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1. INTRODUCTION

The fundamental connections between the calculus of variations and the
Sturmian theory for a real self-adjoint linear homogeneous differential
equation of the second order rest upon the fact that equations of this latter
type appear as the ‘“Jacobi” or “‘accessory’ differential equation for a simple
integral variational problem. In turn, the involved variational principles are
at the basis of the extension of the classical Sturmian theory to self-adjoint
differential systems, as emanated from the basic work of Marston Morse
[8-10]. At a relatively early stage (see [I, and references to other literature
there cited; 2]), it was realized that for certain variational problems the
“‘accessory system’” was a boundary problem involving a self-adjoint integro-
differential equation. In particular, Lichtenstein [6] treated a boundary
problem involving a single integro-differential equation of the second order
and a special set of two-point boundary conditions by means of the theory of
quadratic forms in infinitely many variables. Under certain conditions, he
established the existence of infinitely many eigenvalues, together with an
expansion theorem for functions in terms of the corresponding eigenfunctions.
Subsequently, Lichtenstein [7] used the results of his earlier paper to establish
sufficient conditions for a weak relative minimum for a simple integral
isoperimetric problem of the calculus of variations by expansion methods.
Courant [1, Sects. 5, 13] treated an integro-differential boundary problem
similar to that considered by Lichtenstein [6] by means of difference equa-
tions. A few years after Lichtenstein’s paper [7], the author [11] considered a
self-adjoint boundary problem involving a system of integro-differential
equations and two-point boundary conditions, and in addition to the proof
of the existence of infinitely many eigenvalues, he established comparison
and oscillation theorems which are generalizations of such theorems of the
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classical Sturmian theory and contain as special instances the comparison
and oscillation theorems of the Morse generalization to self-adjoint differential
systems; indeed, [11] presented for the first time such theorems not involving
any assumption of normality on subintervals. The method of proof of [11]
may be described as functional in nature, employing in particular the “Green’s
matrix” for an integro-differential system as introduced by Tamarkin [18]
and Jonah [4].

The present paper returns to the area of the earlier paper [11], and for a
problem formulated in the general context of a Hamiltonian system with
two-point boundary conditions there is a more detailed consideration of the
interrelations that exist between such integro-differential systems and
ordinary differential systems, although some of the basic techniques that are
commonly employed for differential systems are no longer available for the
study of integro-differential systems.

Section 2 is devoted to the formulation of the self-adjoint integro-differential
system and basic properties of such system, while Section 3 presents some
preliminary comparative results for integro-differential and differential
boundary problems. Section 4 establishes the existence of a partial Green’s
matrix for the integro-differential boundary problem, together with a brief
discussion of fundamental properties of this matrix. Section 5 is concerned
with existence and properties of the set of eigenvalues and eigenfunctions of
integro-differential boundary problems, and the area of comparison and
oscillation theorems is surveyed in Section 6. Finally, Section 7 is devoted to
remarks on interrelations between the methods employed herein and other
possible methods of treatment, together with comments on the relationship
between problems of the sort considered and generalized differential systems
of the type previously treated by the author [13, 14, 16].

Matrix notation is used throughout; in particular, matrices of one column
are called vectors, and for a vector (¥,), (¢ = 1,..., m), the norm |y]| is
given by [[ ¥, 12 + - + | ¥n 1*]'2 The m x m identity matrix is denoted
by E,, , or merely by E when there is no ambiguity, and 0 is used indis-
criminately for the zero matrix of any dimensions; the conjugate transpose of
a matrix M is denoted by M*. If A is an » X m matrix the symbol || M ||
is used for the supremum of | My | on the unit closed ball {y: |y | < 1} of
complex m-space, C,, . The relations M > N (M > N), are used to signify
that A1 and N are hermitian matrices of the same dimensions and M — N
is a nonnegative (positive) definite matrix. For typographical simplicity, if
M =[My] and N = [N,], (¢ ==1,...,m; 8 = l,...,r) are m X r matrices,
then the 2m X r matrix P=[Py], (6 = 1,..,2m; B = 1,...,r), with
Pgpg=Mzy,, P,.,; = N, is denoted by (M; N).

A matrix function M(t) = [M,4(t)] is called continuous, integrable, etc.,
if each element 1 g(t) possesses the specified property. If a hermitian matrix
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function M(#), t€[a, b] is such that M(t,) — M) = 0, (£0), for
a < by << t, << b, then M(2) is called nondecreasing (nonincreasing) on [a, 8].

If a matrix function M(z) s a.c. (absolutely continuous) on [a, 8], then A'(t)
signifies the matrix of derivatives at values where these derivatives exist, and
zero elsewhere. Similarly, if AI(t) is (Lebesgue) integrable on [a, 5] then
IZ M(t) dt denotes the matrix of integrals of respective elements of J/(¢).
For a given compact interval [a, b] the symbols €,,[a, 8], ¥,.[a. b], 25 [a, b],
22 [a, b], BY,,[a, b], and A, [a, b] are used to denote the class of 4 > k
matrix functions A(¢) on [a, b] which are respectively continuous, (Lebesgue)
integrable, (Lebesgue) measurable, and essentially bounded, measurable,
and ‘| M(#)|? integrable, of bounded variation, and absolutely continuous.
For brevity, in the designation of one of the above classes whenever & = |
the double subscript “41” is reduced to merely “A.” Also, whenever a matrix
function M(f) defined on a general interval I of the real line is such that
M e £,,]a, b] for arbitrary compact intervals [a, 5] of I, then 1/ is said to be
“locally of class &, on I, with similar meanings for “locally of class ©2,
on 1, etc.

2. FormuLATION AND Basic PROPERTIES OF THE PROBLEM

Corresponding to the manner in which the general self-adjoint Hamiltonian
systemn of ordinary differential equations may be written (see, for example,
[15; Chap. VII]), the integro-differential system to be considered is

Li[u, 2] (¢) = —2'(¢) + C@#) u(t) — A*() o(t) + "b N(2, sy u(s) ds = 0,

LyJu, ] (1) = w'(t) — A(t) u(t) — B(t) v(t) = 0, (2.1)

in n-dimensional vector functions u(t), ©(¢). Moreover, for the subsequent
discussion it is supposed that A(z), B(t), C(¢) are n X n matrix functions on a
given interval I on the real line, and N(¢, 5) is an # X n# matrix function on
I x I satisfying on arbitrary compact subintervals [a, b] of I the following
hypothesis.

(D) () A@), B(r), C(t) are of class R}, [a, b, and B(t) and C(t) are
hermitian ;
(i) B(t) = 0 for t a.e. (almost everywhere), on [a, b];
(i) N(2,s) s of class = on [a, b] < [a, b], and

N(t, sy =[N(s,)]*  fort,se|a, b] x [a,b].
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For % a linear subspace of C,,, and [q, b] a compact subinterval of I there
will be associated with (2.1) two-point boundary conditions of the form

i€, Tluo]=04 + Die P+ 2.2)

in the 2n-dimensional boundary vectors & = (u(a); (b)), 9 = (v(a); v(b)),
where O is an hermitian 27 X 2n matrix and D = diag{—E,; E,}. The
boundary problem involving (2.1) and the boundary condition (2.2) is
denoted by #. Let Z[a, 4] denote the class of #n-dimensional vector functions
7 € W,la, b] such that there exists a { € £,2[a, b] satisfying with % the dif-
ferential equation L[, {] = 0 on {a, ]. The subclass of Z{a, b] on which
n(a) = 0 = 7(b) is designated by P [a, b]. Also, the symbol 2[4] is used to
denote the class {:n e Z[a, b],% € £}.

