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Abstract

We study the so-called crossing estimate for analytic dispersion relations of periodic lattice systems in dimensions three and
higher. Under a certain regularity assumption on the behaviour of the dispersion relation near its critical values, we prove that
an analytic dispersion relation suppresses crossings if and only if it is not a constant on any affine hyperplane. In particular, this
applies to any dispersion relation which is an analytic Morse function. We also provide two examples of simple lattice systems
whose dispersion relations do not suppress crossings in the present sense.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

On étudie la borne de croisement pour des relations de dispersion analytiques de systémes sur réseaux périodiques en dimension
d > 3. En supposant une certaine régularité de la relation de dispersion au voisinage des valeurs critiques, on démontre qu’une
relation de dispersion analytique élimine les contributions de croisements si et seulement si elle n’est pas constante sur n’importe
quel hyperplan affine. C’est le cas si la relation de dispersion est une fonction de Morse analytique. Enfin, on présente deux
exemples de systemes simples sur réseau pour lesquels la relation de dispersion n’élimine pas les croisements au sens défini ici.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Time-dependent perturbation theory has proven to be a useful tool in studying the behaviour of systems where a
free, wave-like, evolution in three dimensions is perturbed by a weak random potential. An important set of tools for
rigorous estimation of such a perturbation series was developed by Erd6s and Yau in [1] to study the kinetic limit
of the random Schrédinger evolution. These methods have later been extended to cover also the low density limit of
the random Schrodinger evolution [2], as well as the kinetic limits of an electron coupled to a phonon field [3], of
the discrete random Schrodinger equation (the Anderson model) [4,5], and of certain discrete wave equations with a
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weak, random mass-disorder [6]. There is also a recent, remarkable result where the methods have been reworked to
allow going beyond the kinetic time-scales for the continuum and discrete random Schrddinger evolutions [7-9].

An important element in all of these results is an estimate proving that all so called crossing graphs are suppressed.
For the discrete random Schrodinger equation this was proven in [4] by showing that for every sufficiently small
B >0,

1 1 1
sup / dk dk, ‘ . — <ci(lng)" gr—.
e a1 — w(ki) + Bz — w (k) + Bl las — (ki — ka + ko) + 1B
(T3)2
(1.1)
Here w (k) = Zi:] (1 — cos(2mky)) is the dispersion relation of the free discrete Schrodinger equation, and c¢; > 0,
n1 2 0 and y > 0 are constants depending only on the function w.
We call (1.1) the crossing estimate. The validity of the corresponding estimate in the earlier continuum Schrédinger
case (when w (k) = %kz, k € R3) was fairly straightforward to prove, but the proof turned out to be involved in the

discrete case, w (k) = Z?}:l (1 —cos(2mky)). There are now two independent proofs of this result: the bound in (1.1)
was shown to hold with y =1/5 and n; =2 in Lemma 3.11 of [4] and with y = 1/4 and n; = 6 in Appendix A.3
of [7]. The case of more general dispersion relations w is not covered by the earlier results. However, in a very recent
preprint by Erd6s and Salmhofer [10] the related “four denominator estimate”, which involves four resolvent terms
instead of three and which was required in [7], has been studied using an approach different from ours.

For very small §, each of the factors in (1.1) is sharply concentrated around some level set of w. However, the
arguments of w in the factors are not allowed to vary independently of each other, and the magnitude of the integral
for small B is thus determined by the overlap of the different level sets depending on the constants o ;. Therefore,
to prove (1.1) it will be necessary to consider the worst case scenario for the level sets, and then try to estimate the
overlap between the three levels sets as k1 and k, are varied.

However, it is not obvious how to carry out such an argument in the general setup. This raises the question: for
what kind of dispersion relations w is it possible to derive the estimate (1.1)? This question is particularly relevant
in the context of microscopic models for lattice vibrations in a crystal where the dispersion relation is determined by
the elastic couplings, and can be fairly arbitrary (we refer to the survey [11], and for a related mathematical treatment
of the purely harmonic system to [12], for further details on the topic). In an earlier work [6], where the perturbation
methods were applied to a simplified model of the lattice vibrations, the estimate (1.1) was in fact elevated to an
assumption, denoted by (DR4) in the paper.

Here our main aim is to show that the technical assumption (DR4) of the earlier work [6] can be replaced by a much
simpler geometric condition. However, the methods used here should have wider applications in analysis involving
time-dependent perturbation expansions or relying on resolvent techniques. We will introduce the problem in detail
and present the main results in Section 2, with the main notations collected to Section 2.1. Before proceeding to the
more involved proof of validity of the crossing estimate, we first prove the converse and discuss a few counterex-
amples in Section 3. The proofs of the main theorems have been divided into Sections 4—6. Section 4 collects the
main technical lemmas, with some of the more well-known details being reproduced for the sake of completeness in
Appendices A and B. We prove in Section 5 that the technical assumption made about the nature of the set of singular
points of the dispersion relation leads to a property similar to the usual dispersivity. To show that the assumptions
are fairly general, we have also included in Appendix C a proof which shows that real-analytic Morse functions are
covered by the main theorems. The proof of the suppression of crossings is the content of Section 6, where the first
part gives a certain uniform estimate on the minimal curvature of the level sets of w, and the second part exploits this
to provide for the extra decay of the crossing integral.

2. Main results

Let us call a dispersion relation w semi-dispersive, if the integral over the modulus of its resolvent diverges at most
logarithmically, that is, if there are ¢y € R+ and ng € N such that forall 0 < 8 < 1, and @ € R,

1 n
T
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We will be here mainly interested in real-analytic dispersion relations which have this property. We aim at prov-
ing (1.1), and thus we need to consider the “three-resolvent! crossing integrals” defined by:

1 1
ot — w (k1) +iBllaz — w(ka) + 1l las — w (ki — k2 + ko) +iB|

Der(a ko, B) = f dky dk 22)

(T2
for @ € R3, kg € T¢ and 0 < B < 1. For any semi-dispersive w, we immediately obtain a bound for the integral by

estimating the third factor trivially by 1/8, which yields:
sup Ler (@, ko, ) < cj(In f)>™ " (2.3)

o, ko

We call this the basic estimate. We shall say that the dispersion relation suppresses crossings, if it is possible to
improve the basic estimate by some positive power of 8, i.e., if there are constants y > 0, c; € Ry, and n; € N such
that

sup Iier(e, ko, B) < c1(ln )" g7 1. (2.4)

o, ko

We note that this implies, in particular, that sup,, 4 (B3cr(at, ko, )) — 0 when 8 — ot.
The following collects the precise assumptions made about w here.

Assumption 2.1. Let d > 3, and let w: RY — R be real-analytic and 74 -periodic. Define for all s > 0,

1
fw(s)=/dkmﬂ(}w(k)| > ). (2.5)
Td

We assume that there are pg, co > 0 such that for all s > 0,

Jo(s) < co(lns)P0. (2.6)

Since obviously f,,(s) < s>, the assumption is in reality only about the nature of the singularity of the integrand
near the set of singular points of w, i.e., about the behaviour of w near the points k for which Ve (k) = 0.

The first of the following theorems, Theorem 2.2, proves that every such w is semi-dispersive with ng = 1. In
particular, this is the case for every real-analytic Morse function @ on T¢, and we have included a proof of this
property in Appendix C. In the assumptions, for d = 3 we then need to take po = 1, otherwise py = 0 suffices. In
the second theorem, Theorem 2.3, we present a simple geometric classification of whether such a dispersion relation
suppresses crossings or not.

Theorem 2.2. Let Assumption 2.1 be satisfied. Then for every 0 < p < 1 there is a constant C), with the following
property: foralla e R, 0 <8< 1,if0<p<1,

/' dk 1 o
Vo @) o — wk) +if]
Td

Cp(Inp), Q2.7)

and, if p =1,

dk 1
po+2
/IVw(k)l o 1ip S 1A 2.8)
’]I‘d

Theorem 2.3. Let Assumption 2.1 be satisfied. Then w suppresses crossings if and only if it is not a constant on any
affine hyperplane.

! This is to distinguish the estimate from the related integral involving four resolvent factors which was needed in [7] for the analysis going
beyond the kinetic regime.
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Thus, we can now conclude that there is a large class of functions for which the main theorem in [6] is satisfied:

Corollary 2.4. If w : T — R is a Morse function, whose periodic extension to R3 is real-analytic and the extension is
not a constant on any affine hyperplane, then it satisfies the assumptions (DR3) and (DR4) of [6].

The property called (DR3) was already shown to be valid for Morse functions in [6]. We have included it in the
corollary only to allow for easier use of the result. With some effort, it should now also be possible to generalize the
results about the Anderson model [4] accordingly to more general dispersion relations.

2.1. Notations

We use the standard notations S¢ and T for the d-dimensional unit sphere and the unit torus, respectively. ¢ is the
surface of the unit ball in R+, with the topology and metric inherited from it, and T is identified with the topological
space R?/Z?. We denote the equivalence class mapping R — T¢ by [-], and its inverse on (—1/2, 1/2]¢ by [-]'. The
topology of the torus is then compatible with the metric dr defined by dr([y], [x]) = min, cza |y —x +n| = |[[y —x]]'|.
Let us also remark that, in general, we do not make a distinction between a Z¢-periodic function f and its unique
representative as a function on T4, defined by [x] — f(x).

The space dimension is denoted by d, and for any r > 0, we denote the ball of radius r in R¢ by B,. In addition,
we will reserve the notation e; to the jth coordinate vector of RY, ie., (ej)y =&y, where § denotes the Kronecker
delta. An affine hyperplane M C R is a set for which there exists a vector xo € R such that M — x is a hyperplane,
i.e., a (d — 1)-dimensional subspace of R4, Then there are a direction u € S9~! and ry € R such that with xo = rou,
M={xe R4 |x-u=ro}={x—(x-u)u+xo|x € ]Rd}. We also denote the projection onto the hyperplane orthogonal
to u by Q,, when explicitly

Oux=x—(u-x)u. (2.9)

We use here the following standard shorthand notation:

(x) =v1+x2, (2.10)

for x € R. This will be the main tool for handling the various power-law dependencies appearing later, and we have col-
lected a few basic properties of (-) into Appendix B. For any sufficiently many times differentiable function f: X — C,
X an open subset of R?, we employ the notations:

I flly= sup [9*fllc and [ flly= sup [ID"flloo (2.11)
la|<N o<nN
where, for a multi-index «, 9% f is the corresponding partial derivative of f, and, for a positive integer n,
D" f|, denotes the linear operator on R4*" corresponding to the nth derivative of f at x. Then ||D" flloo =
supy e j=1 [T Tx=1 (vj - V) f(0)]. In particular, [[flly = llflloos IfII] = max(|l fllco,sup, [V f(X)]), and |||, =
max (|| £}, sup, | D £ (x)|), where D? f (x) is the Hessian of f at x and the norm is its matrix norm.
Finally, 1(P) denotes here a characteristic function of a statement P. That is, it takes the value 1, if P is true, and O
otherwise.

3. Counterexamples
3.1. Proof of “only if” in Theorem 2.3

For this part of the proof, we do not need the dispersivity properties following from Assumption 2.1, or the full
smoothness of the dispersion relation. Instead of the assumptions of Theorem 2.3, let us consider in this subsection
the following, more general, case: let d > 2 and assume that w: R? — R is Z¢-periodic and Lipschitz. Let C’ denote
a Lipschitz constant of w, i.e., it is positive and |»(x") — w(x)| < C’|x’ — x| for all x’, x e R?.

To complete the “only if”” part of Theorem 2.3, we assume that there is an affine hyperplane M C R? and « € R
such that w(x) = « for all x € M. Then there are u € §9=1 and ro € R such that

M={xeR|x-u=ro}={x— (x - wu+x|xeR}
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where xog = rou. We shall prove that w cannot suppress crossings by showing that then there is ¢ > 0 such that for all
0<pB<l,

1(B) = Ga((e, @, @), [x0], B) > (3.1

c
5
By the remark after (2.4), this suffices, as then SUp,’ ks (B!, K, B)) = c.

