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Abstract

Two predictions about finite-N non-supersymmetric “orientifold field theories” are made by using the dual type 0′ string
theory onC

3/Z2 × Z2 orbifold singularity. First, the mass ratio between the lowest pseudoscalar and scalar color-sin
estimated to be equal to the ratio between the axial anomaly and the scale anomaly at strong coupling,M−/M+ ∼ C−/C+.
Second, the ratio between the domain wall tension and the value of the quark condensate is computed.
 2005 Elsevier B.V.Open access under CC BY license.
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1. Introduction and conclusions

The study of gauge theories at strong coupling
of great importance. Our knowledge about the n
perturbative regime of non-supersymmetric field th
ries, and QCD in particular, is very limited. In the ca
of supersymmetric gauge field theories the situatio
drastically better. In particular, for pureN = 1 super-
Yang–Mills, certain quantities (F-terms) are knownex-
actly. Among them the gluino condensate[1,2], the
NSVZ beta function[3,4] and the tension of the do
main walls[5].

A progress in the understanding of strongly co
pled non-supersymmetric gauge theories was mad
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arguing for planar equivalence betweenN = 1 SYM
and “orientifold field theory”[6,7] (see[8] for a re-
view and a comprehensive list of references). It w
shown that at large-N an SU(N) gauge theory with
matter in the antisymmetric two-index representat
becomes equivalent toN = 1 SYM in a well defined
common bosonic sector. ForSU(3) the antisymmet-
ric and the antifundamental representations coinc
hence planar equivalence can be used to calculate
perturbative quantities in one-flavor QCD[9]. The
common sector ofN = 1 SYM and the orientifold
field theory includes all Green’s functions with gluo
as external legs and the quark condensate.

Planar equivalence already led to a couple of
plications, among them the calculation of the qu
condensate in one flavor QCD[10], an estimate o
the lowest scalar and pseudoscalar mass ratio[11],
a new framework of technicolor[12] and a proposa
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for a field theory/string theory duality in a non
supersymmetric setup[13,14] (see [15] for earlier
related work). Orientifold field theories on compa
manifolds were discussed recently in[16].

The string theory description of the orientifo
field theory proposed in[13,14] is realized in the
framework of the type 0′ string, an open descen
dant of the type 0 string[17,18] which includes the
same bosonic degrees of freedom and interact
as the type IIB string. This is in agreement w
gauge/gravity duality, since the bosonic glueball sp
tra of N = 1 SYM and the orientifold field theor
coincide at large-N .

In this short Letter we wish to use this recently p
posed string dual of orientifold field theory to discu
two pieces of information about the gauge theory. T
first is an estimate of the mass ratio of the light
glueballs (similar to the one obtained by Sannino a
Shifman[11] via an effective action approach). Th
second is a prediction for the domain wall tension
quark condensate ratio. Both predictions are made
thefinite-N theory.

In general, it is very difficult to calculate 1/N cor-
rections, as it involves loop corrections on the str
side. However, we will argue that for the quantities u
der consideration the dominant 1/N effect is mainly
controlled by the RR background flux, which in pre
ence of the orientifold plane is shifted fromN to
N − 2 (or toN + 2 in the case of an orientifold fiel
theory with a fermion in the symmetric represen
tion).

The Letter is organized as follows: in Section2 we
describe an embedding of orientifold field theory
type 0′ string theory. In Section3 we derive an esti
mate of the mass ratio between the lightest scalar
pseudoscalar and finally in Section4 we derive a pre-
diction of the ratio between the domain wall tensi
and the quark condensate.

2. A stringy realization of orientifold field theories

An explicit stringy realization of orientifold field
theories was given by Di Vecchia et al. in[13], in the
framework of the type 0B string. Let us first reca
that the type 0B string is a non-supersymmetric the
whose closed string spectrum contains only bos
coming from the sectors:
(NS−,NS−) ⊕ (NS+,NS+)

(1)⊕ (R−,R−)⊕ (R+,R+).

In particular, the theory contains a tachyon in
(NS−,NS−) sector, and the RR spectrum (and th
the number of D-branes) is doubled with respect to
type IIB case.

