
a

a

on. The
hod and

rem

of the

e
stability
[11],

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
J. Math. Anal. Appl. 313 (2006) 311–321

www.elsevier.com/locate/jma

Time periodic solution of the viscous
Camassa–Holm equation✩

Fu Yipinga,∗, Guo Bolingb

a School of Mathematical Sciences, South China University of Technology, Guangzhou 510640, PR Chin
b Institute of Applied Physics and Computational Mathematics, Beijing 100088, PR China

Received 10 December 2003

Available online 19 September 2005

Submitted by Steven G. Krantz

Abstract

This paper discusses the viscous Camassa–Holm equation with a periodic boundary conditi
existence and uniqueness of a time periodic solution are investigated by using the Galerkin met
Leray–Schauder fixed point theorem.
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1. Introduction and preliminaries

Recently, a considerable amount of research activity has focussed on the study
Camassa–Holm equation

ut − uxxt + 3uux = uuxxx + 2uxuxx,

which models the unidirectional propagation of shallow water waves over a flat bottom,u(t, x)

stands for the fluid velocity at timet in the spatialx direction (see [1]). Various works for th
system have been investigated in [2–10] and their references, such as the existence and
of solitary waves and various other types of solution of the Camassa–Holm equation. In
C. Foias et al. considered the three-dimensional viscous Camassa–Holm equation
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∇ · u = 0,

whereγ > 0 is the constant viscosity. In their paper, the existence of a global regular so
was obtained and the estimates for the Hausdorff and fractal dimensions of its global a
were provided.

In this paper, we are interested in the one-dimensional viscous Camassa–Holm equat

ut − uxxt − γ (uxx − uxxxx) + 3uux = uuxxx + 2uxuxx + f (t, x), t ∈ R, x ∈ R, (1)

u(t, x + L) = u(t, x), t ∈ R, x ∈ R, (2)

u(t + ω,x) = u(t, x), t ∈ R, x ∈ R, (3)

whereγ > 0 is the constant viscosity and the forcing termf is ω-periodic in timet andL-
periodic in spatialx. Without loss of generality, we assume further

∫
Ω

f dx = 0, Ω = [0,L].
When system is periodically dependent on timet , a natural problem is caused, that is whet
there exists time-periodic solution with the same period for the system. In many nonlinear
tion equations, the study of time-periodic solution has attracted considerable interest (for e
[12,13]). In this paper, we shall prove that Eqs. (1)–(3) have a solution by using the Ga
method (see [15]) and Leray–Schauder fixed point theorem (see [13]).

Our organization for this paper is as follows. In Section 2, we prove the existence
approximate solution and give uniform a priori estimates needed where we prove the conve
of sequence of the approximate solution. Section 3 is devoted to the proof of existen
uniqueness of time-periodic solution for Eqs. (1)–(3).

Before starting our work, we first introduce some notations and inequalities which w
needed later.

Let X be a Banach space, we denote byCk(ω;X) the set ofω-periodicX-valued functions
onR1 with continuous derivatives up to orderk. We define the norm:

|||u|||Ck(ω;X) = sup
0�t�ω

{
k∑

i=0

∥∥Di
t u(t)

∥∥
X

}
.

We denoteLp(ω;X) (1 � p � ∞) the set ofω-periodicX-valued measurable functions o
R such that

|||u|||Lp(ω;X) =
( ω∫

0

‖u‖p
X dt

)1/p

< ∞ (1 � p < ∞),

|||u|||L∞(ω;X) = sup
0�t�ω

‖u‖X < ∞.

We denote byWk,p(ω;X) the set of functions which belong toLp(ω;X) together with their
derivatives up to orderk, and in particular we writeHk(ω;X) = W2,k(ω;X) whenX is a Hilbert
space.Lp(Ω), Hm(Ω) are usual Sobolev spaces. For simplicity, we denote‖ · ‖Lp(Ω) by ‖ · ‖p

asp �= 2 and‖ · ‖L2(Ω) by ‖ · ‖.
In this paper the following inequalities (see [14]) will be used in the proofs later:

‖u‖∞ � k1‖u‖H1, (4)∥∥Dju
∥∥ � k2‖u‖a

Hm‖u‖1−a, (5)

p
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p
= j + a(1

2 − m) + (1− a)1
2 as 0� j < m, j

m
� a � 1.