We will derive the bound by considering the integral only over a certain neighbourhood of [M] x [M] C T? x T¢.
Letforany 6 >0

Mj={[x]11x eRY, |x-u—ro| <8} (3.2)

Then My = [M] C M//S and there is C > 0 such that fMg dk > C$§ for all 0 < 8 < 1. If k € My, there is x such that
k=[x]and |x -u—r9| <8.Thenx'=x — (x -u — ro)u € M, and

lo —wk)| = o) —o@)| < C'lx-u—r <C'8. (3.3)

Therefore, |a — w (k) +if] = B{(@ — w(k)B~L) < B(C'8B™") for all [x] € Mg. If ki, ko € M/, then there are x,

Xy € R such that [xj]=kjand |x;-u—ro| < B.Since (x1 —x2+xp)-u—ro=x1-u—x3-u, then [x; —x2+x0] € Mﬁ;}-
Therefore, forall 0 < 8 < 1,

1 5. T
I(ﬁ)?fdh/dkz(c/)z(zc/)ﬂ > s (G.4)

/ 4
Mg My

This proves (3.1), and finishes the proof of the “only if”” part of Theorem 2.3.
3.2. The first counterexample: NN-interaction in d =2

As the first counterexample, we consider the dispersion relation of the standard 2-dimensional classical harmonic
crystal with nearest neighbour (NN) interactions. Although it does not satisfy Assumption 2.1, as d < 3 and w is not
analytic, it is a standard example used in perturbative analysis of 2-dimensional crystals. We therefore find it worth
the diversion to stress the special nature of this dispersion relation. See, for instance, Sections 2.1 and 6 in [6] for more
details on the subject.

Let w:R? — R be defined by:

w(x) = /2 — cos(2mxy) — cos(2mxa). (3.5)

It is Z2-periodic and has a cusp singularity at every x € Z2, but it is straightforward to check that e is nevertheless
Lipschitz. On the other hand, if x is any point on the affine hyperplane x; + x> = % then

w(x)? =2 —cos(2wx)) — cos(r — 27 x)) = 2. (3.6)

Therefore, we can apply the previous proof, and conclude that the dispersion relation @ does not suppress crossings.

The same conclusion naturally holds also for the dispersion relation w?.

3.3. Second example: A Morse function ind =3

To show that the extra condition in Theorem 2.3 cannot be dropped, let us also provide an example which satisfies
Assumption 2.1 but which is nevertheless a constant on a certain hyperplane. Define:

w(x) =5 —cos(2mx1)(3 + cos(2mx2) + cos(27x3)) 3.7

which is Z3-periodic, real-analytic, and positive. If we denote s; = sin(27x;) and ¢; = cos(27x,), then

1
7 Vo = (5134 c2+c3), c152, ¢183). (3.8)
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Since 3 + ¢z + ¢3 > 1, w has 8 critical points which are the points with s; =0 for all j, i.e., the points x; € {0, %} for
j =1,2,3. The Hessian is:

, c13+ca+c3) —s152 —5153
) D w(k) = —S5152 cier 0 3.9)
—5153 0 cics

and, since at all critical points |c;| =1, |det D%w(x)| > 27)% >0 at every critical point x. Therefore, w is a Morse
function, and thus satisfies Assumption 2.1. On the other hand, w (ii, X3, x3) = 5 for all xo and x3, and w is a constant,
for instance, on the hyperplane x; = %.

As w is positive, it is a dispersion relation of a certain classical harmonic crystal. The corresponding elastic cou-
plings of the crystal can be obtained by taking the inverse Fourier transform of w?. Since w? is a trigonometric
polynomial, these elastic couplings correspond to a translation invariant harmonic interaction which is mechanically
stable and has a finite range. Therefore, this example shows that even quite simple elastic couplings can lead to
violation of the condition for suppression of crossings.

4. Main technical lemmas

This section collects the technical material which will be needed in derivation of the main results. We start with a
few straightforward, but frequently applied, estimates. In the second subsection we derive estimates for the asymp-
totics of one-dimensional “resolvent integrals”. The final subsection contains a derivation of the parameterisation of
the level sets of w, and most of it will be consumed by the more involved estimates about the higher order curvature
induced by the parameterisation.

4.1. Basic estimates

For application of the following lemmas, let us note that if @ satisfies the Assumption 2.1, then it is Z?-periodic
and smooth, and thus |||, < oo for all n.

Lemma 4.1. Suppose d and o satisfy Assumption 2.1. Then for all 0 < p < 3,

/dk . “.1)
[V (k)|P

Td

Proof. Let M = (||a)||/1)3_p . Then we can apply a “layer cake representation” to the integral:

M
1 1 3-p
/dkm_/dk VoloP /ds1(|w)(k)y > )
Td Td

0
M M
1 Po
:/ds fu(s'/G7P)) <c0<3 > /ds (Ins)?0, 4.2)
0 b 0
where we have used Fubini’s theorem and the general property (ab) < {(a)(b). By the change of variablesto y = —Ins,

the remaining integral over s is easily shown to be finite, which proves (4.1). 0O

Lemma 4.2. Let a > 0 and :R? — R, with M, = loll, < oo, be given. Then for all x, xo € R? with |x — xo| <
Vo (o),

|Vor (x) = Vo (xo)| < a|Vo(xo)|. 4.3)

Proof. Let x and xg be such that |x — xg| < Miz [Vw(xg)|. Choose an arbitrary & € R?, then by Taylor formula:
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1

|h- (Vo (x) — Vo (xp))| < /dt | D20l +1(x—x0) (h, X — X0)|
0
< |hllx = xollolly < a|Vo(xo)||hl. (4.4)

This implies (4.3). O

Lemma 4.3 (Argument shift). Let w be such that My = ||a)||’2 < 0o, and assume that s, p > 0 and 0 < a < 1 are given.
Then for any 0 < A < as/Ma, and x,y € RY,
1I(lx —yl < MLV (x)| = (1 —a)s)

1(1x — y| < L(Vo ()| > 5)
< P . 4.5
Vo7 (I+a) Vo7 (4-)

Proof. Let us assume |x — y| < A and |Vw(y)| = s, otherwise the bound in (4.5) is trivial. Since then |x — y| <
a|lVw(y)|/ M3, we can apply Lemma 4.2 and triangle inequality, yielding

Vo] = [Vom)|| < Vo) - Vo] <a|[Voy)|. (4.6)
Therefore, |Vw(x)| > (1 —a)|Vw(y)| = (1 —a)s, and (1 +a)|Vo(y)| = |Vo(x)|, which imply that (4.5) holds. O

Lemma 4.4. Forany p >0and 0 < 8 < 1,
1

/ ds Unss)p < (g, @.7)
B

Proof. Now 0 < —Ins < —1In g for all 8 <s < 1. Therefore,
1

1
/ ds““;) (InB)” % (Ing)”|In B < (In )P+, 4.8)
B B

proving (4.7). O

Lemma 4.5. For any 8, u > 0, and x, h € R such that |h| <2up,

1 P

< —. 4,
|x +h+ip] |x + 18| (4.9)

Proof. By the triangle inequality, |x + &|? > (|x| — |k])?, and thus forany 0 < A < 1,

Ix +h +iB> = x> = 2|h||x| + h> + B>
2
=(1—)\2)(x2+,32)+<)u|x|—%|h|> —(}\1—2—1>|h|2+x2ﬁ2
> (1-2%)(x* +B%) —|—,32<<1 — %)4;& +x2>. (4.10)

By choosing A2 =1 — (i 4 (1))~ the final term in the parenthesis vanishes. Since then 1 — A% = (u + ()2, this
proves (4.9). O

4.2. One-dimensional resolvent integrals
We derive here the required estimates for one-dimensional “resolvent” integrals. We start with polynomials, and

then extend these results to functions f which are “almost polynomial” on the integration interval in the sense that
the noth derivative of f is non-vanishing on the whole interval for some order ng. The proof will be quite simple
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when ng = 1, and fairly involved when ng > 1. Although we are not aware of a reference to a derivation of these
estimates in the literature, they could probably be pieced up from the known results. We point out, in particular, the
similarity to Malgrange preparation theorem, see for instance Section 7.5 of [13]. The main point of reproducing the
proofs in detail here is that we need to have some control on how the various constants in the estimates depend on the
function f.

Proposition 4.6. Let n > 1 and let P,(x) = ;_, arx, with ay € R and a, # 0. If n > 2, then for all B > 0,

o0
dx 2(n+2) 1/n—1
< : 4.11)
/|Pn(x)+1,8| |an|1/n P
—00
Ifn=1, then for B, A > 0, and xp € R,
d 6(In{A
f X Ot gy @.12)
| Py (x) +1B] ||
[x—xo|<A

Proof. Let first n > 2, and consider (4.11). Since P, is a polynomial of nth degree, we can find z € C" such that for
all x, P,(x) =a, [j_,(x — z¢). Fix then x, and let £’ be an integer such that |x — z¢| > |x — z¢| for all £. Then,
|x —z¢| = |x —Rezy|, and

1 1 Z 1
— < — <) - (4.13)
|Pa(x) +iBl  llanllx —Rezgl" +if] ~ 2 llan|lx —Reze|" +if]

00 00
dx ﬂl/n—l dx
/ no_y i = 1/n /—n’ (4.14)
llan|lx = yI" +1B]  lanl {x™)
—00

For any y € R,

where % dx (x")7! <2(1 4 [P dxx™) =2n/(n — 1) < 2(n +2)/n, since n > 2. Thus (4.13) implies (4.11).
Assume then n = 1, when P, (x) = ag + ajx. Changing variables to y = (ag + a1x)/8, we get:

d L g
/ ———if—z——./ y_ @.15)
P +iBl Jal ) T+
=0l <A oy

with yg = (ag + ai1xg)/B and A" = |a1|A/B. By differentiation with respect to yg, we find that the second integral has
a maximum at yg = 0. Therefore,

dx 2 d 2 242
f k2 [ 2y < 2 (4.16)
BaCO 461 farl [ Iy il ]

[x—xo|<A

If B < Alay|, then 0 <InA' <lIn{Ala;|) + |In B], and, since 2J2 <3, (4.16) implies:

dx 3
— < —2In(ra)}{InB), 4.17)
/ [Pn(x) +1B| a1 | Jinp

|x—xo|<A
where we have used the properties of (-) given in Appendix B. This proves (4.12) for 8 < Alay]. If 8 > A|aj|, then we
can estimate trivially:

dx 20 2 6
P 1Bl S B il In(rar))(in B}, 4.18
/ PO +iBl B arl Ia1|<n( a)in ) (4.18)

|x—xo|<A

which proves (4.12) also for the remaining values of 8. 0O
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Proposition 4.7. (ng = 1) Suppose a,b € R, with a < b. Denote I = (a, b), and assume f € CWOU,R) is such that
| f'(x)| = eo for some ey > 0 and all x € I, and that mg =sup,¢; | f (x)| < 0o. Then for all B > 0 and a € R,

b
dx 6(In(mo))
/If(x)—ouri,mg 0 B 4.19)

Proof. Since f’ is continuous, either f’ > g9 or f' < —e&p, and we only need to prove the result in the first case
(applying it to — f then proves the result in the second case). Since f’ > 0, f is strictly increasing. In addition,
f)=(a',b), where a’ =lim,_,,+ f(x) and b’ =1lim,_,,- f(x) exist and are bounded by my < co. Thus there is
g: fI)—1I,g= f~', for which g’(y) = 1/f’(g(y)) € (0, 1/o]. Therefore,

b/

b b’
/d—x.:/dyLy).gi/diy_ 4.20)
J @ —atipl ~ ) Ty —atipl el Iy —atipl

a

By Lemma 4.6, this is bounded by 6(In{(b’ — a’)/2)){In B)/eo. However, as |b’ — a’|/2 < my, this bound implies also
4.19). O

Proposition 4.8. (ng > 1) Suppose a,b € R, with a < b, and ng > 2 are given. Denote I = (a, b), and assume
f e CtoFTD(I R) is such that | f "0 (x)| > noleg for some eo > 0 and all x € I, and that mo = sup,.; | f 0D (x)|/
(no + 1)! < 00. Define M = max(my, 1), Cy, = 2"0F(ng + 1), and

e =2 o, 421)
MChp,
If0 < B < (¢)"0t) then
fod b
X —a _ —1/ng p1/np—1

K Cyy | —— 0TI Mg 0 gm0 ) (4.22)
/If(x)+1/3| ( €0 0
a

Proof. We need to find the local minima of | f|, which coincide with the local minima of f2. Since £ has no
zeroes, ™ has maximally no — m zeroes for m < ng. Let X be the union of the set of zeroes of f, of the zeroes of
f’ and of the end-points a and b, when | X| < ng +ng — 1 +2 =2no — 1. Since d(f?)/dx = 2 ff’, X partitions (a, b)
into subintervals on which f2—and thus also | f|—is strictly monotonic: if a’ < b’ are such that (a’, b') C (a,b) \ X,
then f 2 is either strictly increasing or decreasing on [a’, b']1 N (a, b).

