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Abstract

We generalize the notions of dual pair and polarity introduced by S. Lie (1890) and A. Weinstein (19
order to accommodate very relevant situations where the application of these ideas is desirable. The new
polarity is designed to deal with the loss of smoothness caused by the presence of singularities that are en
in many problems in Poisson and symplectic geometry. We study in detail the relation between the newly int
dual pairs, the quantum notion of Howe pair, and the symplectic leaf correspondence of Poisson man
duality. The dual pairs arising in the context of symmetric Poisson manifolds are treated with special at
We show that in this case and under very reasonable hypotheses we obtain a particularly well behaved
dual pairs that we callvon Neumann pairs. Some of the ideas that we present in this paper shed some lig
theoptimal momentum mapsintroduced in [J.-P. Ortega, T.S. Ratiu, The optimal momentum map, in: P. Ho
P. Newton, A. Weinstein (Eds.), Geometry, Dynamics and Mechanics: 60th Birthday Volume for J.E. Ma
Springer-Verlag, New York, 2002, pp. 319–362].
 2003 Elsevier Science B.V. All rights reserved.

MSC:53D; 53D17; 53D20

Keywords:Poisson geometry; Dual pairs; Howe pairs; Optimal momentum map; Polar distributions

1. Introduction

The notion of dual pair, introduced by A. Weinstein in [43], is of central importance in the conte
Poisson geometry. Let(M,ω) be a symplectic manifold,(P1, {· , ·}P1) and(P2, {· , ·}P2) be two Poisson
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manifolds, andπ1 :M→ P1 andπ2 :M→ P2 be two Poisson surjective submersions. The diagram

(M,ω)

π1 π2

(P1, {· , ·}P1) (P2, {· , ·}P2)

is called adual pair if the Poisson subalgebrasπ∗1C
∞(P1) andπ∗2C

∞(P2) centralize each other wit
respect to the Poisson structure inM associated to the symplectic formω. This notion has its origins in
the study of group representations arising in quantum mechanics. In this direction, we have the w
Howe [9], Kashiwara and Vergne [13], Sternberg and Wolf [40], and Jakobsen and Vergne [10],
justify why we will refer to the previously defined dual pairs asHowe pairs.

Already in 1890, S. Lie (see [19] and Section 7 in [43]) devised a method to construct Howe
using the notion ofpolarity, that we briefly describe: letD be an integrable regular distribution on t
symplectic manifold(M,ω) that is everywhere the span of locally Hamiltonian vector fields. Un
these circumstances the space of leavesM/D is a Poisson manifold and the canonical project
πD :M →M/D is a Poisson surjective submersion [23]. Let nowDω be thepolar distribution toD,
defined by

Dω(m) := {
v ∈ TmM | ω(m)(v,w)= 0 for allw ∈D(m)}.

A simple verification shows thatDω is smooth and integrable. If we assume that the correspon
space of leavesM/Dω is a regular quotient manifold and denote byπDω :M →M/Dω the canonica

projection, then the diagramM/D
πD←M

πDω→ M/Dω is a Howe pair. Moreover, kerT πD and kerT πDω
are symplectically orthogonal distributions. This remark motivates the following definition: the dia
(P1, {· , ·}P1)

π1← (M,ω)
π2→ (P2, {· , ·}P2) is called aLie–Weinstein dual pairwhen kerT π1 and kerT π2

are symplectically orthogonal distributions. Every Lie–Weinstein dual pair where the submersioπ1

andπ2 have connected fibers is a Howe pair (see Corollary 5.4).
The geometries underlying two Poisson manifolds forming a Lie–Weinstein pair are very c

related. For instance, if the fibers of the submersionsπ1 andπ2 are connected, the symplectic leav
of P1 andP2 are in bijection [2,14,43] and, for anym ∈M , the transverse Poisson structures onP1 and
P2 atπ1(m) andπ2(m), respectively, are anti-isomorphic [43].

Apart from the already mentioned studies on representation theory, dual pairs occur profusely
and infinite dimensional classical mechanics (see for instance [24,25], and references therein).
intimately related concept that we will not treat in our study is that of theMorita equivalenceof two
Poisson manifolds [27,44]. Nice presentations of the classical theory of dual pairs can be foun
and in [17].

In this paper we will pay special attention to the dual pairs that appear in the reduction of P
symmetric systems. We introduce this situation with a very simple example: let(M,ω) be a symplectic
manifold andG be a Lie group acting freely, canonically, and properly onM . Suppose that this actio
has a momentum mapJ :M→ g∗ associated. If we denote byg∗J the image ofM by J, it is easy to check
that the diagram

M

π J

M/G g∗J
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is a Lie–Weinstein dual pair, and consequently, if the group is connected andJ has connected fibers,
Howe pair. However, in most cases of practical interest, the freeness assumption on theG-action is not
satisfied hence it is worth studying the impact of dropping this condition in the duality betweenM/G

andg∗J. When the action is not freeM/G andg∗J still form a Lie–Weinstein dual pair in a generaliz
sense since, even thoughM/G is not a smooth manifold anymore, the tangent space to theG-orbits
(fibers ofπ ) and kerT J are symplectically orthogonal. The question now is: do they still form a H
pair in the presence of the connectedness hypotheses? or, in other words: do theG-invariant functions
C∞(M)G inM and thecollective functionsJ∗C∞(g∗) centralize each other? This question has dese
much attention due in part to physical motivations [6]. Guillemin and Sternberg conjectured in [7
the answer to our question was affirmative for any compact Hamiltonian group action, and they
it for toral actions. However, Lerman gave in [18] a counterexample to this conjecture that show
first indications of the great complexity underlying the relation between Lie–Weinstein and Howe
in the case of non free actions. This relation, that may eventually become very sophisticated, h
the subject of studies of great interest. See for instance [11,12,15,16], and references therein.

Another notion that breaks down in the absence of regularity hypotheses is that of polarity.
previous paragraphs we mentioned that the polar distribution to an integrable regular distribution
everywhere the span of locally Hamiltonian vector fields is automatically integrable, which we c
to define a Lie–Weinstein dual pair. The integrability of the polar distribution is a direct conseque
the regularity of the distribution that it is coming from. If the dimension of the leaves of the (genera
integrable distribution that we start with changes from point to point—as it occurs very frequently
Poisson symmetric case—the associated polar distribution is in general not integrable, making it
to define a dual pair.

In this paper we will provide a new notion of polarity and dual pair that is well defined in the ab
of the regularity hypotheses needed in the classical statements. These new concepts will prov
in recovering some of the classical results in singular situations. We will also use them to id
pseudogroups of local Poisson transformations that behave particularly well and that we will cvon
Neumann pseudogroups. The notation has been chosen according to the resemblance of the d
properties of these pseudogroups with the von Neumann or double commutant relation for the∗-algebras
of bounded operators on a Hilbert space.

We will pay special attention to the transformation groups associated to the canonical actions
groups on Poisson manifolds. More specifically, we will find various Poisson actions that are gua
to produce von Neumann pairs. The von Neumann character of a canonical group action has p
be very important [29] at the time of using the associated transformation group to implement sym
reduction in the framework of the so calledoptimal momentum map.

The reader will notice that in our work we will deal with various quotients that from the topolo
point of view may be very complex and unmanageable. Nevertheless, the use of the propertie
algebras ofsmoothfunctions that can be associated to these quotients allows us to extract inform
about this otherwise poorly behaved sets. This author is aware that the approach taken in this pa
not follow the so callednoncommutative geometry program[4] that in these situations proposes the stu
of aC∗-algebra that can be associated to the equivalence relation that generates the quotient, ra
the quotient itself. This extremely suggestive approach to the problem, as well as its links to gr
theory, will be pursued in a future work. In the same fashion in which the classical notions of p
and Morita equivalence have been generalized to the context ofC∗-algebras by Rieffel [17,34,35] unde
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the name of strong Morita equivalence, we are sure that the same can be achieved for the idea
present in the following pages.

