechanics with SU(1, 1|6) symmetry.
In Section 4 we clarify the description for curved M2-branes wrapping a holomorphic curve in
a Calabi—Yau manifold. We discuss the amount of preserved supersymmetries and establish a
prescription for the topological twisting. In Section 5 we examine the two M2-branes wrapped
on a Riemann surface of genus g > 1 embedded in a K3 surface in detail. Finally in Section 6
we conclude and discuss some directions for future research.
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2. World-volume theories of M2-branes
2.1. BLG-model

The BLG-model is a three-dimensional N = 8 superconformal Chern—Simons-matter theory
proposed as a low energy world-volume theory of multiple M2-branes [4-8]. It is based on a
3-algebra A, which is an N-dimensional vector space endowed with a trilinear skew-symmetric
product [A, B, C] satisfying

[A,B.[C,D,El|=[[A.B,Cl,D,E|+[C,[A,B,D],E]|+[C.D,[A,B,E]]. (2.1)

This is called the fundamental identity and extends the Jacobi identity of Lie algebras to the
3-algebras. If we let 7%, a =1, ..., N be a basis of the algebra, the 3-algebra is specified by the
structure constants f¢,

|:Tu7 Tb, Tc] — fabchd' (22)

With the structure constant, the fundamental identity (2.1) can be expressed as

fabghfcdeg — fubcgfgdeh + fabdgfcgeh + fabegfcdgh (2.3)

Classification of the 3-algebras A requires finding the solutions to the fundamental identity (2.3)
for the structure constants f4%¢ .

In order to derive the equations of motion of the BLG-model from a Lagrangian description,
a bi-invariant non-degenerate metric 4% on the 3-algebra A is needed. Bi-invariance requires
the metric to satisfy f¢,he? 4 fbed pa¢ = 0. This implies that the tensor feb¢? = fabe ped
is totally anti-symmetric. The metric #*? arises by postulating a non-degenerate, bilinear scalar
product Tr( , ) on the algebra A:

n =Te(79, 7). @24)

The Lagrangian of the BLG-model is specified by the structure constant f¢”°, and the bi-
invariant metric h9°.

The field content of the BLG-model is eight real scalar fields X! = X174, 1 =1,...,8,
fermionic fields ¥;, = ¥,;,T¢, A =1,...,8, and non-propagating gauge fields Aab,
w =0, 1,2. The bosonic scalar fields X/ and the fermionic fields ¥, are 8, and 8. of an SO(8)
R-symmetry respectively. Also they are the fundamental representations of the 3-algebra. Gauge
fields A qp are the 3-algebra valued world-volume vector fields. They are anti-symmetric under
two indices a, b of the 3-algebra A up = —Aupa-

¥, is defined as an SO(1, 10) Majorana fermion and its conjugate is given by

v=vw'c 2.5)
where C is the SO(1, 10) charge conjugation matrix satisfying

c’=-c, cr¥c'=—(r")". (2.6)
Gamma matrix I'™ is the representation of the SO(1, 10) Clifford algebra

{rM, v} =opMN - pl0:= 09 2.7)
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where nMN =diag(—1,+1,+1,...,+1). '™ can be decomposed as

W—yhtg =
{F yrer’, =01, 2.8)
rM=nLer!2 1=3..10

where

o (0 1) _. (0 1) _ (1 0 _

and I'! is the SO(8) 16 x 16 gamma matrix whose chirality matrix is defined as ro.=ris,
Correspondingly the charge conjugation matrix can be expanded as

c=y"®C (2.10)
where C denotes the SO(8) charge conjugation matrix satisfying

¢T=¢, CErl¢'=—(r)". Q.11)
The fermionic field ¥ is the real % B 32-component Majorana spinor of eleven-

dimensional space—time obeying the chirality condition
rovy — —y. (2.12)

Although at this stage ¥ has sixteen independent real components, they are reduced to eight
when we treat it on-shell. From (2.8) it follows that

I—v012 I—v34 -10 =1, ®1—v9 (2.13)
and
30y — _y, (2.14)

This implies that ¥ is the conjugate spinor representation 8. of the SO(8) g R-symmetry group.
The Lagrangian of the BLG-model is

1
_ __phyla I N7 Al
Lpig= 2D X*D,X, +2lI/AFABD nay
—E b THXIX Wy, £ = V(XD + L 2.15
4 d ¥ Ba TCS ( . )
where
V(X)= 2f“"“‘fefg XoxyxEx!xix¥ (2.16)
1
LTCS = EEMUA (fadeAuahavAkcd + 5deagfefgbA#abAvchkef>- (2~17)
The covariant derivative is defined as
DyXy:=0,X,— AL, X, (2.18)

where A~Zh = foda pApca. Although the kinetic term of the gauge fields is similar to the con-
ventional Chern—Simons term, it is twisted by the structure constant of the 3-algebra. The gauge
fields are non-propagating since they have at most first order derivative terms.
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The supersymmetry transformations of the BLG-model are

SXy=i€al) W, (2.19)
1 .

8Wi, =Dy X I"T] ep — gxgxgxff’“darf{é"@ (2.20)

SAZaZiEAFMF,igXZWBddeba 2.21)

where € is the unbroken supersymmetry parameter obeying the chirality condition
e = P34 10 — ¢, (2.22)

This means that € transforms as the spinor representation 2 of the SL(2, R) and transforms as
the spinor representation 8; of the SO(8) g R-symmetry. The action (2.15) is invariant under the
supersymmetry transformations (2.19)—(2.21) up to a surface term.

If we assume that (i) the metric #%? of the 3-algebra A is positive-definite so that the kinetic
term and the potential term are all positive, and that (ii) the dimension N of the 3-algebra A is
finite, then non-trivial 3-algebra A is uniquely determined as [19,20]
2w

7eabcd = fEade (223)

hah — Sah (2.24)

fab(,‘d —

where the gauge indices a, b, ... run from 1 to 4 and £ is the integer valued Chern—Simons level.
This is called the A4 algebra. For the A4 algebra one can realize two gauge groups, SO(4) =
SU(2) x SU(2)/Z, and Spin(4) = SU(2) x SU(2) [21]. The moduli space for A4 BLG-model
with level k is identified with [21]

R8RS
Dot for SO(4)

RExR® .
Dit for Spin(4).

My = (2.25)

The limitation on the rank of the gauge algebra may only allow the BLG-model to describe two
M2-branes in analogy with D-branes.

2.2. ABJM-model

The ABJM-model is a three-dimensional A/ = 6 superconformal U (N); x U (N)_x Chern—
Simons-matter theory proposed as a generalization of the BLG-model in that it may describe
the dynamics of an arbitrary number of coincident M2-branes [9]. The theory has manifestly
only N = 6 supersymmetry and the corresponding SU(4) g R-symmetry at the classical level. It
has been discussed that [9,22,23] at k = 1 and k = 2 these symmetries are enhanced to N = 8
supersymmetry and SO(8) g R-symmetry as a quantum effect.

The theory contains four complex scalar fields Y A four complex spinors Y4 and two different
types of gauge fields A, and A - Here the upper and lower indices A, B, ... =1,2, 3,4 denote
4 and 4 of the SU (4) g respectively. The matter fields are N x N matrices so that Y4 and YA
transform as (N, N) bi-fundamental representations of U(N); x U (N)_j gauge group, while

! In this paper we will focus on the A4 algebra, however, the Nambu—Poisson 3-algebra and the Lorentzian 3-algebra
have been proposed as the escapes from the restriction by relaxing the condition on dimensionality and the requirement
of a positive-definitemetric respectively.
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YII and wTA do as (N, N). A, is a Chern—-Simons U (N) gauge field of level +k and Au is that
of level —k. Also in the theory there is a U (1) p flavor symmetry and the corresponding baryonic
charges are assigned 41 for bi-fundamental fields, —1 for anti-bi-fundamental fields and O for
gauge fields.

The Lagrangian of the ABJM-model is given by [24]

Lagvm = —Te(DuY i DFYA) =i Te(¥ ™ Ay P Dyura) — Vierm — Vios
kK 2i foa o 2 .
+ ¢ Tr| A, 8,A; + gA,LAVAx — AL d,A; — ?AMAUAA (2.26)
where

2 ; n . . .
Vierm = — —— Tr(Y YAy Byp — By Ayiyp — 2y v By yp + 2y 4y yay B

k
— By ypYiyp + eapcnY 1y PYCy D) 2.27)
A AytyByTyCyt o yiyAytyBytyC
Voos = =23 Tri(Y AV, Y PY YO Y e + Y, Y Ay Y Py ey
+aYAYEYCYiYByl —evAyiYByivCy)). (2.28)

Here we use the Dirac matrix (y“)a’s = (iop, 01, 03). The spinor indices are raised, 6% = P g,
and lowered, 0, = €,0” with €'> = —¢1, = 1. Note that this makes the Dirac matrix )/OZS =
(y")o” €py = (=1, —03, 01) symmetric and guarantees the Hermiticity of the fermionic kinetic
term. The covariant derivatives are defined by

D YA =08,YA +iA, YA —iY2A,,  Duya=0,0a+iAupa—ivaA,
DY, =8,Y! —iA Y +iYIA,, Dyt =0,y —iap™ +iyTA,.

(2.29)

The supersymmetry transformation laws are
YA =i Byp (2.30)
5Y =iy Bawyp (2.31)

21

3 [~wap(YCY YE —YBYLYC) 4+ 20cpY Y IYP] (232)

SYa=—y" wagD,Y? +

n 2 n
5y = D Yjo Pyt + (VY CxE — VY Cr)ot 4 2r )y Yo ] 233)

T - .
A, = ;(—YAW'BVMCOAB + @By, par}) (2.34)
A e -
A, = Z(—w'f‘YByMwAB + 0By, Yiys). (2.35)

The parameter w4 p is defined by

WAR = ei(Fi)AB, B = e,'(Fi*)AB (2.36)
where the SL(2, R) spinor €,i=1,...,6, transforms as the representation 6 under the SU(4) g

and I'' is the six-dimensional 4 x 4 matrix satisfying
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(M) g =—(I")ga (2.37)
L aBcp (i it\AB i\ AB
SR oy =~ = (1) 2.38)
{r',r’}=2s;. (2.39)
Note that the supersymmetry parameter w4 p obeys
1
w8 =y = EEABC%CD. (2.40)
The moduli space of the U (N); x lA](N),k ABJM-model is [9]
(C*/Zi)N
My i = QT = Sym™ (C*/Zy). (2.41)

This can be identified with the moduli space of N indistinguishable M2-branes moving in C*/7Z;
transverse space. Therefore the ABJM-model is expected to describe the low-energy world-
volume theory of N coincident M2-branes probing an orbifold C*/Zy. The four complex scalar
fields Y4 represent the positions of the membranes in C*.

In [21] it has been discussed that if N and k are co-prime, then the vacuum moduli space of the
U(N) x U (N)_g theory is equivalent to that of the SU(N) x SU(N)/Zp theory. Consequently
there are conjectural dualities between the ABJM theory and the BLG theory

U@2) x U (2)_1 AB]M theory < SO(4) BLG theory with k =1 (2.42)
U2); x 0(2),2 ABJM theory <  Spin(4) BLG theory with k = 2. (2.43)

These proposed dualities have been tested by the computations of the superconformal indices
[25]. Hence we may regard the SO(4) BLG-model with k = 1 as the world-volume theory of two
planar M2-branes propagating in a flat space.