We now give a brief review of a procedure whi
can be used to engineer non-supersymmetric “dau
ter” gauge theories. We follow[13,14], where more
details can be found. The first step is to take an
entifold of type 0B theory byΩ ′I6(−1)FL , whereΩ ′
is the world-sheet parity operator,(−1)FL is the left-
moving space–time fermion number andI6 is the in-
version of the six space–time coordinatesx4, . . . , x9.
This theory lives in a non-trivial background given
an O3-plane located at the fixed locusx4 = · · · = x9 =
0 of the above transformation.1

One can see that the theory obtained through
orientifold procedure has the same bosonic conten
type IIB theory, and in particular the tachyon do
not survive the projection. Moreover, the study of t
open string sector brings to the conclusion that
gauge theory living onN D3-branes in this orien
tifold has a bosonic spectrum (one gauge boson
six real scalars) that coincides with the one ofN = 4
super-Yang–Mills. The fermionic sector consists
four Dirac fermions in the two-index symmetric or a
tisymmetric representation, depending on the cho
of orientifold.

Given the similarity of the gauge theory living o
D3-branes in this orientifold with the one living o
D3-branes in type IIB theory, it is natural to expe
that by performing orbifolds of this orientifold one o
tains non-supersymmetric theories related toN = 2
andN = 1 super-Yang–Mills, and this is indeed wh
happens.

Let us in particular consider aC3/Z2×Z2 orbifold,
defined by the action of twoZ2 generatorsgi :

(2)
z1 z2 z3

g1 z1 −z2 −z3
g2 −z1 z2 −z3

1 In the following, we will refer to the orientifold theory describe
in this section as “type 0′ string theory”, even if, strictly speaking,
is obtained from the usual type 0′ theory after six T-dualities.
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wherezi = x2i+2 + ix2i+3, by the identitye and by
g3 = g1g2.

This orbifold can also be described as the (singu
F(x, y, z, t) = 0 hypersurface inC4, where:

(3)F(x, y, z, t) = xyz + t2,

where the invariant variables in this function are
lated to the above complex coordinates by:

x = z2
1, y = z2

2,

(4)z = z2
3, t = iz1z2z3.

There are four types of fractional D3-branes in t
background, with different charges under the twis
sectors. If we restrict to a single type of bran
it was shown in[13] that the theory living at low
energies on the world-volume ofN fractional D3-
branes is aU(N) theory with the same bosonic co
tent of N = 1 super-Yang–Mills (the gauge vecto
and whose fermionic matter consists of a single Di
fermion in the two-index antisymmetric (or symme
ric) representation of the gauge group. Namely,
have precisely engineered the desired orientifold fi
theory.

What kind of information about the orientifold fiel
theory can be derived from the type 0′ string theory
description? In[13,14], the gauge theory was an
lyzed by computing the string annulus partition fun
tion with the insertion of an external gauge field,
both the open and closed string channels. The c
putation yielded the values of the coefficientsC− of
the chiral anomaly andC+ of the scale anomaly tha
we recall, enter the gauge theory through the anom
equations

(5)∂µJµ = C−
16π2

FF̃ , T µ
µ = − 3C+

32π2
F 2,

Jµ being the chiral current andT µν the standard
energy–momentum tensor. It turned out that the co
putation in the open string channel, as expected,
rectly reproduced the known gauge theory results
the field theory limitls → 0 (here we concentrate o
the theory with antisymmetric matter, similar resu
hold for the one with symmetric matter):

(6)C
(open)
− = N − 2, C

(open)
+ = N + 4

9
.

On the other hand, the computation in the clos
string channel, in the supergravity limit2 where only
the massless closed strings contribute, yielded the
lowing result:

(7)C
(sugra)
− = N − 2, C

(sugra)
+ = N.

We then see that the chiral anomaly is correctly r
also from the supergravity description, which we int
pret as a manifestation of the Adler–Bardeen–Jac
non-renormalization theorem. The fact that the sc
anomaly does not coincide with the one obtained in
open string channel was traced in[14] to the presence
of “threshold corrections”. However, the scale ano
aly is expected to receive corrections, and the str
coupling value need not be the same as the weak
pling value. We would therefore like to argue that t
relevant calculation at strong coupling, at least wh
one limits oneself to the analysis of the lowest-lyi
glueball states, is the one performed in the superg
ity (massless closed string) description, whose re
is given in(7).