The paper is structured as follows: Section 2 introduces some mathematical prerequisites t
be needed later on in the paper but, most importantly, introduces some non-standard terminol
will be strongly used in the exposition. The reader should pay special attention to Definition 2
the conventions in Section 2.3. The main concepts of the paper are presented in Section
specifically, Definitions 3.1 and 3.3 introduce the notions of polarity and dual pair, and Definitio
that of von Neumann pseudogroup and von Neumann pair. Section 4 studies the correspondence
the symplectic leaves of two Poisson varieties in duality and Section 5 the relation between the
introduced in Definition 3.3 and Howe’s condition. In Section 6 we show that Hamiltonian subgrou
the sense of Definition 2.6) are very useful at the time of constructing dual and Howe pairs. Se
studies the von Neumann pairs constructed using canonical Lie group actions. The main result
section are Theorems 7.2 and 7.6 that show that proper canonical Hamiltonian Lie group act
a Poisson manifold and compact connected Lie group symplectic actions subjected to a co
condition induce von Neumann pairs. In Theorem 7.9 we obtain more von Neumann pairs out of tu
Hamiltonian symplectic Lie group actions. Finally, Appendix A provides a quick summary of the n
form results in [31] that are needed in some of the proofs in the paper.

2. Technical preliminaries and notation

In the following paragraphs we briefly introduce the notation and technical results that we w
using throughout the paper. The expert should be aware that some of the terminology that we u
standard. We encourage the reader to pay special attention to Definition 2.6 and to the conven
Section 2.3.

LetM be a smooth manifold. A transformation groupT of M is a subgroup of the diffeomorphism
group Diff(M) of M . The orbit T · m underT of any elementm ∈M is defined as the setT · m :=
{F(m) | F ∈ T }. The relationbeing in the sameT -orbit is an equivalence relation and induces a partit
of M into T -orbits. The space ofT -orbits will be denoted by the quotientM/T .

Let DiffL(M) be the monoid (set with an associative operation which contains a two-sided id
element) oflocal diffeomorphismsofM . More explicitly, the elements of DiffL(M) are diffeomorphisms
F : Dom(F ) ⊂M → F(Dom(F )) of an open subset Dom(F ) ⊂M onto its imageF(Dom(F )) ⊂M .
We will denote the elements of DiffL(M) as pairs(F,Dom(F )). These local diffeomorphisms can
composed using the binary operation defined as

(2.1)
(
G,Dom(G)

) · (F,Dom(F )
) := (

G ◦ F,F−1
(
Dom(G)

) ∩Dom(F )
)
,

for all (G,Dom(G)), (F,Dom(F )) ∈ Diff L(M). It is easy to see that this operation is associative
has(I,M), the identity map ofM , as (unique) two sided identity element, which makes DiffL(M) into a
monoid. Notice that only the elements sitting in Diff(M)⊂ Diff L(M) have an inverse since, in gener
for any(F,Dom(F )) ∈Diff L(M), we have that

(2.2)
(
F−1,F

(
Dom(F )

)) · (F,Dom(F )
)= (

I|Dom(F ),Dom(F )
)
,

(2.3)
(
F,Dom(F )

) · (F−1,F
(
Dom(F )

))= (
I|F(Dom(F )), F

(
Dom(F )

))
.
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Consequently, the only way to obtain the identity element(I,M) out of the composition ofF with its
inverse is having Dom(F ) = M . It follows from this argument that Diff(M) is the biggest subgrou
contained in the monoid DiffL(M), with respect to the composition law (2.1). In the sequel we
frequently encounter submonoidsTL of Diff L(M) that contain the global identity element(I,M) and that
satisfy the following property: for anyF : Dom(F )→ F(Dom(F )) in TL there exists another eleme
F−1 :F(Dom(F ))→ Dom(F ) also inTL that satisfies the identities (2.2) and (2.3). Such submon
will be referred to aspseudogroupsof Diff L(M). The importance of these pseudogroups is that they
an orbit space associated. Indeed, ifTL is a pseudogroup we define the orbitTL · m underTL of any
elementm ∈M as the setTL · m := {F(m) | F ∈ TL, m ∈ Dom(F )}. TL being a pseudogroup implie
that the relationbeing in the sameTL-orbit is an equivalence relation and induces a partition ofM into
TL-orbits. The space ofTL-orbits will be denoted byM/TL.

Definition 2.1. LetM be a smooth manifold andTL be one of its transformation pseudogroups. In
sequel we will use the following terminology:

• TL is integrablewhen its orbits are initial submanifolds ofM , that is, ifN is an orbit ofTL and
i :N→M is the canonical injection then, for any manifoldZ, a mappingf :Z→ N is smooth iff
i ◦ f :Z→M is smooth.

• A smooth functionf ∈ C∞(M) is TL-invariant when for any(F,Dom(F )) ∈ TL we have that
f ◦ F = f |Dom(F ) and we denote byC∞(M)TL the set ofTL-invariant functions onM .

• An open subsetU ⊂M is said to beTL-invariant or TL-saturatedwhen for any(F,Dom(F )) ∈ TL
and anyz ∈Dom(F )∩U we have thatF(z) ∈U .

• The pseudogroupTL has theextension propertywhen anyTL-invariant functionf ∈ C∞(U)TL
defined on anyTL-invariant open subsetU has the following feature: for anyz ∈ U , there is aTL-
invariant open neighborhoodV ⊂ U of z and aTL-invariant smooth functionF ∈ C∞(M)TL such
thatf |V = F |V .

• Finally, we say thatC∞(M)TL separatestheTL-orbits when the following condition is satisfied:
two orbitsTL · x,TL · y ∈M/TL are such thatf (TL · x) = f (TL · y) for all f ∈ C∞(M)TL , then
TL · x = TL · y necessarily.

If (M, {· , ·}) is a Poisson manifold, we will denote byP(M) the group ofPoisson automorphismsof
M and byPL(M) the pseudogroup oflocal Poisson diffeomorphismsof M . One of the main ingredient
of our work in this paper will be the (finite or infinite-dimensional) subgroups and pseudosubg
of P(M) and PL(M), respectively, many of which will be obtained out of integrable general
distributions onM . The following paragraphs review their construction.

2.1. Generalized distributions

We quickly review some well known facts about generalized distributions defined by families of
fields. The standard references for this topic are [38,39], and [41]. We will follow the notation of [2

LetM be a manifold andD be an everywhere defined family of vector fields. Byeverywhere define
we mean that for everym ∈M there existsX ∈D such thatm ∈ Dom(X). The domains Dom(X)⊂M ,
X ∈D, will be taken open inM . LetD be the generalized distribution onM constructed by associatio
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to any pointz ∈M , the subspaceD(z) of TzM given by

D(z)= span
{
X(z) ∈ TzM |X ∈D andz ∈Dom(X)

}
.