3. SCQM from flat M2-branes
3.1. N =16 superconformal mechanics

3.1.1. Derivation of quantum mechanics

We begin our discussion with the BLG-model in the case where the membranes wrap a torus
T? and propagate in a transverse space with an SO(8) holonomy group. In this case the world-
volume theory of M2-branes is given by the action (2.15) defined on M3 =R x T2

In general a torus can be characterized by two periods in the complex plane. Such periods are
defined as the integration of a holomorphic differential w along two canonical homology basis
a, b of a torus. Let us define the periods by

/a):l, /w:r 3.1)

a b

where 1 is the moduli of the torus and it should not be real.

In the following we want to consider the limit in which 7' has vanishingly small size and
derive the low-energy effective one-dimensional theory on R. In order to obtain such a theory we
need to determine the configurations with the lowest energy. Since we are now considering su-
persymmetric theories, the conditions are expressed as the BPS equations. As we are interested in
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bosonic BPS configurations, we require that the background values of the fermionic fields vanish.
Then the bosonic fields are automatically invariant under their supersymmetry transformations.
Therefore the BPS equations correspond to the vanishing of the supersymmetry transformations
(2.20) for fermionic fields. Also we discard the terms which include the covariant derivatives
with respect to time because we are now interested in the low energy dynamics as a fluctuation
around gauge invariant static configurations. Then one finds the BPS equations

D.xI'=o, D:x!'=0 (3.2)
[x!, x7 xX]=o0. (3.3)

To go further we consider the SO(4) BLG-model that may describe two M2-branes. In this
case the Higgs fields transform as fundamental representations of the SO(4) gauge group and we
assume that these Higgs fields have non-zero values. Then the generic solution to (3.3) is given
by X ; =(x!, Xé, 0,0)”. For these solutions, the remaining BPS equations (3.2) reduce to

X +ALX =0,  8.X3-ALX[=0 (3.4)
ALX{ +A%Xx) =0, ALX{+ALX)=0 (3.5)
and their complex conjugates. First of all, Eqs. (3.4) tell us that the sum of the squares (X} 1 )2
(X5 2 for I =1, ..., 8 is independent of the locus of the Riemann surface. Thus we can write

X11+2 + iXé“ — 1,0 +0(.2) (3.6)

where r!, 07 € R are constant on the torus and represent the configuration of the two membranes
in the { -th direction while ¢(z, Z) may depend on z and Z. Furthermore, Egs. (3.4) enable us to
write A]2 = d,¢. The second set of equations (3.5) forces us to turn off four of six gauge fields;

Al3 = A2 = Al4 = A24 = 0. These components of the gauge field become massive by the Higgs
mechamsm Note that the above set of solutions automatically satisfies the integrability condition
for (3.2) because the gauge field A;z is flat.

One can find further restrictions by noting that the flat gauge fields A;z on a torus have specific
expressions. Cutting a torus along the canonical basis a and b, the sections of a flat bundle are
described by their transition functions, i.e. constant phases around a and b. Thus they can be
completely classified by their twists e27¢, ¢=271¢ on the homology along cycles a, b where
& and ¢ are real parameters. This space is the torus C/L,; where L. is the lattice generated
by Z + tZ. It is referred to as the Jacobi variety of T2 denoted by Jac(7T?). The twists on the
homology can be described as a point on the Jacobi variety. Hence the flat gauge field can be
expressed in the form [26]

1
—w Az, =27
T—7 22

—w 3.7)

Y/
22 T—T

where @ := ¢ + T£ is the complex parameter representing the twists on the homology along two
cycles. Subsequently we can write

()

T—7

e

¢(z,2) =2m —7 — 27 z. (3.8)
T—7T

Recalling that the angular variable ¢(z,7) in the X f X é -plane characterizes the ratio of two

bosonic degrees of freedom for the two membranes, it must take same values modulo 27 Z under

the shifts z — z + 1 and z — z + t around two cycles. This implies that both the coordinates
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& and ¢ can only have integer values, namely Aiz and A %2 are quantized. Therefore the generic
BPS solutions are given by

X, cos(0’ +¢(z,2))
iz _ [ Xp | _ [ sin®@" +o@2) |
0 0
0 0
0 212w, 0 0
. 27 -2 0 0 0
I L (3.9)
0 0 0 AZ(z,2)
0 0 —A,(z.2) 0

Here A§4 and A;t are the Abelian gauge fields associated with the preserved U (1) symmetry
and have no constraints from the BPS conditions. Taking into account the bosonic configurations
(3.9) and the supersymmetry transformations (2.19), we introduce fermionic partners

Yia ‘zg
W, = “’33 7 . ‘IE)B (3.10)
0 0

where ¥ is the conjugate spinor defined by ¥ := & C in terms of the SO(8) charge conjugation
matrix C. ¢ and w4 are the SO(2) g spinors with the positive chiralities while ¥¢ and ¥ —¢
carry the negative ones. Both of them transform as 8, of the SO(8)g.

Given the above static BPS configurations (3.9) and (3.10), we now wish to consider the
evolution of time and compactify the system on 72, Substitution of the configurations (3.9) and
(3.10) into the action (2.15) yields

1 |
S:/dt/dzz[EDOXI“D0X£ - %lI/"‘“DO%a
R T2
K ALE, - K (ALA, AL 311
_E 02 224_5( 24%z4 T A2 z4—) (3.11)
where the Greek letters @ = +, — denote the SO(2) g spinor indices. The terms in the first line
of the action (3.11) come from the kinetic terms of the BLG action while those in the second
correspond to the twisted topological Chern—Simons terms.
Firstly since the gauge fields A;Z and A 212 are quantized and their time derivatives do not
appear in the action, these fields are just auxiliary fields. Exploiting the equations of motion

they can be excluded and we find the constraints A§4 = A§’4 = 0. Hence the corresponding field

strength F % 4 has no time dependence. In order to dimensionally reduce the theory on the torus,
we rescale the fields as

x"=RrRx! W =R, @ =Ry (3.12)

where R is the circumference of the torus. Note that they get the canonical dimensions in the
reduced theory; the bosonic variable X I has mass dimension —1 /2 and the fermionic variable
¥’ acquires mass dimension 0.
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Performing the integration on the torus by means of the Kaluza—Klein ansatz for A(l)z and
dropping the primes on the fields, one finds the effective action

S= /dr[%DOX’”DOX; - %ll_/‘mDolI/W —kcl(E)A})z]. (3.13)
R
Here
1 2_13
Ci(E) =/c1(E) - E/d F3, (3.14)
T2 T2

is the Chern number resulting from the integration of the first Chern class ¢ (E) of the U(1)
principal bundle E — T2 over the torus, which is associated with the preserved U (1) gauge field

i,
) The action (3.13) is invariant under the one-dimensional conformal transformations
8t = f(t) =a+ bt +ct?, 890 =—fdo (3.15)
1. ~ .~
sx!= 5fX;, SAY =—fA), (3.16)
Wy, =0, SP* = (3.17)

where f(¢) is a quadratic function of time with real infinitesimal parameters a, b and c.
Besides, the action (3.13) is invariant under the N’ = 16 supersymmetry transformations

sx!=ietrty_ ,—ie_r'w,,, 84 =0 (3.18)
§Wiy=—DoX.IMe_, SW_,=DoX e, . (3.19)

Therefore the resulting effective theory (3.13) takes the form of A = 16 superconformal gauged
quantum mechanics with a Fayet—Iliopoulos (FI) term.

3.1.2. Reduced system with inverse-square interaction 3
Since the gauged mechanical action (3.13) is quadratic in the U (1) gauge field A(l)2 and does

not involve the time derivative of it, A(l)z is identified with an auxiliary field and has no contribu-
tion to the Hamiltonian. Hence the Hamiltonian is invariant under the action of the corresponding
U(1) gauge group on the phase space M. This means that the corresponding moment map
u: M — u(1)* is the integral of motion [27] and one can reduce the given phase space M to a
smaller one M, = 11~ (c) with fewer degrees of freedom by fixing the inverse of the moment
map at a point ¢ € u(1)*.

In fact it is known that one-dimensional gauged matrix models give rise to the alternative
descriptions of the Calogero model and its generalizations as the reduced systems [28-30]. In
order to obtain our reduced system, we shall eliminate the auxiliary field A(l)z in two steps; first
we choose a specific gauge and then impose the Gauss law constraint to ensure the consistency
of the gauge fixing. Let us choose the temporal gauge Ag = 0. Together with the solutions

il = kC1(E)+ Y ;20! + i Wyp
Zl(rl)z

1l Al 12 12

Ay =AY = AL =A5, =0 (3.21)

(3.20)

2 The components of the moment map form a system being in involution since the gauge group is Abelian. So we do
not need to divide by the non-trivial coadjoint isotropy subgroup to obtain the reduced phase space.
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to the equations of motion for Ag, we can read off the Gauss law constraint

$o:=kC1(E)+ Y ()07 +iW Wup =0. (3.22)
1

This equation is the moment map condition. To see the physical meaning of this constraint, we
observe that ()26 represents the “angular momentum”, the SO(2)-charge corresponding to the
rotation in the X f X é -plane while the fermionic bilinear term il?‘;“ W, p produces the charge of
the SO(2) rotational group of the two types of fermionic variables ¥4 and ¥p. Accordingly the
equation (3.22) says that the total SO(2) charge which rotates the internal degrees of freedom for
the two M2-branes is fixed by the Chern—Simons level k and the Chern number C;(E).

With the constraint function ¢y, one can write a new Lagrangian by adding A¢y where A is
the Lagrange multiplier. The resulting action is

1 2 1 2k — .
S:/d;[ig(ﬂ) +§XI:(r’9’) — SV g

R

+A<kC1(E)+Z(r1)291 +i@‘;§%3>}. (3.23)
1

The absence of the variables #/’s in the action (3.23) immediately implies that they are cyclic
coordinates and their canonical momenta p,r = (r/ )26! are just the integrals of motion.

In what follows we reduce the theory through the Routh reduction (see for example [31]). It
should be emphasized that although the Hamiltonian reduction® may be a more familiar method
to eliminate variables with symmetries, in our case the Routh reduction provides us a simpler and
more direct path to obtain the explicit action or the Lagrangian of the superconformal mechanics
with N > 8 supersymmetry unavailable so far. It is possible to eliminate cyclic coordinates from
the Lagrangian by constructing a new Lagrangian, the so-called Routhian [32]. The Routhian
is a hybrid between the Lagrangian and the Hamiltonian, defined by performing a Legendre
transformation on the cyclic coordinates

R(r' i+ n" W) =L(r 7. 6T, W) = 6" py. (3.24)
I

Due to the partial Legendre transformation, the variables r/ and ¥ still follow the Euler—
Lagrange equations while the ignorable coordinates #7 and their momenta h’ := p,; obey the
Hamilton equations. However, the latter set of equations results in trivial statements; the constant

property of i’ (i.e. h' = 0) and the definition of 2 (i.e. 8 = 2

(r!
is not really R(rl, ol ) but rather R(rl, i, ) along with the integrals of motion his.
Hence we can rewrite (3.23) as

Iz I D iy, —
S:/dt[i;(r’) _Ez(rlﬂ_iw ‘I/aa+k<kC1(E)+;hl+zl,l/AlI/a3>:|.