Let us now try and reinterpret the results of t
computation of[13] in terms of the geometry gene
ated by the stack of fractional D3-branes (at the
entifold plane). A full solution, analogous to the o
found in [19] for the case of type IIB supergravity,
not available, but we know from the usual dictionary
the gauge/gravity correspondence that the results(7)
of the closed string computation can be re-expres
in terms of fluxes of the supergravity fields. In partic
lar, comparison with the supersymmetric case stud
in [19–21]makes it clear that the geometry genera
by the branes will have non-trivial fluxes of the thre
form G3 = dC2 + (C0 + ie−φ) dB2 along the cycles
Ai and Bi , i = 1,2,3 (which are respectively com
pact and non-compact), which form a standard b
of orthogonal three-cycles on the Calabi–Yau orbif
geometry:

1

8π2gsl2s

∫
Ai

G3 = −(N − 2),

2 Here and in the following, the term “supergravity” will be us
to denote the non-supersymmetric low-energy effective theory o
type 0′ string, whose matter content coincides with the bosonic
of type IIB supergravity.
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(8)
1

8π2gsl2s

∫
Bi

G3 = − N

2πi
ln

rc

r0
,

where the cut-offrc along |zi | was introduced due t
the non-compactness of the cyclesBi (and a lower
scaler0 is further introduced as a short-distance c
off, since supergravity solutions such as the one in[19]
can usually be shown to be singular at short distanc
Notice that the shift by 2 in the flux ofG3 through the
Ai cycles with respect to the supersymmetric type
case is a clear sign of the presence of the O3-plan
the geometry.

The formulas(7) and (8)are the main information
that one can extract from the closed string (superg
ity) description of the type 0B brane system, and
will see in the following sections how to use them
order to make two predictions about the finite-N be-
havior of non-supersymmetricU(N) orientifold field
theories.

3. First prediction: Mass ratios

At large-N orientifold field theory becomes equiv
alent toN = 1 SYM in a well defined sector. Thi
equivalence has many consequences, among them
degeneracy of even and odd parity hadrons. In this
tion we wish to estimate the ratio of the lowest sca
and pseudoscalar masses.

Consider the two-point function
∫

d4x 〈F 2(0),

F 2(x)〉. At large-N it is saturated by the free prop
agator of color-singlet scalars[22]:∫

d4x eiqx
〈
F 2(0),F2(x)

〉∣∣
q2=0

(9)=
∑
+

f 2+
q2 − M2+

∣∣∣∣
q2=0

,

wheref+ denotes the coupling of the scalars. No
also that the contact term (a constant) was omit
The reader should read the l.h.s. of(9) as if it actually
contains a contact term (see[22] and Appendix of[23]
for a discussion). Let us assume that the sum(9) is
dominated by the lowest scalar (denoted byM+). Then
we can simply write

(10)
∫

d4x
〈
F 2(0),F2(x)

〉 ∼ − f 2+
M2+

.

e

The relation(10) cannot be justified, unless the ma
ratio between the lowest scalar and the next mas
scalar is small. This assumption is common in latt
simulations where correlation functions are appro
mated by a single exponent. A similar truncation
made in the gauge/gravity correspondence when
whole string tower is truncated and only supergrav
modes are kept.

A relation similar to (9) can be written for the
pseudoscalars:∫

d4x eiqx
〈
FF̃ (0),FF̃ (x)

〉∣∣
q2=0

(11)=
∑
−

f 2−
q2 − M2−

∣∣∣∣
q2=0

.

A truncation similar to(10)can be made to write

(12)
∫

d4x
〈
FF̃ (0),FF̃ (x)

〉 ∼ − f 2−
M2−

.

Combining(10) and (12)we arrive at the ratio

(13)

∫
d4x 〈FF̃ (0),FF̃ (x)〉∫
d4x 〈F 2(0),F2(x)〉 = f 2−

f 2+

M2+
M2−

.