Let us define A = ,31/(”0+1) when by assumption 0 < A < &’. Suppose xg € (a, b), and let [ = I (xg) = {x € (a, D) |
|x — xo| < A}. We claim that, if xo — A > a, then there is x;, € I, x, < xo such that | f(x;)| > Mg’')"0, and similarly,
if xo + A < b, then there is x(‘; el, x(‘)Ir > x¢ such that | f (xa' )| = Mg’A". Consider the Taylor expansion of f around
Xo to degree ny,

e £ (x0)
fx)= Za,, (x — x0)" + Ryy(x; x0)  where a, = — (4.23)
n=0 "
For any x there is a point £ between x and xg, such that the remainder is:
f(no+1) (&) |
Rno (x5 x0) = m(x - xo)n0+ s (4.24)

implying that |R,,| < M0t on I, On the other hand, since |an,| = €0 > 0, there is z € C™ such that

no L)
Pay(x:x0) = an(x — x0)" =an, [ [(x — 2. (4.25)

n=0 j=1
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Let y; =Rez;, when by |[x —z;| > |x — y;|, we have forall x € 1,
no
| £ = [Pay ()] = [Rug ()] = 20 [ [ 1x = yj1 = Mo+, (4.26)
j=1
Consider the set Y which consists of the endpoints of / and of all those y; which are in /. Then 2 < |Y| < no+2. The
set [xo — A, xp] \ ¥ C I consists of maximally ng + 1 intervals. If xo — A > a, one of them must be at least of length
A/(ng + 1), and let x, be a middle point of such an interval. Then x; < xo and |x, — y;| > %k/(no + 1) for all j.
Therefore, by (4.26) and A < &/,

A "o
| f )] = So(m) — MO > QMe — M)A = Me' A, 4.27)
no

If xo + A < b, we can similarly find )C(J)r € (xg, xo + A] with |f(xo+)| > Mg/ Ao,
For each x¢ € X, we can thus find xoi with the property that xo € [x,, x(;“ 1 C I(xp), and either xoi € {a, b} or
|f (x| = Me'A™. Let,

X' ={xeX||f(xo)| <Mer™} and J= (] (x5.x5). (4.28)
xoeX’
We claim that if x € I \ J, then | f(x)| > Mg&'A"0.
Suppose x € I\ J. It then belongs to an interval I’ whose endpoints lie in the set |_J o€ X,{xgt} U {a, b}. Assume x’
is a local minimum point of | f| on the closure of . If x’ is not an endpoint of I, it must be a critical point of f2, and
thus x” € X, when by construction, | f(x")| > M&’A"0. The same holds if x’ € {a, b} C X. The only possibility left is

that x’ is one of the points xa—L, when again by construction | f(x’)| > M¢&’A"0. This proves that | f| > M&’'A™ on I’,
in particular, also at x.

Therefore,
b X
/dx;—/dx;-i—/dx ! < boa +Z/dx; (4.29)
|f () +ipl _1\/ FO Bl S T If@) i Me T s ) T If @) i
*o

Consider one of the terms in the sum over X', i.e., let xo € X’. Denote R(x) = Ry, (x; xo) and P(x) = P,,(x; x0) =
an, n’;‘;l(x — zj). Since (x5, x5) C I (x), forall x € (xy , x¢),
|f(x) = P(x)| = |R(x)| < MA™ T = MB. (4.30)
Therefore, by Lemma 4.5, on the whole integration region:
L M+ (3Mm) L 2M
lf(x)+iBl ~ [P(x)+1B| ~ |P(x) +ip]

to which we can apply Lemma 4.6 with |a,,| > &¢. Since | X| < 2ng — 1, the results proven so far can be collected into
the estimate:

431

f dx b—a
— <
J If(x)+iBl ~ Me

BY/0+D=1 4 (90 1)2Mﬂ1/”0_1861/"°2(no +2). (4.32)

To get the bound in (4.22), we only need to use the fact that, as ng > 2, C,,, > 23 (no+ 2> 22(2no —Dno+2). O
4.3. Parameterisation of the level sets

The first of the results in this subsection states that, apart from the critical points, there exists a local diffeomorphism
which transforms the level sets of w into hyperplanes orthogonal to e;. Although this is a straightforward consequence
of the inverse mapping theorem, we need fairly detailed information about the inverse function, and we have included
also some details of the proof here.
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In all of the results in this subsection we assume that d > 2 and o:RY — R is a smooth function such that
lwll, < oo for all n. In particular, this covers all dispersion relations satisfying Assumption 2.1.

Lemma 4.9. Let xg € RY and ). > 0 be such that Vw(xg) #0, and ) < % Vol Then there is an open set U C RY

ol
and a diffeomorphism \ : By — U with the following properties: ’
(1) ¥ (0) =x0 and xo + By C ¥ (B2y) C xo + Bay.
(2) For all y with |y| <2,
o(¥ () = w(x0) + |V (x0) | y1, (4.33)
and
1
|Vo(¥ () — Vo(xo)| < 5|va)(x0)|. (4.34)

(3) Denote A = Dy (0) and ug = Vo (xg)/|V(xo)|. Then A is a rotation of R¢ such that ug = Aey. In addition,
2 < |det(Dy)| < 2 on By, and
Vw(x)-v

DwaATv =v—uUuy—— whenever v - ug = 0. 4.35)
Vo (x) - uo | y=yy)

Proof. Let us denote U, = x9 + Bgg;, and define f: RY - R4 by the formula:

Vw(x) — Vw(xg)
= 4.36
fx) Vo Go)| (4.36)

Then f(xg) =0 and, by Lemma 4.2, | f(x)| < a for all x € U,, a > 0. As before, let Q,, be the projection onto
the subspace orthogonal to ug, and let O to be a rotation of R4 for which Oug = ey; in particular, 0T =07 and
det O = 1. Define ¢ : Uj — R< by:

_ o) —wlx)

px)= Vool e1+ 0 Qy,(x — xp). 4.37)
Since Q,,07 ey = Q10 =0, then
o(x) — w(xp)
= 4.38
P(xX)1 Ve Go)| (4.38)
By an explicit computation,
Dp(x)=04+¢e1® f(x)= 0(]1 +uo® f(x)). (4.39)

Since O is orthogonal and up ® f(x) has rank one, the determinant of D¢(x) can be computed explicitly: with
u= f(x),det Dp(x) =det(l +e; ® (Ou)) =14 (Ou); =1 + ug - u and thus for all x € U,,

1—a < |detDp(x)| < 1+a. (4.40)

Therefore, D (x) is invertible on Uy, and by the inverse function theorem, ¢ is a local diffeomorphism on U;. Where
we need to do the extra work here, is to show that we can find a neighbourhood U on which the inverse has the
properties stated in the lemma.

Consider then the case a = 1/2 in the above estimates. Let ¢ (x) = OT<p(x) — (x — xg) for x € U,, when
D¢ (x)|| < a. By the standard arguments used in the proof of the inverse function theorem (see for instance the proof
of Theorem 10.39 in [14]), it follows that ¢ is one-to-one on Uy, By C ¢(U,), and ¥ = (p’l | By, 1s a diffeomorphism
from By to an open set U C U, = xo + Ba,. Also, for all y,

1 1
Dy (y) =Do(¥(y) = <Jl T H® u) o’. (4.41)
o -u u=f (Y ()
We now only need to check that i has all the properties mentioned in the lemma. Since ¢ (xg) = 0, now ¥ (0) = xo
and we already proved U C xo + Byy. To complete item (1), we need to prove that Uy/g = xo + By C U. Since
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Ui C Uyy2, on which ¢ is one-to-one, it is enough to prove ¢(Ujsg) C Bp;. This however holds now, since

I De(x)|| <1+ % for all x € Uyys, and thus |o(U;8)| < %A < 2X. Of the two statements in item (2), (4.33) follows

from (4.38) by bijectivity of v, and, since ¥ (B2;) C Uy 2, (4.34) also holds. For item (3), we note that A = D/ (0)

is equal to the rotation OT, and thus Ae; = ug, and (4.41) implies (4.35). Finally, by (4.40) and U C U2, we have
< |det(Dyr(y))| <2forally. O

Corollary 4.10. Let f:R? — [0, oo] be measurable. Then for any xo, A, and ¥ as in the previous lemma,

/ dr f(x) <2 / dy £ (¥ (). 4.42)

|x—x0| <A |y|<2xr

Proof. By the properties of the diffeomorphism v stated in the lemma,

/ dx f(x) < f dx f(x) = / dy|det(Dy ()| £ (¥ (1)) (4.43)

|x—xo[<A ¥ (B21) lyl<2h

which is bounded by the right-hand side of (4.42). O

The final result in this section concerns the curvature induced on straight lines by the “level set diffeomorphism” .
In the following proposition we show that, if all derivatives of w at xo in the direction of the curve are small up to
a certain order, then also the corresponding “bending” of the curve remains small up to the same order. The main
difficulty in deriving these estimates lies in finding sufficiently sharp estimates also when the parameterisation is
nearly singular, i.e., when |V (xo)| < 1.

Proposition 4.11. Ler o, xo and X satisfy the assumptions of Lemma 4.9, and let r, A, and uq be defined as in the
conclusions of the lemma. Consider also some given |y| <2 and v € S, with v - ug = 0.
Let v/ = AT v and define:

y(t;y,v) =¥ (y+tv) and T(t;y,v)=y(;y,v)—tv—9(y), (4.44)
for all t with |y +tv'| < 2. Then for any such t, and n > 1,
L& (1) = —gn(t)uo, (4.45)
nl di"
where
dn-1 v-Vo(x)

&n(0) = gn(t; y,v) = ——ge (v (5 y,v))  with g(x) = eR?. (4.46)

n'd uo - Vor (x)’

Denote M,, = |||}, and ap = max(1,8Mp). I[f N 22,0 <e <1, u > 0andro > 0 are such that u < (1 + 2N 4
MN+122N+1)_1, ro <min(l, Vo (xg)|), A < a(rou)NaO ,and forall2 <n <N,

1 1 _
@V o0o)| < Jeuro™ ", (4.47)
then, with C =1+ N, ,
suNrg] 1, forn=1,
1 d* rol< ZEMNnéV 1= for2<n <N, (4.48)
n!dem 2Cr61, forn=N, '
2C,u_lr0_2, forn=N +1.