Note that for the problems treated herein an alternate set of hypotheses
would merely require the coefficient matrix functions 4(t), B(¢), C(¢) to be of
class £,,[a, b] on arbitrary compact subintervals [a, 8] of I, and that N(z, )
be of class £ on [a, 8] X [a, b]. With such modification of the above hypo-
thesis (), the definition of the class Z{a, b] would be altered te require the
involved { to be of class £,%[a, b]. For a treatment of differential systems and
generalized differential systems in the context of such modified hypotheses the
reader is referred to [13]. Hypothesis () follows the procedure of [1S,
Chap. VII}, and under such conditions the Dirichlet functional | defined
below is in a Hilbert space setting.

Of basic importance for the present discussion is the fact that if
(> L) € 8,%[a, b] X 8,%a, b], then the functionals

Jns &o s mas Got e, 8]
— [ @Bt + mCod i + [ [ O N ) mi deds (23)

j[’h: Ly s Mo Got @, ] = 7,07, + Tl Gy mes Lot @, B] (2.3)

are hermitian. Moreover, if 7, € Z[a, b]: {,, (x = 1, 2), then although in
general the {, are not determined uniquely, the values of the functionals
(2.3), (2.3") are independent of the particular {, associated with the 7, , and
consequently, in this case the symbols for these functionals are reduced to
Jlm > m2: @, b] and J[ny , my: @, b]. Also, in accord with common terminology,
if 1 € D[a, b]: {, the symbols J[x, n: a, b] and [[4, : a, b] are further reduced
to J[n; a, b] and [[n; a, b].

Lemma 2.1, If (u,v) € Q,[a, b] X W,[a, bl, and 1€ Dla, b]: {, then

Jus e, m; & a, 6] = 9T, o] + fbn*(t)Ll[u, 2] (¢) dt.
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Lemma 2.2, If (u,v)eQ,[a, b] X £,%a, b] the following conditions are
equivalent :
(a) J[u;v,m; L a,b] =0 for n€Dyla, b]: ¢,
(b) there exists a v, such that vye W,[a,b], Blv — )] =0 a.e. on
la, b], and L.[u, v,] (t) =0 on [a, b}].

Lemaia 2.3. Ifu e, [a, b] there exists a v, such that (u; v,) is a solution of
(2.1), (2.2) if and only if there exists a v such that u € Z[a, b]: v and

Jluso,m; Cia, 6] =0 for ne & yfa, b]: L.

Lesya 2.4, If (u,9) €@ [a, b) x 8,%a, b], the following conditions are
equivalent :
(a) [[u, v, m; L a, 8] =0 for ne Z[H];
(b) there exists a vy such that vye N,[a,b], Blv — ¢, =0 ae. on
[a. 8], and Tlu, vy € S*, Li[u, z,] (t) =0 on [a, b].

In particular, as for differential systems, one has the following result.

CoroLLARY. If [a, b] is a compact subinterval of I, [n: a, b] is nonnegative
definite on 2[B) and there exists an element u € Z[#) satisfying J[u: a, b] =0,
then there exists a v € d,[a, b, such that (u; v) is a solution of (2.1), (2.2).

The results of Lemmas 2.2 and 2.3 and those of Lemma 2.4 and its Corol-
lary mayv be established by steps analogous to those used in the proofs of
[13, Theorems 2.1 and 2.2].

For [a, 8] a compact subinterval of I, let (H: a, ) denote the following
hypothesis.

(Dx: a, b). K(t) is a nonnegative hermitian n < n matrix function of class
Q5 [a, b], and such that the set {t: t € [a, b], K(t) == O} s of positive measure.

For brevity, we introduce the notations

Kryymat a,8) = [ 0O K@ m(dt,  Klna,b] = Kl s a, B
(2.4)

clearly K[, , 5! a, b] is an hermitian functional on £,%[a, 8] = ¥,%[4, 8]. In
particular, for K(¢) = E,, we write

b
E[ny , mpia, 8] = ’ n (O m() dt,  Elng:a, b] = E[ny,niza,b]. (24)
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Now we present some readily established properties of solutions of the
boundary problem
(1) Ly[u, v; A) (1) = Ly[u, ©] (£) — AK(1) u(t) =0, te(a, b,
(1) Ly[u, 2] (t) =0, (2.5)
(i) ue S, Tlu, v]e £+,

and the related nonhomogeneous system

(D) Lifu, v A1 (1) =f(2),  Ly[u, 0] (1) =0, te[a,b],
iy ues, Tl vleI™ (2.6)

where hypotheses (9i, ii, iii: a, §) and (Hg: 4, b) are supposed to be satisfied,
and in (2.6) it is supposed that fe £ [a, b]. Also, we set

T 8smes Gy A a, B = j["lli Ly s mes Lot @, B] — AK[ny , 7,2 4, 8], (2.7)

with similar meanings for J[n; , 7s5 A: @, 8] and J[n,; A: a, b].

LemMMA 2.5. If (u, v} is a solution of (2.6) then

J[u, 75 A: a, B = E[f, 3: a, b];
in particular,
f[u; At a, b] = E[f, u: a, b].

CorOLLARY 1. If (u;,v,) is a solution of (2.6) for A=A, and f=f,
and (i, , v,) 15 a solution of (2.6) for A = A, and f = f, , then

(A, — Ao) K[uy , uy: a. b] + E[fy , uy: @, 8] — Efu; , f5: a,b] = 0. (2.8)
CoroLLARY 2. If (u, ) is a solution of (2.5) for a value A, then
J[u; Az a, 5] = 0.
CoroLLARY 3. If (4, v,) is a solution of (2.5) for a value A, and (uy , v,)
is a solution of (2.5) for a value X,, then (A, — ;) K[u, , u,:a,b] = 0. In

particular, if (u, v) is a solution of (2.5) for a value A such that K[u: a, b] + 0,
then A is real.

For a compact subinterval [ag , by] of I, in view of hypothesis (Hiii) there
exists a constant k[a,, by] such that || N(¢, s)li < &[a, , by] for

(t‘ S) € [a(l ’ bﬂ} x [ao ) b(l])
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and with the aid of Schwarz’ inequality it follows that if n € £,%[a,, b;], then

20y by

| f 0 *(8) N(1, 5) n(s) dt ds

ag Yy

N2

< klay, by)

| o(f):2 dt. (2.9)

"y

Moreover, since by hypothesis ($i) there is a constant ¢ = c[a,, b,] such
that || B(2)l < ¢ a.e. on [a,, by), and as B(t) = 0 a.e. on [q,, b], it then
follows that B(t) — (1/c} B¥t) = 0 a.e. on [a, , by]. In view of these inequali-
ties, and with the aid of [15, Problem VII.4.4] and a method similar to that
employed in the proofs of [15, Lemma VIL.11.1 and its Corollary], one may
establish the following result.

Lemma 2.6. For I, = [a,, by] a compact subinterval of I and a constant d
satisfying 0 << d < by — a, , there exist corresponding constants

Iy = L1y, d] >0, L=L1,,d1 >0

such that if [a, b] is a compact subinterval of I, with b — a = d, then for
arbitrary v € Z[a, b] and s € [a, b] we have

~b

Jin @, 6] = bty 1) (@) + [9B) + | 2()F - | | 7'(0)2 dy

} (2.10)
— ko, d) |12 d.