R I

1)2 ). So classically the Routhian

(3.25)

3 The same result can be obtained from the Hamiltonian reduction by rewriting the Hamiltonian in terms of the con-
served charges.
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Integrating out X, we finally obtain the reduced effective action
1 .
S=3 /dr[a}z + 3 (71— iy,
R I#K
[kC1(E) + 3 sx b + 10 Wap]’ (h!)?
- q2 - Z (,,1)2 : (3.26)
I#K

Here we have defined ¢ := rX where K denotes the specific direction in which #X is auto-
matically determined by other conserved quantities 4!’s. Note that the terms appearing in the
numerator of the potential are the integrals of motion, namely they commute with the Hamilto-
nian.

Let us study the classical properties of the theory (3.26). The action (3.26) leads to the classical
equations of motion

[KC1L(E) + Xy ug b + i W]’

. . (327)
ol _ E}rlj;j (3.28)
PN LSIOE Zl;;g Wi, (3.29)
Gy [kC1(E) + Z,Zg h! + 0% W, p] v (3.30)

Making use of the equations of motion (3.29) and (3.30), one can check that the differentiation of
the Gauss law constraint (3.22) with respect to time # vanishes. In other words, ¢ is the constant
of motion.

The canonical momenta are

L L,
::—:-, ::—.:. 3.31
p 0 q Pri=oip =7 (3.31)
L i oL i
no = o= %w‘w, Faa i= e = %WM. (3.32)
oaa alp

The fermionic momenta 7%* and 74, do not depend on the velocities but on the fermionic
degrees of freedom themselves. Hence one can read second-class constraints

B = = ST =0, o = Taa — 5Vea =0, (3.33)

Under the constraints, we get the Dirac brackets
lg.plpe=1,  [r'.ps]ps=8"y (3.34)

1 i .
—=8apbabips  [Waadr UPPB) 5 =i8updand - (3.35)

[lI/ aA’ﬂﬁbB]DB = 2 aaA’

o

The action (3.26) is invariant under the following one-dimensional conformal transformations
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St=f(t)=a+bt+ct>,  83=—fd (3.36)
1. 1.

8g=514q. orl = Efr’ (3.37)

Wy, =0, SP* = . (3.38)

Here the constant parameters a, b and ¢ are infinitesimal parameters of translation, dilatation
and conformal boost respectively. The corresponding Noether charges, the Hamiltonian H, the
dilatation operator D and the conformal boost operator K are found to be

= 2

1 KCU/(E)+ Y jux W +iW%W,p B2
H:—|:p2+( X ian) Z(p%t( ,)2)} (3.39)

2 q x "

1
D=tH -7 [(qp +pq) + Z(r’pz + pzrl)} (3.40)
I#K
1 1 2
K=1*H— §t|:(qp +pa)+ > (' pr+ p,r’)] + §|:q2 +Y (") } (3.41)
I#K I#K
The operators D and K are the constants of motion in the sense that

aD 0K
—— +[H,Dlpp =0, — +[H,K]pp =0. (3.42)

ot ot

Note that the explicit time dependence of D and K can be absorbed into the similarity transfor-
mations

D :el.l‘HDOe*l‘lH’ K = eitHK()eiitH (343)
where
1
Do :=—Z[(qp+pq)+ 2" +p1"1)] (344)
I#K
. 15 1\2
Ko:= §|:q +Y (" } (3.45)
I#K

are time independent parts of D and K respectively. So we will use the time independent parts
as the explicit expressions for D and K and drop off the subscripts.
The action (3.26) is invariant under the following fermionic transformations

i i
Sg=—(EW_p—eTW )+ — (W p—W,p (3.46)
1 ﬁ( +4) fz( +8)
sl =icoso! (e MW q —&e Iwia)+isind/(eTr'w_pg—e I'wp) (3.47)
1 hk il Y -
' -=——<c}——>e i — —=—Y ~—Z<f’lcosel—sin01—>l“le i
+AA +A +BA 7 —A
V2 q V24 = r
(3.48)
1 /. hE\_ il y . hY =
‘W’AAZE(Q_7>GA_ngt}fi"'[#gk(" cos@’ —sinf r—,)F €4

(3.49)
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hN -
Z(r"sin@’ +cos€’—1>F]e_A
r

I1#4K
(3.50)

114 —1 ('—i-—hK) +—i llI/
A= — € A — A —
+BA V2 1 q 4 V2 4q +AA

1 hK i1y, h!
W = —— '+_>g_-+ it (r sin” + cosf! — )FIE
BA \/E(q g A \/EC] AA 1;( +A
(3.51)

where we have defined

1
o' (1) = / TP (3.52)
I= (T ey —F e ) — (FBey —0Bc). (3.53)

We should note that the supersymmetry is generically non-local in the sense that the transfor-
mations contain the integrals of the function of the non-local variables r/’s with respect to time.
The non-locality is the consequence of the Routh reduction. Hence the infinite number of the
associated conserved charges may exist and things may become much more exotic. However,
as seen from the (3.39), the motion in the K-th direction endowed with the local supersym-
metry and others with non-local ones are essentially decoupled because their Hamiltonians
commute with each other. Thus we can treat them separately. This indicates that the theory
possesses the local conserved supercurrents and the non-local supercurrents which are in in-
volution.

3.1.3. OSp(16|2) superconformal mechanics

Now we want to study the K-th motion associated with the local charges and shed light on
the algebraic structure of the symmetry group in the quantum mechanics. For simplicity let us
consider the case where the all independent conserved charges h!’s are zeros. This is realized
when the internal degrees of freedom for two M2-branes are unbiased.*

The dynamics in the K -th direction is given by the action

1 — e kC\(E) +i¥%Wyp)?
S:E/dt[q'z—illfo‘“llfw—( WE) + 104 Yen) } (3.54)
q

The notable feature is that our reduced action (3.54) has the predicted form for A/ > 4 supercon-
formal mechanical action discussed in [16-18].
The action (3.54) is invariant under the following A = 16 supersymmetry transformation laws

i _ i B}
&1:%(6 W,A—e+w+A)+ﬁ(e w_p—&twig) (3.55)
1 i1
5w+AA:——<q+§>e+A—L—w+BA (3.56)
V2 q V24
1 i1
SW_u4i= —(é + §>€—A - v (3.57)
V2 q V24

4 This specific charge assignment does not affect the following discussion for the K-th motion since non-vanishing
h'’s can only give rise to a constant shift in the numerator of the potential.
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1 g il

so q~__>6 LI (3.58)
+BA «/5( q +A \/iq +AA

sw 1 < g) L1y (3.59)
pi= q——)e_j =¥ 4 :
AT\t q) T J2g M

where
§=kCi(E) +i¥4¥Wys. (3.60)

These supersymmetry transformations are local and we therefore can apply the conventional
Noether’s procedure. By means of the Noether’s method, the corresponding supercharges are
calculated to be

i g [ 4
0= (o 5 )emit J5(r= ) en

Since the action (3.54) is invariant under the conformal transformations 8¢t = f(¢), 6q = % fq
and §¥,, = 0, three generators, the Hamiltonian H, the dilatation generator D and the conformal
boost generator K are explicitly expressed as

_l o KOE % Wy p)?

H= 3.63
> 27 (3.63)
1
D=-21{q,p) (3.64)
1
K =—q% 3.65
7 (3.65)

where {, } represents an anti-commutator.
In order to quantize the theory, we impose the (anti)commutation relations for the canonical
variables obtained from the Dirac brackets (3.34) and (3.35)
lg, pl=1i, (Wi PP} = —8apdand ;- (3.66)

aaA’

The presence of the conformal symmetry and the supersymmetry leads to that of a supercon-
formal symmetry. Let us define the superconformal boost generators

i
Sei= 5aWiait Vil (3.67)
i
SfAz_ﬁq(waA'-’_WfBA)' (368)

Additionally the theory has the internal R-symmetry which rotates the fermionic charges. We
define the R-symmetry generators by

Uap) i = Uap) | + Jap) T (3.69)
where
(Jaﬁ)% =iy, whB (Ja/g)f}g =i Ay, (3.70)

Notice that the R-symmetry generators satisfy the relations
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) ig = U+t 4 (3.71)
(J—ig=—U-gi (3.72)
(J+-)ip=—U-1)p4 (3.73)

and therefore the matrices J4, J__ and J_ contain 28, 28 and 64 independent entries re-
spectively while J_. yields no independent ones because of the relations (3.73). Therefore the
R-symmetry matrix totally carries 28 + 28 + 64 = 120 elements.

Using the canonical (anti)commutation relations (3.66), one can find the complete set of
(anti)commutators among the generators

[H,D1=iH, [K,Dl=-iK, [H,K]=2iD (3.74)
[(Vap)ig- H]=0.  [UJap)ip D]=0.  [(Jap)ip. K]=0 (3.75)
[Jap) ags Uysdep] =iUyp)eidasdip —i(Jas) ipdpydpe

+i(Jsp) ppdaydic —i(Jay) ic:0858 3 p (3.76)

[H.Qul=0.  [D.Quil==5Cui:  [K. Quil=iS,i

[H, éa/i] —0. [D, @aA] _ _%@oﬁi’ [K aa/&] _ jgeA (3.77)
i

[H’SaA lQaA’ [D’SO[A]ZES(XA’ [KaSaA]ZO

[#.544]=—ig*t  [D.5"4] =254 [K.5*4]=0 (3.78)

{QaA’ Q } 2Hbupd s

{ A SﬂB} 2Kéapdip

{Qui- 3p8 } = —2Déupd i3 + (Jaﬂ)AB(fSaﬁ —8a—p) — 0!/58AB

{0, Sgp} = —2D8upd ;5 + (Jaﬁ)AB(sa,g —8a—p) — —&maAB (3.79)

[(J“ﬂ)AB’ yC]_l(Q,BBSDfVSAC 0, i0%8y83¢)

[(‘]Olﬁ)AB’ yC] = Z(SﬂBBDtVSAC Swidpydpe)

[(Jap) i O ] = _’(Ql6 Saydic — éaA‘SﬁV‘SBC')

[(Jap) i 7€) = =i (5PB 60y 8 i — 545, 8 5¢.). (3.80)

The Hamiltonian H, the dilatation generator D and the conformal boost generator K satisfy
the one-dimensional conformal algebra (3.74). By defining

1/K

T0=—<—+aH) (3.81)
2\ a

T,=D (3.82)
1/K

T =— <— — aH) (3.83)
2\ a

with a being a constant with dimension of length, one finds the explicit representation of the
s0(1, 2) algebra
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(T;, Tjl=iejT* (3.84)

where €;j; is a three-index anti-symmetric tensor with €p12 = 1 and g;; = diag(1, —1, —1).
Alternatively, if we introduce

1 K

Lo=~(at+ = (3.85)
2 a
1 K )

Li=—-laH—-——=*2iD), (3.86)
2 a

then we get the explicit representation of the sl(2, R) algebra in the Virasoro form

(L, Lnl = (m —n)Lyyn (3.87)

withm,n =0, 1.

As the superpartners of the conformal generators there are sixteen supercharges Q, ; and as
many superconformal generators S, ;. As seen from (3.75) and (3.80), the R-symmetry genera-
tors (Jug) 45 commute with the bosonic generators H, D and K while they yield the rotations of
the fermionic generators Q4 and S, ;. The commutation relation (3.76) implies that (Jug) 4 5
obey the so0(16) algebra. Therefore we can conclude that the theory (3.54) is the OSp(16]2)
invariant A" = 16 superconformal mechanics. Indeed this fits in the list of the possible simple
supergroup for superconformal quantum mechanics [33,34].