The proof will be essentially a corollary of the following lemma, whose proof we will postpone until the end of
this section:
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Lemma 4.12. Let the assumptions and definitions of the first paragraph of Proposition 4.11 be satisfied. Denote
M, = |||}, ap = max(1, 8M>), and assume 0 < ro < min(1, |V (x0)|) is given. If A < roao_l, then all of the follow-
ing results are valid:

(ORINGIE RS
(2) Let us define g, = g,(x0,v) by the following iterative procedure: Let g1 =0, g2 = %|Vw x0)| " (v - V)2 (xp),
and for n > 2, define
1
Vo (x0)]

n—l k—1
+Z Z 1(2’"1 —”)H km l_[ gm,; (—uo - \% L OF V)Zw(xo)|e i, 1}] (4.49)

k=2ment \j=1 o =i
mj>1

&n= [ (v-V)'w(xp)

Then g,(0;0,v) =g, foralln >
3) Suppose0 <e,u<land N > 2 are such that for all 2 < n < N, inequality (4.47) is satisfied. If u <2~ NMNI "
then forall2 <m < N,

1gm] <en™N <, (4.50)

and, with C =1 —|— deﬁned as in (4.48),

a1 <Cry' and 1@n11] < My (14+28C)rg 2 451)
Furthermore, ifalso b > 1 + 2N 4 MN+122N+1, then for all 1 <n < N and allowed t,
|80 (1) = &n| < aob"~'arg", (4.52)
and
|gn+1(0) = N1 | < 5Cagh™arg V2. (4.53)
Proof of Proposition 4.11. By Lemma 4.9,
d
oy O=v- gy (®)uo (4.54)

which implies (4.45). For the results in the second paragraph, let us note that under the assumptions of the proposition,
we have A < rg/ap, so that items (1) and (2) of Lemma 4.12 are immediately applicable. In addition, also 0 < u < 1
with = > 2N My _1, so that if we define b = ™!, then b and w are small enough for applying the conclusions in
item (3). Therefore, for n = 1, we have |I''(¢)| = |g1 (t)| <aory A < S[LN N-l ,and if 2 <n < N, then

——1I(t
‘,dt,, 0| =

N—-n_N-n—1
o

|20 ()| < |2 (0) = &n| + 120 < aoh"'Arg" +ep <2epN T (4.55)

For n = N, we get similarly a bound aoul_Nkr()_N +cr! < 2Cr0_1. Finally, for n = N + 1, we have:

‘——F(t) SCaou,_N)LrO*N72+,u_1Cr072 SZCu_lraz, (4.56)

1 dem

where we have used C’ < hC =~ 'C and p < % This proves that all of the bounds given in (4.48) are valid. O
Proof of Lemma 4.12. For any x = y (¢), we have in the definition of g:

’uo . Va)(x)‘ = HVw(xo)’ + ug - (Vw(x) — Va)(xo))} > =

4.57)
by (4.34). Similarly, v - ug = 0 implies:
v Vo@)|=|v- (Vo) — Vo(x))| < |Vo(x) — Vo(xo) | < 41M,. (4.58)
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Therefore (using the definition of @g and the assumption made on A)
lg1(0)] <aorry ' <1, (4.59)

which implies |I"'(¢)| < 1. Since I' (0) = 0, item (1) holds now.

Consider then item (2). In (4.49), the sum over m ; is restricted by k > 2 so that always m ; <n —m <n— 1. Thus
the right-hand side depends only on g, with 2 < m < n — 1, and the sequence g, is thus uniquely determined from
g2 and it depends only on x¢ and v (and naturally also on w). To complete the proof of the item, we need to show
that g, = £,(0; 0, v). We do this by induction: Since g1(0; 0, v) =0 = g, this holds for n = 1. Let us assume that the
result is true for 1 <m < n. By Lemma 4.9, we have for all 7, w(y (t)) = w(xg) + |V (x9)|y1, which is independent
of . By Lemma A.1 the nth derivative of w o y, which is zero, can be expressed in terms of differentials of y. We
separate the k = 1 term in the resulting sum, yielding:

n) k—1 ) k
0 Cutr0) =33 3 (=) [T ™09 o

X
m;.
k=2menk  \j=1 j=t =it oy L

Att=0and y =0, y(t) = xp and y(l)(t) = v, and the left hand side evaluates to g,(0; 0, v)|Vw(xo)|. Since the
induction assumption can be applied to all derivatives of y in the right-hand side, we find that it evaluates to right-
hand side of (4.49) times |Vw (xg)|. This completes the induction step and proves g, (0; 0, v) = g,.

We next prove the statements in item (3). If N = 2, then (4.50) is vacuously true, and (4.51) holds by an explicit
computation. Consider then N > 2, when again an explicit computation proves that (4.50) holds for n = 2. We will
prove its validity for higher values of n by induction. Let us thus assume that 2 < n < N is given and that (4.50) is
valid for all 2 <m <n.Suppose2<k<n—1andzljC (mj=n,and let £ =|{j [m; =1}|. Then 0 <L <k — 1,
and Zj,m_/->l(1 —mj) = Zj(l —mj) =k — n. Therefore, since 0 < &, u,ro < 1,and k > 2,

(4.60)

v (@)

k

[T &,

j=1, mj>1

N1N2)*(

. l—m; aken N2k —n N—
<(8M rl Yimi=1( mj) . N—l+k nr(I)V 2+k " g N nr(I)V n(4.61)

(prg) =" <ep

Using this estimate in (4.49) yields:

~ 1
8n — m (U V)'w(xo)| <

TSP poliim e

k 2meNk Jj=1

1
e g T My 2T < e g T (4.62)

SN-

o
where we have applied the assumption made on u, and the following equality, valid foralln > 1 and 1 < k < n (and
provable, e.g., by induction, or by a combinatorial argument)

3 (Zm,_n> (”:i) (4.63)

meNk

If n < N, we can then apply the assumption (4.47) to (4.62) and obtain the bound:

11 1
Ignl\%—s(mo)’v "+zsuN m et LepN TRl (4.64)

This completes the induction step and proves (4.50) for 2 < m < N. However, then (4.62) is valid also for n = N, and
thus also,

- 1M 1 _ M 1\ _
lgn| < r——N + zer, I'< (—N + —)ro L (4.65)
0
Finally, then forany 2 <k < N and m € Nﬁ such that Zj mj=N+1,

k
[T &,

j=1, mj>1

<crp (4.66)
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To see this, note that |gy | can appear in the product only once, and the other factors are always less than one. Therefore,
as in (4.62), we find:

N
B 1 Myt 1 N -1
<M % MyC 4.67
8wl ro(N+1)!+r0k:2(k—1> N=To (%60

which yields the bound in (4.51).
We still need to prove (4.52). By (4.59), it holds for n = 1, so let us assume that n > 2. By (4.45), the left-hand side
of (4.60) is then equal to g, (¢)ug - Va)(y (1)), implying:

()

gn (1) |V (xo)| +7 Va)()/(t))‘ < gn ]| Vo (x0) = Vo y (1))] < [ga ()| Madr

~ 1 ~
< MoAd|@nl + 5[ Vo (o) [gn (1) = 2. (4.68)
Therefore, by employing the triangle inequality to change g, (¢) to g, in the leftmost expression, we find that

_ SM _ (n)
o () — 8| < =31l + —‘|Vw(xo>|gn +7 nf” Vao(y®)|.

(4.69)

We next need to bound the right-hand side of (4.60) minus |Vw (xg)|g,. Using the definition of g,, we get a bound:

> % (Sm =) T

k=2 meN’i j=1 j=1 J'=i mj
k 1 k
[Ermo-e]| — TT G [T 09000 @0
j=1=" y@o o j=1 j=1
mj>1 mj=1

Here the absolute value remains to be bounded, and we do this in two steps: first we shift y/(¢) to v and higher
derivatives to g by using the induction assumption, and then we shift the evaluation point from y () to xo.

To illustrate this, let us perform the estimates first for the case k = n, when the induction assumption is not needed,
and we can therefore apply the result for any n. Then the absolute value is explicitly:

I[(v—g1(Muo) - V]"0(y®)) — (v - V)" (x0)|
<|[(v = g1Duo) - V]'o(y 1)) — - V)"0 (y )| + |(v - V)" o(y (1)) — (v - V)& (x0)]

gz<,;>|gl(l)|jMn+Mn+l|y(l)_)€0}<Mn+l|:z<1>}g1(l‘)|+4)\,:| “Of\ro M2 @71

j=1 j=1
where we have used the Leibniz rule. But now (4.69) implies that for n = 2,
|82(t) — 22| < aohry 122l + 2a0hry > M52, (4.72)
If N =2, (4.51) implies then that

- (1 _
|g2(t) — 82| <aorry 2<5(1 + M) + M324) < aghry *bln=s. (4.73)

If N > 2, by (4.50) |g2| < 1, and thus
|g2(t) — 82| < aorry (1 + M32%) < aghry *b. (4.74)

This proves that (4.52) holds always for n = 2.

Let us then make the induction assumption that 2 <n < N and (4.52) holds for all 2 < m < n. The case k =n
has already been treated above, so let us assume k < n. We begin by estimating the result from the second step. Let
£ =|{j | mj = 1}|, which now satisfies £ < k. Since k > 1, we also have m; <n — 1 for all j, and by (4.50), now
ij=1 |§m ;| < 1. Therefore,

mj>1
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k k
[ amuo- V)@ oy®) = [] (—&muo- V) V)0 (xo)
1

j= j=1
m/->1 mj>1
k
<y @ —xo| M1 [ 18m;| <4AM, <A< agh" 1. (4.75)
j=1
mj>1
To estimate the result from the first step, let I = {1, 2, ..., k}. Using the commutativity of partial derivatives, the

result can be bounded by:

2

[1(em; @ = &m;) T] (=&muo-V) [T (—v- V)(=uo- ¥)Meo(y ()

ICh ' jel il il
I#£9 mj>1 mj=1
~ —I\II — i—1
S My Z H|gm1'(t) = &m; | < My Z (aorry l)l ll_[(bro "
ICly jel ICIy jel
140 10
<M, Z aokr(;l (l)r(;])n_2 < Mn,12ka0)nr37”b"_2, (4.76)
ICIy
1)
where we have applied,

mj—l)y=n—k<n-—2, 4.77)

k
=1

D mj—1<

Jjel J
and, as I # ¥ and aX < rg, we have also (aA/ roll <ax /ro. Combining the above estimates, we then have obtained
the following bound for (4.70):

n

—1
Z (Z 1>a0b"—2)\r(§—”(1 + My2") < aoh"2ard T2 (1 4+ M2, (4.78)
k=2

Therefore, (4.69) now implies that for any n < N,
|8n(0) = & < Dk 4 agh" 20y 2" (1 + M, 2")
ro

< 1427 4+ Mn22n
b
by our choice of b. This completes the induction step and proves that (4.52) is valid for all 2 < n < N. However, then
we can still use the bound (4.78), together with (4.51), in (4.69) which shows that

apb" ' arg™ < agh™ ' arg™, (4.79)

My + 142N + My22N
b

This proves that b is large enough for (4.52) to hold also for n = N. For n = N + 1, we repeat the above steps using

(4.66), and the fact that (4.52) holds also for n = N. Then the left-hand sides of Egs. (4.75) and (4.76) can be bounded

by 4AMy41Cry ' and 28T My Cry '™V ragh™ ", respectively. This yields a bound 22V *2 My 1agh™ ' Cry ' =V

for (4.70). Then using the bound for |gx 41| given in (4.69) proves that

aob™ " arg N < agh™ g M. (4.80)

lgn (1) — &n| <

~ ao — 2 -
g1 (6) = Ena| < TACT "+ Crg ™ aanb T2 My, (4.81)

where C' = My, 1 (1 + 2NC) < bC. Finally, using 22N+1MN+1 < b, proves (4.53). O
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5. Semi-dispersivity (proof of Theorem 2.2)

Let 0< p<1,a€eR, and 0 < B < 1 be arbitrary, and denote M, = ||a)||,’1 for all n. Let us define further
q=1+ %(1 — p), so that, if p =1, also ¢ = 1, and otherwise g + p 4+ 1 < 3. We then apply the layer cake rep-
resentation as

q
Ml

/ dk 1 _/dS/ dk 1(|Ve (k)| > 5'/9)
Vo)l |a —wk) +ip] ¢ —w(k) +ifl Vo k)|PTe
Td 0 Td

M{
</ﬂg/ dk +/d/ dk 1(|Vo (k)| > s1/9) G5.0)
=) B ) IVok)rte : lo —wk)+ifl  |Vo(k)|Pte
0 Td B Td

Since p + g < 2, the first term is bounded by a S-independent constant by Lemma 4.1. To analyse the second term,
let us define the following cut-off function G : R¢ x (0, 1/2] — R,

N
G(x, ) = )L—j]l(|x| <) (5.2)

where Ny =d/|S%~!| is a normalisation constant such that f]Rd dx G(x, A) =1 for all ». We have restricted the range
of A in the above manner so that for all X € T¢ and A we still have de dx G([x — k', ») = 1 (we recall the definition
of [-] in Section 2.1).