‖u‖ � k3‖ux‖,
∫
Ω

u(x)dx = 0. (6)

2. A priori estimates

In this section we first prove that Eqs. (1)–(3) have a sequence of approximate so
{un}∞n=1, then give a priori estimates about{un}∞n=1.

We set the unbounded linear operatorAu = −uxx on X = L2 ∩ {u | u(x + L) = u(x),∫
Ω

udx = 0}, then the set of all linearly independent eigenvectors{wj }∞j=0 of A, i.e., Awj =
λjwj , with 0 < λ1 � λ2 � · · · � λj → ∞, is an orthonormal basis ofL2(Ω). For any num-
ber n and a group of function{ajn(t)}nj=1, whereajn (j = 1, . . . , n) ∈ C1(ω;R), the function

un(t) = ∑n
j=1 ajn(t)wj ∈ C1(ω;Hn) is called an approximate solution to (1)–(3) if it satisfi

the equation system as follows:(
unt − unxxt − γ (unxx − unxxxx),wj

) = (Nun + f,wj ), j = 1, . . . , n, (7)

whereNun = −3ununx +ununxxx +2unxunxx andHn = span{w1,w2, . . . ,wn}. By the classica
theory of ordinary differential equations, for any fixedvn(t) = ∑n

j=1 bjn(t)wj ∈ C1(ω;Hn) the
system(

unt − unxxt − γ (unxx − unxxxx),wj

) = (Nvn + f,wj ), j = 1, . . . , n,

has a uniqueω-periodic solutionun and the mappingF :vn → un is continuous and compa
in C1(ω,Hn). Hence by Leray–Schauder fixed point theorem, we want to prove the exis
of an approximate solution only to show the boundedness sup0�t�ω ‖un‖2 � c for all possible
solutions of (7) replaced byλNn (0� λ � 1) instead of nonlinear termNun, wherec is a constan
which only depends onL,λ1,ω, γ andf .

Lemma 2.1. If f ∈ C1(ω;H−1(Ω)), then

sup
0�t�ω

(‖un‖2 + ‖unx‖2) �
(

1

d
+ ω

)
M

γ
,

whereM = sup0�t�ω{‖f (x, t)‖2
H−1(Ω)

} andd = min{2γ λ1, γ }.

Proof. Multiplying (7) by ajn(t) and summing up overj from 1 ton, we have(
unt − unxxt − γ (unxx − unxxxx), un

) = (Nun + f,un).

This gives us

1

2

d

dt

(‖un‖2 + ‖unx‖2) + γ
(‖unx‖2 + ‖unxx‖2) = (Nun + f,un).

Notice that∫
Ω

u2
nunx dx = 0,

∫
Ω

u2
nunxxx dx +

∫
Ω

ununxunxx dx = 0,

‖unxx‖2 =
∫ ∣∣∣∣∣

(
n∑

j=1

ajn(t)wj

)
xx

∣∣∣∣∣
2

dx =
∫ ∣∣∣∣∣

n∑
j=1

λjajn(t)wj

∣∣∣∣∣
2

dx � λ1‖un‖2,
Ω Ω
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rgence

ual-
and by Young inequality∫
Ω

f un dx � γ

2
‖unx‖2 + M

2γ
.

From the above relations, we have

d

dt

(‖un‖2 + ‖unx‖2) + d
(‖un‖2 + ‖unx‖2) � M

γ
. (8)

Considering the time periodicity ofun and integrating (8) over[0,ω], we obtain

d

ω∫
0

(|un‖2 + ‖unx‖2) � ωM

γ
.

Hence, there existst∗ ∈ [0,ω) such that∥∥un(t
∗)

∥∥2 + ∥∥unx(t
∗)

∥∥2 � M

dγ
.

From (8), we can get∥∥un(t)
∥∥2 + ∥∥unx(t)

∥∥2 �
∥∥un(t

∗)
∥∥2 + ∥∥unx(t

∗)
∥∥2 + ωM

γ
�

(
1

d
+ ω

)
M

γ
.