We will say thatD is the generalized distributionspannedby D. Note that the dimension ofD may
not be constant; the dimension ofD(z) is called therank of the distributionD at z. Any distribution
defined in this way issmoothin the sense that for anyz ∈M and anyv ∈D(z) there is a smooth vecto
field X tangent toD defined in a neighborhood ofz and such thatX(z) = v. An immersed connecte
submanifoldN of M is said to be anintegral submanifoldof the distributionD if, for every z ∈ N ,
Tzi(TzN)⊂D(z), wherei :N→M is the canonical injection. The integral submanifoldN is said to be
of maximal dimensionat a pointz ∈N if Tzi(TzN)=D(z). A maximal integral submanifoldN of D is
an integral manifold everywhere of maximal dimension such that any other integral submanifoldD,
which is everywhere of maximal dimension and containsN , is equal toN . The generalized distributio
D is said to beintegrable if, for every pointz ∈M , there exists a maximal integral submanifold ofD
which containsz. This submanifold is usually referred to as theleaf throughz of the distributionD. The
leaves of an integrable distribution are initial submanifolds ofM [26].

When the distributionD generated by the family of vector fieldsD is integrable, a very usefu
characterization of its integral manifolds can be given. In order to describe it we introduce
terminology following [20].

Let X be a vector field defined on an open subset Dom(X) of M andFt be its flow. For any fixed
t ∈ R the domain Dom(Ft ) of Ft is an open subset of Dom(X) such thatFt : Dom(Ft )→ Dom(F−t ) is
a diffeomorphism. IfY is a second vector field defined on the open set Dom(Y ) with flow Gt we can
consider, for two fixed valuest1, t2 ∈R, the composition of the two diffeomorphismsFt1 ◦Gt2 as defined
on the open set Dom(Gt2)∩ (Gt2)−1(Dom(Ft1)) (which may be empty).

The previous prescription allows us to inductively define the composition of an arbitrary num
locally defined flows. We will obviously be interested in the flows associated to the vector fieldsD
that define the distributionD. The following sentences describe some important conventions that w
use all over the paper. Letk ∈ N, k > 0, be an integer,X be an ordered familyX = (X1, . . . , Xk) of k
elements ofD, andT be ak-tupleT = (t1, . . . , tk) ∈R

k such thatF it denotes the (locally defined) flow o
Xi , i ∈ {1, . . . , k}, ti . We will denote byFT the locally defined diffeomorphismFT = F 1

t1
◦F 2

t2
◦ · · · ◦Fktk

constructed using the above given prescription. Any local diffeomorphism from an open subseM
onto another open subset ofM of the formFT is said to begeneratedby the familyD. It can be proven
that the composition of local diffeomorphisms generated byD and the inverses of local diffeomorphism
generated byD are themselves local diffeomorphisms generated byD [20, Proposition 3.3, Appendi
3]. In other words, the local diffeomorphisms generated byD form a pseudogroupof Diff L(M) that we
will denote byGD. For any pointx ∈M , the symbolGD · x will denote theGD-orbit going through the
point x ∈M andM/GD the space ofGD-orbits. In some occasions and in order to emphasize the
nature of the elements ofGD ⊂Diff L(M) we will write them as pairs of the form(FT ,Dom(FT )).

Theorem 2.2. LetD be a differentiable generalized distribution on the smooth manifoldM spanned by
an everywhere defined family of vector fieldsD. The following properties are equivalent:

(i) The distributionD is invariant under the local diffeomorphisms generated byD, that is, for each
FT ∈GD generated byD and for eachz ∈M in the domain ofFT ,

TzFT (Dz)=DFT (z).
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(ii) The distributionD is integrable and its integral manifolds are theGD-orbits. Consequently, th
spaceM/D of leaves ofD equalsM/GD.

Proof. See [38,39,41]. For a compact presentation combine Theorems 3.9 and 3.10 in the App
of [20]. ✷
Notation. In the sequel, we will use a notation consistent with the symbols just introduced
calligraphic typeD will denote a family of vector fields, the romanD will be the associated distribution
andGD will be the pseudogroup of local diffeomorphisms ofM .

Remark 2.3. A family D of locally defined vector fields on a manifoldM uniquely determines
pseudogroupGD of local diffeomorphisms ofM and a generalized distributionD but not the other
way around, that is, a variety of families of locally defined vector fields onM can be chosen in orde
to define the same distributionD. Nevertheless, ifD is integrable andD1 andD2 are two generating
families of vector fields forD, the uniqueness of the maximal integral leaves of such distributions
Theorem 2.3, p. 385 of [20]) and the fact that by Theorem 2.2 these are given by the pseud
orbits, we have that for anyz ∈M , GD1 · z = GD2 · z. ConsequentlyM/D =M/GD1 =M/GD2 even
though the pseudogroupsGD1 andGD2 themselves may be different. Under some circumstance
freedom in the choice of the generating family ofD can be used in order to pick a family of vect
fieldsD whose associated pseudogroupGD is actually a subgroup of the diffeomorphism group of
manifold and hence the maximal integral manifolds ofD appear as group orbits. This remark motiva
the introduction of the following definition.

Definition 2.4. LetD be an integrable generalized distribution on the smooth manifoldM . We will say
thatD is completewhen we can choose a generating familyD ∈X(M) ofD made out of complete vecto
fields. Note that in such case the associated set of diffeomorphismsGD forms a subgroup of Diff(M). If
D is a generating family ofD that contains a subfamily that still generatesD and is made of complet
vector fields then we say thatD is completable; any such subfamily will be called acompletionof D.

As we said, when we have an integrable distributionD spanned by an everywhere defined family
vector fieldsD on the manifoldM , its maximal integrable manifolds can be characterized as the orb
the associated pseudogroupGD ⊂Diff L(M). This facts allows us to phrase Definition 2.1 in the cont
of distributions.

Definition 2.5. LetD be an integrable generalized distribution on the smooth manifoldM spanned by an
everywhere defined family of vector fieldsD.

• A smooth functionf ∈ C∞(M) isD-invariant if it belongs toC∞(M)GD . We will denote the set o
D-invariant functions byC∞(M)D .

• An open subsetU ⊂M is calledD-invariant orD-saturatedif it is GD-invariant.
• The distributionD has theextension propertywhen the pseudogroupGD has it.
• Finally, we say thatC∞(M)D separatesthe integral leaves ofD whenC∞(M)GD separates th
GD-orbits.
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2.2. Subgroups and pseudosubgroups of the Poisson automorphisms group

Definition 2.6. LetA be a subgroup of the Poisson automorphisms groupP(M) of the Poisson manifold
(M, {· , ·}). We will denote byC∞(M)A the set ofA-invariant smooth functions onM and by(C∞(M)A)c
the centralizer ofC∞(M)A with respect to the Poisson algebra induced by the bracket{· , ·} onC∞(M).

(i) The subgroupA is strongly Hamiltonianwhen every elementg ∈ A can be written asg =
F 1
t1
◦ F 2

t2
◦ · · · ◦ Fktk , with F iti the flow of a Hamiltonian vector fieldXhi associated to a functio

hi in the centralizer(C∞(M)A)c.
(ii) The subgroupA is weakly Hamiltonianwhen for every elementg ∈A and anym ∈M we can write

g ·m = F 1
t1
◦ F 2

t2
◦ · · · ◦ Fktk (m), with F iti the flow of a Hamiltonian vector fieldXhi associated to a

functionhi ∈ (C∞(M)A)c.
(iii) The subgroupA is tubewise strongly(resp. weakly) Hamiltonian when for every elementg ∈ A

and anym ∈ M there is anA-invariant neighborhoodU of m such that we can writeg =
F 1
t1
◦ F 2

t2
◦ · · · ◦ Fktk (resp.g ·m= F 1

t1
◦ F 2

t2
◦ · · · ◦ Fktk (m)), with F iti the flow of a Hamiltonian vecto

fieldXhi associated to a functionhi ∈ (C∞(U)A)c.