We see that the R-symmetry is now enhanced in our quantum mechanics. Interestingly a sim-
ilar phenomenon has been already observed in d = 11 supergravity. In d = 11 supergravity the
original tangent space symmetry SO(1, 10) can break down into the subgroup SO(1, 2) x SO(8)
through a partial choice of gauge for the elfbein. However, it has been pointed out in [35-37]
that one can find the enhanced SO(1,2) x SO(16) tangent space symmetry by introducing new
gauge degrees of freedom. It would be intriguing to inquire whether the enlarged R-symmetry of
our quantum mechanics reflects that of d = 11 supergravity.

3.2. N =12 superconformal mechanics

3.2.1. Derivation of quantum mechanics

Let us consider the U(N); x U (N)_; ABJM-model on R x T2. The theory may describe
the dynamics of N coincident M2-branes with the world-volume M3 = R x T2 moving in a
transverse space with an SU(4) holonomy. We now want to derive the low-energy effective theory
describing the dynamics around static BPS configurations. Such BPS configurations obey the
BPS equations. From the supersymmetry transformations (2.32), (2.33) for fermions we find the
following set of BPS equations:

D. Y4 =0, D:Y4 =0 (3.88)
Yerly® —vBylr¢=o0 (3.89)
YCriy? =o. (3.90)

To satisfy the algebraic equations (3.89) and (3.90), the bosonic Higgs fields Y4 and Y); should
take the diagonal form

Y4 =diag(y{',...,yx), Y. =diagFar,..., an) (3.91)
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where y;“ is a complex scalar field. For the above diagonal configurations, all the off-diagonal

elements are massive and the gauge group U (N) x U(N) is spontaneously broken to U (1)V [9].
Let us define

‘AZL_LZ = Apaa + Auaa» A;:a ‘= Apaa — AAp,aa (3.92)
where the indices a = 1, ..., N characterize the gauge degrees of freedom, i.e. the internal de-
grees of freedom of the multiple M2-branes. Note that all the couplings involve the gauge fields
A, while the other gauge fields Aj; are associated with the preserved U (1) gauge group. In

a
terms of the expressions (3.91) and (3.92), we can rewrite Egs. (3.88) as

0yd +iALyt =0, 9:¥pa—iALTaa=0 (3.93)
oyl +iALyd =0, 0:¥aa—iALI4a=0 (3.94)
Agap = Az = Asqp = Asqp =0 fora #b. (3.95)

The first and second lines correspond to the equations for diagonal elements and last one is for
the off-diagonal elements. The general solutions to Egs. (3.93) and (3.94) are given by

y‘? — r‘;‘\ei(tﬂa(zi)-i-@f) (3.96)

‘A;l = _azfpa(Z7 Z) (397)
where r;‘, 9,? € R have no dependence on z and z while ¢,(z, z) € R is a function of z and Z.
The expression (3.97) ensures the flatness of the U (1) gauge field .AZ_. Hence ¢,, .Az_a and Aga
take the form [26]

) )

2)
¢a(z,2) = =27 _”fz+2nt 2z (3.98)

_ O - Ou _
Aw=2nt_fa), Az, =—2nt_fa). (3.99)
Here 7 is the moduli of the torus defined in (3.1) and ®, := ¢, + T&,, a=1,..., N, are the
coordinates of the product space of the N Jacobi varieties characterizing the N U (1) flat bundles.
For the bosonic Higgs fields to describe the positions of the membranes, we should impose the

single-valuedness of y4 as
yf(z+ 1,z4+1) =yf(z,2)
Vet i+D =yl 2. (3.100)

These conditions require that £, and ¢, are integers, which result in the quantization of the
variables ¢, A, and A . Then the resulting static BPS configurations are

yA = diag(ylA, ey yl‘e) = diag(rfei(‘/”(z’z)"'@lfx), ey r;:‘,ei(‘p’v(z’z)"'ele))

Y;{ =diag(yat,..., VAN) = diag(rﬁeii(w(Z’Z)Jre'A), e, r;}eii((pN(Z‘Z)Jrele))

AZ = diag(Az“, ceey AzNN)

AAZ = A; + 00 =diag(Az11 + 001, ..., AznN + 0z0N). (3.101)

By the supersymmetry the above bosonic configurations are paired with the fermionic fields

Via =diag(Prar, ... Yean),  vit =diag(yt, .y [Y) (3.102)
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where the subscripts &+ label the SO(2) g spinor representation.
Inserting the set of BPS configurations (3.101) and (3.102) into the ABJM action (2.26) one
finds

N
5= [[ar [ @3 32| 0058 Doyt~ 0 Dot = 94 Dot
R T2 A a=l1
k R |
+ i Ao Fza + EAzaAza — EAza'AZa . (3.103)
Recall that A7 and A; are quantized and their time derivative terms do not show up in the
action. Thus we can treat them as auxiliary fields and integrate out them. Consequently we get
i i+ — AT = ich i + + ;
constraints A7, = AZ, = 0, which imply that the gauge fields A7, and A7, on the Riemann
surface have no time dependence.
Taking these constraints into account and proceeding the integration over the torus, we obtain
the low-energy effective action

S = /dz[Doyj Doy — iy T4 Doy a + kC (Ea)Ag, - (3.104)
R
Here the repeated indices are summed over and «, 8, ... = 4, — denote the SO(2) g spinor in-

dices. The covariant derivatives are defined by

Doy, =y +iAg,ys, DoYaa =Y aq — iAg, Y Aa
DoViasa = Vada +iAg,Varas  Dovid =vid —idy, wis (3.105)
and
Ci(E,) = iszzaa = i/ﬁ (3.106)
2 4 wza
T2 T2

is the Chern number of the a-th U(1) principal bundle E, — T2 over the torus associated with
the preserved U (1) gauge fields A,,,.
The action (3.104) is invariant under the one-dimensional conformal transformations

8t = f(t)=a+ bt + ct>, 830 = —fdo (3.107)
4 L4 _ 1._
Sya zifyaa SYAaZEfYAa (3.108)
$Yaaa =0,  SYia=0 (3.109)
8As, = 1Ay, (3.110)
and A = 12 supersymmetry transformations
8y =i Byypa, 8V a0 =iV, *Bwgap (3.111)
8Vuna = waapDoyE,  SYiA = —Doyp.wl® (3.112)
8Ay, =0 (3.113)

where the supersymmetry parameters w4 4p := €4+;(I" i) A and w_ap :=€_; (Fi) Ap transform
as 6. and 6_ under SU(4) x SO(2) g respectively. Therefore the low-energy effective theory is
described by the N = 12 superconformal gauged quantum mechanics (3.104).
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3.2.2. Reduced system with inverse-square interaction

The low-energy effective action (3.104) is quadratic in A, and contains no time derivatives
of A, So they are auxiliary fields and we want to integrate them out. Let us fix the gauge as
Ay, = 0. Then the algebraic equations of motion of Ay, yield the Gauss law constraints, the
moment map conditions

Poa = KC1(E) +2 ) (rd) 0 + D v 4 =0 (3.114)
A A

fora =1,..., N. Note that although the set of equations (3.114) has the same form as that of
(3.22), the physical meaning of these constraints are different because the angular variable Gf’s
are defined not in the abstract space of the internal degrees of freedom as in (3.22), but in the
actual configuration space of the a-th M2-brane in the A-th complex plane.

Defining the conserved charges hA = 2(rA)29A, using the above constraints (3.114) and
following the reduction procedure as in the derivation of (3.26), we can integrate out the auxiliary
gauge fields A, and find the reduced effective action with the inverse-square type interaction

N

L -
R a=l A#B
+ Z )Llaa)wa ).\-hm)&oza)
A#£B
[KC1ED + Eazphl + X agp VT Vana + 47 @ a]’ 5 (h;j‘)z]
4x2 AZB 402 ]
(3.115)

Here x, := r2 describes the motion of the a-th M2-brane in the B-th complex plane in which the
corresponding “angular momentum” hf is determined by the assignment of the other preserved
charges. We have also introduced the fermionic variable Ay, := ¥4 p, With A = B, which turns
out to be the superpartner of rC, C =1,2,3, as we will see the supersymmetry transformations
(3.140) and (3.141).

The action (3.115) leads to the following equations of motion

2
[kcl (Ea) + ZA;AB h? + ZA;&B wTaAawocAa + )\T(m)\aa]

_ 3.116
xa 4)(2 ( )
A2
A ()
i = aey (3.117)
kCU(EQ) + 3 gup h + 3 asp ¥ 4 anq + 2T %4
Vara =i T Vada (3.118)
Xa
A taA ¥
it oa z_ikCI(Ea)+ZA7éB h +%A¢Blﬁ “Ygaa+ A1 “Aaa ke 3.119)
Xa
. kCi(Ey) + hA + TaAdy,  aq 4+ 1T
- o)+ Lazsha ZZ#BI/' Vata % (3.120)
Xa
A taA ¥
fraa _ _ikCI(Ea)+ZA7éB hg + 24z ¥ " “Vara + 1" Aaq e 3.121)

2x,4
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Using the fermionic equations of motion (3.118)—(3.121), we can check that the Gauss law con-
straint (3.114) has no time dependence, i.e. ¢o, = 0.
The canonical momenta are given by

JdL oL

a4.= =2x4, PY = — =274 3.122
T AT A T A (3.122)

aL i aL i

aAa .__ _ " taAa ~ . _
v = al‘ﬁaAa = 210 s TyAa ‘= al/-/TaAa = 2waAa (3.123)

aL i . . aL i

I = —— = A%, Iy, = — = —Aa- 3.124
a)\laa 2 oa a)\Taa 2 oa ( )

The fermionic canonical momenta provide the second class constraints

i - i
it =M = Syt =0, Prusai=Tana = 3 Vasa =0 (3.125)
¢ = 179 — %ﬂ““ =0,  uga =y — %/\W —0. (3.126)

Taking account into the constraints (3.125) and (3.126), we find the Dirac brackets

[xa: "] pp =8ab  [rls PE] 5 = OaB8ab (3.127)
[Vara. wPE) ) = i8apdaBdab.  [Maas ATPP] 5 = i8apbab- (3.128)

The action (3.115) possesses the one-dimensional conformal invariance

St=f)y=a+bi+ct?,  Sd=—f (3.129)
1, A 1.