Hence

sup
0�t�ω

(‖un‖2 + ‖unx‖2) �
(

1

d
+ ω

)
M

γ
=: c1, (9)

which concludes our proof.�
From Lemma 2.1 and Leray–Schauder fixed point theorem, Eq. (7) has solution{un}∞n=1, that

is also a sequence of approximation solutions of Eqs. (1)–(3). In order to obtain the conve
of {un}∞n=1, we need to give a priori estimates for the high order derivatives of{un}∞n=1.

Lemma 2.2. If f ∈ C1(ω;H−1(Ω)), then

sup
0�t�ω

(‖unx‖2 + ‖unxx‖2) � c2,

wherec2 is a constant which only depends onL,λ1,ω, γ andf .

Proof. Multiplying (7) by −λjajn(t) and summing up overj from 1 ton, we have(
unt − unxxt − γ (unxx − unxxxx), unxx

) = (Nun + f,unxx),

which implies that

−1

2

d

dt

(‖unx‖2 + ‖unxx‖2) − γ
(‖unxx‖2 + ‖unxxx‖2) = (Nun + f,unxx). (10)

Using (4), (5), (9), Hölder inequality and Young inequality, we can obtain the following ineq
ities:
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es of
er,
∣∣∣∣∫
Ω

f unxx dx

∣∣∣∣ � ε‖unxxx‖2 + 1

4ε
M, (11)

∣∣∣∣∫
Ω

ununxunxx dx

∣∣∣∣ � ‖un‖∞
∫
Ω

|unxunxx |dx � k1‖un‖H1

∫
Ω

|unxunxx |dx

� k1c
1/2
1

(
ε

k1c
1/2
1

‖unxx‖2 + k1c
1/2
1

4ε
‖unx‖2

)
� ε‖unxx‖2 + k2

1c2
1

4ε
,

(12)∣∣∣∣∫
Ω

ununxxunxxx dx

∣∣∣∣ =
∣∣∣∣1

2

∫
Ω

unu
2
nxx dx

∣∣∣∣ � 1

2
‖unx‖‖unxx‖2

4

� 1

2
c

1/2
1 ‖un‖1/2‖un‖3/2

H3 � 3

4
ε‖un‖2

H3 + c3
1

64ε3

� 3

4
ε
(‖un‖2 + ‖unx‖2 + ‖unxx‖2 + ‖unxxx‖2) + c3

1

64ε3

� 3

4
ε‖unxx‖2 + 3

4
ε‖unxxx‖2 + 3

4
εc1 + c3

1

64ε3
. (13)

Taking (11)–(13) into account and choosingε small enough such that 6ε + 3
4ε <

γ
2 , then (10)

yields

d

dt

(‖unx‖2 + ‖unxx‖2) + γ
(‖unxx‖2 + ‖unxxx‖2) � M

4ε
+ 3k2

1c2
1

4ε
+ 15εc1

4
+ 5c3

1

64ε3
=: C̃.

(14)

Integrating (14) aboutt from 0 toω and considering the time periodicity ofun, we obtain that
there existst∗ ∈ [0,ω) such that∥∥unxx(t

∗)
∥∥2 + ∥∥unxxx(t

∗)
∥∥2 � C̃

γ
.

From (14), we have∥∥unx(t)
∥∥2 + ∥∥unxx(t)

∥∥2 �
∥∥unx(t

∗)
∥∥2 + ∥∥unxx(t

∗)
∥∥2 + C̃ω.

Hence, we can get

sup
0�t�ω

(‖unx‖2 + ‖unxx‖2) � C̃

γ
+ C̃ω

=
(

1

γ
+ ω

)(
M

4ε
+ 3k2

1c
2
1

4ε
+ 15εc1

4
+ 5c3

1

64ε3

)
=: c2. (15)

Which concludes our proof.�
In the following, we continue to establish a priori estimates for the high order derivativ

the approximate solution{un}∞n=1 by an inductive argument. For simplicity, in the proofs lat
we denote byc a generic constant that varies from line to line.
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ement
Lemma 2.3. For anyk � 0, if f ∈ C1(ω;Hk−1(Ω)), then

sup
0�t�ω

(∥∥Dk+1un

∥∥2 + ∥∥Dk+2un

∥∥2) � c,

wherec is a constant which only depends onL,λ,ω,γ andf .