By choosing A = A(s) = min(%, sl/q/(9M2)), we then find:

/ dk 1(|Vo (k)| = s'/4) —/d /dk G(x —k]', 1) 1(|Va(k)|>s'9) (5.3)
lo —w (k) +ifl  |[Vok)|rte * la —w(k) +ipl  |Vo(k)|Pte ‘
T4 T Td
Applying Lemma 4.3 with a = é shows that this is bounded by:
(v > (1 —a)s'/9) N, 1(|[x]) — k| < A
(1+a)q/dx (IVox)| = (1 —a)s )_d/ (I1x] |<, ). (5.4)
[V (x)|P+e Ad lo — w (k) +iB|
Td R4
Let xo = [x]". Then inside the integral A < W since 9(1 —a) = 8. Therefore, Lemma 4.9 yields a diffeomorphism

Y, such that we can apply Corollary 4.10. This shows that

Ny / dk _ 2N / dy
Ad lo —w(k)+iB] ~ Ad lo — (P () +iBI
[xo—k|<A [yl<2x

21

R / dyi
S oa d-1 ) Ja—wx) - |Vo(lx)ly +iBl

—2x
24Ny 6(In(2A|V 29Ny 6(In(M
< 4 6(In(2A |V (x0)!)) Ing) < 4 6(In{My)) (InB). (5.5
Ng_ AV (xo)| Ng—1 MV (xo)|
where we have applied Lemma 4.6, and the properties of (-) given in Appendix B together with 0 < 2A|Vw (xg)| < M.
Combining this with (5.4) and (5.3), we have proven that there is a constant ¢’ >> 1, which depends only on M| = ||w||’1,
such that

1(|Vo (k)| = s'9) c Ata)yd <1n’3>/dx11(|Vw(X)| > (1 —a)s') 5.6)

dk
/Ia—w(k)+i/3| IVok)|Pta = A(s) [V (x)|pratt
Td
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If p<1,then p+¢q+ 1 <3 and, by Lemma 4.1, the remaining integral over x can be bounded by a constant
independent of s. After this, the integral over s only yields a factor:

M{ M{
ds ds

/_</_<oo, 5.7)
A(s) A(s)

B 0

since s /4 is integrable at zero, due to ¢ > 1. This proves (2.7).
If p=1, then p 4+ g + 1 =3, and, by Assumption 2.1, the integral over x is bounded by

co{In(1l — a) +Ins)™” < co27(In(1 — a))”(Ins) .
Then the integral over s can be estimated by:
M 1
ds 25,
——(Ins)”0 <2(M; — s¢) max({In M)P0, (Insc)P0) + 2sc(se — 1) (Insc)? + [ ds —(Ins)?°, (5.8)
S
B B

where s, = 9M5/2. By Lemma 4.4, the final integral can be bounded by a constant times (In 8)70*!. Collecting the
powers of (In ) together, and denoting the remaining factor by Cyp proves (2.8).

6. Suppression of crossings (proof of “if”’ in Theorem 2.3)
6.1. Uniform minimal curvature

Theorem 6.1. Let d > 2, and let 0 : R — R be real-analytic and 7. -periodic. Then one and only one of the following
alternatives is true:

(1) There is an affine hyperplane M C R? such that w is constant on M.
(2) There are an integer ng > 2 and a constant g > 0 with the following property: for any k € R? and u € §971,
there is an integer n with 2 < n < ng, and a direction v € gd-1 orthogonal to u, such that

l|(v.V)"w(k)| > g. (6.1)
n!

We will use the remainder of the subsection for the proof. From now on, let d and w satisfy the assumptions of
the theorem. Let X = C®(R?, C) denote the topological vector space of smooth functions equipped with its usual
Fréchet topology. The topology is uniquely determined by the local base given by the sets:

B(N)Z{fGX’PN(f)<%}, 6.2)

with N € Ny and py denoting the seminorm,
pr(f) =max{|D* f(0)[ | [a] <N, x| <N}. (6.3)

For more details, see [14, Section 1.46].

We recall that if X and Y are two topological vector spaces with local bases Bx and By, respectively, then a
function F:X — Y is continuous if and only if it has the following property: For all B € By and x € X there is
B’ € By such that F(x + B") C F(x) + B. From this, it is straightforward to prove the continuity of the following
two basic mappings: for any v € R¢, the mapping f +— v - V f is a continuous linear map X — X, and for any x € R?
the functional f +— f(x) is continuous on X. Therefore, also the functional f +— (v - V)" f(0) is always continuous
on X. This implies the following result:

Lemma 6.2. For any n € No, ve RY and & > 0, let
1
Un.ve = {f e x| -V O] > e}- (64)

Then every such Uy 4 ¢ is open in X.
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The proof of Theorem 6.1 will rely on compactness of S4~! x T¢ and on the continuity of the following auxiliary
mapping.

Definition 6.3. Let F: S9! x T¢ — X be defined, for any xo € R, by
F(u, [xo])(x) = a)(x —(x-uu +xo) =w(Qux + xp). (6.5)

Since w is periodic, F (u, [x9]) does not depend on the choice of xg, and, by smoothness of w, F (i, [x¢]) is also
always smooth. Thus F is a well-defined function $9~! x T¢ — X, as claimed above. In addition, F (u, k) is always
real-analytic and constant in the direction u: F (u, k)(x 4+ su) = F(u, k)(x) for all s € R. Moreover, we have:

Proposition 6.4. F is continuous.

Proof. To prove the continuity of F, it is enough to show that for all ug € S~!, kg € R? and N € N there is § > 0
such that

1
pr(F(u,k) = Fluo. ko) < (6.6)

for all u € S9~! and k € R? with |k — ko| < & and |u — ug| < 8. In order to prove this property, we first note that for
any multi-index « there is a finite collection of constants cg,, (), such that for all x, u, k,

DF (u, k)(x) = Z Z ey (@u’ DPw(x — (x - wu + k), (6.7)
B: 1Bl=la] y: ly1<2lal

which can be proven by straightforward induction in |«|. Therefore,

|DYF (u, k) (x) — D* F (o, ko) (x)| < Y _|epy (@)|[u” = uf o]l
B.y
+ Z|c,3,y(a)| |Dﬁa)(x —(x-wu+ k) — Dﬁa)(x — (x - ug)ug + ko) | (6.8)
B,y
Let 6 > 0, and choose any |k — ko| < &, |u — ug| < 8. Then by the Leibniz rule and |ul, |ug| = 1, we find
lu¥ — u(’; | < 271s. By expressing the difference as an integral over a derivative in the direction of the line connecting
the points, we obtain the estimate:

|D’3a)(x —(x-uu +k) — Dﬂa)(x — (x - up)ug + k0)| < ||a)||fm+1|(x ~u)u — (x - uo)ug + k — ko|, (6.9)
where, for all |x| < N,
|(x - wyu — (x - uo)uo + k — ko| < 2|x||u — uol + |k — kol < 2N + 1)8. (6.10)
By (6.8), then
PN (F(u, k) — F(uo, ko)) <8(4Vwly + @N + Dy ;) max, ;|Cﬁ,y(a)|- (6.11)
¥

Since w is periodic, |lwl|;, < oo for all n € N, which implies that the factor multiplying & on the right-hand side is
always finite. Thus by choosing a small enough &, the bound can be made less than 1/N. O

Lemma 6.5. Let u € S9!, k € R? be given, and denote f = F(u, k). Then either f is constant, or there is n > 2,
ve Sl and e > 0, such that |(v- V)" f(0)| > nle.

Proof. Suppose f is not constant. Then there is xg # 0 such that f(xg) # f(0). Let us define v = xo/|xp|, when
ve S and let g:R — R be defined by g(z) = f(tv) —tv -V f(0) — f(0). Then g is real-analytic with g(0) =0
and g'(0) = 0. If g™ (0) =0 for all n > 2, then g = 0 everywhere, i.e., f(tv) =tv - Vf(0) + £(0) for all r € R.
Since f(|xg|v) # f(0), then necessarily v - V £(0) #£ 0, and thus lim;_, | f (fv)| = 0co. However, this contradicts the
obvious bound || |y < [lw|lf; < oo, and thus we can conclude that there is n > 2 such that g™ (0) = (v- V)" £(0) # 0.
Thus, for instance, ¢ = [(v - V)" f£(0)|/(2n!) > 0 suffices for the bound in the lemma. O
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Proof of Theorem 6.1. Let us first note that for any u € S9=1 xo e RY, the image of x > x — (x - u)u + xo is exactly
the affine hyperplane {x € R | x - u = xo - u}. Thus the first alternative is true if and only if there is u € §4=1 xo e R4
such that F(u, k), k = [x¢], is constant. On the other hand, then also g, (¢) = F(u, k)(tv) = w(t Q,v + xp) is constant
for any v € $9=1 and thus 0 = gl(,n)(O) = (Quv-V)'w(k) for all n > 2. This proves that the second alternative is false
when the first is true.