Sxazafxa, or, :—fra (3.130)

SYana =0, Sy *t= (3.131)

Shea =0, 8% =0. (3.132)

Using the Noether’s procedure we find the SL(2, R) generators

kCi(E A oA 2
Al pg ( 1( a) ZA;&B ha ZA ¢ foda l/JozAu + )\Taa)haa)
H = E -4 4

— 4x2
(PH?  (hd)?
i Z( . 4(@)2)} A
A#B
1 N
D:—ZZ[{xa,pa}—{— Z{rj,PaA}] (3.134)
a=1 A#B

K= Z[x +y (2

A#B

] (3.135)

Here we have absorbed the time dependent part of D and K by similarity transformations (3.43).
Also the action (3.115) is invariant under the following fermionic transformations
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i .
8xq = ﬁ(e‘*cwacg +el cwl*0) (3.136)

[ aCDwaDa) 8¢ + (wuaDwaCD)eiGaC _ (e“ckaa)e_ieac
ﬂ“)ei%c] (3.137)

(e
(€
SYaca = (r +l )em‘l[)wotCD

kC (E )+ D_|_ faDa +)\Taa)h
+\/§<)'Ca i 1 ZD;&B 1/[ waDu aa)ET

2%4 aC
3.138
«/Exa wocCa ( )
SWMC -D -h(? —ioP cD
=—\ry —iz"5 e w,
a a 2rp
D FaD T
+\/— xa kCl(E )+ZD7§B +1ﬂ “ a‘/’aDa +A aa)haa Eac
2x,4
4+ — w’fﬂfc (3.139)
ﬁxa “
. K¢ e
Shoa = —E;C (rac +1i 2”—{16,)610“ (3.140)
a
h¢ .
SAT = —(i’ac — iz—“c)e—’efeac (3.141)
rll

with C, D = 1,2, 3. Here €*€ and their Hermitian conjugate eic are infinitesimal fermionic

parameters and we have defined

t
d /
ef(r)=hf/m (3.142)
la=eY,—€ey). (3.143)

3.2.3. SU(1, 1|6) superconformal mechanics

The fact that the transformations (3.136)—(3.141) involve the non-local quantities suggests that
there may exist infinitely many conserved non-local charges. However, we see from (3.133) that
the Hamiltonian describing the motion in the B-th complex plane associated with the variable
x and the local charges commute with the others associated with the variables <’s and the
non-local charges. Therefore they are decoupled with one another and we thus can analyze the
dynamics in the B-th direction separately. As in Subsection 3.1.3, it is convenient to assign
the conserved charges i/ and AT94) 4 to be zeros. Then the low-energy dynamics in the B-th
complex plane is described by the action

N TaAa 2
S = fdtZ[xg _ il//TaAal/'/aAa _ (kC1(Eq) + YaAa) :| (3.144)
a=1

2
4x;
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where A = 1,2, 3 denote the R-symmetry indices. Note that the action (3.144) has the same
structure argued in [16-18] for A > 4 superconformal quantum mechanics.
The action (3.144) has the invariance under the N' = 12 supersymmetry transformation laws

i

Sxy = ﬁ(e‘“‘wga el ulied) (3.145)
. . 8a F il
3 =2 —i— -—— 3.146
Vasa =2 (xa e )EO,A N (3.146)
. i
sutar = a5 489 ear ¢ L ta ran 3.147
v <xa+12xa € +\/§xal/f” ( )
where
ga =kC1(Ea) + ¥ " Yryaq. (3.148)
The supersymmetry transformations (3.145)—(3.147) are generated by the supercharges
i
Qoa = E (Pa - i_a>wotAa (3.149)
a
QaA:%<pa+i_“)w+aA. (3.150)
a

Also the action (3.144) has the one-dimensional conformal invariance. The corresponding
Noether charges are now expressed as

N 2 TaAa 2
L[R2 KRCUED + YT AN a0)
H—;[ Lt e ] (3.151)
1 N
D=— > {xa. p%} (3.152)
a=1
N
K=Y x2 (3.153)

According to the Dirac brackets (3.127) and (3.128), quantum operators of the canonical
coordinates and momenta obey the quantum brackets

[xa. P*] = i8ap.  {Vara, ¥ PP} = —8apdapdan. (3.154)

Combining the supercharges and the conformal generators, we find the superconformal boost
generators

Saa = ‘/El ZxawaAu (3.155)
a

$UA =20 Y " xayr) A (3.156)
a

The R-symmetry generator is given by

(Jup)AB =izwzﬂ3¢ma- (3.157)
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Note that (3.157) is a complex 6 x 6 matrix with o, 8 =+, — and A, B =1, 2, 3 and it contains
36 complex valued elements.
Under the canonical relations (3.154), the generators form the following algebra

|H,D]=iH, [K,D]=—iK, [H,K]1=2iD (3.158)
[(J(Xﬁ)ABv H] = 07 [(Jotﬂ)AB’ D] = O’ [(Jolﬂ)ABs K] = O (3159)
[(Jap)as. (Jys)cp]| =i(Jas) aDSpydBc — i(Jyp)cBSasSAD (3.160)

[H, Qual=0.  [D.Quual=—= SQun. K. Qual =iSa

—-0* [K, 0] =5 (3.161)

N|-

[H, QaA] — 0’ [D, roA]

i
[H, Sual =—iQqa, [D, SaA]ZESaA’ [K,Seal=0

[H.54]=—i0°*  [D.5*A]=15  [K.5*4]=0 (3.162)

{QD(Aa QﬂB} = 2H80{;35AB
{SD,A, SﬁB} =2Kdu5848

{Qaa. S'ﬁB} —2D8updaB —2(Jup)AB + = ( Zé’a + 1)5aﬁ5AB

{QaA’SﬂB}z—ZDS B8OAB — 2( ( Zga+1) B0AB (3.163)

[(Jap)as. @yc]=iQaadpydsc, [(Jap)aB. Sy.c] =iSaadp,dBc
[(Jap)ag, Q7€) = —i0py8pc.  [(Jap)ag. 87C]=—i5*484,6pc. (3.164)

The Hamiltonian H, the dilatation generator D and the conformal boost generator form the
one-dimensional conformal algebra so(1,2) = sl(2, R) = su(1, 1). As each of the supercharges
Qua and 0%4 = —(Q4a)" contain six real components, there exist twelve supercharges. They
are the square roots of the Hamiltonian H. In addition, there are as many superconformal
charges Sy4 and S*A which are the square roots of the conformal boost generator K. The
anti-commutators of the fermionic charges generate an extra bosonic R-symmetry generators
(Jup) aB- They form the u(6) algebra (3.160). Thus the action (3.144) describes the SU(1, 1]|6)
invariant N = 12 superconformal mechanics. In fact this belongs to the list of the simple super-
group for superconformal quantum mechanics [33,34].

4. Curved M2-branes and topological twisting
4.1. M2-branes wrapping a holomorphic curve
The BLG action (2.15) and the ABJM action (2.26) may describe the dynamics of probe

membranes propagating in a fixed background geometry with an SO(8) and an SU(4) holonomy
respectively. For both cases, the world-volume M3 is considered as a flat space—time R'2 or



424 T. Okazaki / Nuclear Physics B 890 (2015) 400—441

R x T2. Now let us consider more general situations where curved M2-branes reside in some
fixed curved background geometries. If we naively put the theory on a general three-dimensional
manifold, all supersymmetries are broken. However, here we shall wrap the M2-branes on a
Riemann surface X, of genus g that preserves supersymmetry (i.e. supersymmetric two-cycles)
as the form

M3 =R x (X, CX) .1

where R is viewed as a time direction and X is a real 2(n 4 1)-dimensional space preserving
supersymmetry with vanishing three-form gauge field. The only known supersymmetric two-
cycles, i.e. calibrated two-cycles in special holonomy backgrounds are holomorphic curves in
Calabi—Yau spaces and the corresponding two-form calibrations are Kihler calibrations. So we
take the ambient space X as an (n 4 1)-dimensional Calabi—Yau space and the other space as
flat. The geometry of the M-theory is of the form

RE3=2 5 CY . 4.2)

4.1.1. Supersymmetry in Calabi-Yau space

In order to count the number of preserved supersymmetries in our setup, we firstly need to
know the dimension of the vector space formed by the corresponding Killing spinor €, that is
the amount of supersymmetries in the background geometry. Since we are now considering the
background geometries with vanishing four-form flux, the Killing spinor equation is given by

1 PO
Vye= |0y + Za)MPQF €e=0 “4.3)
where wypo, M, N, P, 0 =0,1,...,10,is an eleven-dimensional Levi-Civita spin connection.

This leads to the integrability condition

1 ro
[Vm. Vnle = ZRMNPQF €=0. 4.4)

Eq. (4.4) implies that a Killing spinor € transforms as a singlet under the restricted holonomy
group H C Spin(1, 10) generated by Rynpol'" Q. In other words, the amount of preserved
supersymmetries in the special holonomy manifold is equivalent to the number of singlets in
the decomposition of the spinor representation 32 of Spin(1, 10) into the representation of the
holonomy group H. In our case the background geometries are taken as Calabi—Yau (n + 1)-folds
with the holonomy H =SU(n + 1), n =1, 2, 3, 4, and the decompositions are as follows.

1. CY5
In this case the geometry is of the form R x CY5. This splits the Spin(10) into SU(5) and
the corresponding decomposition of the spinor representation is given by

16=10_®5; ¢ 1_;5
16' = 10 53D 1s. 4.5)

The existence of two singlets implies that the space R x CYs preserves % = % supersym-

metries.

Let us define an explicit set of projections defining the Killing spinors. To this end we need
to specify how the Calabi—Yau spaces live in the eleven-dimensional space—time. We shall
consider the situations where the Calabi—Yau manifolds fill in the order (x!, x2), (x?, x10),
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&7, x8), (7, x%) and (x3, x*). Then the Killing spinors can be defined by the eigenvalues
=+1 for the following set of commuting matrices

F12910 F91078 F7856 F5634. (4.6)
The corresponding Killing spinors for CY5 can be defined by the projection

12910, _ 91078, _ 7856, _ 5634, _ _ . 4.7)

Note that this implies that I'%1%¢ = €.

. CYy

For this case the geometry is the product form R!-2 x CY4. This leads to the decomposition
of the Spin(8) into SU(4) and that of the spinor representation

8 =601, 1,
8. =4_d4,. (4.8)
We see that the decomposition provides two singlets from sixteen components. Thus the

geometry R!2 x CY4 can preserve % = % supersymmetries. In this case the projection for
the Killing spinor is given by

12910 _ (91078, _ 7856, _ _ (4.9)

. CY3
In this case the geometry is given by R1# x CY3. This decomposes the Spin(6) into SU(3)
and correspondingly spinor representation decomposes as

4=3_D1;
4=3,®1_s. (4.10)
The appearance of two singlets from eight components means that there are % = 41_1 super-

symmetries in the product space R'"# x CY3. Therefore the Killing spinor can be defined by
the projection

120 — P18 — ¢, (4.11)

. K3
For this case the geometry is the product space R!:%x K3. The decomposition of Spin(4)
into SU(2) x SU(2) gives rise to that of the spinor representation

2=(2,1)
2'=(1,2). (4.12)
The presence of two singlets under one part of the SU(2) implies that there are % = % su-

persymmetries in the geometry R%x K3. The corresponding Killing spinors satisfy the
projection

0 — _¢ (4.13)
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4.1.2. Calibration and supersymmetric cycle

Now consider the situation where the M2-branes wrapping a Riemann surface X, propagate
in a Calabi—Yau space without back reaction. To preserve supersymmetry on the world-volume,
X, turns out to be a calibrated two-cycle, i.e. holomorphic curve of a Calabi—Yau manifold.
To see this let us briefly review the background material concerning a calibration. In general a
calibration on a special holonomy manifold X is a differential p-form ¢ obeying [38]

do =0 (4.14)
¢le, < Volle,, VC, (4.15)

P’
where C,, is any p-cycle in X and Vol is the volume form on the cycle induced from the metric
on X. A p-cycle X is said to be calibrated by ¢ if it satisfies

¢|s = Vol| 5. (4.16)

We remark that a calibrated submanifold is a minimal surface in their homology class because

Vol(2)=/¢= / dgo+/<p=/<p§Vol(Z’) 4.17)
b M 5%

p+1 P

where X is another p-cycle in the same homology class such that 9M ;| = X — X',

It is known that Calabi—Yau (n 4+ 1)-folds admit two calibrations; the Kéhler form J and
the holomorphic (n + 1, 0)-form £2. One can construct calibrations as bilinear forms of spinors
[39,40]