Proof. By Lemma 2.2, the conclusion of Lemma 2.3 holds fork = 0. Assume that fork �
m − 1 (m � 2) the conclusion of Lemma 2.3 holds; we want to prove that the same stat
also holds fork = m.

Multiplying (7) by (−1)m+1λm+1
j ajn(t) and summing upj from 1 ton, we have

(−1)m+1 1

2

d

dt

(∥∥Dm+1un

∥∥2 + ∥∥Dm+2un

∥∥2) + (−1)m+1γ
(∥∥Dm+2un

∥∥2 + ∥∥Dm+3un

∥∥2)
= (

Nun + f,D2(m+1)un

)
. (16)

Since∣∣∣∣∫
Ω

f D2(m+1)un dx

∣∣∣∣ =
∣∣∣∣∫
Ω

Dm−1f Dm+3un dx

∣∣∣∣ � ε
∥∥Dm+3un

∥∥ + 1

4ε

∥∥Dm−1f
∥∥2

, (17)

∣∣∣∣∫
Ω

ununxD
2(m+1)un dx

∣∣∣∣
=

∣∣∣∣∣
∫
Ω

(
m+1∑
j=0

C
j

m+1D
junD

m+1−j unx

)
Dm+1un dx

∣∣∣∣∣
�

∫
Ω

∣∣un(D)m+2unD
m+1un

∣∣dx +
∫
Ω

∣∣∣∣∣
(

m+1∑
j=0

C
j

m+1D
junD

m+1−j unx

)
Dm+1un

∣∣∣∣∣dx

� ε
∥∥Dm+2un

∥∥2 + c(ε)
∥∥Dm+1un

∥∥2 + c

� ε
∥∥Dm+2un

∥∥2 + c(ε), (18)∣∣∣∣∫
Ω

ununxxx(D)2(m+1)un dx

∣∣∣∣
=

∣∣∣∣∣
∫
Ω

(
m∑

j=0

C
j
mDjunD

m−j unxxx

)
Dm+2un dx

∣∣∣∣∣
�

∫
Ω

∣∣un(D)m+3unD
m+2un

∣∣dx +
∫
Ω

∣∣C1
mDun

(
Dm+2un

)2∣∣dx

+
∫
Ω

∣∣C2
mD2unD

m+1Dm+2un

∣∣dx +
∫
Ω

∣∣∣∣∣
(

m∑
j=3

C
j
mDjunD

m+3−j un

)
Dm+2un

∣∣∣∣∣dx

� ‖un‖∞
∫ ∣∣Dm+3unD

m+2un

∣∣dx + m‖Dun‖∞
∫ ∣∣Dm+2unD

m+2un

∣∣dx
Ω Ω
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2.3 for
+ C2
m

∥∥D2un

∥∥∞
∫
Ω

∣∣Dm+1unD
m+2un

∣∣dx

+
m∑

j=3

C
j
m

∥∥Djun

∥∥∞
∥∥Dm+3−j un

∥∥∞
∫
Ω

∣∣Dm+2un

∣∣dx

� c

( ∫
Ω

∣∣Dm+3unD
m+2un

∣∣dx +
∫
Ω

∣∣Dm+2unD
m+2un

∣∣dx

+
∫
Ω

∣∣Dm+1unD
m+2un

∣∣dx +
∫
Ω

∣∣Dm+2un

∣∣dx

)
, (19)

consider now

c

∫
Ω

∣∣Dm+3unD
m+2un

∣∣dx � ε
∥∥Dm+3un

∥∥2 + c(ε)
∥∥Dm+2un

∥∥2

� ε
∥∥Dm+3un

∥∥2 + c(ε)‖un‖2m+2
m+3

Hm+3‖un‖2(1− m+2
m+3 )