Example 2.7 (Connected Lie group actions with a momentum map are strongly Hamiltonian). Let
G be a connected Lie group acting canonically on the Poisson manifold(M, {· , ·}) via the map
Φ :G × M → M . The termcanonical means that for anyg ∈ G and anyf,h ∈ C∞(M) we have
thatΦ∗g {f,h} = {Φ∗gf,Φ∗gh}. Suppose that theG-action has a momentum mapJ :M → g∗ associated
Let AG ⊂ P(M) be the subgroup ofP(M) defined byAG := {Φg :M →M | g ∈ G}. Then,AG is a
Hamiltonian subgroup ofP(M). Indeed, by the connectedness ofA, every elementg ∈G can be written
asg = expξ1 · · ·expξn, with ξi ∈ g in the Lie algebrag of G. Consequently,Φg = Fξ11 ◦ Fξ21 ◦ · · · ◦ Fξn1 ,
with Fξit the flow ofX〈J,ξi〉. But, by Noether’s Theorem〈J, ξi〉 ∈

(
C∞(M)G

)c
.

Example 2.8 (A weakly and tubewise Hamiltonian group that is not Hamiltonian). LetM = S1×S1= T
2

be the two torus with the symplectic formω = dθ1 ∧ dθ2 given by its area form. LetG = S1 acting
canonically onM by eiφ · (eiθ1, eiθ2) := (ei(φ+θ1), eiθ2) andAS1 be the associated subgroup ofP(T2). It is
easy to see that in this case, everyS1-invariant smooth functionf can be written asf (eiθ1, eiθ2)= g(eiθ2),
with g ∈ C∞(S1). Its associated Hamiltonian vector field is given byXf = ∂g

∂θ2

∂
∂θ1

. With these remarks
at hand it is easy to see thatAS1 is weakly Hamiltonian, tubewise strongly Hamiltonian, butnot strongly
Hamiltonian.

Remark 2.9. In Sections 7 and A.3 we will study in detail some conditions under which the subgrou
the Poisson automorphism group of a manifold induced by a Lie group action are weakly and tu
Hamiltonian. For instance, the weakly Hamiltonian character of the previous example is a corol
one of the results that we will present (Theorem 7.6).

As we already said, in many cases we will deal with pseudogroups ofPL(M) obtained out of
integrable distributions. The following result, whose proof is a straightforward corollary of Propo
10.3 in p. 121 of [20], characterizes the integrable distributions whose associated pseudogroup
diffeomorphisms lies inPL(M).
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Proposition 2.10. LetD be an integrable distribution on the Poisson manifold(M, {· , ·}) spanned by the
family of vector fieldsD. Then, the associated pseudogroupGD of local diffeomorphisms ofM lies in
PL(M) iff one of the following equivalent conditions are satisfied:

(i) For anyX ∈D and anyf,g ∈ C∞(M), we have thatX[{f,g}] = {X[f ], g} + {f,X[g]}.
(ii) If B ∈Λ2(T ∗M) is the Poisson tensor of(M, {· , ·}) then, for anyX ∈D we have thatLXΛ= 0. The

symbolL denotes Lie derivation.

The integrable distributions that fall in the category described in the previous proposition will be
Poisson distributions. This denomination is sometimes used [23,30] to refer to distributions that s
that for anyf,g ∈ C∞(M) such thatdf |D = dg|D = 0, thend{f,g}|D = 0. Poisson distributions alway
have this property but the converse is in general not true.

2.3. Smooth functions and Poisson structures in quotient spaces

Definition 2.11. A pair (X, C∞(X)), whereX is a topological space andC∞(X) ⊂ C0(X) is a
subalgebra of the algebra of continuous functions inX, is called avarietywith smooth functionsC∞(X).
If Y ⊂ X is a subset ofX, the pair(Y, C∞(Y )) is said to be asubvarietyof (X, C∞(X)), if Y is a
topological space endowed with the relative topology defined by that ofX and

C∞(Y )= {
f ∈ C0(Y ) | f = F |Y for someF ∈C∞(X)}.

SometimesC∞(Y ) is called the set ofWhitney smooth functionson Y with respect toX and is denoted
by W∞(Y ). A map ϕ :X→ Z between two varieties is said to be smooth when it is continuous
ϕ∗C∞(Z)⊂ C∞(X).

In our discussion we will be interested in the varieties obtained as the space of orbits of the a
a pseudogroupA of the local diffeomorphisms group DiffL(M) of a smooth manifoldM ; this space
will be denoted byM/A and we will consider it as a topological space endowed with the quo
topology. The pair(M/A, C∞(M/A)) is a variety whose algebra of smooth functionsC∞(M/A) is
defined by the requirement that the canonical projectionπA :M → M/A is a smooth map, that is
C∞(M/A) := {f ∈ C0(M/A) | f ◦ πA ∈ C∞(M)}. Notice that by the definition of the topology o
M/A, the projectionπA is continuous and, moreover, it is an open map. Indeed, ifU is an open set inM ,
πA(U) is open if and only ifπ−1

A (πA(U)) is open. Sinceπ−1
A (πA(U))=A ·U =

⋃
φ∈A φ(U ∩Dom(φ)),

π−1
A (πA(U)) is a union of open sets and therefore open.
In our discussion we will often work with openA-invariant subsetsU ⊂ M and their projections

onto the orbit spaceπA(U) = U/A. In principle, there are two ways to endow such an open su
of M/A with a variety structure that in general do not coincide. Firstly, we can think of the va
(U/A,C∞(U/A)) with

(2.4)C∞(U/A) := {
f ∈ C0(U/A) | f ◦ πA|U ∈C∞(U)A

}
.

However, we can also think ofU/A as a subvariety ofM/A. In that case we will denote it a
(U/A,W∞(U/A)), with

W∞(U/A) := {
f ∈ C0(U/A) | f = F |U/A for someF ∈C∞(M/A)}

= {
f ∈ C0(U/A) | f ◦ πA|U =G|U for someG ∈C∞(M)A}

.
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We have the inclusionW∞(U/A)⊂ C∞(U/A) that in general is strict.

Notational convention. In all that follows and unless it is indicated otherwise we will consider
quotients of the formU/A as varieties(U/A,C∞(U/A)), with C∞(U/A) as in (2.4).

If M happens to be a Poisson manifold with bracket{· , ·}, andA ⊂ PL(M) is a pseudogroup o
PL(M) then, the pair(C∞(M/A), {· , ·}M/A) is a well-defined Poisson algebra (also referred to asPoisson
variety), with bracket{· , ·}M/A given by

(2.5){f, g}M/A
(
πA(m)

)= {f ◦ πA, g ◦ πA}(m),
for everym ∈M and anyf,g ∈ C∞(M/A). Analogously, ifU is aA-invariant open subset ofM , the
variety(U/A,C∞(U/A)) can be endowed with a Poisson variety structure by defining a Poisson b
onC∞(U/A) by restriction of that inC∞(M), namely,{f, g}U/A(πA(m))= {f ◦ πA, g ◦ πA}U(m), for
everym ∈ U and anyf,g ∈ C∞(U/A). The symbol{· , ·}U denotes the restriction of the bracket onM
to the open subsetU .

The term Poisson variety is also encountered in the context of the algebraic geometric treat
integrable systems. See for instance [42]. This concept does not in general coincide with ours.

3. Dual pairs

3.1. Polarity and dual pairs

We now introduce the notion ofpolarity, which we will use to give our definition ofdual pair. All
along this section we will be working on a smooth Poisson manifold(M, {· , ·}).

Definition 3.1. Let (M, {· , ·}) be a Poisson manifold,A ⊂ PL(M) be a pseudosubgroup of its loc
Poisson diffeomorphism pseudogroup, and(C∞(M/A), {· , ·}M/A) be the associated quotient Poiss
variety. LetA′ be the set of Hamiltonian vector fields associated to all the elements ofC∞(U)A, for all
the openA-invariant subsetsU of M , that is,

(3.1)A′ = {
Xf | f ∈ C∞(U)A, with U ⊂M open andA-invariant

}
.