Suppose that the first alternative is false and let K = S¢~! x T¢. Then F(u, k) is never a constant function. Thus

by Lemma 6.5,

F(K)C | Unve, (6.12)

n,v,e

where Uy, , . is defined by (6.4), and the union is taken over all n € N, withn > 2, and v € §4-1 ¢ > 0. Since K is
compact and, by Proposition 6.4, F is continuous, F'(K) is compact. Using Lemma 6.2, we can thus conclude that
U,,v,s form an open cover of the compact set F'(K), and thus there is a finite sequence (n;, v;, €;) such that (Uy; y, ¢;)
cover the whole image of F. Let

go=ming; >0 and ng=maxn; > 2. (6.13)
1 l

Letu € S9!, xg € R? be arbitrary, and let k = [xo]. There is an index i such that f = F(u, k) € Up e Withv' =v; €
S4=! and n = n;. Then 2 < n < ng, and |(v' - V)" £(0)| > nle; > nleg. Since (v - V)" f(x) = (Quv" - V)"'®| 0, x+x05
we have also |(v - V)" (xg)| > nleg with v = Q,v'/|Q,V’| (note that obviously |Q,v’| # 0). As v - u = 0, the pair
n, v has the properties required by the second alternative. O

6.2. Crossing estimate

Let us assume that w is not a constant on any affine hyperplane. Then we can find constants ng > 2 and 0 < g9 < %,
for which the second alternative in Theorem 6.1 holds. As in Proposition 4.11, let M,, = |||}, ap = max(1, 8M>),
and define:

1

= 1+ 2no+3 + Mn0+124no+1 ’

" (6.14)

when 0 < < %, and p satisfies the conditions of the proposition for any 2 < N < ng. We also define for any given
O<r<land2 <N <ny,
1
e(r, N) =eo(rp)" " <0 < 3. (6.15)
Consider arbitrary given kg € T, o e R3, and 0 < B < 1. We need to estimate:

s 1
I = Ler(e, ko, B) = / dki dkz | | (6.16)
i laj —w

(kj) +iB|
(1%)?

where k3 = k3 (k1, ko) = k1 — k2 + ko. By using a layer cake representation,

M,

3 .
1 1 Vo (k)| >
I=fds / dkldkzl_[ : (m1r¥j| w(kj) =)
i loy —o®k)+ipl min; Vo (k)

0 (Td)z

<37 ﬁ/ dik’ / dk 1
h BJ le—wk)+ipl ) VoK) la—wk) +ip]
0 Td Td

M 3
1 L(min; |Vo (k)| >
—i—/ds / dkydk, T __Lmin; Vo k)| >$) 6.17)
'—1 laj —w(k;) +iB| min; [V (k;)|
Br (1) /=
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1 1 . ..
where, to get the first term, we have used i Vo ®))] <Y J Vol and then estimated one of the factors trivially,
followed by a change of variables. Using Theorem 2.2, the first term is bounded by:

3CoCy{InpyPotip=t=r), (6.18)

and so it is “harmless” for any y > 0.
To estimate the second term, let us define for any s > 0,

1 1
ro(s) :min(l, %) A(s) = —m1n<2 O(ro(s)u)"0> and §(s) = A(s). (6.19)
ao
By employing the cut-off function G introduced in Section 5 inside the k integrals,
3 .
1 1 Vo (k)| >
L= f dky dk T | _ Lmin; [V (k;)] > 5)
1 loj — (ki) +iB| min; [V (k;)|
(Td)Z J=
2 .
Gxj—kj, 1 1 i Vo(ki)| >
_ / dxy dx / dkydy [ o — 45 2)) _Lmin; Wo®p)[ 25) = ¢ 59
o laj — k) +iBl laz —w(kz) +if|  min; [Vo(k;)]
(’]1‘(/)2 (Td)z =

Let x3 = x1 — x2 + ko, when inside the integral, for j =1, 2,3,

s IVa)(k )|
||Vo k)| — |[Vox))|| < lkj —xj|My < 20M> < 5 — (6.21)
since |kj —x;| <A <2x for j =1,2, and |k3 — x3| < 2A. Therefore, we have: |[Vw(x;)| > 2IVa)(kA,')I > 5 and

2|Vw(kj)| = |Va)(xj)|,for all j, and thus

. 2
1(min; [Vo (x; Gxj—ki A i
2 f iy dpy 20Ny Vo)l > 29) / dkldkzl_[ ) —kj. ) . (622
min; [V (x;)l |l — k) +iB] ez — o (k) +if]
(Td)? (T9)2

In particular, now inside the x integrals ro(s) < min(1, |[Vw(x;)]), for all j =1, 2, 3, and, since A(s) < ro(s)/ag, we
can apply the results of Proposition 4.11 around any of the points x;.
We next need to estimate, for given o € R3 and Xj € T the integral,

2
Glxj—ki, A 1
J= / dkldkzl—[ (rj —kj, ) __ (6.23)
) Lo —wk)) +iB] |as — o (ks3) +ip]
(T4

assuming min; [V (x;)| > s/2 > BY /2 > 0. Since then Vw(x;) # 0, we can define for all j =1, 2, 3,
Vo (x) d—1
Uj=———-"-
Vo (x)]
We apply different estimates depending on whether all u ; are almost parallel or not. A sufficient degree of separation

turns out to be determined by the parameter § defined in (6.19), for which in particular 0 < § < % The first of the
estimates is applied, if

(6.24)

lup -uz| <V1—=2582 or |up-uz|<v1—82, (6.25)

and otherwise the second estimate is used.
In Section 6.2.1 we shall prove that in the first case there is a constant C’, depending only on w, such that

(InB)3 C;

< . (6.26)
3 [T, Vo x))l
The other, more involved estimate, is done in Section 6.2.2. There we prove that, if we choose
1
(6.27)

- 3ng(ng+1)°
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then in the second case there are constants C), and By, depending only on w, such that for all 0 < 8 < Bo,

J< (111,3)2’31/(,10“)—1 G _
A(s)3 [T— Vo (x))|

After applying either one of the inequalities, the remaining integral over x; can be estimated using the Young inequal-
ity,

(6.28)

1(min; Vo (x;)] = 1) 1
min; [Vop)l T3 Vo (x))l

f dx1 dxz
(T4)?
3

1—[ 1
Vo (x|

=L j#]

1(|Vo(x))| > 1s)

I T e
— Vo (x;)]

J= (']I*d)Z

PN PECGIES DN PR B 6.29
= </ T Vem)P ) </ x|Vw(x>|3/2) ' 29
Td Td

Thus by Lemma 4.1 and Assumption 2.1, there is a constant C’ such that for all sufficiently small 8
L(s) < C'{In B)Y2PO/3 3 (a(s)™ + A(s) 31/ ot D=1, (6.30)

If s > 2, then ro = 1 and A(s) is equal to a non-zero constant, implying that the bound in (6.30) is independent of s,
and the integral over 2 < s < M is thus easily estimated. If 0 < s < 2, we have rg = 5/2, and thus for these s,

A(s) = ~2 (s /2)"0 > 2720 gy o g (6.31)
dag
Therefore, there is C” such that
2
/ds Iz(s) < C//<lnﬂ>2p0/3+3(ﬁ—y(4no—l) +ﬂ—y(3n0—l)+l/(n0+1)—l)’ (632)
ﬂ}’
where, by our choice of y,
1
1—y@ng—1)=yBn§—no+1)>y and —y@Gno—1)+ = (6.33)
no

Collecting all the results together, we have now proven that there are constants Sy and C, depending only on w, such
that for all 0 < 8 < Bo, « € R, and ko € T?,

Lo, ko, B) < C{ln pyPot3gr=1, (6.34)

For 8 > Bo, we can trivially estimate I3¢(a, ko, B) < B, 3 , which allows us to conclude that the dispersion relation
suppresses crossings with a power of (at least) y. Therefore, we only need to derive the estimates (6.26) and (6.28) to
complete the proof of Theorem 2.3.

We proved the result for y defined in (6.27). This value is not optimal, as shown by the one example for which
the power has previously been estimated, that is, for the nearest neighbour interaction in d = 3. The corresponding
dispersion relation is a Morse function, but there are points at which its Hessian vanishes. Thus we need to take at
least ng = 3 above, which would yield y < %. However, in [7] it has been proven that a power y = % can be allowed
for this case.

6.2.1. Non-parallel gradients

We assume in this subsection that (6.25) holds, meaning that u#3 is not nearly parallel to one of the vectors u; or
uy, say to the vector 1. This will allow us to estimate the k3-factor in the crossing integral by integrating it out in the
direction determined by the projection of u3 orthogonal to the level set of w at k1. As we will show next, this yields
the estimate given in (6.26).
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Let us consider the integral defining J in (6.23). We change the integration variables in the following manner: if
lur-u3] <~/1— 8%, wedefine k| =k —x; and kK, = k» — x, when k3 = k| — k) 4 x3. Otherwise, |uz - u3| < v/1 — 82,
and we define k| = k» — x2 and k, = k| — x1, when k3 = — (k| — k}) 4 x3. It is thus enough derive the bound assuming
luy - uz| < /1 — 682, if we allow slightly more general dependence of k3 on the integration variables, namely if we
assume k3 = x3+o0 (k’l — ké), with o = 1 (swapping the indices 1 <> 2 in the result then produces the corresponding
bound for the second case).

As mentioned in Section 6.2, X is small enough that we can apply Lemma 4.9 and obtain two diffeomorphisms v
and ¥ such that Corollary 4.10 holds. This shows that

/N !
32 Jay = (x) = [V () |y +iB]

J<2? / dy f dy
[yl<2A  |y'|<2)
1 1

X —— — (6.35)
oy — w(x2) — [V (x2) |y} +iBl las — w(x3 + ¥ (', ¥)) +iB]
where
vy, ) =0(W1() —x1 — (¥2(0) — x2)). (6.36)
By Lemma 4.9, always
ly O 0| < |[¥1) —x1 |+ |2 () — x2| < 8. (6.37)

Let us denote A = D1 (0), which is a rotation in R? with ATu; =e;. Letv = Quuz and v’ = ATv. By assump-
tion, then

W?=1-(u; -u3)*> > 8, (6.38)

implying that [v'| = |v| > § > 0. Also, 1/1 =0 since v - u1 = 0. Thus there is a rotation O of R? for which Oe; = e;
and Ov’ = |v|e;. We change the integration variable y to z = Oy, yielding:

2’N? 1
J< =57 / dz / dy’ -
A i il lar —w(x1) — Vo (x1)]z1 + i8]
zl< ¥y <2x

1 1
X - .
oz — @ (x2) — [V (x2)y] +il laz — 0 (x3 + ¥ (', 0T2)) +1B]

2XN2 (2a)243 / q 1 / v 1
X —~ 21 . .
224 Ny—aNa—i o1 — @) — [Vo(rlzr + 6] Mz — 0(x2) — Vo] +i6|
lz11<2 Iy} <2a
1
X sup / dr 7 —. (6.39)
2,1y | <22 loz —w(x3 +y (), 07 (z +1e2))) +1B|
=0 t2<(21)?2—z2
Let us first estimate the final term, of the form
/ dr ! (6.40)
las — f (1) +i| '
[t|<R
where
fO=o(xs+T@®), withl'@)=y(y,0"z+10"e). (6.41)

Clearly, | f| < My < oo, and we shall later show that

1
o= Z;va)(xg)ya > 0. (6.42)
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This allows applying Lemma 4.7, and proves that

/ dr L 4-6nMo) g (6.43)
les — f(2) +iB] [V (x3)|8

|f|<R
Therefore, applying Proposition 4.6 to (6.39), yields the bound,
22HINT 63(InB)° (In(Mo))(In(M))?

< 3 3 (6.44)
Ng—2Ng—1 X [Ti=1 Vo))l
Collecting all the constants into Ci proves that (6.26) is valid in this case.
We still need to prove (6.42). From the definition of f,
ff=r'®)- VCU(X3 + F(t)). (6.45)

Since 0T ey =v'/|v'| = ATv/|v],
ro=o(yi (0 z+1A"v/v]) —x1) — o (V2(y) — x2). (6.46)
which, together with (4.35), implies:

o o Vo(x)- v
r'e) = —DW1|oTz+m//|v|ATU = —(U 7M1), (6.47)

v I\ Vo) u
where x = x(t) = (0T z +tATv/|v]), and |V (x) — Vo (x1)| < |V (x1)|. Therefore,

Vw(x)-v

[l = i<v Vo) +v- [Vo(xs +I'0) = Vo ()] - Vo(x)-u;

] up - Va)(x3 + F(t))). (6.48)
Here v - Vo (x3) = [V (x3)|v - u3, and v - u3 = 1 — (u; - u3)? = v2. Thus

Vo (x) - vl

|f/(f)| > |Va)(X3)||v| - (|Vw(xz. + F(f)) - VC0(963)| + m

|u - Vor(xz + F(t))|). (6.49)
By (6.37), |I"(#)| < 84, and thus
|Vo(x3 4 I' (1)) = Vo (x3)| < Ma| T ()| < 8Mar =1 (6.50)
In addition,
up-Vo(x3+ I ®) = |Vo(x3)|ur -uz +up - [Vo(x3 + I'(1)) — Vo (x3)], (6.51)
yielding |u; - Vo (x3 + T'(#))| < |Vo(x3)| + 1. Asu; - v=0,now Vo (x) - v =[Vw(x) — Vw(x1)] - v, and so

1
|va)(x).v\<|v||x—x1|M2<|v|§x’. (6.52)

Similarly, [V (x) - u1| > |Vo (x1)| — %)J. Since A =8MHA < %‘Y < %|Va)(xj)|, we can conclude that

/
[V (x) - v| . A

>

< < -. (6.53)
Vo (x) -u1| = [Vo(x)| 4
Therefore,
, B F) )
NGBS Z}Vw(x3>| — Z!Vw<x3>| T+
> Ww(x3)|<|v| — %a) > |Vw(x3)|is >0, (6.54)

and we have arrived at the estimate (6.42).
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6.2.2. Nearly parallel gradients

We assume here that (6.25) is not true, i.e., that all three of the vectors u ; are nearly parallel to each other. In this
case, we cannot integrate the k3-term in the direction of its gradient. Instead, we will show that there is a direction
essentially orthogonal to the gradient in which the k3-resolvent can be integrated leading to some degree of additional
decay. The additional decay will be induced by the higher order curvature of the level sets. However, we need to
choose the point k; and the direction of integration carefully, in order to make sure that the known curvature is the
dominant effect. In particular, we cannot any more consider the two d-dimensional integrals independently, but we
have to choose the direction in the full 2d-dimensional space. Since we need to inspect higher order curvature effects,
we will need the full machinery of the technical lemmas here.