� ε
∥∥Dm+3un

∥∥2 + ε
∥∥Dm+3un

∥∥2 + ε
∥∥Dm+2un

∥∥2 + c(ε), (20)

c

∫
Ω

∣∣Dm+1unD
m+2un

∣∣dx � ε
∥∥Dm+2un

∥∥2 + c(ε)
∥∥Dm+1un

∥∥2

� ε
∥∥Dm+2un

∥∥2 + c(ε), (21)

c

∫
Ω

∣∣Dm+2un

∣∣dx � ε
∥∥Dm+2un

∥∥2 + c(ε), (22)

c

∫
Ω

∣∣Dm+2unD
m+2un

∣∣dx � c
∥∥Dm+3un

∥∥2m+2
m+3 ‖un‖2(1− m+2

m+3 )

� ε
∥∥Dm+3un

∥∥2 + ε
∥∥Dm+2un

∥∥2 + c(ε), (23)

where we have used Lemmas 2.1, 2.2, Young inequality, the assumption of Lemma
k � m − 1, (4) and (5).

Hence, from (19)–(23), we get∣∣∣∣∫
Ω

ununxxxD
2(m+1)un dx

∣∣∣∣ � 3ε
∥∥Dm+3un

∥∥2 + 4ε
∥∥Dm+2un

∥∥2 + c(ε). (24)

Similarly,∣∣∣∣∫
Ω

ununxxD
2(m+1)un dx

∣∣∣∣ � 2ε
∥∥Dm+3un

∥∥2 + c(ε). (25)

Taking (16)–(25) into account, we obtain
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1

2

d

dt

(∥∥Dm+1un

∥∥2 + ∥∥Dm+2un

∥∥2) + γ
(∥∥Dm+2un

∥∥2 + ∥∥Dm+3un

∥∥2)
� 6ε

∥∥Dm+3un

∥∥2 + 6ε
∥∥Dm+2un

∥∥2 + c(ε).

Choosingε small enough such that 6ε < γ/2, we have

d

dt

(∥∥Dm+1un

∥∥2 + ∥∥Dm+2un

∥∥2) + γ
(∥∥Dm+2un

∥∥2 + ∥∥Dm+3un

∥∥2) � c(ε). (26)

Integrating (26) from 0 toω, there existst∗ ∈ [0,ω) such that∥∥Dm+2un(t
∗)

∥∥2 + ∥∥Dm+3un(t
∗)

∥∥2 � c. (27)

Integrating d
dt

(‖Dm+1un‖2 + ‖Dm+2un‖2) � c(ε) again fromt∗ to t ∈ [t∗, t∗ + ω) and consid-
ering (27), we can easily get

sup
0�t�ω

(∥∥Dm+1un

∥∥2 + ∥∥Dm+2un

∥∥2) � c.

The proof is completed by an inductive argument.�
Lemma 2.4. For anyk � 0, if f ∈ C1(ω;Hk+1(Ω)), then

sup
0�t�ω

(∥∥Dkunt

∥∥2 + ∥∥Dk+1unt

∥∥2) � c,

wherec is a constant which only depends onL,λ,ω,γ andf .

Proof. We first prove that the conclusion of Lemma 2.4 holds fork = 0. Multiplying (7)
by a′

jn(t) and summing upj from 1 ton, we have

‖unt‖2 + ‖unxt‖2 = (
γ (unxx − unxxxx) + Nun + f,unt

)
. (28)

By Lemma 2.3, iff ∈ C1(ω;H 1(Ω)), then‖u‖H4 � c. Hence(
γ (unxx − unxxxx) + Nun + f,unt

)
�

∥∥γ (unxx − unxxxx) + Nun + f
∥∥‖unt‖

� c‖unt‖. (29)

Therefore, by (28) and (29), it is easy to know that

sup
0�t�ω

(‖unt‖2 + ‖unxt‖2) � c,

i.e., the conclusion of Lemma 2.4 exists fork = 0.
Now assume that the conclusion of Lemma 2.4 holds fork � m (m � 1), we want to prove

that the conclusion of Lemma 2.4 also holds fork = m + 1.
Multiplying (7) by (−1)m+1λm+1

j a′
jn(t) and summing upj from 1 ton, we have

(−1)m+1
∥∥Dm+1unt

∥∥2 + (−1)m+1
∥∥Dm+2unt

∥∥2

= (
γ (unxx − unxxxx) + Nun + f,D2(m+1)unt

)
. (30)