The distributionA′ associated to the familyA′ will be called thepolar distribution defined byA (or
equivalently thepolar ofA). Any generating family of vector fields forA′ will be called apolar family
of A. The family A′ will be called thestandard polar familyof A. A pseudogroup of local Poisso
diffeomorphisms associated to any polar family ofA will be referred to as apolar pseudogroupinduced
by A. The polar pseudogroupGA′ ⊂ PL(M) induced by the standard polar familyA′ will be called the
standard polar pseudogroup.

Remark 3.2. If the pseudosubgroupA has the extension property, there is a simpler polar family, we
call it A′

ext, that can be used to generateA′, namelyA′
ext= {Xf | f ∈C∞(M)A}.
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Definition 3.3. Let (M, {· , ·}) be a Poisson manifold andA,B ⊂ PL(M) be two pseudosubgroups of i
local Poisson diffeomorphism pseudogroup. We say that the diagram

(M, {· , ·})
πA πB

(M/A, {· , ·}M/A) (M/B, {· , ·}M/B)
is adual pair on (M, {· , ·}) when the polar distributionsA′ andB ′ are integrable and they satisfy that

(3.2)M/A′ =M/B and M/B ′ =M/A.
The Poisson manifold(M, {· , ·}) is called theequivalence bimoduleof the dual pair.

Remark 3.4. When in (3.2) we state thatM/A′ =M/B we mean that the partition ofM on B-orbits
coincides with that ofM onA′-leaves. In general, this condition can hold withoutB being equal toGA′
as pseudogroups; only the orbit spaces are required to be equal. Notice also that two pseudogrouA and
B in duality are necessarily integrable.

The following examples justify the choice of words in the previous definition.

Example 3.5 (The polar of a regular distribution and the relation with Lie’s polarity). In this example
we compare the notion of polarity of Definition 3.1 with the polarity introduced by Lie [19] tha
described in the introduction. LetD be an integrable regular distribution on the symplectic mani
(M,ω) that is the span of an everywhere defined familyD of local Hamiltonian vector fields. As w
recalled in the introduction, the space of leavesM/D is a Poisson manifold and the canonical project
πD :M→M/D is a Poisson surjective submersion. Lie’s polar distributionDω is defined by

Dω(m) := {
v ∈ TmM | ω(m)(v,w)= 0 for allw ∈D(m)}.

Since the vector fields inD are Hamiltonian, the associated pseudosubgroupGD of transformations lies
in PL(M) and due to the integrability ofD we have thatM/D =M/GD. We will show that in this
situation the polarG′D of GD coincides withDω. We start the argument with the statement of a lem
whose proof can be found in Appendix A.4.

Lemma 3.6. Let D be a smooth integrable regular distribution on the manifoldM . Then,D has the
extension property.

Now, sinceD has the extension property, the polar distributionG′D is generated by the family o
globally defined vector fields (see Remark 3.2)D′

ext := {Xf | f ∈ C∞(M)D}. At the same time, sinc
the projectionπD is a surjective submersion we have that(kerTmπD)◦ = span{d(f ◦ πD)(m) | f ∈
C∞(M/D)} and consequently

Dω(m)=D(m)ω = (kerTmπD)
ω = {

Xf ◦πD(m) | f ∈C∞(M/D)
}

= {
Xg(m) | g ∈ C∞(M)D

}=G′D(m),
as required. We emphasize that, as we will see in Example 7.8, the regularity ofD does not imply that o
its polarDω =G′D.
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Example 3.7 (Lie–Weinstein dual pairs with connected fibers). Let (P1, {· , ·}P1)
π1← (M,ω)

π2→
(P2, {· , ·}P2) be a Lie–Weinstein dual pair, that is,π1 andπ2 are surjective Poisson submersions such
the distributions kerT π1 and kerT π2 are symplectically orthogonal. We will show that if we assume
π1 andπ2 have connected fibers then, we can realize the diagram(P1, {· , ·}P1)

π1← (M,ω)
π2→ (P2, {· , ·}P2)

as a dual pair in the sense of Definition 3.3. Indeed, notice that sinceπ1 andπ2 are surjective submersion
then:

(3.3)(kerTmπ1)
◦ = span

{
d(f ◦ π1)(m) | f ∈C∞(P1)

}
,

(3.4)(kerTmπ2)
◦ = span

{
d(f ◦ π2)(m) | f ∈C∞(P2)

}
,

where the symbol(kerTmπ1)
◦ denotes the annihilator of kerTmπ1 in T ∗mM . These equalities are easy

prove just by taking the local projection coordinates associated to the submersionsπ1 andπ2. Now, if B
is the (non-degenerate) Poisson tensor associated to(M,ω) andB1 :T ∗M→ TM is the vector bundle
map associated to it, we can write:

(3.5)kerTmπ1= (kerTmπ2)
ω = B1(m)((kerTmπ2)

◦)= span
{
Xf ◦π2(m) | f ∈C∞(P2)

}
(3.6)kerTmπ2= (kerTmπ1)

ω = B1(m)((kerTmπ1)
◦)= span

{
Xf ◦π1(m) | f ∈C∞(P1)

}
.

Let A andB be the families of vector fields onM given by

A= span
{
Xf ◦π2 | f ∈ C∞(P2)

}
and B= span

{
Xf ◦π1 | f ∈C∞(P1)

}
,

andA andB be the associated distributions that, as a consequence of the relations (3.5) and (3
guaranteed to be integrable since the level sets ofπ1 andπ2 integrate them. Moreover, the connectedn
hypotheses on the fibers ofπ1 andπ2 allow us to make the natural identifications:

P1�M/kerT π1=M/A=M/GA and P2�M/kerT π2=M/B =M/GB.

Using these identifications we can rewrite the Lie–Weinstein dual pair(P1, {· , ·}P1)
π1← (M,ω)

π2→
(P2, {· , ·}P2) as (M/GA, {· , ·}M/GA)

πGA← (M,ω)
πGB→ (M/GB, {· , ·}M/GB) which, as a corollary of the

previous example, is a dual pair in our sense. Indeed, sinceA = kerT π1 is a regular integrable
distribution, Example 3.5 guarantees thatG′A = Aω = (kerT π1)

ω = kerT π2 = B, which implies that
M/G′A =M/B =M/GB. Analogously, it can be shown thatM/G′B =M/GA.

As we show in the next proposition the notion of polarity is particularly well behaved when
associated to a subgroupA of P(M) of the Poisson diffeomorphism group.

Proposition 3.8. Let (M, {· , ·}) be a Poisson manifold,A ⊂ P(M) be a subgroup of its Poisso
diffeomorphism group,A′ be the associated polar distribution, andGA′ ⊂ PL(M) be the standard pola
pseudogroup. Then:

(i) The groupA commutes with the polarGA′ , that is, for any(FT ,Dom(FT )) ∈ GA′ the domain
Dom(FT ) is an openA-invariant set and, for any(φ,M) ∈A we have that(FT ◦ φ,Dom(FT ))=
(φ ◦FT ,Dom(FT ))

(ii) Any element(FT ,Dom(FT )) ∈ GA′ induces a local Poisson diffeomorphism(�FT ,πA(Dom(FT )))
of (M/A, {· , ·}M/A), uniquely determined by the relation�FT ◦ πA = πA ◦FT , that is, the standard
polar pseudogroupGA′ acts canonically on(M/A, {· , ·}M/A).
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(iii) The polar distributionA′ is Poisson and integrable. Therefore, the leaf spaceM/A′ has a natural
Poisson variety(C∞(M/A′), {· , ·}M/A′) associated.