As in the case of differential systems, an important class of systems (2.5)
involves a nonnegative hermitian matrix function B(f) which satisfies the
following condition.

(Dp:a,b). If [a,b] is a compact subinterval of I there exists a positive
constant kyla, b] such that B¥t) — k[a, b] B(t) > 0 a.e. on [a, b].

With the aid of elementary integral inequalities one establishes readily the
following result, which is somewhat complementary to that of Lemma 2.6.
In this regard the reader is referred to [15, Problem VIL.4.6] and a corres-
ponding inequality in [15, p. 388].

Lemma 2.7.  Suppose that 1, = [aq, by] is a compact subinterval of I for
which hypotheses (9(1, 1i, i1i): aq , by) and (Hy: ay , by) hold. Then there exists a

constant l,[1,] such that if (a, b] is a nondegenerate subinterval of I, then for
arbitrary n € Z[a, b] we have

Jin: a, 8] < G{L5] )| m(@)® + | n(B)* + J"' (7O + @R del . (211)

409/54/1-7
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Also, if 0 < d < by — a, then there exists a constant l[I] such that if [a, b)
1s a compact subinterval of I, with b — a > d then for arbitrary n € Z{a, b]
we have

Tz @, 81 <K [ G2 + 1) 3t @11

As for the differential system to which (2.1), (2.2) reduces for N(¢, s) = 0,
(see, for example, [15, Sects. VIL.3, VIL.9), for [a, b] a compact subinterval
of I let Afa, b] denote the vector space of n-dimensional vector functions
z(¢) which on {q, 8] are solutions of the differential equation

o'(t) + A*() (1) =0

and satisfy B(t) o(t) =0 a.e. on [a, b]. That is, ve Afq, b] if and only if
u(t) = 0, v(t) is a solution of the integro-differential system (2.1). If v € A[a, b]
and n € Z{a, b]: {, it follows readily that o*(¢) 5(¢) is constant on [a, 8]. Also,
for a given integro-differential problem (%) involving a subspace & of
C,, , the subspace of A[a, b] on which the 2n-dimensional vector Dv belongs
to -+ will be denoted by A{¥}. Clearly, v € A{S} if and only if u(t) = 0,
2(t) is a solution of (#). If A{F} is zero-dimensional, the boundary problem
(#) is said to be normal or to have order of abnormality equal to zero, whereas
if A{.S"} has dimension 6 > 0, the problem (#) is said to be abnormal, with
order of abnormality equal to é. If w,, (v = 1,..., 2n — d), is a basis for ¥+
and vy(t), (8 = 1,..., d,,), is a basis for Aa, b], then (%) is normal if and only if
the 2n » (2n — d + d,) matrix [w, Dvg) has rank 2n — d + d,, . If (%) has
order of normality equal to § > 0, then this matrix has rank 2n — d 4 d, — 3§,
and upon deleting a suitable set w,*n =0, (v = v, ,..., v;), of the conditions
defining .# the remaining conditions w,*y =0, (o #~ v;, j = I,..., 8), defines
a subspace %, of 2n-dimensional space that is of dimension d + 3, is such
that . C %, , and the corresponding integro-differential problem

(1) Lyu,v;A] (¢) =0, Ly[u, v] =0, te[a, b

2.11
(i) deS,, TuvleL* 1D

is normal. Moreover, since 93*D# = 0 for arbitrary n e P[a, b] (see, [15,
Lemma VII.3.2]), an #-dimensional vector function % belongs to 2[#] if and
only if y belongs to Z[4,]. Also, (#,) is a normal problem equivalent to the
original problem (%) in the following sense: If (u(2); ©(¢)) is a nonidentically
vanishing solution of (#,,) then u(t) == 0 on [a, &], and (u(t); ©(¢)) is a solution
of (%), whereas if (u(t); v(2)) is a solution of (%) there exist unique constants
¢z, (B = 1,..., d,) such that (u(t); ©(t) + Zscvs(t)) is a solution of (Z,).

Let %, denote the (2n — d,)-dimensional subspace of C,, defined as

& = [H: ¢*D#) =0, for v e Afa, b]}. (2.12)
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In particular, if (%) denotes the problem (#) with . the zero-dimensional
subspace of C,, , then the associated normal problem (-%,°) determined by the
above-described process is (%) with .¥ = .7,*; that is, the system involving
the integro-differential equation (2.1) and the boundary condition

de Lt Tlu,vle Y, . (2.13)

For a normal problem (%), the condition that the matrix [z, Dw;] be of rank
2n — d - d, 1s equivalent to the condition that

dim{L[A] N F)* = dim S[B]* + dim - = (2n —d) -+ d, ,

so that dim{Y"[#] N .} == d — d, . Now consider with a given problem (#)
a second problem (A4,) involving the same integro-differential system (2.1)
and the boundary conditions

iie ¥, , Tu,zle 4.~ (2.14)
where ., 1s a second subspace of C,, . If dim .¥" = d, dim .¥, ==d_, and
each of the systems (£), (#,), is normal, then dim[¥ N .¥,] =d — d, and
dm{¥. NS =d, —d, UL NS CFNY, thend -d_ and(4.)is
called a subproblem of (%) of dimension d — d,, . If d > d. then there exist
d — d. linear forms 0. [9] = 0.%%, (r = 1,...,d — d.) such that

NS, =he S NS, 07 =0,7=1..d —d.. (2.15)

Now suppose that the matrix function K(t) satisfies the following additional
hypothesis, which clearly holds if there exists a positive constant ¢ such that
K(t) = ¢k, ae. on I.

(Div: a, b). [a, b] is a compact subinterval of 1, and there exists a constant
¢ = c[a, b] such that

K[n:a,b] = cE[n:a,b], forncZla,b]. (2.16)

In view of the results of Lemmas 2.1-2.5 we have the following property of
boundary problems (2.1), (2.2).

LemMa 2.8. If the boundary problem (#) defined by (2.1), (2.5) satisfies
hypotheses (D, 1i, iii): a, b), (Dg: a, b), (Div: a, b) and is normal, then

(1) there exists a value Ay such that

s Ag: @, b] > O for arbitrary v = 0 belonging to &[a, b]; (2.17)
(1) all eigenvalues X of the boundary value problem () specified by (2.1),
(2.2) are real and satisfy A > A;

(iit) if (u; v) is an eigenfunction of (4) corresponding to an eigenvalue A,
then K[u: a, b} > 0.
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3, SomE COMPARATIVE RESULTS FOR INTEGRO-DIFFERENTIAL AND
DIFFERENTIAL BOUNDARY PROBLEMS

As the results presented in the lemmas of Section 2 are of the type that
feature prominently in the treatment of ordinary differential boundary
problems, one might surmise that the overall theory of integro-differential
boundary problems may be developed in a manner highly analogous to that
commonly used for differential systems, as in [15, Chap. VII]. That there are
fundamental differences, however, is pointed out in [11, Sect. 4]. For example,
in general it is not true that for given initial values u?, v° there exists a solution
(u(t), v(2)) of (2.1) assuming the values u(t;) = 4%, v(f,) = ¢° at a given initial
value ¢ = t, . This possibility is illustrated by the integro-differential system
2.1, withn=1,4A=0,B=1,C=0, N(t,s) =t +5,a =0, and b the
positive zero of the polynomial p(b) = 6% 4 4086* — 2880. In this example
the system (2.1) is equivalent to the scalar linear homogeneous integro-
differential equation of the second order

() — J: (t +s)u(s)ds =0, te[0,8]. (3.1)

Clearly any solution of this equation is of the form
u(t) = ¢y + €1f + €12 + c3t?,

and upon substitution it is found that for b a positive zero of p(b) there exists
a solution of (3.1) satisfying #(0) = u®, %’'(0) = ¢° if and only if 4° and ¢°
satisfy a linear equation. Moreover, if 49, ©° are such that there exists a solu-
tion of (3.1) satisfying »(0) = «°, #'(0) = v° then this solution is not unique,
since u(f) = 465 + (40 — 5b%) 3 is a solution of (3.1) for which
#(0) = 0 = u'(0).