By Lemma 2.3, iff ∈ C1(ω;Hm+2(Ω)), then‖Dkun‖ � c for k � m + 5. Hence∣∣(γ (unxx − unxxxx) + Nun + f,D2(m+1)unt

)∣∣
�

∥∥Dm+1[γ (unxx − unxxxx) + Nun + f
]∥∥∥∥Dm+1unt

∥∥ � c
∥∥Dm+1unt

∥∥. (31)
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(1)–(3).
s a sub-

ions (1)

olution
.

Therefore, from (30), (31), it follows

sup
0�t�ω

(∥∥Dm+1un

∥∥2 + ∥∥Dm+2un

∥∥2) � C.

This completes the proof of Lemma 2.4 by an inductive argument.�
3. Existence and uniqueness of time periodic solution

We have proved that Eqs. (1)–(3) have a sequence of approximate solutions{un}∞n=1. In this
section, we want to prove that the sequence converges and the limit is a solution of Eqs.

By Lemmas 2.1–2.4 and standard compactness arguments we conclude that there i
sequence which we denote also by{un} such that for anyk � 0, if f ∈ C1(ω,Hk+1(Ω)), we
have

un(t) → u(t), weakly∗ in L∞(
ω;Hk+4(Ω)

)
,

un(t) → u(t), strongly inL∞(
ω;Hk+3(Ω)

)
,

unt (t) → ut (t), weakly∗ in L∞(
ω;H 1+k(Ω)

)
,

unt (t) → ut (t), strongly inL∞(
ω;Hk(Ω)

)
.

By the above lemmas we know that the nonlinear terms are well defined:

‖ununx − uux‖ �
∥∥un(unx − ux)

∥∥ + ∥∥ux(un − u)
∥∥

� ‖un‖∞‖unx − ux‖ + ‖ux‖∞ − u → 0, n → ∞, uniformly in t,

‖ununxxx − uuxxx‖ � ‖un‖∞‖unxxx − uxxx‖ + ‖uxxx‖‖un − u‖∞
� ‖un‖∞‖unxxx − uxxx‖ + k1‖uxxx‖‖un − u‖H1 → 0,

n → ∞, uniformly in t.

Similarly,

‖unxunxx − uxuxx‖ → 0, n → ∞, uniformly in t.

Consequently, it follows(
ut − uxxt − γ (uxx − uxxxx), η

) = (Nu + f,η), η ∈ L2
per.

Thanks to the estimates obtained in the previous section, we get

ut − uxxt − γ (uxx − uxxxx) = Nu + f, a.e. onR1 × Ω.

So we obtain the existence of time periodic solution for the viscous Camassa–Holm equat
and (2), that is the following result.

Theorem 3.1. For any k � 0, if f ∈ C1(ω;Hk+1(Ω)), then Eqs.(1)–(3) have a time periodic
solutionu(t) which satisfiesu(t) ∈ L∞(ω;Hk+4(Ω)) ∩ W1,∞(ω;Hk(Ω)).

Under the assumption of Theorem 3.1 we are unable to prove the uniqueness of the s
for Eqs. (1)–(3). But if we assume thatM is sufficiently small, then the result can be obtained
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Theorem 3.2. Suppose that the assumption in Theorem3.1holds. IfM is sufficiently small, then
the time periodic solution of Eqs.(1)–(3) in Theorem3.1 is unique.

Proof. Let u andū be any two time periodic solutions of Eqs. (1)–(3). Let us denotev = u − ū.
Then from Eq. (1) we get

vt − vxxt − γ (vxx − vxxxx) = Nu − Nū. (32)

Taking the inner product of (32) withv, we obtain

1

2

d

dt

(‖v‖2 + ‖vx‖2) + γ
(‖vx‖2 + ‖vxx‖2) = (Nu − Nū, v).