Remarkably, the ratio(13) is exactfor N = 1 SYM.
The reason is that for SUSY theories the l.h.s. of(13)
is one, sinceF 2 and FF̃ sit in the same multiplet
Moreover, masses of even parity and odd parity
their couplings,f+ andf−, are degenerate in supe
symmetric theories.

Due to the relation withN = 1 SYM, at large-N
the ratio(13) is also exact for large-N orientifold field
theories. Our aim now is to estimate the above rati
finite-N .

Let us start with the axial anomaly(5)

(14)∂µJµ = C−
16π2

FF̃

with C− = N − 2 for the orientifold field theory with
the antisymmetric matter (andC− = N +2 for the the-
ory with the symmetric matter). Using[23], we write
down the axial anomaly Eq.(14) between the vacuum
and the|−〉 state (a state with a single pseudoscala

(15)〈0|∂µJµ|−〉 = 〈0| C−
16π2

FF̃ |−〉.
The l.h.s. and r.h.s. of(15) are respectively propor
tional to λ−M2− and tof−C−, whereλ− is the cou-
pling of the axial current to the pseudoscalar. Th
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reabsorbing all numerical constant intoλ−, we find

(16)λ−M2− = f−C−.

The above considerations can be repeated for the s
anomaly as well,

(17)T µ
µ = − 3C+

32π2
F 2,

yielding

(18)λ+M2+ = f+C+.

Inserting(16) and (18)inside(13)we find

(19)

∫
d4x 〈FF̃ (0),F F̃ (x)〉∫
d4x 〈F 2(0),F2(x)〉 = λ2−

λ2+

C2+
C2−

M2−
M2+

.

The relation(19) is exact forN = 1 SYM and
large-N orientifold field theories. The l.h.s. of(19) is
one as well as the ratio between the couplingsλ+, λ−
the anomaly coefficientsC+,C− and the masse
M−,M+. In fact, we could directly start our discu
sion from the above equation.

How does(19)changes as we move from infinite
finite N? Clearly, we can write∫

d4x 〈FF̃ (0),F F̃ (x)〉∫
d4x 〈F 2(0),F2(x)〉 = 1+O(1/N),

(20)
λ−
λ+

= 1+O(1/N).

We assume however that the finite-N corrections(20)
are small. Perhaps the best explanation for that is
supergravity. The above 1/N corrections can be in
terpreted as corrections in the string couplinggs—
namely as “dynamical” corrections. On the other ha
the finite-N correction to the axial anomaly is larg
N → N − 2. In supergravity the source of this corre
tion is the presence of the orientifold plane that car
RR charge and hence the total RR flux of theN D-
branes and the orientifold plane isN − 2.

We can therefore write

(21)
M−
M+

∼ C−
C+

.

Namely, we predict that the mass ratio between
lowest pseudoscalar and the scalar is equal to the
between the axial and scale anomaly coefficients.

As discussed in the previous section, the value
the axial anomaly isC− = N − 2, while the one loop
value of the scale anomaly coefficient isN +4/9. This
value however, is valid at weak coupling, where p
turbation theory can be trusted. We need howeve
estimate the value ofC+ at strong coupling, and a
discussed in Section2 we take the result(7) coming
from supergravity, namelyC+ = N .

Our conclusion is that the ratio between the low
pseudoscalar and scalar masses is estimated to b

(22)
M−
M+

∼ N − 2

N
.

The interest in(22) also resides in the fact that
can be checked by lattice simulations. The succes
the estimate(22) depends on our assumptions that
color-singlet dynamics can be approximated by sup
gravity modes and moreover thatgs is much smaller
than 2/N .

It is tempting to speculate that(22) holds down to
N = 3. Since forSU(3) the antisymmetric represen
tation is equivalent to the fundamental representat
the prediction is that in one flavor QCD the ratio b
tween theη′ mass and theσ mass isMη′/Mσ ∼ 1/3.

It is interesting to compare our prediction to a sim
lar one which was made by Sannino and Shifman[11]
who used an effective action approach and the o
loop beta function coefficient 3(N+ 4/9) as input.
They obtained

(23)
M−
M+

∼ 1− 22

9N
+ b,

where the coefficientb(1/N) corresponds to 1/Ncor-
rections that may shift the ratio22

9N
, similarly to(20).