To illustrate another possibility for integro-differential systems that is
different from the situation occurring for differential systems, consider the
case of (2.1), (2.2) whereinn =1, A =0,B=1,C = —1, N(¢,5s) = (4n)"!,
a =0, b =4r, and & is the zero-dimensional subspace of C, . The system
(2.1), (2.2) is then equivalent to the scalar integro-differential boundary
problem

() W) +u(t) — @ [ uds,  0<t <4,

(i) #(0) =0 = u(4n). (3.2)

Equation (3.2i) has the nonvanishing real solution u(¢) = I, but the corres-
ponding functional

Jor: 0, da) = (V7 't — ot} e+ (4t (

4

" ds)2 (3.3)

0
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is negative for certain values of 7 satisfying the prescribed end conditions
7(0) = 0 == n(4x). In particular, for »(t) = sin(t/2) we have

J[n: 0, 4] = —3m)2.

A partial explanation of the differences between the theory of integro-
differential systems and ordinary differential svstems is afforded by the
special case of systems (2.1), (2.2) wherein V(#, s} is a ‘‘degenerate kernel,”
or a ‘‘kernel of finite rank.” In particular, suppose that

N(t, 5) = M*(t) RM(s) (3.9)

where M(t) is a £ X n matrix function locally of class ¥7, on [, and R is a
nonsingular, constant, hermitian % X k matrix. An integro-differential
boundary problem (2.1), (2.2) is then equivalent to a differential boundary
problem in (# + &)-dimensional vector functions u(t) = (u,(#)). v(#) == (v,(1)),
(a =1,...,m -+ k), with u(t) =u (), v.(t)=12,(t), (=1,.,n). For
brevity we write u(t) = (u(2); u(2)), v(f) = (¢(t); v()), where u'(t) and
vl(t) are k-dimensional vector functions. Specifically, let A(z), B(z). C(¢)
denote the (n + k) X (n -+ k) matrix functions defined by

Ay 0

A<’):[wm o+ B() = diag(B(2),0,,  C(r) = diag(C(1), 0},

(3.5)

and if the 2n X 2n hermitian matrix Q is represented in terms of n > n
matrices as

°=lo- ol a0

let Q denote the 2(r + k) X 2(n - k) matrix represented in terms of cor-
responding (n +- k) X (n 4- k) matrices

QA Q

e=lor ol .
where Q, = diag{Q,, R}, Q, = diag{Q, , 0}, and Q, = diag{Q,, 0}. More-
over, let D = diag{—E,_, . E,.;}. Finally, if the subspace .% of C,, in (2.2)
is of dimension d, let S denote the subspace of C,,.;) specified by
wde, u,gb)=0,8=1,.., k. When u{t), v(!) is a solution of the
differential boundary problem

(a) —v'(2) + C(t)u(t) — A*(t) v(t) =0,
u'(t) — A(?) u(t) — B() v(t) = 0, (3.8)
(b) 48, Qi +DveSH
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then ol(t) is constant on [a, b], and
b
WNt) = — J RM(s)u(s)ds,  te][a,b]. (3.9)
t

Also, in terms of the component boundary vectors 4, #!, 4, ¢! the boundary
conditions (3.8b) are

(a) de¥, Qi+ DieS (3.10)
(b) w(b) =0, R-1uY(a) — v'(a) = 0. '

In particular,

21(t) = R lul(a) = — J‘b M(s) u(s) ds, (3.11)

and from (3.8a) and (3.10a) it follows that (u(z), v(t)) is a solution of (2.1),
(2.2). Conversely, if (u(z); ©(t)) is a solution of (2.1), (2.2), then

u(t) = (u(2); w(2), v(t) = (2(t); 2'(?))

with #!(#) and ¢'(¢) defined by (3.9) and (3.11), respectively, is a solution of
(3.8).

Although the above examples do not illustrate the phenomenon in its full
generality, one of the greatest differences between the theory of self-adjoint
integro-differential equations (2.1) and the corresponding ordinary differential
boundary problems occurring when N(¢, s) = 0 is that for the latter we have
the concept of conjugate or conjoined solutions, whereas for (2.1) this con-
dition is essentially lacking. Specifically, if (,; v;) and (u,; v,) are two solu-
tions of (2.1) then the function v,*(t) uy(t) — u,*(t) 24(¢) is a.c. and a.e. on
[a, b] we have

[22(8) uy(t) — u*() va(B)]" + u*(2) ([b N(t, s) uy(s) dS)
’ ' (1)
— (L u,*(s) N(s, 1) ds) u,(t) = 0.

For N(t, s) = O this relation implies that the function ¢,*(t) u, () — 1, *(2) v,(2)
is constant, and when the value of this constant is zero the solutions (¢;; ¢,),
(uy; ,) are called mutually conjugate or conjoined. For the integro-differential
system (2.1), however, Eq. {3.12) yields only that

0 %(0) uy(8) — u*(8) v4(B) = v, *(a) uy(a) — uy*(a) vy(a).
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4. THE GREEN’S M ATRIX FOR INTEGRO-DIFFERENTIAL SYSTEMS

If A is not an eigenvalue of (2.5) then using methods of Tamarkin [18] and
Jonah {4], as in [11, Sect. 8], one may establish the existence of a Green’s
matrix for this integro-differential boundary problem. In this connection, it is
to be noted that in [11, Sect. 8, paragraph 3] the final phrase “v,(x) z,(x) is
constant on ab” should be replaced by “y(b) z{b) = vi(a) 2,(a).” In the
case of a normal boundary problem (2.5) which satisfies hypotheses
(i, 1, iii: a. b) and (Div: a, b); however, a more ready proof of existence and
basic properties of a partial Green’s matrix is afforded by the proof presented
below of the following theorem.

Tureowrenrt 4.1, If the boundary problem (2.5} satisfies  hvpotheses
(91, 11, iit: a, b), (Dg:a, b), (Div: a, b), and Is normal, then for X not an
eigenvalue of this problem there exist n X n matrix functions G(t, 57 X), G(t, s1 \)
for (t,5) e 1 = [a, b] x [a, b] such that:

(1) G(t. s; X) is continuous in (t, s) on [], is a.c. in each of these arguments
on [a, b] for fixed values of the other, and G(t, s; ) = [G(s, t; A)]* on .

(i1)  Gy(t, s; A) is continuous in (t, s) on each of the triangular domains
di= s (tsye D s <t} and A, = (¢, 5): (¢, 5) e [, t << s}, 15 bounded
on [, and the restriction of Gy to 4, , (x = |, 2), has a finite limit at each point
(s, 5) with se[a, b].

(i) If se[a,b), and £ is an arbitrary vector in C,, , then

(u(2); 2(8)) = (G(t, 53 A) &; Gy(t, 55 ) §)
15 a solution of Ly{u, v} (t) = O on each of the nondegenerate subintervals [a, s)
and (s, b]; also, it € " and therefore u € Z[H]: ¢.