(iv) A acts canonically on(M/A′, {· , ·}M/A′). More specifically, for anyφ ∈ A, there is a Poisson
diffeomorphismφ̄ ofM/A′ uniquely determined by the relation̄φ ◦ πA′ = πA′ ◦ φ.

Proof. (i) Let (φ,M) ∈ A, and(FT ,Dom(FT )) ∈ GA′ . For the sake of simplicity in the presentati
we will take (FT ,Dom(FT )) to be the flow(Ft ,Dom(Ft )) of Xh, with h ∈ C∞(U)A andU and open
A-invariant subset ofM . Using theA-invariance ofh and the Poisson character ofφ it is easy to see tha

(3.7)Xh = T φ ◦Xh ◦ φ−1.

Let nowGt :φ(Dom(Ft))→ φ(Ft (Dom(Ft ))) be the local diffeomorphism defined byGt := φ◦Ft ◦φ−1.
The chain rule and expression (3.7) show that for anyz ∈Dom(Ft )

(3.8)
d

dt
Gt

(
φ(z)

)= (T φ ◦Xh)(Ft(φ−1(φ(z))
))= (

T φ ◦Xh ◦ φ−1)(Gt(φ(z))=Xh(Gt(φ(z)).
The uniqueness of the flow of a vector field implies thatφ(Dom(Ft )) ⊂ Dom(Ft ). Sinceφ ∈ A is
arbitrary, we also have thatφ−1(Dom(Ft)) ⊂ Dom(Ft) and, consequentlyφ(Dom(Ft )) = Dom(Ft ).
Expression (3.8) also implies thatFt = Gt = φ ◦ Ft ◦ φ−1 which guarantees the commutation relat
in the statement.

(ii) Given (FT ,Dom(FT )) ∈ GA′ , the existence of the well defined map(�FT ,πA(Dom(FT ))) =
(�FT ,Dom(FT )/A) that satisfies�FT ◦ πA = πA ◦ FT is guaranteed by (i). SinceFT is a local
diffeomorphism ofM and the projectionπA is open and continuous,�FT is necessarily continuous. W
also have that�F∗

T C
∞(FT (Dom(FT ))/A)⊂ C∞(Dom(FT )/A) since for anyf ∈C∞(FT (Dom(FT ))/A)

the map f ◦ �FT ◦ πA|Dom(FT ) = f ◦ πA ◦ FT |Dom(FT ) ∈ C∞(Dom(FT ))A and hencef ◦ �FT ∈
C∞(Dom(FT )/A). Since we could do the same with�F−1

T , we conclude that the map�FT is a
local diffeomorphism. A straightforward verification shows that�FT is also a Poisson map betwe
(Dom(FT )/A, {· , ·}Dom(FT )/A) and(FT (Dom(FT ))/A, {· , ·}FT (Dom(FT ))/A).

(iii) First of all notice that the elements ofGA′ are finite compositions of Hamiltonian flow
and therefore are local Poisson diffeomorphisms. This makes ofA′ a Poisson distribution. As to it
integrability, according to Theorem 2.2 we have to show that for any(FT ,Dom(FT )) ∈ GA′ and any
m ∈ Dom(FT ) we have thatTmFT (A′(m)) = A′(FT (m)). In order to establish this equality we ta
h ∈ C∞(U)A with U an openA-invariant subset ofM . LetV :=U ∩Dom(FT ) be such thatm ∈ V and
defineFV

T := FT |V :V → FT (V ) andhV := h|V . Given thatV is anA-invariant open subset ofM and
thatFV

T is a Poisson map we can write

TmFT
(
Xh(m)

)= TmFV
T

(
XhV (m)

)= TmFV
T

(
XhV ◦(FV

T )
−1◦FV

T
(m)

)=XhV ◦(FV
T )
−1

(
FV
T (m)

)
which belongs toA′(FT (m)) since by point (i),hV ◦ (FV

T )
−1 belongs toC∞(FT (V ))A. Consequently

TmFT (A′(m))⊂A′(FT (m)).
Conversely, letf ∈ C∞(W)A be such thatFT (m) ∈ W . Define S := FT (Dom(FT )) ∩ W , f S :=

f |S , FS
T := FT |F−1(S), then Xf (FT (m)) = XfS (FS

T (m)) = TmFS
T (Xf S◦FS

T
(m)), which belongs to

TmFT (A′(m)), as required.
(iv) It is a straightforward consequence of the fact, proved in (i), thatA andGA′ commute. ✷
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3.2. Von Neumann dual pairs

Definition 3.9. Let (M, {· , ·}) be a smooth Poisson manifold andA ⊂ PL(M) be a pseudosubgrou
of its local Poisson diffeomorphism pseudogroupPL(M). We say thatA is von Neumannwhen the

diagram(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πA′−→ (M/A′, {· , ·}M/A′) is a dual pair or, equivalently, when th
distributionsA′ and(A′)′ are integrable and

(3.9)M/(A′)′ =M/A.
In the presence of this condition we also talk of thevon Neumann pairassociated toA⊂ PL(M).

Remark 3.10. When in the previous definitionA is actually a subgroup ofP(M), Proposition 3.8
automatically guarantees the integrability ofA′.

Remark 3.11. Von Neumann groups have connected and path connected orbits since the relatio
implies that for any pointm ∈M , the orbitA ·m coincides withGA′′ ·m which is a connected and pa
connected set.

Remark 3.12. The terminology in the previous definition has been chosen according to the simila
condition (3.9) with the von Neumann or double commutant relation for∗-algebras of bounded operato
on a Hilbert space.

Example 3.13 (Lie group canonical actions and the optimal momentum map). Let G be a connected
Lie group acting on the symplectic manifold(M,ω) in a free, proper, and canonical fashion via
mapΦ :G × M → M . The termcanonical means that for anyg ∈ G we have thatΦ∗gω = ω. We
will for the time being also assume that it has an associated equivariant momentum map t
will denote by J :M → g∗ whose level sets are connected. The symbolAG ⊂ P(M) will denote
the subgroup ofP(M) defined byAG := {Φg :M → M | g ∈ G} and π :M → M/G the surjective
submersion obtained by projectingM onto the orbit spaceM/G = M/AG. A calculation that is left
to the reader as an exercise (see [32]) shows that in the presence of our hypotheses (free an
canonical action with a momentum map) the polar distributionA′G of AG is given by A′G(m) =
ker TmJ for all m ∈M . Consequently, in this particular example, the diagram(M/AG, {· , ·}M/AG)

πAG←−
(M,ω)

πA′
G−→ (M/A′G, {· , ·}M/A′G) can be identified with(M/G, {· , ·}M/G) π←− (M,ω) J−→ (g∗J, {· , ·}g∗J),

whereg∗J =: J(M) and{· , ·}g∗J is the restriction tog∗J of the Lie–Poisson structure ofg∗. Given that for
anym ∈M we have that(kerTmJ)ω = g ·m, this diagram is a Lie–Weinstein pair with connected fib
and, by Example 3.7, a dual pair in our sense. We have thereby shown that the subgroupAG associated to
a free canonical connected Lie group action that has a momentum map associated with connect
is von Neumann.