Jyun = i€ Tyne (4.18)
.QMIH.MH+1 =6TFM1...M2(n+l)6 (4.19)

Now we consider the condition so that a bosonic configuration of membranes is supersym-
metric. Since one can always add a second probe brane without breaking supersymmetry if it is
wrapped on the supersymmetric cycle which the original probe brane is wrapping, a simple way
to find such condition is to analyze an effective world-volume action of a single membrane [41].
The action for a supermembrane coupled to d = 11 supergravity is given by [42]

1 1
S = /d3x[§V _hhﬂvaMXMavXNgMN - 5 \% —h

_ 1
— iN/—hh"'OT,V,0 + geWCMNPa,LX"%)vaapd"] (4.20)

where h,,, u,v =0,1,2, is the metric of the world-volume, h = det(h,,), gun, M =
0,1,...,10, is the d = 11 space-time metric. X M s a space—time coordinate and ® is a
fermionic space—time coordinate. Cysnp is a three-form gauge field, which is now taken to be
zero in our background geometries. The action (4.20) is invariant under the rigid supersymmetry
transformations

s XM =ierMe 4.21)
8.0 =€ (4.22)

where € is a constant anti-commuting eleven-dimensional spinor. Also the action (4.21) has a
local fermionic symmetry, called x-symmetry. The k-symmetry transformation is given by
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8 XM =2i0TM Pk (x) (4.23)
0x® =2P1k(x) (4.24)
where « (x) is a d = 11 spinor and the matrix
1 1
Py=—(14——e""3,xMa,xVo, x"I 4.25
+ 2( 6«/—_h€ " v 1 MNP (4.25)

is a projection operator satisfying
Pl=1, P,P_=0, Py +P_=1. (4.26)

To extract the physical degrees of freedom, we must choose the suitable gauge that fixes the
local world-volume reparametrization and the local k-symmetry. Let us fix the reparametrization
by choosing x* = X°. Then the projection operator (4.25) can be expressed as

Py = %(1 +7T) 4.27)

where

Fm—— L Odia xMa xN (4.28)
= ; . .
2, /det(hz,'j) !

Here hyx;j, i, j = 1,2, is the metric of the Riemann surface wrapped by the M2-brane and
J/det(hx;;) is the area of the surface. As a next step we want to fix the local «-symmetry on
the world-volume. In order for a bosonic world-volume configuration to be supersymmetric, the
global supersymmetry transformations (4.22) need to be compensated for by the x-symmetry
transformations (4.24)

(6 +8,)O =€ +2P1k(x)=0. (4.29)
Acting P_ on both sides we find that
1-I
P_e= > e=0. (4.30)

Therefore the supersymmetry preserved by the M2-branes is given by the Killing spinor € which
obeys the projection (4.29). Noting that I'> = 1 and I"" = I'", we find that

2

gL=r _ +A-Dad-N, > 0. (4.31)

2 2

‘1—1“
€
V2

By normalizing the Killing spinors such that €'e = 1, the inequality (4.31) can be rewritten as

Vol(Xy) > ¢ (4.32)
where Vol(X,) = ,/det(hx;;) is the area of the Riemann surface and ¢ is the differential two-
form defined by

1
¢ = —E(EFMNe)dXM AdXV. (4.33)

Hence the two-form (4.33) satisfies the condition (4.15) for the calibration and has the bilinear
expression for Kéhler calibration J (see (4.18)). Moreover it can be shown that the two-form
(4.33) obeys the other required condition (4.14) for the calibration by using the supersymmetry
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algebra [43]. Therefore we can conclude that the two-form (4.33) is a Kihler calibration and
that the supersymmetric two-cycle X', wrapped by the M2-branes is a calibrated two-cycle, i.e.
a holomorphic curve. Notice that (4.29) is precisely the chirality condition I'%'%¢ = 0 imposed
on the supersymmetry parameters in the BLG-model (see (2.22)).

At this stage we are ready to count the number of preserved supersymmetries in our M2-brane
configurations by combining the two different types of projections; the projections (4.7), (4.9),
(4.11) and (4.13) for the background Calabi—Yau manifolds and the projection (4.29) (or (2.22))
for the membranes wrapped around a calibrated two-cycle X. In most of the cases wrapped
branes break half of the supersymmetries preserved by the special holonomy manifolds ac-
cording to the additional projection for the branes wrapping calibrated cycles. However, for
the Calabi—Yau 5-fold the projection condition (4.29) for the M2-branes does not give rise to
a further constraint on the surviving two Killing spinors. This implies that M2-branes can wrap
a holomorphic curve in a Calabi—Yau 5-fold without breaking down the supersymmetry. The
amounts of preserved supersymmetries by the M2-branes wrapping holomorphic curves X, in
Calabi—Yau spaces are summarized as

8 for ¥y, CK3

4 for X, CCY3
2 for X, CCYy
2 for X, C CYs.

N= (4.34)

Upon the dimensional reduction to R, the arising quantum mechanics on R will have the same
number of supersymmetries.

4.2. Topological twisting

In general a quantum field theory on the curved M2-branes interacts with gravity, however, it
is also possible to get a supersymmetric quantum field theory on R x X', by taking the appropriate
decoupling limit /, — 0 while keeping the volume of X, and that of X fixed. In order to derive
such low-energy effective theories on the curved world-volume, we recall how the BLG-model
describes the dynamics of the flat M2-branes. In the BLG-model the fields and supercharges
transform under SO(2)g x SO(8)r as

Xé: 8v0
lI/aZ 864_ D 8C_
€ 8+ ®8,—. (4.35)

The eight scalar fields X/’s transform as the vector representations of the R-symmetry SO(8) g
which represents the rotational group of the transverse space of the M2-branes. In other words,
they are sections of the normal bundle, which is trivial in this case. However, corresponding to
the geometry given in (4.1), now the tangent bundle Tx of the ambient Calabi—Yau manifold X
is decomposed as

Tx =Ty ® Ny (4.36)

where Ty is the tangent bundle over the Riemann surface X, and Ny is the normal bundle
over the surface. Therefore we need to take into account the existence of the non-trivial normal
bundle of calibrated cycles and to introduce new dynamical variables instead of the original
scalar fields. These transitions from scalars, i.e. trivial normal bundle to the non-trivial normal
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bundles are intimately connected with the way in which the field theory on R x X, realizes
supersymmetry. Along with the coupling to the curvature on the Riemann surface, there now
exists a coupling to an external SO(2n) gauge group, the R-symmetry background. Thus one can
preserve supersymmetry on the holomorphic Riemann surface by choosing the SO(2) Abelian
background from the SO(2n) appropriately.

There is a beautiful observation that such an effective description for curved branes can be
obtained by topological twisting [10]. Here we attempt to twist the BLG-model to obtain the
low-energy descriptions for the curved M2-branes.’

Schematically topological twisting procedure can be achieved by replacing the original Eu-
clidean rotational group SO(2)g on the Riemann surface by a different subgroup SO(2)}, of
SO2)E x SO(8)g. Although there are many possible ways to pick such subgroups, here we will
consider the following decomposition

SO(8) D SO(8 —2n) x SO(2n)
DSOB —2n) x SO2)1 x -+ x SO2),. (4.37)

The SO(8 — 2n) is a rotational group of the Euclidean space perpendicular to the Riemann sur-
face, while the SO(2); are diagonal subgroups of the external SO(2n) gauge group. The meaning
of this decomposition is that the Calabi—Yau manifold X enjoys the decomposable line bundles
as the form

X=L1® 0L, — X,. (4.38)

Under the decomposition (4.37), the R-charges for 8,, 8; and 8, are determined as follows:
1. SO(8) D S0(6) x SO(2);

8y=6pp1, P11,

8, =4, 94_

8. =4_d4,. (4.39)
2. SO(8) D SO(4) x SOQ2)1 x SO(2),

8, =40P 1P 1p—2 P10 P12

8, =2, @02 _@®2__®2 _

8.=2 .02 @2, @2,,. (4.40)
3. SO8) DSOR) x SO2); x SO2); x SO12)3

8y = 2000 D 1002 D 1po—2 D 1020 B 1o—20 D 1200 & 1200

=10l 0l 0l 01 0l __ &1 1 01 44
8.=1_, ®1_+ @l __®l__, 0l Ol @Dl ®liry. (441

5 For the ABIM-model the geometric meaning of the topological twisting is less clear because the classical SU(4) g
R-symmetry reflects the orbifolds. In this paper we will focus on the BLG-model.
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4. SO(8) D SO(2)1 x SO(2)2 x SO(2)3 x SO(2)4

8u = 10002 @ 1ooo—2 @ 10020 @ 100—20 & 10200 & Lo—200 ® 12000 & 12000

=l iyl @l 0l 1 &l _ 0l ___ &l &1 14

=1 01l 1 @l 1@l L @4 1 01l Ol Bl .
(4.42)

With one of the decompositions (4.39)—(4.42), we can now define a new generator s’, i.e. the
SO(2)'; charge by

n
sii=5— Za,-?}. (4.43)
i=1

Here s denotes a generator of the original rotational group SO(2) g, T; represents a generator of
the subgroup SO(2); diagonally embedded in the external gauge group SO(2n) and a;’s are the
constant parameters characterizing the twisting procedures. From now on we normalize these
charges s’, s and T; such that they are twice as the usual spin on the Riemann surface. Since a;’s
are related to the degrees of the line bundles £;’s as

forg#0

2|g — lla;
deg(ﬁi)={alg a for g =0

(4.44)

and the degrees coincide with the first Chern class, the conditions that X is Calabi—Yau are given
by

n —1 fOI'gZO
Za,- = { 0 forg=1 (4.45)
i=1 1 for g > 1.

Note that the Calabi—Yau conditions (4.45) simultaneously ensure the existence of the covariant
constant spinors in the twisted theories. One can easily check that the topological twists underly-
ing the decompositions (4.39), (4.40), (4.41) and (4.42) preserve 8, 4, 2 and 2 supersymmetries
as we expect for K3, CY3, CY4 and CYs.

Therefore given the decomposable line bundle structures of the Calabi—Yau manifolds (4.38),
we can determine the topological twisting procedure from the two conditions (4.44) and (4.45).
For a K3 surface, i.e. for ay = a3 = a4 = 0, the local geometry is T*X, and a single twisting
parameter a; is uniquely determined by the Calabi—Yau condition up to the orientation. For other
Calabi—Yau spaces the Calabi—Yau conditions are not so powerful and there are infinitely many
ways of the twisting characterized by a;, or the degrees of the line bundles.

5. SCQM from M2-branes in a K3 surface

Let us study the membranes wrapping a curved Riemann surface of genus g > 1 embedded in
a K3 surface. In order to preserve supersymmetry one should carry out the topological twisting
utilizing the decomposition (4.39). Requiring the existence of covariant constant spinors, the
twisting procedure can be uniquely determined since the external gauge field is nothing but an
SO(2) Abelian background in this case. Note that the twisting for X, = P! can be realized just
by the orientation reversal.
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Under SO2)g x SO(8)r — SO(2)/E X SO(6) g, the twisted field theory with g > 1 is charac-
terized by the following representations

X' 80—>6001L,d1_,
€ 8, D8_—>4Dh D4 D4
v SL-+6980_—>42694_10®40®4_1_2. (5.1)

Therefore the bosonic field content is six scalar fields ¢>I transforming as 69 and one-forms @,
&; transforming as 1 & 1_,. The fermionic field content is eight scalar fields v, X as 49 @ 4o and
one-forms W, ¥: as 4, @ 4_,. The supersymmetry parameters are eight scalars €, € as 49 @ 4o
and one-forms €., €; as 4o @ 4_,. Here and hereafter we distinguish 4 and 4 in terms of tildes
over the fermionic objects.