(iv) If fe Q,2a,b], then the unique solution of the integro-differential
svstem

(2)  Lyfu, v; A] (1) = f(1), LyJu, v) (t) == 0, tea, b,

(by e SR, T[u, v] € A, .1

Is given by

u(t) - "" G(t,s; M) f(s) ds,  o(t) = |'bG,,(f,s; Nf(s)ds,  te[ab).

(4.2)
(v) Ifpe2[B]): L, and (u(t); (1)) is the unique solution of the differential
system
(a) LqJu, v; A] (1) = K(t) (1), Ly[u, v] (t) =0, t[a, b,

(b) de SR, Tlu,vle FH], (4.3)
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then
Ju, 73 A: a, b] = K[x: a, 8], Jlu; A: a, b} = K{x, u: a, b]; (4.4)
moreover, there exists a positive k = R[A: a, b] such that
Klu: a, b] < k*K[y: a, b].

Now for k = £[a, b] as defined by (2.9) and ¢ = c[a, b] as in hypotheses
(9iv: a, b}, whenever Ay is a value satisfying conclusion (i) of Lemma 2.7
and ! << Xy — k/c the functional

Jols 1 a, ] = 7407 + | "B+ Oy dt — K[y 8] (45)

is positive definite on Z{a, b], and hence, all eigenvalues X of the differential
boundary problem

(a) Li’lu, v; 4] (1) = —v'(2) + C(8) u(t) — A*(2) o(t) — AK(2) u(t) =0,
Ly%u, v; A} (8) = Ly[u, v] (t) = u'(t) — A(t) u(t) — B(t) v(t) = 0,
(b)y de ¥, T[u, v] € £+, (4.6)
are real and satisfy A > Ay — &/c.

Now let / be a fixed real value less than A, — %/c, and denote by G%(, s),
G(t, s) the partial Green’s matrix of (4.6) as established in [15, Theorem
VII1.8.2]. Then these matrix functions possess properties of the sort specified
in the above statement of Theorem 4.1, and for ¢ € £,%[a, b] the unique solu-
tion of

(@) Lfu, 0] (t) = (1),  Lylu,oj (1) =0, te[a,b],
(b) ue, Tu, v] € ¥4,

@)
is given by
u(t) = Lb Gt ) b(s) ds,  oft) = f: GOt ) b(s) ds.  (48)

As the integro-differential system (2.6) is of the form (4.7) with

) =f(t) + (A —D K@) u(t) — ’.b N(1, s) u(s) ds, (4.9)

‘a

it follows that (u(2); ©(t)) is a solution of (2.6) if and only if u(#) is a solution
of the vector Fredholm integral equation

u(t) = f: M(t, s; A) u(s) ds + J;b G (t, 5) f(s) ds, (4.10)
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where

Mt 50) = (4 — 1) G, )K(s) — | "Gt &) N sy dE, (4)

and o(2) is given by the second equation of (4.8) with ¢(t) expressed in terms
of u(t) as in (4.9).

Now the condition that A is not an eigenvalue of (2.5) is equivalent to the
condition that the homogeneous Fredholm equation

~b

u(t) = J M(t, 53 A) u(s) ds (4.12)
has only the identically zero solution, and hence, there exists a resolvent
kernel matrix H(t, s; A) such that the solution of (4.10) is given by

u(t) = Jb G(t, 5) f(s) ds — 'b H(t, & )) (|

v .

" 6E, ) £(5) ds) di. (4.13)

/

Consequently, if we set

G(t, 5 ) = G(t, s) — J'b H(t, & X) G(&, s) dE, (4.14)

Golt, 5:2) = Go'(t,5) + (A — 1) J'b Got, §) K (&) G(¢, 55 N) d¢
- ’ (4.15)
— [ 6%t 0) Nip, &) GL&, 3 N d dp,

vata

the solution of (2.6) is given by (4.2). In view of corresponding properties of
Gt s) and GyY(t, s) as established in [15, Theorem VII.8.2], for fixed A the
matrix functions G(¢, s; A) and Gy(t, s; A) are seen to have the continuity
properties of conclusions (i) and (ii), as well as the solution properties of (iii)
and (iv). Since under the stated hypothesis of Theorem 4.1 all eigenvalues of
(2.5) are real, if A is not an eigenvalue, then its complex conjugate A is also not
an eigenvalue, and the identity G(z, 5; A) = [G(s, t; A)]* may be established
in a classical manner using the resolvent properties of G(t, 5; A) and G(¢, 5; A)
as stated in conclusion (iv) and the identity of Corollary | to Lemma 2.5.
This result, which in view of (4.14) is equivalent to the property
F(t, 5; ) = [F(s, t; A)]* of the matrix function

F(t,s:0) = [ "H(, &) GUE, 5) dE,
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also may be derived directly using the resolvent equations satisfied by
MM(t, s; A) and H(t, s; A), together with the fact that

Fy(t,s;)) = "b M(t, £ X) G&, s) dé

possesses the analogous property Fi(2, s; A) = [Fy(s, £; A)]*.

Finally, the results of conclusion (v) are ready consequences of the identity
of Lemma 2.1.

Although the conclusions of Theorem 4.1 contain no statements on the
character of the matrix functions G(t, s; ) and Gy(¢, s; A) as functions of A,
from the general theory of integral equations it follows that they are mero-
morphic functions of A in the complex plane with poles at the eigenvalues of
(2.5). Also, if C is a compact set in the complex A plane not containing an
eigenvalue of (2.5), then G(¢, s; A) is continuous in (2,5, A) on [a, b] X
[a, b] X C, and Gy, s; A) is bounded for such valus of (¢, s, A), while for
o == 1, 2 the matrix function G(t, 5; A) is continuous on 4, x C.

For a normal problem (2.5) satisfying a strengthened form of the hypo-
theses of Theorem 4.1, Theorem 5.3 presents a series expansion of G(f, s; A)
in terms of the eigenfunctions of this problem.

5. EXiSTENCE AND PROPERTIES OF EIGENVALUES

In view of the results of Sections 2 and 4, for integro-differential boundary
problems (2.5) the proofs of the existence and properties of eigenvalues may
be carried out in a manner completely analogous to that employed for dif-
ferential boundary problems in [I5, Chap. VII, Sects. 10-12]. A basic

existence theorem is the following result.

TueoreM S5.1. If the boundary problem (2.5) satisfies hypotheses
(94, 1, i1i: a, b), (Hx: a, b), (Div: a, b) and is normal, then the eigenvalues of this
problem may be ordered as a sequence N\, <. Ay < -~ with corresponding eigen-
Sunctions (u(t); () = (u;(¢); v,(t)) such that:

(a) Klu;,u:a,0] =8;, (i,j=1,2,.);
(b) A, = J[uy: a, 6] is the minimum of J[n: a, b] on the class

DN#; K] = {n: n € D[H), K[n: a,b] = 1}; (5.1)
(c) for j =2,3,... the class
GNB; K] ={neZy[#; K], K[y, u:a,8] =0,i = 1,...,) — 13} (5.2)

is nonempty and X; = J{u;: a, b] is the minimum of [[n: a, b] on Zy;[#: K;
(d) {N}— o0 asj— .
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Indeed, if A, is defined as the infimum of [[n: a, b] on Z[#: K], then A,
is not less than the constant A, in conclusion (ii) of Lemma 2.8, and
Jn; Az a, ] = 0 on Z[4]. Moreover, it A, were not an eigenvalue of (2.5),
for an n = 0 belonging to Z[#] let (u; v) denote the solution of (4.3) for
A = A, and as in conclusion (v) of Theorem 4.1 let & be a positive constant
such that Kfu; a, b] < K[y a, b]. Then the inequality

0= JIn — (1/k)u; Ay a, b]
= j[n; Ayva, bl — k_lj[‘q, uyAyra, b — k‘lj[u, N3 A a, b] + k‘zj[u; Aza,b]
= Jn: A a, b] — 2k-1K[n: a, b] 4- k2K[n, u: a, b],

together with the Schwarz inequality
| K[y, u: a, b]* < K[n: a, b] K[u; a, b] < k¥ K[»n: a, b]}?,

imply the result 0 <l [[n; Az a, 8] — k- 1K[n: a, b]. which contradicts the
definitive property of A, .