By assumption, |uj - u3z| > +/1 — 82 for both j =1, 2. For any u, v € §9=1 by direct computation

|Quv| =V 1— (u-v)2 (6.55)

Since
wy-up = ((u1 - uz)uz + Qusur) - uz = (uy - u3)(uz - u3) + (Qusur) - (Qusu2), (6.56)
and |Quj| = /1 — (u3-uj)?® <8, we have:
luy - uz| > ur - usllua - us| — | Quyr || Quytta| > 1 —26°, (6.57)

As/1—x>1—2xforall 0 <x < %, we can conclude that for all j, j’ € {1,2, 3},
1

|u,--uj,|>1—252>5. (6.58)

Since w is not a constant on any affine hyperplane, the second alternative of Theorem 6.1 is valid, and we can thus
find v3 € S9! such that v3 - u3 = 0 and for some 2 < 71 < no,

1 i
= |(v3- V)" (x3)| > €0 > &(ro(s), 7). (6.59)

Letv; = Qujv3 for j =1, 2. Since

luj - v3l = Quyttj - v3] <|Quajl = /1 = (uj -u3)? <8, (6.60)

then |9;] =,/1 — (u; - v3)2 > +/1 — §2 > 0. Therefore, we can define further v; = v;/|9;] € S9!, when v; - v3 =

[vj] >~1— 82. This implies, by the same argument as for u;, that for all j, Jj e{l,2, 3}, vj-vy>1-— 282, and thus

also:
[vj —vjl=,/2(1 —vj-v;) <28. (6.61)

We have now constructed unit vectors vj, j = 1,2, 3, such that u; - v; = 0. For each j let us associate an integer
n; the smallest of integers n > 2 for which

1
—|@j - V"o @] > o), n), (6.62)

if no such integer exists, let n; = oo. Let jo be an index which has the smallest 7, and denote N = nj,. Since
ny<n<ng then2 <N <ngp<oo.Lete=2¢e(rg, N) = 280(r0u)”0_N <1l.Forany2<n<Nandj=1,2,3,we
have by construction:

1 1
;Mv,- V' (x))| < elro,n) = ES(VOM)N_", (6.63)

and +;1(vj, - VYN o (x)y)] > Le.

Let 7 be the unique cyclic permutation of the indices (1, 2, 3) for which 7 (3) = jo, and let us define k} =ky(jy, and
permute o, x, u and n similarly to yield ', x’, u” and n’. We change the integration variables from (k1, k2) to (k{, k5).
This modifies the functional dependence of k} on the integration variables: for jo = 3, k} = k| — k} + ko, for jo =2,
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ky =k} — k| + ko, and for jo =1, kj = k| + k, — ko. (The dependence of x} on x{, x}, and ko, changes accordingly
with jo.) On the other hand, since |k; — x| < A, the new integration region is contained in |kj — x{|, |k} — x}| < 2A.
Suppose we can find a bound for J' = sup, ¢4 3 J'(0), where

J/ _N—‘%/dk’dk H il 1 004
(“)—Azd 2_= L= o) +ip| o — w(ky) +iBl (069

(T4)2

assuming jo = 3, k3 = o1k1 + 02k2 + 03ko, and x3 = o1x1 + 02x2 + 03ko. Then a bound for J can be obtained by
undoing the permutation of the indices appropriately in the bound for J'.

Since 2A < |V (xj)|/ag, for all j = 1,2, 3, we can apply Lemma 4.9 and Corollary 4.10 to both of the k-integrals.
We denote the corresponding diffeomorphisms by v and v, and obtain the bound:

1
J’ < d -
(@) < )»2‘1 / Y / |041 —w(x1) = [Vo(x) |y +ipl

[yl<dr  [y'l<4r
1 1

X — —, (6.65)
log — w(x2) — [Vo(x2)|y; +iB| laz — w(x3 + v (¥, ¥)) +iB]
where
YO ) =01 (Y1) — x1) + o2 (¥V2(y) — x2), (6.66)
and by Lemma 4.9, always
[¥1(») and [y (y,y)| <2 (6.67)

For j =1, 2, let us denote the rotation Dyr;(0) by A; and define v; = AJij. Then v; - e; =v; - uj =0, and there

is a rotation O; of R4 for which Oje; =ey and O;v; = ep. We change variables to z = Oy and 7/ = 0y’, and
evaluate first the z5 and z), integrals. This yields:

272
1
ror<gl [ e [« .
12 lar — w(x1) — Vo (xp)|z1 +ip]
lz]<4r  |Z/|<4x
1 1
X - .
lay — w(x2) — IVw(xz)lzll +iB] oz — w(x3 + J/(OZTZ’, OITZ)) +iB|
22N3 (40)%@=2 / 1
\ I 1 "
e Ni_, oy — w(x1) — Vo (xp)|z1 +iB]
|z1]<4x
| :
X dz) —
loa — w(x2) — [V (x2)|z] + 18]
\Z/l|<4k
/ dt / dr : (6.68)
X Sup 1 ) . , )
Izl,12'|<2A loz — f(t1, 1252/, 2) +1B|

2,2=0 1{<@V?=22  17<20)2=()?
where
f.n:7. ) =w(x3+y(0] @ +ne), O] z+ter))) = w(x3 + v @2+ tai, 21 + 1191)), (6.69)
with z, = 02T Zandz; =0 IT z. Let us denote the final supremum by J”. Applying Proposition 4.7, we find the bound:

240N 62 (In(M1))2 (InB)?

J'(0) <
N2, [Vo@)||Ve(x)| i*

(6.70)

We still need to estimate J”. To do this we need to make a diversion and first prove the following lemma:
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Lemma 6.6. Let an integer n > 2 and a,b,c € R be given and suppose |c| > &' > 0. Then there is v € R, with
[v], |1 — v| <2, for which

Va+ (1 —v)"b+c|> (6.71)

8/
E.
Proof. Let f(v) = v'a + (1 — v)"b + ¢, and let us first assume that a > |b|. Then, if a < |c¢| — &’/2, we have

| f (D] > |c| — |a| = ¢&'/2, and choosing v = 1 suffices. Alternatively, if a > |c| — &’/2, we have a > ¢’/2 and thus

8/ /

f@2=22%—1b|—lc|>a" —2) - 52 %(2” -3)= (6.72)

8/
5.
Therefore, the estimate holds then for either v =1 or v =2. If a < —|b|, we have —a > |b|, and after swapping the
signs of a, b, ¢, we can apply the above result to conclude that again | f (v)| > ¢’/2 at either v =1 or v = 2. We have
then proven the result for |a| > |b|. Finally, if |a| < |b|, we apply the above result for v/ =1 — v, and conclude that
in this case either | £(0)| or | f(—1)] is greater than or equal to &’/2. Thus the bound is attained at one of the points
v e{—1,0,1,2}, which implies |v|, |1 —v|<2. O

For both j =1,2,let g; , = g, (x;, v;) be defined as in item (2) of Lemma 4.12. Then we employ Lemma 6.6 with
n=N,and
a=—oM g yur - Vo (x3),
b=—0,""g yus - Vor(x3),
1
c= m(v3 Vo (x3). (6.73)
As |c| > 1e, this yields a v € R such that [v], || — v < 2, and |¢] > {& with
- . . 1
E=(—vNo Mg yur — (1 =)V T g vuo) - Vor(xs) + G V)N o (x3). (6.74)

Now [Z1] = |z] < 24, |Z2] = |Z/| < 24, and also Z; - U; = 0, with the r;-integration going over values with
|t;> < 22)? — |Z;]>. We make the final change of variables (¢, 1) — (¢, '), given by:

n=o1(—t'+vt) and n=o0r(t'+ (1 —v)), (6.75)
where v is the constant found above. The Jacobian of the transformation is always 1, and it has the inverse:
t=o01t + oot and t =vortr — (1 —v)oity, (6.76)
and thus inside the new integration region,
1| <+l <2°% and || < (|v| + 1 - v|)4)L <24, (6.77)

Therefore,

1 2
/ dr / dt — < / dr’ / dt -
laz — f(t1, 1252, 2) +1B| loz — F(t;1') +1B|
1(t)

?<@)?=z2  12<20)2—=(2)?

1
< 20 sup / dr —,
¢ lez — F(t;t') +ip]

1)

(6.78)

where the integration region over ¢, that is I ("), depends on ¢’, but it always is an interval of a length less than 245,
The final integral contains the function,

F(t;t)= f(n,0:7,2) =w(x3 4+ y(Z2 + 002, 21 + 101))
=w(X3 + o1 (Y151 +o1vid) — Y1 (G1) + 02 (V2 (52 + 02(1 — v)102) — ¥2(32))). (6.79)
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where
Ji=3)=z7—to1vy and Jy =7+t 020, (6.80)
and
B=x0")=x3+0(v1G1) —x1) + 02 (v2(52) — x2). (6.81)
Let us then define, as in Proposition 4.11,
yi@=y;G;+10) and (D) =y;(0) — tv; — ¥;(5)). (6.82)

As o1v1(o1vt) + o2v2(02(1 — v)t) = (vu; + (1 — v)vo)t, then F (1) = w (I (¢)) with
I'(t)=x3+tvg+ o1l (o1vt) + 02F2(02(1 - v)t). (6.83)
Here vg = vv; + (1 — v)vy, and it thus satisfies:
lvo — v3] < 2(Jv1 — v3| + |v2 — v3]) <48. (6.84)
By Lemma A.1,

dN
drN

1
F(t)' > m|F(N>(t) Vo(I®) +(Fr'Y @) - v) o(r o)

_Ni > 1<ZmJ—N>Mk]_[[—\F(m”(t)I} (6.85)

= k
k 2meN+ Jj=1

N!

Here 'V (1) = vo+v IV (01v6) + (1 =) [V (02(1 = v)1), and, by (6.84) and Proposition 4.11, it satisfies the bound:
|rV @) —v3] <48 +4ep™ <1, (6.86)

which implies in particular that |I"(V(r)| < 2. Note that we can apply the Proposmon since &, u, and N are clearly in
the right range, and also the expansion radius satisfies 21 < 54 Leo(ro w" =ay Le(ro w)N . Forall n > 2, we similarly
get:

rw =o' r™ @ve) + o 111 — vy 0 (021 — i), (6.87)
satisfying, with C=1 + My, =1 + N, , the bounds

nt2gy N—n (I)V_l_”, for2<n <N,
< {2V+2Cr forn=N, (6.88)

1
‘ r™
2N+3cu—1 ry forn=N +1.