We should note that there are six bosonic scalar fields and eight fermionic scalar charges
in the twisted theory. Since a Riemann surface is a real two-dimensional manifold and there
are six scalar fields, the theory should describe the circumstance where the two-cycle lives in
a 2 4 (8 — 6) = 4-dimensional curved manifold X. The existence of eight scalar supercharges
indicates that the four-manifold preserves 1% = % of the supersymmetries. This is the case where
a holomorphic Riemann surface X, is embedded in a K3 surface.

Locally the K3 geometry is the cotangent bundle 7*X,. The remaining two scalar fields
combine to yield one-forms on the Riemann surface. They represent the motion of the M2-branes
along the non-trivial normal bundle Ny over the Riemann surface inside the K3 surface. Under
the SO(6) rotational group of the six uncompactified dimensions, the six scalars transform as
vector representations 6, and the one-forms are just singlets. We take the eleven-dimensional
space—time configuration as

0 1 3 4 5 6 7 8 9 10
K3 X o o X X X X X X o o
M2 o o o X X X X X X X X (5.2)
Yy X o o X X X X X X X X

where o denotes the direction in which the geometrical objects extend, while x denotes the
direction in which they localize. Note that the projection (4.13) for the K3 surface encodes the
configuration (5.2). The world-volume of the M2-branes extend to a time direction x° and spacial
directions x!, x2. The spacial directions x!, x? are tangent to the compact Riemann surface in the
K3 surface. The normal geometry of the M2-branes is divided into two parts; one is the normal
bundle Ny inside the K3 surface, extending to two directions x?, x10 and the other is the flat

Euclidean space transverse to the K3 surface, labeled by x3, ..., x8.

5.1. Twisted theory

Firstly our space-time configuration (5.2) breaks down the space-time symmetry group
SO(1, 10) to SO2)E x SO(6)g x SO(2)1. So the SO(1, 10) gamma matrix can be decomposed
as

Fﬂ:)/u@fﬂ@o?’ u=0,1,2
rM—neremn, I1=1,...,6 (:3)
r=nekey, i=1.2

where I'/ is the SO(6) gamma matrix obeying
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{1, 17} =257, (r'=r! (5.4)

[M=—ir'**= (%‘ _%4) : (5.5)
Similarly the SO(1, 10) charge conjugation matrix C is expressed as

C=e®CQ®e (5.6)
where € :=io» is introduced as the charge conjugation matrix with the relations

el =—e, eyte! =—(y”)T (5.7)
while C is the SO(6) charge conjugation matrix satisfying

¢T=-¢, crie' =Y, ¢eret=—(1)". (5.8)
Under the decomposition (5.3), the SO(8) chiral matrix becomes

r?=r¥*0=-1gr’goen. (5.9)

For the twisted bosonic fields we set
! = x*? (5.10)
: :%(x%ixlo), ®; .—%(X9+1X10) (5.11)

A, :=%(A1—iA2), Az = E(Al—kiAz) (5.12)
where the bosonic scalar fields qbl ’s transform as the vector representations 6, of the SO(6)
global symmetry and the indices I =1, ..., 6 label the flat transverse directions. The bosonic

one-forms, @, and @; are the SO(6)-singlets and they describe the motion in the normal geom-
etry Nx of the Riemann surface inside the K3 surface. These Higgs fields ¢/, @, and @:; are the
3-algebra valued.

Now consider the twisted fermionic objects. Primitively the fermionic fields ¥ are SL(2, R)
spinors that transform as the spinor representations 8. of the SO(8) g R-symmetry. As seen from
(5.1), under the decomposition Spin(1, 10) — Spin(2) x Spin(6) x Spin(2), fermionic fields ¥
are split into the representations 42, 4o, 40 and 4_», whose component fields are denoted by ¥;,

%, ¥ and W respectively. Accordingly they can be expanded as

Wzﬂ = %WA (V+6_l)aﬂ + i'f’zA(VZE_l)O”S - %XA(%G_l)aﬁ —i¥a (Vzé_l)aﬂ
(5.13)

where the three indices «, A and 8 denote the SO(2) g spinor, the SO(6) g spinor and the SO(2);
spinor respectively. Here we have introduced the matrices y+, y* and y* defined by

1 1
::_]I s _::_H_ 5.14
v+ ﬁ(2+02) 1Z ﬁ(z 02) (5.14)
.1 , 1 (i 1

y':=—2(y1+zy2)=—2<’1 _,-) (5.15)

: 1 [(—i 1
a :Z_(V _iyz):_< 11 l) (5.16)
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As seen from (5.13), the above matrices enable us to carry out the topological twisting, or in
other words the identification of the index « with the index 8. The matrices y, and y< are
associated with the conjugate spinor representations 8._ and yield 49 and 4_,, while the other
pair of matrices y_ and y? are associated with 8. and give rise to 4, and 4y. Together with the
decomposition (5.9) and the chirality condition (2.12) for ¥, one can check that the expansion
(5.13) leads to the relations; I 7y =, I'"W: = —W:, '), = —X and I"’¥, = ¥,. For the A4
algebra all of these fermionic fields are the fundamental representations of the SO(4) gauge
group. We define the conjugate of the SO(6) spinors as

¥o=yTC,  h=iTC,  W.=wlC, =9l (5.17)
Likewise, the supersymmetry parameters originally transform as the SL(2, R) spinor repre-
sentations of the rotational group of the world-volume and 8; of the SO(8) R-symmetry in the
BLG-moglel, while in the twisted theory they reduce to the four distinct representations 4y, 4,,
4_5 and 4¢. Thus we can write supersymmetry parameters as

af

€y :%éA(ere*l)aﬁ+i65A(yze*1)aﬂ—

%eA(y_efl)aﬁ — ing(yZefl)aﬁ. (5.18)
Here again the indices «, A and 8 label SO(2) g, SO(6) g and SO(2); respectively. €4 and €4 are
fermionic scalars on an arbitrary Riemann surface transforming as 4o and 4 respectively. The
existence of the eight supersymmetric parameters reflects the fact that the effective theory will
be endowed with the corresponding eight supercharges.

In terms of the expressions (5.3), (5.10), (5.11), (5.12) and (5.13), we obtain the twisted BLG
Lagrangian

L= (Do¢ Dop') — (D:¢", D:¢") + (D@, Do®:) — 2(D, P5, D: D)
+ (h, DoY) + (W, Do) — (B2, DoW,) — 2i(Fz, D) +2iGh, D:0,)
+ %(5_\121]’ [¢I’¢J’ v]) - i(@gﬁ”, [¢I’¢J’ )

+2( 1 [0:0" wc]) — 20 (A1 [0, 0", 5]

+ i(i, (@, Dz, ¥]) — 2i(ww, (D, Pz, W)

1 1

— [0 ¢7 05 (0" 07 0% ]) = S ([#:. 0" 7. [#:.6".07])

1
- 5([‘150 ‘pwdﬁl], [@:, ‘pw,qﬁ[]) —

—_—

[0z P '] [@2, B 0'])

— N

1
+ 8([¢Z5 ®w7 ¢U]9 [®Z’ qu, ®f}]) + 5([¢Z? ¢1,Ua ¢7§]7 [¢Z’ Qwﬂ ¢U]) + LTCS’
(5.19)

Here we have introduced ( , ) as the trace form on the 3-algebra introduced in (2.4) and we have
defined the covariant derivatives D, := \%(Dl —iDy) and D; := %(Dl +iDy).
The corresponding BRST transformations are given by
Spl =ier'i, —iely, (5.20)
8P, = —ieW,, (5.21)
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8Pz, = —i&Ps, (5.22)
8V =iDopl '€ —2D: P 4¢ + — [¢ ¢’ o) I Ke+ [0, ®:, 9] [E (5.23)

Shg =iDop!'Me — 2D, -, — —[¢’, ¢’ 5| I e+ [0, ;. 9"] [e (5.24)

. 1
SW.o=—D,¢' ¢ —iDy®,e + = [¢Z,¢ o', I e+ 5[<15w,cl>w,<1sz]ae (5.25)
. . N 1 S| 3
00 = Dy '€ +iDo®z0é + [ 02,07, ¢ ] [V E + S [Pm, Py, D:1a8 (5.26)
AL, = —elM gLy fet, — gl fe, — 2ed, Wi fU, + 28 s Wy fU, (527)
SAL =2iel ¢lw, ot 4+ 2ied a0, (5.28)
SAL, = =21l ¢l g fU0, + 20D a f,. (5.29)

5.2. Derivation of quantum mechanics

Now we consider the reduction to a low-energy effective one-dimensional field theory on R,
that is membrane quantum mechanics. As the size of the Riemann surface shrinks, only the light
degrees of freedom are relevant. To keep track of them we have to find the static configurations
that minimize the energy, that is the zero-energy conditions. We can replace the zero-energy
conditions by a set of BPS equations. In addition, we set all the fermionic fields to zero because
we are interested in bosonic BPS configurations. Then the BPS equations, which correspond to
the vanishing conditions of the BRST transformations (5.23)—(5.26) for the fermionic fields, are

D.¢' =0, D:;p' =0 (5.30)
D,®: =0, D;:®,=0 (5.31)
[¢7, 97, 0%]=0 (5.32)
[®., ¢:,9"]=0, [®..¢".¢"]=0, [®:,¢".¢7]=0 (5.33)
(D, Py, P.] =0, (D, Py, P:] =0. (5.34)

We first note that according to the algebraic equations (5.32), (5.33) and (5.34), all the bosonic
Higgs fields have to lie in the same plane in the SO(4) gauge group. Thus we can write them as

o' =(¢'",92,00)7,  &,=(@0200)", .= 200" . (535
Correspondingly via supersymmetry one can also write the fermionic partners as

y=@"v%o0)", i=(@E"3%00) (5.36)

T = 1% T

v, = (v ¥2,0,00,  ¥=(F 9200 . (5.37)
The configurations (5.35)—(5.37) generically break the original SO(4) gauge group down to
U(l) x U(l) Takmg into account these solutions and the BPS equations (5.30), (5.31) we find
that Al3 = A2 3= =A! 4= A2 = 0. This implies that these components of the gauge field now be-
come massive by the nggs mechanlsm Then we should follow the time evolution for remaining
degrees of freedom in the low-energy effective theory.