Correspondingly, the proof of the existence of a sequence of eigenvalues
and eigenfunctions satisfying conclusions (a), (b), (¢) of Theorem 5.1 proceeds
by induction as in the case of the differential boundary problem to which
(2.5) reduces in case N(t,s) = 0. In particular, for the integro-differential
boundary problem one may establish a result corresponding to that of [I5,
Theorem VII.10.4], or one may reduce the consideration of higher eigenvalues
to the consideration of the smallest eigenvalue of an associated integro-
differential boundary problem by the device of [15, Problem VII1.10.2].

A ready manner in which to establish conclusion (d) is to consider the
extremizing properties of the eigenvalues of (2.5) and the differential boundary
problem (4.6). For & = kfa, b] defined by (2.9) and ¢ = c[a, 4] in hypothesis
(Div: a, b) we have for € Z[H] the inequality [[n: a, b] > J[y; k/c: a, b],
where the latter functional is defined by (4.5). Consequently, if {12, % v "],
(j=1,2...) denotes a sequence of eigenvalues and corresponding eigen-
functions for (4.6) which satisfies the corresponding conditions (a), (b), (c)
of Theorem 5.1, then the extremizing property of eigenvalues implies
A; =AY —kje, (7=1,2,...), and the conclusion (d) for the sequence {A;!
is a consequence of the corresponding result for the sequence {A,°).

It is to be noted that once the existence of a partial Green’s matrix is
established for (2.5) as in Theorem 4.1 the theory of this integro-differential
problem is reducible to that of an associated vector integral equation with
symmetrizable kernel. Specifically, if / is a real value not exceeding the A,
of (i) of Lemma 2.8, then (u(t), v(2)) is a solution of (2.5) if and only if u(¢)
is a solution of the integral equation

ut) = (A — 1) [ "Gty 53 1) K(s) u(s) ds, (5.3)

!
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and o(#) is defined by
-b
o(t) =@\ —1) J Gy(t, 5; 1) K(s) u(s) ds. (5.4)
Since G(t, s;1) = [G(s, t; 1)]* and K(t) = K*(t), we then have satisfied the
symmetrizability condition: #(t,s) = K(t) G(¢,s; 1) K(s) is such that
A(t, sy = [A (s, 1)]*, and K{u: a, b] > 0 for an arbitrary eigenfunction u(z)
of (5.3). In this connection, the reader is referred to [12] and associated
references therein. In particular, the integral equation (5.3) presents a special
fully symmetrizable transformation of the type II discussed in [12, Sect. 7].
In view of the definitive extremizing properties of the eigenvalues of (2.5),
under the hypotheses of Theorem 5.1 one has for the system {A; , u;; v,} of
that theorem the well-known property that if 7 is a positive integer and
d,,...,d, are constants such that | d, |* + - + | d, |> = 1, then

N =dyy(t) + - + dalt), {=du)t) + - -+ dwlt)

are such that n€ Z[#]: { and Jln:a,b] = A |dy 24 - + A, |d, <A, .
Also, for k£ =1, 2,... the eigenvalue A.,, possesses the maximum-minimum
property that if F = {f(?),..., fu(t)} is a set of n-dimensional vector functions
fi(t) of class £,2[a, b], and A[#] denotes the minimum of J[x: a, 8] on the
class of nePy[#; K] satisfying E[y, f;:a,0] =0, (j=1,.,k), then
AMF] <Ay and A[#] = A, for the particular set fi(t) = K(¢) uy(2),
(j = 1,..., k). Also, corresponding to {15, Theorems 11.3, 11.4], one may
establish the following results.

THEOREM 5.2. If the hvpotheses of Theorem 5.1 are satisfied, then:

(i) if nePla,bl, and cjn] = K[n,u;:a,b], (j =1,2,...), then the
infinite series Z;il | ¢;[n]\? and Z;il A; | ¢[n}I2 converge, and

Y | efnll* = Kln: a, b], (5.5)
i Nl eln? < Jln: a, B]; (5.6)

(it) if X is not an eigenvalue of (2.5), then
x b
A = APty u(s) ::f [G(r, t; O)]* K(r) G(r, s; ) dr - (3.7)
i=1 a
for (t, s) € [a, b] X [a, b]; in particular,

Z FA; — A 72 uy(t)]? = Trace |

i=1 {

) " [G(r, £ NJ* K(r) G(r, £ A) al. (58
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Now let (Hx": @, b) denote the following hypothesis.

(Dx': a, b). K(t)is a nonnegative hermitian matrix function of class L7, [a, b]
and such that if 7(t) = 0 is an element of € ,[a, b] then K[n; a, b] > 0.

Clearly on a given compact subinterval [a, 8] of I, hyvpothesis (9, 4, b)
is a stronger form of the condition (H: a, b).
Corresponding to [15, Theorem [1.5], one has the following result.

THEOREM 5.3. Suppose that for a given compact subinterval [a, b] of I
the boundary problem (2.5) is normal and satisfies hypotheses (i, ii, iii: a, b),
(D3: a,b), and (Hy': a, b).

(2) Ifn € Z[B), then the seriesS " | ¢;[n] u(t) converges to n(t), uniformly
on [a, b); also,

m

;-[,b ; QN Z ci{n] u(2) r (l't( -0 a  m—>x (5.9)

and

Jnza, b = ¥4, e[ (5.10)
(b) If A is not an eigenvalue of (2.5). then
G(t,5;A) = i (A — A 2ut)u;*(s)  for (t,5) [a, b] x [a, 8], (5.1

and the series tn (5.11) converges uniformly on [a, b] < [a, b].

6. ComMPARISON AND OSCILLATION THEOREMS

With the results of Section 5 one may proceed to establish comparison
theorems which are almost verbatim analogs of such theorems for differential
systems as are presented [15, Chap. VII, Sect. 12], and consequently, even
detailed statements of such theorems will be omitted here. For the special
type of integro-differential systems considered in [11], such comparison
theorems are presented in [I11, Sect. 5]. It is important to note, however,
that in view of inequality (2.9) one has for an integro-differential boundary
problem (2.5) satisfying the hypotheses of Theorem 5.1 comparison theorems
relating its eigenvalues to those of a corresponding differential boundary
problem wherein N(¢, s) = 0 and C(z) is replaced by C(f) — k[a, b] E, or by
C(t) — (K[a, b]/c[a, b]) K(¢). In particular, if there exist positive constants
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€1, ¢ such that ¢, E < K(#) < c,E on a compact subinterval [, b] of I, then
with the aid of such simple comparison theorems one establishes for a system
satisfying the hypotheses of Theorem 5.1 that Z; 1/A; converges if p > 4,
but diverges for p < }, where 2; denotes summation over those values of j
for which A; 5 0.