Consider then the sum over k in (6.85). Since k > 2, inside the sum always m; < N — 1. Denoting, as before,
£=1|{j|m; =1} <k — 1, we thus have

k

1—[[ 1 ‘ \F(m7)(t)|i| < 2€+3(k—l)+zj(mj—1)(8MNfl)k*zuzj(l—m/‘) < 22k+N8MN7]+k7N < 23/\/728“. (689)
mi;.

j=t="

Therefore, the sum over & is bounded by:

N-1n
2N 2ep Z (k _ 1>MN1 <2 B euMy -y < -
k=2

T (6.90)

To estimate the first term in (6.85), we use the estimates in item (3) of Lemma 4.12, with b=p ' > 1 +2V 4+
My 122N+ Firstly,
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1
'ﬁr(m(r) Vo(T ) = (=N g vur — (1 =)V ™ g2 yuz) - Voo ()
1
<|l—=r™Mg¢
‘N ()
< 24AM22N+2Cr + M, 2N+laoul_N)LraN < 2N+38(r0u)N5r(;1 + M]2N+18/L
Sen(u2V3C + M2V Cep(1+ M2m0t) 27072 <274 (6.91)
Secondly, by (6.86),

M| L (1) — x3| + [Vo(x3)[2Y (|g1,n (01v0) — §1.5 | + |g2,8 (02(1 = v)E) — 82 v)

N

N
(rYm - V) o(r®) - - HVe@)| <Y <k>’r(1)(’) — 3| My + My12%
k=1
<4(r+en™)My2N + MN+12 A<enN My (2N 424
<ep’My 2V <o, (6.92)
Therefore,
1 N 1 1 ~ -3
Vi —I™M@) - Vo(r o)+ —(F< (1) - v) w(I(1) —& <277, (6.93)
which can be combined with the previous estimate for the sum over & in (6.85) to prove that for all allowed ¢,
1 ]dy 3 1
|3 F|2|c| — &> il (6.94)

On the other hand, applying Lemma A.1 once more proves that

1 N+1 k - k 1 -
m|F<N+1>(t)| <Y ]l(ij:N—i-l) [[=—— , ]_[][m—j!|r< D@)|M
J

k=1 menk  \j=I =1 ,m
F(N_H) ‘ N+1 k »
e D DD I Z N1 2T
(N +1)! S\
" =
N+1
<2N+3C,u +Cr0 Z ( >2N+l+2kM
k=2
2VBCT g2 (1 + w2 My ) <2Vl 2, (6.95)

where we have used the fact that m; = N can appear only once in the product over j. Since ro > 5 1 87, we have also:

’ £ 1 rOM > no—N+2 H’nO_N-H 1
=— ~ > gor ~
24 ON+I(N + 1)N QN+4C 070 C 221048 (1) 4 1)10
n()—] 1
> prmg (6.96)

6 23n()+8(n0 + 1)”0 .

If this is raised to the power N + 1, the result is bounded from below by an (no-dependent) constant times g7"00+1)
Therefore, as long as y ~! > ng(no + 1), there is By > 0, such that we can apply the conclusion of Proposition 4.8 for
all 0 < B < By. For such values of B and all allowed ¢’, we have:

4
< 2N+1(N + I)N( 2 )\'4'81/(N+1)—1 +2N+45M_1r0224/N8_1/Nﬁ1/N_1>
£2~

1
/ dr -
laz — F(t;t') +ip]
I(t)

<2n0+1(n0+1)n0(28 €0 (rou)no (rOM)N HOﬂl/(N+1) 1+2n0+6CM 1762(280(}’0M)HON)I/Nﬁl/Nl>

< 23n0+8(n0 4 1)"0C,bb_n0/N80_l/N(,Bl/(N+1)_1 +'3—y(1+710/N)+1/N—1)_ (697)



222 J. Lukkarinen / J. Math. Pures Appl. 87 (2007) 193-225

Since we have not aimed at optimal estimates here, we do not try to optimise the extra decay arising from the crossing.
Instead, let us prove that the choice given in (6.27) is sufficient. Then we can also choose explicitly,

o1 | 3(mo+1)/2
/30 = (80 5 23n0+8(}'l0 + 1)”0) ’ (698)

since, for all 0 < 8 < B, then B < ,81/3,33/3 < (eHNHL,
With these choices, the power of 8 in the second term in (6.97) is:

TR P ! (=N —no+3ng+3n3) — 1> —2 1> 1699
— — ——1l=——(-N-—n n ng)—1>———-—12> — 1. (6.
YOUTN)TN 3no(no + DN 07 210 T Mo (o + HN o+ 1
Therefore, by (6.78), we have proved:
J// g )\'23}10-‘,-15(”0 + l)nOGM_"O/ZSJI/Zﬂ1/("0+1)_1. (6100)
Combining this with (6.70) proves the validity of (6.28) for
N2
Cy = 23O+ (| ot eg de_62<1n<M1>)2M1 (6.101)
d-2

when y is chosen as in (6.27) and g is sufficiently small. For notational simplicity, we have added the missing
gradient factor |Vw(x3)| to the denominator: this makes the estimate invariant under permutations of the indices, and
thus allows to use it directly for the original integral. This completes the proof of Theorem 2.3.
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Appendix A. Differentials of composite functions

Lemma A.1. Let d,n € N, an open interval I, I' € C™ (I,R?), and f € C"™ (R?,R) be given. Then forall t € I,

k—1 k
1 m,- 1 X
i - — rmpy.
L o) =3 8 Som=a) [T T[]y e
k=1meNk Jj=1 j=1=j'=j""" j=1 J ®)
Proof. The result holds for n = 1. For the induction step, let us assume it holds for values up to n. Then
d1 " k=1 mi
_ j
o/ 0) =2 H(me—")ﬂzk .
k=lmeNk  \j=I j=1 =i "’
£ 1
Z 1—[ |: F("’f)(t) V:| |:—'F(m4+1)(t) . V]f
= e m;! my! rao
k
]_[[ LD (@) - v}[r“m) v]s } (A2)
j=1 ra)

In the first term, we take out the sum over ¢, and then change variables from m to M so that My, = m; + 1 and
otherwise M; = m . This yields a term:
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Xn: S Z (ZM —n—i-l)Jl(Mg}Z) ]i_[l M;

k=1e=1 penk  \j=I j=t+1 Z =i My
w1 I M; k[lr“‘“t V] A3
eZ’}:eMj’—l,-l:[lZ]ﬁij/—l]l:[ O fF(r) -
For the second term, we add one more sum over m = 1, and then shift the k sum accordingly. This yields:
n+1 k 1
> ]L(ij =n+ 1>]l(mk— 1)]_[ ]‘[[—ﬂmﬂ(t) V}f (A4)
k=2 1y eNk Jj=1 ZJ =iy 1 j=1 mnj ()

It is then an explicit computation to check that the k = 1 term in (A.3) is equal to the k = 1 term in (A.1) times n + 1
(after setting n — n + 1), and that the same holds for k =n + 1 term in (A.4).
For 2 < k < n we need to sum the corresponding terms in (A.3) and (A.4). Their sum can be written as
k

3 (Zm]_n—i-l)l_[ ]_[[mlj!F""-f)(t)-V]f

meNk J IZJ_jm/ j=1

r(

:Zﬂw 2)(me—1)1_[2 oL k—1>1"[Z —,m/ } (A5)

For the computation of the term in the curly brackets let us separate £ = k term. When £ < k, all the terms in the
denominator are non-zero, as for j < k, we have Z jmj — 1> 0 due to my > 1. Therefore, we can apply the

property:

Y

/—/mJ

k k
(me—DLme =2 =mg—1=Y my—1— Y mj, (A.6)
j'=t J=t+1
which shows that the sum over ¢ < k is equal to,

k—1 4 k k—1 +1 k—1 k
L M _.m; —
Z H]_IZ]’_] J l_[ Z/ =j J’ —Zml/—mk Z] =j ] (A7)
=1

=1~k - ¢ :
=1 j=1(Zj'=j mp—1 3 Hj=l(zj’=j mjr— j=1 Zj’=j mj —1

The second term here is cancelled by the remaining terms in the curly brackets. (If my > 1, the £ = k term in the sum
cancels it and the last term in (A.5) is zero; if my = 1, the opposite happens.) Therefore, the term in the curly brackets
is equal to ZI;-:] mj =n+ 1. This proves (A.1). O

Appendix B. Properties of (x)

Proposition B.1. Let (x) = +/1 4+ x2. Then forall x,y € R,

) xf < {x).

() If |x| < |yl, then (x) < (y) and (In{x})) < (In(y)).
) (x+y) < (x)+(y) <2x)(y)-

@ (xy) < (x)(y), and, if |x] = 1, (xy) < |x|(y).

Proof. Items (1) and (2) are obvious. The first inequality of item (3) is proven by
() () — (x4 yy = EFON = e 9)® 200) a4 Ly — (427 457 + 2ay)
(X)+ () +x+y) () + O +x+y)
20 nd - &on

)+ +x+y)
The proofs of the remaining inequalities in (3) and (4) are very similar, and we will skip them. O

(B.1)
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Appendix C. Morse functions

We prove here the following result which shows that Morse functions are covered by the main results given in the
text.

Proposition C.1. Let d > 3, and assume o is a real-analytic and 7% -periodic Morse function on R%. Then w satisfies
Assumption 2.1, and we can take po =0 for d > 4 and py =1 for d =3.

Proof. Define f, by (2.5). Let X =[—1/2, 1/2]‘1, and let xj, j =1,...,n, enumerate the critical points of w in
X (as w is a Morse function, there can be no accumulation of its critical points, and thus n < o). Let also A; =
D?w(x;) be the Hessian of w at x;, let kg.l) denote its eigenvalues, and define a; = min; |)»3.’)| and b; = max; |k§l)|.
By assumption, A; is invertible, and thus we have 0 < a; < b; < oco.

By Taylor’s formula, now for any x € R and j,

Vo(x) =Vo(x)—-Vo(x;j)=A;x—x;)+ R;(x), (C.1

where |R;(x)| < %||a)||’3|x — xj|2. Here, by using an orthogonal transformation which diagonalises the Hermitian
matrix A;, we find:

ajlx —xj| <|Aj(x —x))| <bjlx — xjl. (C.2)
Letrj =aj/ ||a)||/3 which is non-zero, as ||w||} is finite. Then we can conclude, by using the triangle inequality, that

whenever |x — x;| <rj,

aj 3bj
7|x—xj|<|Va)(x)|<T|x—xj|. (C.3)

Let Uj ={x | |x —xj| <r;}, j=1,...,n, and denote K = X \ (Uj U;). Then K is compact, and contains no
critical points of w. Therefore, by continuity of Vw, we have ¢ = min,ecg |V (x)| > 0. We split the integration region
into parts by removing the balls U, which yields for all 0 < s <c,

1 R 1
fw(s):/dx W1(|Vw(x)| >s) </dxc—3+;/dx W1(|Vw(x)| >s)
X K =ly;

ri

J
1 $ -3 3| ¢d—1 d—1-3
<c—3+22 a3| st / drr : (C.4)
j=1 25/(3b;)

If d > 3, the final integral over r is less than forj drrd—1-3 = 4_13”;173' Therefore, we can conclude that then

infg~ fu(s) < 00, as claimed in the proposition. Otherwise, d = 3, and

.
drrd=173 = ln(%> = 1n< érf) +Ins~". (C.5)
S

25/(3b;)

Then (C.4) implies that f,(s) < co(Ins) for some finite constant cg, proving the validity of Assumption 2.1 with
po=1. O
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