One of the main goals of Section 7 will be the study ofAG in more realistic situations, name
when theG-action is not free anymore, as well as the search for situations in which the dia

(M/AG, {· , ·}M/AG)
πAG←− (M, {· , ·})

πA′
G−→ (M/A′G, {· , ·}M/A′G) is still a dual pair despite the singularitie

in the problem. Recall that no matter how singular theG-action is, the right hand side leg of th
previous diagram is always well defined since by Proposition 3.8 the distributionA′G is always integrable
The projectionπA′ :M→M/A′G will be referred to as theoptimal momentum mapassociated to th
G
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canonicalG-action onM and will be denoted byJ :M →M/A′G. The reader is encouraged to che
with [32] for a detailed study of this object.

Remark 3.14. The previous example describes a situation where it is very easy to compare the no
polarity used by Lie and Weinstein [19,43] with ours. Suppose that the manifoldM is symplectic with
form ω and, for the sake of simplicity, the Lie groupG is connected, acts properly onM , and has Lie
algebrag. LetDG be the family of vector fields defined by the infinitesimal generators of theG-action on
M ,DG be the associated distribution, andAG ⊂ P(M) the corresponding Poisson diffeomorphism gro
By definition, for anym ∈M we have thatDG(m)= span{ξM(m) | ξ ∈ g} = Tm(G ·m)=: g ·m, and, by
the connectedness ofG one has thatM/G=M/DG =M/AG. If we use the classical definition [19,43
the polar ofAG, we will call it A⊥G, is the distributionA⊥G(m) := (g ·m)ω = B1(m)((g ·m)◦), which in
general is not integrable.

We now compute the polarA′G of AG according to our definition, using the fact, whose proof can
found in [28,32], that for any pointm ∈M with isotropy subgroupH :=Gm we have that:((

Tm(G ·m)
)◦)H = span

{
df (m) | f ∈C∞(M)G}

.

The symbol((Tm(G · m))◦)H denotes the set of fixed points by the action ofH in the vector space
(Tm(G · m))◦ or, more explicitly:((Tm(G · m))◦)H = {v ∈ (Tm(G · m))◦ | h · v = v for all h ∈ H }. By
definitionA′G is the distribution associated to the family of vector fields

A′
G(m) :=

{
Xf (m) | f ∈

(
C∞(U)

)G
, with U ⊂M open, G-invariant, m ∈U}

.

As theG-action is proper, a standard result (see [1]) guarantees that anyG-invariant function defined on
aG-invariant open subset ofM admits an extension to aG-invariant function onM . This circumstance
allows to simplify the definition ofA′G as follows

A′G(m) : = span
{
Xf (m) | f ∈

(
C∞(M)

)G}
=B1(m)({df (m) | f ∈ C∞(M)G})= B1(m)(((g ·m)◦)H )

.

This distribution is always integrable. Notice that in the presence of symmetric points (that isH �= {e})
the distributionsA⊥G andA′G are in general different, making the two notions of polarity not to be
same. We emphasize that even though when the situation is regular (meaning that theG-action is free)
both notions coincide, in the singular case, the notion of polarity given in Definition 3.1 is prefe
since it produces integrable distributions that can be used to define dual pairs.

4. Dual pairs and symplectic leaf correspondence

It is a well known fact that the symplectic leaves of the two Poisson manifolds in the legs of a
Weinstein dual pair with connected fibers are in bijection. This result was introduced in [43]. Se
the Appendix E of [2] for a fully detailed proof.

In this section we will see that the situation is analogous for the two Poisson varieties in the
the dual pairs introduced in Definition 3.3. Nevertheless, since in this context there is no Sym
Foliation Theorem we need to start by defining what we mean by the symplectic leaves of a q
Poisson variety.
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Let (M, {· , ·}) be a smooth Poisson manifold,A⊂ P(M) be a subgroup of its Poisson diffeomorphis
group, and(M/A, {· , ·}M/A) be the associated quotient Poisson variety. LetV ⊂M/A be an open subse
ofM/A andh ∈ C∞(V ) be a smooth function defined on it. If we callU := π−1

A (V ) then, the vector field
Xh◦πA|U belongs toA′ and, by part (ii) of Proposition 3.8, its flow(Ft ,Dom(Ft )) uniquely determines
a local Poisson diffeomorphism(�Ft,πA(Dom(Ft))) of M/A. We will say that(�Ft ,πA(Dom(Ft ))) is the
Hamiltonian flowassociated toh. The symplectic leaves ofM/A will be defined as the accessible sets
this quotient by finite compositions of Hamiltonian flows. Since it is not clear how to define these
by projection ofA-equivariant flows whenA is a pseudogroup of local transformations inPL(M), we
will restrict in this section to the caseA⊂ P(M).

Definition 4.1. Let (M, {· , ·}) be a smooth Poisson manifold,A ⊂ P(M) be a subgroup of its Poisso
diffeomorphism group, and(M/A, {· , ·}M/A) be the associated quotient Poisson variety. Given a p
[m]A ∈M/A, thesymplectic leafL[m]A going through it is defined as the (path connected) set for
by all the points that can be reached from[m]A by applying to it a finite number of Hamiltonian flow
associated to functions inC∞(V ), with V ⊂M/A any open subset ofM/A, that is,

L[m]A :=
{
F 1
t1
◦ F 2

t2
◦ · · · ◦ Fktk ([m]A) | k ∈N,Fti flow of someXhi , hi ∈C∞(V ),V ⊂M/A open

}
.

The relationbeing in the same symplectic leafdetermines an equivalence relation inM/A whose
corresponding space of equivalence classes will be denoted by(M/A)/{· , ·}M/A.

Remark 4.2. In the paragraph preceding the previous definition the choice of the termHamiltonian
flow for (�Ft ,πA(Dom(Ft ))) is justified by the fact that for any other functionf ∈ C∞(V ) and any
[m]A ∈ πA(Dom(Ft))) we have that

(4.1)
d

dt
f

(�Ft([m]A))= {f,h}V (�Ft([m]A)),
where{· , ·}V denotes the restriction toV of the Poisson bracket{· , ·}M/A. Nevertheless, expression (4.
does not fully characterize, in general, the flow�Ft since there could be other mappings for which s
equality holds. This could be rephrased by saying that in the category in which we are workin
function has a Hamiltonian flow associated but, unlike the smooth Poisson category, its unique
not guaranteed. One result in this direction that can be easily proven by mimicking the results in
of [37] says that if the functions inC∞(M/A) separate the points ofM/A (that is, iff (x)= f (y) for all
C∞(M/A), thenx = y) then any Hamiltonian function has a unique flow satisfying the relation (4.1

Even though in Definition 4.1 we calledL[m]A a symplectic leaf, there is in general no natural way
define on this set a smooth structure and a symplectic form that would make it a symplectic ma
Nevertheless, there is still something we can do to justify our notation. Indeed, if we consider
L[m]A as a subvariety ofM/A in the sense of Definition 2.11, the corresponding ring of smooth func
C∞(L[m]A) given byC∞(L[m]A)= {f ∈ C0(M/A) | f = F |L[m]A ,F ∈ C∞(M/A)} can be endowed with
a natural Poisson algebra structure via a bracket{· , ·}L[m]A that we will describe later on. It turns out th
if A has the extension property, the Poisson algebra(C∞(L[m]A), {· , ·}L[m]A) is non-degenerate, which
the closest that we can get to being symplectic in this category; on other words, if we look at a s
symplectic manifold(M,ω) from the point of view of its smooth functions and the Poisson bracket{· , ·}
defined on them via the symplectic form, the symplecticity is reflected in the non degeneracy
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algebra(C∞(M), {· , ·}), which is exactly the property that we will prove for(C∞(L[m]A), {· , ·}L[m]A).
We make these claims more explicit in the statement of the following proposition.