In the case of oscillation theorems, however, it is worthwhile to present
specifically for a system (2.5) results analogous to those of [11, Sect. 6].
Suppose that hypotheses (91, 1i, ili) and $Hg: a, b) are satisfied on arbitrary
nondegenerate compact subintervals {a, b] of I. Moreover, suppose that the
end-form 4*Q# involves only the values 7(a), that is, O = diag{Q,, , 0} where
QO isann X n hermitian matrix, and that @ is an # X ¢ matrix of rank ¢ and
column vectors @, ,..., ©,.Ford > a and [a, 8] CI, let £{6, b} denote the
normal boundary problem determined by the integro-differential equations
(2.5, ii), and the boundary conditions

O%*n(a) =0,  n(b) = 0. (6.1)

That is, the subspace & of C,,, belonging to this problem consists of those 4
satisfying
Mp =0, (6.2)

where M is the (¢ + n) X (27) matrix of the form

(6.3)

M:[@* 0].

0 E,
For b > a and [a, b] C I, let v, denote the order of abnormality of (2.5i, ii),

and let V() be an » X r, matrix function whose column vectors form a basis
for Afa, b]; that is, V(¢) is of constant rank r, on [a, b], and

V() + AN V(E) =0, B@t)V(t)=0

on this interval, so that every solution u(t) = 0, o(t) of (2.5i, ii) on [a, b] is
of the form #(t) = V() p for some constant r,-dimensional vector p. If the
n X (g + r,) matrix [@ V(a)] is of rank ¢ + 7, — k, , then 0 < &, < gand
there exist p, =g —k, values 1 <oy <oy <+ <o, such that the
n X (q + r, — k) matrix

[0,, V,(a)], (y = 01,03, Ul)b;j =l,.,rma=1,.,n) (6.4)

is of rank p, + r, = ¢ — k, -+ r,, , so that for the normal boundary problem
determined by (2.5, ii) and (6.1) the subspace & of C,, is specified by

0,*n(a) =0, n(b) =0, (v = o1,y apb)' (6.51)
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Also, if @ is an n X (n — p,) matrix of rank n — p, such that @ *® =0,
(¥ = 01,.., 3, ), then the end-values of a solution (u, z) of (2.5, ii) are such
that Tu, v] € ¥+ if and only if

*[0,,u(a) — ¢(a)] = 0. (6.511)

It is to be remarked that the choice of the o, ...., o, may be the same for all
values of b on a subinterval [a,, by] of I, = {t:t €1, t >> a} and such that ,
is constant for b€ [q,, by]. Thus the normal integro-differential boundary
problem for b€, involves the integro-differential equations (2.51, ii), and
the two-point boundary conditions (6.5, ii). Since for this problem the
boundary condition at ¢ = b is n(b) = 0, it is to be noted that for a < b << ¢
and [a. ¢} C1, if n € B[6, b]: { then n(b) = 0 and for

(o(1), La(2)) = (n(1), &(1))

on [a, b], (no(2), £(2)) = (0, 0) on (b, c] we have that n, e B[P, c]: ;.
A value b €1 is called a focal point of t = q relative to the system (2.51, i1),
(6.51,11) for A = Ay if:

(1) A == A, is an eigenvalue of 4{O, b};

(i1) there is at least ome corresponding eigenfunction (u(t); 2(t)) of
A{O, b} such that for c € I, there exists no function vy(t) defined on [a, c] and
forming with uy(t) = u(t) on [a, b], uy(t) == 0 on [b, ¢] an eigensolution u,(1),
vo(f) of 410, ¢).

If (u(t), ©(¢)) is a solution of #{ O, b} satisfving the above conditions (i), (i),
then u = u(t), t €{a, b] is said to be an arc determining t = b as a focal point
of t = a relative to the system (2.5i, i1), (6.5i, i1}, and the dimension of the
linear space of such determining arcs is called the order of t == b as a focal
point of # = a. If the matrix [@ T(a)] is of rank n,s0 that an arc € Z[4{0, b}]
must satisfv n(a) = 0, then the corresponding focal points are called conjugate
points of ¢ = a, relative to the integro-differential system (2.5, ii); in this
case, for brevity, #{0, b} is called the null end-point problem and denoted by
AUb).

For acl and bel,, we shall denote by A(b), (1, v) == (uy(t: b), v (£: b)),
(j:-1,2...), a set of eigenvalues and eigenfunctions of #{@, b}, supposed
ordered and orthonormal in the sense of Theorem 5.1.

Since, as noted above, the integro-differential boundary problem £{©, b}
may be compared with a differential boundary problem involving the same
two-point boundary conditions, the following result for #{®©, b} is a con-
sequence of the corresponding result for differential boundary problems.

Lemnia 6.1, A(b) — 400 as b—a.
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For #{0, b} we also have the following result, which may be proved by
exactly the same method as that used to establish {11, Lemma 6.2]. The
pertinent solvability results for certain systems occurring in the proof are
now provided by conclusion (iv) of Theorem 4.1.

LEmMMA 6.2. Each of the eigenvalues A(b) of #{O,b} is a continuous
monotone nonincreasing function on Iy and Xj(b) — + o0 as b — a*.

With the results of Lemmas 6.1 and 6.2, an argument similar to that
used to establish [11, Theorem 6.1] now yields the corresponding result.

TueoreM 6.1. For ¢ €I, and a given value X = A, the number of points on
the open interval (a, ¢) which are focal points to t = a relative to (2.5i, ii),
(6.51, ii) for X = X is equal to the number of eigenvalues X(c) of B{®, c} which
are less than A, where each focal point is counted a number of times equal to its
order.

For a given real value [ let 7;(8) denote the number of eigenvalues of
%#{0, b} less than I. As a result of one of the simplest comparison theorems
for such problems it then follows that the number of conjugate points of
t = a relative to (2.5i) for A = [, and located in the open interval (a, b) is at
least V,(b) — d and at most I/;, where d denotes the dimension of the null
end-point problem #%b} as a subproblem of #{6, b}.

As an example, for 5 > 0 consider the canonical system

—o/(t) — u(t) + (4m) f: u(s) ds = 0,
W(t) —o(t) =0, u0)=0, ub)=0,

which for b = 4r reduces to system (3.2). In this case, the kernel function
K(t,s) =1 is of rank 1, and, as noted in Section 3, the determination of
solutions of (6.6) is equivalent to solving the differential boundary preblem

(a) —v'(t) — u(®) + (dm) L oMt) =0, —ol'(t) =0,
uw'(t) —o(t) =0, u'(t) + (4=) L u(t) =0,

(b) «(0) =0,  4nu'(0) — 2(0) =0,
u(dm) =0, ul(4m) = 0.

(6.6)

(6.7)

In particular, for this differential system the conjoined basis for (6.7a)
determined by the end conditions of (6.7b) at ¢ =0 is given by the
4 x 2 matrix [U(x); V(x)] with

o sin ¢ (4m)7 [1 — cos 1]
(@ U@)= [(47,_)—1 f[cost — 1] (4m)' — (1671 [t — sin 1]] ’

cost (4m)1sin f] . (6.8)

) v =[} |
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The values t € I, which define conjugate points to 7 == 0 for (6.6) are then the
values for which the matrix U(z) is singular, and an easvy computation shows
that these conjugate points are the values ¢ = 25, where s > 0 and either
sins = (0 or tans = s — 2. In particular, for this system there are three
focal points to ¢ == 0 on (0, 4n]: 7, = 25, , where s = s, is the root on (7/2, 7)
of the equation tan s = s — 27, 7, = 2w, and =, == 4.