By the inequality (6),

1

2

d

dt

(‖v‖2 + ‖vx‖2) + γ

2k2
3

‖v‖2 + γ

2
‖vx‖2 + γ ‖vxx‖2 = (Nu − Nū, v). (33)

Since∣∣(−3uux + 3ūūx, v)
∣∣ �

∣∣(−3uvx, v)
∣∣ + ∣∣(−3ūxv, v)

∣∣
� 3‖u‖∞

(‖v‖2 + ‖vx‖2) + 3

2
‖ū‖∞‖v‖2

�
(

3

2
k1c

1/2
1 + 3

2
k1c

1/2
2

)
‖v‖2 + 3

2
k1c

1/2
1 ‖vx‖2, (34)

∣∣(uuxxx − ūūxxx, v)
∣∣

�
∣∣(uvxxx, v)

∣∣ + |ūxxxv, v|
�

∫
Ω

|uxvxxv|dx +
∫
Ω

|uvxvxx |dx + 1

2

∫
Ω

∣∣ūxv
2
x

∣∣dx + 1

2

∫
Ω

|ūxvvxx |dx

� 1

2
‖ux‖∞

(‖v‖2 + ‖vxx‖2) + 1

2
‖ux‖∞

(‖vx‖2 + ‖vxx‖2) + 1

2
‖ūx‖∞‖vx‖2

+ 1

2
‖ūx‖∞

(‖v‖2 + ‖vxx‖2)
�

(
k1

2
c

1/2
2 + k1

4
c

1/2
2

)
‖v‖2 +

(
k1

2
c

1/2
1 + k1

2
c

1/2
2

)
‖vx‖2

+
(

k1

2
c

1/2
2 + k1

2
c

1/2
1 + k1

4
c

1/2
2

)
‖vxx‖2, (35)

∣∣(2uxuxx − 2ūx ūxx, v)
∣∣

�
∣∣(2uxvxx, v)

∣∣ + |2ūxxvx, v|
� 2‖ux‖∞

(‖v‖2 + ‖vxx‖2) + 2
∫ ∣∣ūxv

2
x

∣∣dx + 2
∫

|ūxvxxv|dx

� k1c
1/2
2

(‖v‖2 + ‖vxx‖2) + ‖ūx‖∞‖vx‖2 + ‖ūx‖∞
(‖v‖2 + ‖vxx‖2)

� 2k1c
1/2
2 ‖vx‖2 + (

2k1c2‖vxx‖2). (36)

Hence, ifM is sufficiently small such that
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space-
s that
a priori
Holm

(1993)

6–250.
si-linear

1–399.
2000)

l wave

1) 309–

3) 638–

) 945–

n to the

1–157.
. Math.
γ

4k2
3

� 3k1

2
c

1/2
1 + 17k1

4
c

1/2
2 ,

γ

4
� 2k1c

1/2
1 + 5k1

2
c

1/2
2 ,

γ

4
� k1

2
c

1/2
1 + 11k1

4
c

1/2
2 , (37)

then it follows from (33)–(37)

d

dt

(‖v‖2 + ‖vx‖2) + ρ
(‖v‖2 + ‖vx‖2) � 0,

whereρ > 0 is a suitable constant, so that(‖v‖2 + ‖vx‖2)(t) �
(‖v‖2 + ‖vx‖2)(0)exp(−ρt), for anyt � 0.

Sincev is ω-periodic int , then for any positive integerN we have(‖v‖2 + ‖vx‖2)(t) = (‖v‖2 +
‖vx‖2)(t + Nω), so that(‖v‖2 + ‖vx‖2)(t) �

(‖v‖2 + ‖vx‖2)(0)exp
(−ρ(t + Nω)

)
,

which implies‖v‖2 + ‖vx‖2 = 0. This completes the proof of Theorem 3.2.�
Here we remark that this paper deals with the existence and uniqueness of time- and

periodic solution for the viscous Camassa–Holm equation with the forcing terms. It seem
the method used in this paper does not apply to the Camassa–Holm equation, because
estimates for the high order derivatives of solution are difficult to obtain for the Camassa–
equation.
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