To achieve this consistently we further need to impose the Gauss law constraint. This requires
that the gauge field is flat; F;; = 0. Recall that we are now considering the case where the
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genus of the Riemann surface is greater than one. In that case the generic flat connections are
irreducible. As long as we only consider irreducible flat connections, the Laplacian has no zero
modes. Accordingly it is not allowed for scalar fields to have non-trivial values and it is required
that ¢! =0.°

To sum up, the above set of equations over the compact Riemann surface reduces to

Fl=0 (5.38)
9@ +ALPL=0 (5.39)
9P, — AL P,y =0. (5.40)

Let us discuss the generic BPS configuration obeying (5.38)—(5.40). Since we are now con-
sidering a compact Riemann surface of genus g, there are g holomorphic (1, 0)-forms w;,

i=1,...,g,and g anti-holomorphic (0, 1)-forms ;. Let us normalize them as
fwj =3ij, /wj = 2 (5-41)
ai b;

with a;, b; being canonical homology basis for H(X). The matrix §2 is the period matrix
of the Riemann surface. It is a g X g complex symmetric matrix with positive imaginary part.
Eq. (5.38) imposes the flatness condition for the U (1) gauge field A;z. The space of the U(1)
flat connection on a compact Riemann surface is the torus known as the Jacobi variety denoted
by Jac(X,). The flat gauge fields can be expressed in the form [26]

g g
A, =-27 2(9—9);1@’% Ab=271 ) (R —9);].‘@%,» (5.42)
i,j=1 i,j=1
where ©' := ¢’ + £2;;&/ represents the complex coordinate of Jac(X,) which characterizes the

twists 271 i'and e it " around the i-th homology cycles a; and b;. Notice that £ — &/ + m/,
¢t — ¢ +n' forn', m' € Z gives rise to the same point on Jac(X). This implies that Jac(X,) =
C8/Lg where Ly, is the lattice generated by Z8 + 2Z8. We define a function

8
p:==21 ) (R-D;(0'fj(2)-0F;®) (5.43)
i,j=1

where fi(z) == [ * w; is the holomorphic function of z that obeys the relations fila; = éij and
Jilp; = $2;j. Then we can write the flat gauge fields as

Ap=tp, A =0b:0. (5.44)

Using the above expressions for the U(1) flat connection, the generic solutions to Egs. (5.39)
and (5.40) can be expressed as

6 Such BPS solutions with the irreducible connections have been considered in the four-dimensional topologically
twisted Yang—Mills theories defined on the product of two Riemann surfaces [44—46] and the corresponding decoupling
limit for the brane description has been argued in [47].



436 T. Okazaki / Nuclear Physics B 890 (2015) 400—441

8
D,1(z2,2) —iDPp(z,7) =e 9D Zkai
i=1

8
Bo1(2.2) +iB:2(2, 2) = €¥ED Y xho (5.45)
i=1

where fo, x}; € C are constant on the Riemann surface. Since we take the limit where the Rie-
mann surface X, shrinks to zero size, the space—time configurations of the membranes should
be expressed as single-valued functions of z and 7 in the low-energy effective quantum mechan-
ics. In other words, &' and ¢’ can only be integers and therefore the U (1) flat gauge fields A ;2
and A %2 are quantized. The single-valuedness condition requires that the point of the Jac(X) is
fixed.

Putting all together, the general bosonic BPS configurations are given by

¢’ =0
. %(e’i‘/’xf:4 + ei‘/’x%) . %-(e"‘/’)?i\ + e”"/’iiB‘)
] E R P N B I
= 0 i=I 0
0 0
0 9:9(z, 2) 0 0
~ —0;¢(z,2) 0 0 0
A = 0 0 0 Foa (5.46)
0 0 -A%,@z.2) 0

where AS 4 and A? 4, are the Abelian gauge fields associated with preserved U (1) symmetry and
they do not receive any constraints from the BPS conditions.

By virtue of the supersymmetry we can write the corresponding fermionic fields from the
bosonic configurations (5.46) as

=0, i=0
L (T [ 2 EAID
iowi_ wi i g
-y z(“’AO Ye) | . Z (‘” —Y) | & (5.47)
.=1 <
’ 0 0

Substituting the BPS configuration (5.46) and (5.47) into the twisted action (5.19), we find

:/dt/dzzl:(Do@?,Doq)ga)+ (T, Do¥zy) — (89, DoW.q)

k ko - .
— 5 A F — (Al AL, — AL A . (5.48)

Since the gauge fields A12, Al s, are quantized and their time derivatives do not show up in the
effective action, they can be integrated out as the auxiliary fields. They give rise to the constraints

A3 A3
A3 =A%, =0
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Making use of the Riemann bilinear relation [48]

8
/wAn:Z[/w/n—/w/n} (5.49)
b>H =1"a b ai

and performing the integration on X, we obtain the low-energy effective gauged quantum me-
chanics

S= fdt[Zamfz),-j (Dox® Do} + T Dy — 19 Dyw) — kC, (E)A(lu] (5.50)
R iJ
Here the indices @ = A, B stand for the two internal degrees of freedom for the two M2-branes.
The covariant derivatives are defined by

Dox'y =&, +iAlxl,,  Doxh =it —iAlxk (5.51)
DoWy =W +iAL,Wi,  DoWh =W — iAW, (5.52)
DoVl =W, —iAL, W, Dok =W +iAL0 (5.53)

and the Chern number C1(E) € Z is associated to the U(1) principal bundle £ — X, over the
Riemann surface

1 ~
Ci(E) =/c1(E) = gfdzzFSM. (5.54)
Eg 28

The action (5.50) has the invariance under the one-dimensional SL(2, R) conformal transforma-
tions

8t = f(t) =a+ bt +ct?, 890 = —fdo (5.55)
R 1. . ~ .~

oxy=51%,  SAp=—[Ay (5.56)

swl =0, sl =0. (5.57)

Also the action (5.50) is invariant under the A = 8 supersymmetry transformations

Sxi =2iew),  oxl =2ieW, (5.58)
$W! =—iDoxie,  SW!=iDox.é (5.59)
SAL, =0. (5.60)

Therefore we conclude that the A' = 8 superconformal gauged quantum mechanics (5.50)
may describe the low-energy effective motion of the two wrapped M2-branes around X', probing
a K3 surface.

As seen from the action (5.50), the U (1) gauge field A(l)z, due to the absence of the kinetic
term, is regarded as an auxiliary field. In consequence the gauge field has no contribution to
the Hamiltonian. Hence the corresponding gauge symmetry yields an integral of motion as a
moment map i : M — u(1)* and we can reduce the phase space M to M. = u~!(c) by fixing
the inverse of the moment map at a point ¢ € u(1)*. Choosing a temporal gauge A(l)z =0, we find
the action
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S:/dtZ(Imsz)i.,(xf“}—c{; + W] — i) (5.61)
R b

and the Gauss law constraint

90 :=kC1(E)+i y_(me);[Kij +2(F} ] — P d)] =0 (5.62)
iJ
where

Kij = (8,7 — xi, %)) — (157 — xbx}). (5.63)

The constraint equation (5.62) requires that all states in the Hilbert space are gauge invariant. In
this case the symmetry of the system is not so large as in the previous superconformal gauged
quantum mechanical models (3.13) and (3.104). It is curious to know whether the superconformal
gauged quantum mechanics (5.50) (or (5.61) together with (5.62)) have a reduced Lagrangian
description with an inverse-square type potential. However, our result may drop a hint on the
obstructed construction of SCQM that a large class of SCQM could be formulated as “gauged
quantum mechanics” with the help of auxiliary gauge fields as in [28-30].

Although it would be helpful to determine the corresponding supermultiplet for our N' = 8
superconformal quantum mechanics (5.50), we do not fully understand it because our derivation
is not based on the superfield formulation and the reduced quantum mechanical description is
missing. Judging from the representations (5.1) of the physical variables under the remaining
R-symmetry SO(6), the corresponding supermultiplet may be inferred as the g combinations of
(2,8, 6) multiplet.” However, the elimination of the single auxiliary gauge field A(ln may reduce
the physical degrees of freedom and thus lead to other supermultiplet.

6. Conclusion and discussion

We have studied the IR quantum mechanics resulting from the multiple M2-branes wrapping
a compact Riemann surface X, after shrinking the size of the Riemann surface by reducing the
BLG-model and the ABJM-model. For g = 1 the dimensional reductions of the BLG-model and
the ABJM-model yield the low-energy effective N'= 16 and N/ = 12 superconformal gauged
quantum mechanical models respectively. After the integration of the auxiliary gauge fields,
OSp(16|2) quantum mechanics (3.54) and SU(1, 1|6) quantum mechanics (3.144) emerge from
the reduced theories. For g # 1 the Riemann surface is singled out as a calibrated holomorphic
curve in a Calabi—Yau manifold to preserve supersymmetry. The IR quantum mechanical models
have A/ =8, 4, 2 and 2 supersymmetries for K3, CY3, CY4 and CYs respectively. When the
Calabi—Yau manifolds are constructed via decomposable line bundles over the Riemann surface,
the K3 surface essentially allows for a unique topological twist while for the other Calabi—Yau
manifolds there are infinitely many topological twists which are specified by the degrees of the
line bundles. In particular we have analyzed the two wrapped M2-branes around a holomorphic
genus g > 1 curve exploring a K3 surface based on the topologically twisted BLG-model. We
have found the A/ = 8 superconformal gauged quantum mechanics (5.50) that may describe the
low-energy dynamics of the wrapped M2-branes in a K3 surface. It is known that [28-30] there
are the connections of the gauged quantum mechanics to the conformal mechanical models, the

7 Here we use the notation m,N', N —n) withn physical bosonic variables, N fermions and N/ — n auxiliary bosonic
variables.
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Calogero model and their generalizations. An interesting question is what type of interaction po-
tential, if it exists, may characterize our superconformal gauged quantum mechanics (5.50). This
remains open issue for future investigation.

There are a number of future aspects of the present work. In particular, they contain the fol-
lowing impressive subjects:

1. AdS,/CFT; correspondence
One of the most appealing programs relevant to our work is to attack the AdS,/CFT; cor-
respondence. This is the most significant case of AdS;1/CFT, correspondence [49] in that
all known extremal black holes contain the AdS; factor in their near horizon geometries.
It has been discussed in [50,51] that the motion of the particle near the horizon of the extreme
Reissner—Nordstrom black hole is described by the (super)conformal mechanics. Since such
black holes can be alternatively described by the wrapped M2-branes around a compact Rie-
mann surface in M-theory, we expect that our superconformal quantum mechanics provides
further examples and the M-theoretic interpretation.
It has been pointed out in [52,53] that the correlation functions of the DFF-model [12] have
the expected scaling behaviors although one cannot assume the existence of the normalized
and conformal invariant vacuum states in conformal quantum mechanics as in other higher-
dimensional conformal field theories. We would like to extend the analysis to superconformal
quantum mechanics including our models.

2. Indices and the reduced Gromov—Witten invariants
The formula for the numbers of genus g curves in a K3 surface, the so-called reduced
Gromov—Witten invariants [54] has been firstly proposed by Yau and Zaslow in the analysis
of the wrapped D3-brane [55]. Closely related to their setup, our A = 8 superconformal
gauged quantum mechanics (5.50) appears from the wrapped M2-branes instead of the
D3-brane. It would be interesting to compute the indices and to extract enumerative infor-
mation and structure from our model.

3. 1d-2d relation
In analogy with the fascinating stories arising from the compactification of M5-branes, for
example, the AGT-relation [56], the DGG-relation [57] and the 2d—4d relation [58], it would
be attractive to find the relationship between the superconformal field theories and the ge-
ometries or relevant dualities from M2-branes, i.e. “1d—2d relation”. It has been observed in
[59] that the WDVV equation [60,61] and the twisted periods [62,63] which are relevant to
two-dimensional geometries and topological field theories appear from the constraint condi-
tions for the constructions of N = 4 superconformal mechanics. It would be interesting to
investigate whether our M-theoretical construction of superconformal quantum mechanics
could help to understand and generalize such relations.
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