It 1s to be emphasized that the problem of determining the points conjugate
to t = 0 relative to the integro-differential system (6.6) is distinct from that of
determining the points conjugate to ¢ = ( relative to the differential system
(6.7a). For this latter problem the conjoined basis determining the points
conjugate to t = 0 is the 4 x 2 matrix (U(f); I5(¢)) with

ot sing (@)1 (1~ cost)
() L) = [(47r)“l (cost — 1) —(167%)"! (1 — sin ’)] '
(6.9)
cost (4m)~'sin t] .

®) 10 =[5 ,

That is, the points conjugate to # = a relative to this ordinary differential
system are the values for which the matrix Uj(?) is singular, and these values
are t = 2r where r > 0 and either sinr = 0 or tan r == r. Thus, on (0, 4]
there are three such conjugate points: 7, = 2, 7, = 2r, , where r = r, is the
root on (m, 37/2) of tanr = r, and 74, = 4=.

As in [II, Sect. 7], the results that have been described for integro-
differential boundary problems linear in the parameter may be used to
establish results on existence of eigenvalues, comparison and oscillation for
similar problems nonlinear in the parameter, and wherein the functional
corresponding to [ satisfies certain monotoneity conditions. For brevity,
however, such results will not be presented in detail.

7. GENERAL COMMENTS

As noted in the examples of Section 3, in general for integro-differential
equations there do not exist results on the existence of solutions satisfying
given initial values, as hold in the case of differential equations. Consequently,
for boundary problems involving integro-differential equations the methods
of Morse [8-10] using ‘‘broken extremals” are no longer available for the
derivation of oscillation and comparison theorems. In particular, for integro-
differential systems (2.1) wherein N(¢, 5) is of the degenerate form (3.4) the
results involving a given problem and its subproblems are equivalent to
corresponding problems and subproblems for the enlarged differential system
(3.8), and thus in such cases the comparison theorems for the integro-

409/54/1-8
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differential systems are deducible from corresponding comparison theorems
for the associated differential system. As illustrated by the example considered
at the end of Section 6, for such integro-differential systems the problem of
focal points is equivalent to a corresponding focal point problem for the
associated differential system, although the specific conjugate point problem
for the integro-differential system is not the same as the conjugate point
problem for the related differential system. In this connection, however, a
fundamental property of the treatment is that presented in Section 6, to
the effect that if @ < b < ¢ and [a, ¢] C I, then whenever y € Z[0, b]: { with
7(6) = 0 then (ny(t), L)) = (n(6), L) on [a, 8], (nolt), L(1)) = (0, 0) on
(b, c] is such that no€ B[O, c]: {, . Because of this property, the oscillation
theory for integro-differential systems of the form (2.5i, ii) may be considered
in the setting of the general theory of Hestenes [3], although for the derivation
of certain aspects of this problem in that context it appears that one needs
much of the structure of the present discussion, especially that of Sections 2
and 4. As far as the consideration of comparison theorems, it also appears that
a modified Weinstein method in the general character of Weinberger [19]
may be used. Again, an important aspect of the treatment involves the partial
Green’s matrix G(t, 5; A) and its expansion as presented in Theorem 5.3.

An important open question is the general relationship between the theory
of a given integro-differential problem (2.5) and associated problems involvi.ng
kernels of finite rank which approximate N(¢,s). Specifically, from the
Hilbert-Schmidt theory of Fredholm equations with hermitian kernels it
follows that the eigenvalues of the vector integral equation

$(t) = o f NG, s b5 ds tela b] (7.1)

are all real, and the totality of eigenvalues and corresponding eigenfunctions
may be arranged as a sequence {o; ,$,(1)} with | o; | < |o;,],(J=1,2,..),
fZ d:X(s) bi(s)ds = 8,5, (i,7 = 1, 2,...), and each eigenvalue occurring in the
sequence a number of times equal to its multiplicity. Also, | o; | — o as
j— oo and N(t,5) = 3., (1/o;) $,(t) ¢;*(s) in the sense of the Hilbert space
2{[a, b] X [a, b]}. Indeed, with the o; arranged in nondecreasing absolute
value, if

m

]\rm(t’ S) - Z (l/aj) ¢i(t) d’j*(s)r m = l’ 2: (72)

Jj=1

then the Q2-norm of N(z, 5) — N, (¢, s)on [a, b] X [a, b]isequalto /| 6,41},
and thus tends to zero as m — 00. As N, (1, 5) is of the form (3.4) with M(z)
the m X m matrix with row vectors ¢;*(¢), (j = 1,..., m), and R the real
diagonal matrix [(l/g;)8;], (,j = 1,..., m), the modified integro-differential
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problem with N(¢, 5s) replaced by N,(¢,s) is reducible to an ordinary dif-
ferential equation problem in (n + m)-dimensional vector functions u(z), v(7)
as defined in Section 3. If J,.[7: a, b] denotes the functional (2.3) with N(z, 5)
replaced by N, (¢, s), then for n € Z[a, b] we have

|l a, 8] — Juln: a, 8]l << (1)} 0,0y 1) Ely: @, b]. (7.3)
Also, whenever condition ($1v: a, b) is satisfied, we have
i j[n: a) b] - jm[TI: ﬂ, b:“ § (1‘/[( J GHH*I I]) K["} [l, b]‘ (74)

for arbitrary 5 € Z[a, b]. Consequently, whenever the hypotheses of Theorem
5.1 are satisfied, and for the problem involving N, (¢, s} the eigenvalues and
eigenfunctions {A;™, u;"(t); v;7(t)} are ordered as in that theorem, for the
eigenvalues and eigenfunctions {A; , u;(¢); z,(t)} of the given problem we have
for m =1, 2,..., the comparison result

=A<l onn ] (=120, (7.5)

Finally, it is to be noted that the theory of integro-differential systems as
discussed hereinmay be extended to “generalized integro-differential systems™
similar to the “generalized differential systems” considered by the author in
[13, 16, 17]. Moreover, as noted in [17, Section 3], certain types of Fredholm-
Stieltjes integral equations, including those considered by Krall [5], are
equivalent to such generalized differential equations. For such problems the
functional [[x: a, 8] is replaced by a functional of the form

7704 -+ ‘l'b {L*BL -+ 3*Cn) di + J'b‘]'b 7*(t) N(t, s) n(s) ds dt
.ﬂb l (7.6)
- | * () [ (),

where }(2) is an n X n hermitian matrix function of bounded variation on
[a, b]. System (2.1) is correspondingly replaced by the system

—de(t) -+ ;C(t) u(t) — A=(t) o(t) - [ "N, 5) u(s) ds! dt + [dM()] u(t) - 0,

w'(t) — A(t) u(t) — B(t) =(t) = 0.
(7.7)

No detailed discussion of boundary problems associated with such systems
will be presented, however, since under hypotheses of the sort considered in
the preceding sections, system (7.7) is reducible to a corresponding system
of the form (2.1) in the vector functions 4(t) = u(t). ©(t) = v(t) — M(¢t) u(z).
In this connection, for differential problems the reader is referred to [13,
Theorem 2.3].
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