4. Second prediction: Quark condensate and
domain walls

In order to make the second prediction, let us s
back for a moment and recall thatN = 1 gauge theo
ries can be realized in the framework of “geomet
transitions” [24–26], where one engineers them v
configurations of D5-branes wrapped on supers
metric two-cycles of resolved Calabi–Yau manifold
The resulting geometry then flows to the one of a
formed manifold, where branes are replaced by flux

In this context, the effective superpotential of t
gauge theory is given in terms of the fluxes of t
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geometry by the following expression[25,27]:

(24)Weff ∝
∑

i

[∫
Ai

G3

∫
Bi

Ω −
∫
Ai

Ω

∫
Bi

G3

]
,

whereG3 is the complex three-form field strength
type IIB supergravity,Ω is the holomorphic(3,0)-
form of the Calabi–Yau manifold, andAi and Bi

(which are respectively compact and non-compa
form a standard basis of orthogonal three-cycles on
manifold.

The periods ofΩ in the case of theC3/Z2 × Z2
orbifold were computed in[20] by deforming the sin-
gular geometry(3) with the introduction of a constan
parameterξ [28]:

(25)Fξ (x, y, z, t) = xyz + t2 − ξ2.

In an appropriate normalization, the periods w
found to be:

(26)
∫
Ai

Ω = ξ,

∫
Bi

Ω = − 1

2πi

ξ

3
ln

ξ

r3
c

.

Applying the formula(24) to the case ofN frac-
tional D3-branes at aC3/Z2 × Z2 singularity of the
type IIB string then yielded the Veneziano–Yankie
wicz effective superpotential[29] of the gauge theory

(27)Weff = NS

(
1− ln

S

Λ3

)
,

after an appropriate identification of geometric a
gauge theory quantities which in particular identifi
the deformation parameterξ with the gaugino conden
sateS of theN = 1 gauge theory, and the cut-offrc
with the subtraction scaleµ.

Can we perform a similar analysis in the type′
string context? Of course, talking about an effe
tive superpotential for a non-supersymmetric the
does not make sense. However, one may still c
sider Vafa’s formula(24)as giving a formal functiona
Weff of a field S (which now has to be interprete
as thequark condensate), whose minimization yiel
information about physical quantities of the gauge t
ory (see for instance[11,30]). It is this effective La-
grangian functional we are looking for in our geom
ric construction.
We can therefore use the results(8) and (26)inside
(24), obtaining:

(28)

Weff = (N − 2)

(
S − S ln

S

µ3e2π iτYM (µ)/(N−2)

)
,

whereτYM (µ) is (at θYM = 0) the running coupling
constant (at strong coupling) coming from(7). The
relation (28) is a prediction of the type 0′ string for
orientifold field theories.

What physical quantities can we extract from(28)?
First, minimization ofWeff with respect toS yields the
value of the quark condensate:

(29)〈S〉 = µ3e2π iτYM (µ)/(N−2)e2π ik/(N−2),

where k = 0, . . . ,N − 3. We therefore see that th
expected number of vacua of the gauge theory is
rectly reproduced (as it should, since we know t
this construction yields the known result for the c
ral anomaly).

A second quantity that can be calculated by us
(28) is the tension of a domain wall interpolating b
tween two vacua, labeled respectively byk andk + q,
TDW = |Weff|:

(30)TDW = 2µ3 sin
πq

N − 2
.

While the above quantities(29) and (30)are subject
to certain uncertainties due to the choice of the sc
Λ by string theory (which is also influenced by 1/N

corrections which we are not able to evaluate from
procedure), the ratio

(31)
TDW

|〈S〉| = 2(N − 2)sin
πq

N − 2

is an unambiguous prediction of type 0′ string theory
for the orientifold field theory. In particular, the pr
diction consists in the value 2(N− 2) of the prefactor
(which would simply be 2N in pure N = 1 super-
Yang–Mills).

The shiftN → N −2 with respect to the supersym
metric theory seems to suggest that the quark con
sate itself is proportional to(N − 2)Λ3

QCD. Establish-
ing such a relation would be useful for the calculat
of the quark condensate in one-flavor QCD[10].
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