Proposition 4.3. Let (M, {· , ·}) be a smooth Poisson manifold,A⊂ P(M) be a subgroup of its Poisso
diffeomorphism group, and(M/A, {· , ·}M/A) be the associated quotient Poisson variety. Let[m]A ∈M/A
andL[m]A be the symplectic leaf through it. Then, the ringC∞(L[m]A) can be endowed with a natura
Poisson algebra structure(C∞(L[m]A), {· , ·}L[m]A) with {· , ·}L[m]A the bracket defined by

(4.2){f,g}L[m]A([z]A) := {F,G}M/A([z]A)= {F ◦ πA,G ◦ πA}(z),
for any [z]A ∈ L[m]A , f,g ∈ C∞(L[m]A), and anyF,G ∈ C∞(M/A) such thatF |L[m]A = f and
G|L[m]A = g.

Moreover, ifA has the extension property, then the Poisson algebra(C∞(L[m]A), {· , ·}L[m]A ) is non-
degenerate, that is, iff ∈ C∞(L[m]A) is such that{f,g}L[m]A = 0 for all g ∈ C∞(L[m]A), thenf is a
constant function.

Proof. In order to establish the first part of the Proposition it suffices to show that the bracket (4.2)
defined or, more explicitly that its value does not depend on the extensionsF,G ∈ C∞(M/A) that come
into its definition. LetG′ ∈ C∞(M/A) be another extension ofg ∈ C∞(L[m]A), (Ft ,Dom(Ft )) be the
flow of the Hamiltonian vector fieldXF◦πA and(�Ft ,πA(Dom(Ft ))) be the local Poisson diffeomorphis
of (M/A, {· , ·}M/A), uniquely determined by the relation�Ft ◦ πA = πA ◦ Ft . Then,

{F,G′}M/A([z]A)= {F ◦ πA,G′ ◦ πA}(z)=−d(G′ ◦ πA)(z) ·XF◦πA(z)=−
d

dt

∣∣∣∣
t=0

G′ ◦ πA
(
Ft(z)

)

= d

dt

∣∣∣∣
t=0

G′ ◦ �Ft([z]A)=− d
dt

∣∣∣∣
t=0

G ◦ �Ft([z]A)= {F,G}M/A([z]A),

whereG′ ◦ �Ft([z]A)=G ◦ �Ft([z]A) because�Ft([z]A) ∈L[m]A . Analogously, if we take another extensi
F ′ of f we have that for any[z]A ∈ L[m]A , {F ′,G′}M/A([z]A) = {F,G}M/A([z]A), which proves tha
the bracket{· , ·}L[m]A is well defined. The rest of the defining properties of a Poisson bracket
straightforward verification.

We now assume thatA has the extension property and show that the bracket{· , ·}L[m]A is non
degenerate. Letf ∈ C∞(L[m]A) be such that{f,g}L[m]A = 0 for all g ∈ C∞(L[m]A). Before we proceed
the reader should notice that the definition of symplectic leaf and part (ii) of Proposition 3.8 imp
L[m]A = GA′ · [m]A. Now, since by hypothesisA has the extension property, any elementFT ∈ GA′
can be written as a finite composition of Hamiltonian flows associated to functions inC∞(M)A
(see Remark 3.2); for the sake of simplicity we takeFT = Ft , with (Ft ,Dom(Ft )) the flow of Xg,
g ∈ C∞(M)A. Let G ∈ C∞(M/A) be the function uniquely determined by the equalityg = G ◦ πA,
(�Ft ,πA(Dom(Ft )) be the unique local Poisson diffeomorphism ofM/A defined by the relation�Ft ◦
πA|Dom(Ft ) = πA◦Ft , andg′ =G|L[m]A ∈ C∞(L[m]A). We now takeF ∈C∞(M/A) such thatF |L[m]A = f .
With all these ingredients we have that

d

dt
f ◦ �Ft([m]A)= d

dt
F

(�Ft([m]A))= d

dt
F ◦ πA ◦ Ft(m)= d(F ◦ πA)

(
Ft(m)

) ·Xg(Ft(m))
= {F ◦ πA,g}

(
Ft(m)

)= {F ◦ πA,G ◦ πA}(Ft(m))= {F,G}M/A(�Ft([m]A))
= {f,g′}L[m]

(�Ft([m]A))= 0,

A
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which implies thatf ◦ �Ft ([m]A)= f ([m]A). As �Ft is arbitrary, we have thatf (GA′ · [m]A)= f (L[m]A)=
f ([m]A), and thereby, the functionf ∈ C∞(L[m]A) is constant, as required.✷
Remark 4.4. If in the previous proposition we drop the hypothesis on the extension propertyA
then the Poisson algebra(C∞(L[m]A), {· , ·}L[m]A) is still non-degenerate in the following generaliz
sense: iff ∈ C∞(L[m]A) is such that for any open subsetU ⊂ L[m]A and anyg ∈ C∞(U) we have that
{f |U, g}U = 0, with {· , ·}U the restriction toU of the bracket{· , ·}L[m]A , thenf is constant.

Theorem 4.5 (Symplectic leaves correspondence).Let (M, {· , ·}) be a smooth Poisson manifold,A,B ⊂
P(M) be two subgroups of its Poisson diffeomorphism group, andGA′ ,GB′ ⊂ PL(M) be the standard
polar pseudogroups. If we denote by(M/A)/{· , ·}M/A and (M/B)/{· , ·}M/B the space of symplect
leaves of the Poisson varieties(M/A, {· , ·}M/A) and(M/B, {· , ·}M/B), respectively, we have that:

(i) The symplectic leaves ofM/A andM/B are given by the orbits of theGA′ andGB′ actions onM/A
andM/B, respectively, as defined in Proposition3.8. As a consequence of this statement, we
write that

(4.3)(M/A)/{· , ·}M/A = (M/A)/GA′ and (M/B)/{· , ·}M/B = (M/B)/GB′ .

(ii) If the diagram(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πB−→ (M/B, {· , ·}M/B) is a dual pair then the map

(4.4)
(M/A)/{· , ·}M/A → (M/B)/{· , ·}M/B

L[m]A �→ L[m]B
is a bijection. The symbolsL[m]A and L[m]B denote the symplectic leaves inM/A and M/B,
respectively, going through the point[m]A and [m]B .

Proof. (i) It is a straightforward consequence of the definition of symplectic leaf and of the ac
spelled out in Proposition 3.8, of the standard polar pseudogroups on the quotients.

(ii) Given that by Proposition 3.8A andGA′ (resp.B andGB′) commute, and using the duali
hypothesis, we can write

(4.5)(M/A)/{· , ·}M/A = (M/A)/GA′ � (M/GA′)/A= (M/B)/A,
and the same relation for the subgroupB, that is,

(4.6)(M/B)/{· , ·}M/B = (M/B)/GB′ � (M/GB′)/B = (M/A)/B.
In the previous expressions(M/B)/A and(M/A)/B should be understood as the orbit spaces of thA
andB actions onM/B andM/A, respectively, inherited from considering these quotients asM/GA′
andM/GB′ . More explicitly, for anya ∈ A and any[m]B ∈M/B we definea · [m]B := a · [m]GA′ =[a ·m]GA′ = [a ·m]B . Analogously, for anyb ∈ B and any[m]A ∈M/A, we defineb · [m]A := [b ·m]A.
With these conventions and in view of (4.5) and (4.6) the bijective character of the map in the sta
will be proved if we show that the map

F : (M/B)/A → (M/A)/B

[[m] ] �→ [[m] ]
B A A B
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is a well defined bijection. It is indeed so since if[[m]B ]A = [[m′]B ]A, there exist elementsa ∈ A
and b ∈ B such thata · m = b · m′ and henceF([[m]B ]A) = [[m]A]B = [[a · m]A]B = [[b · m′]A]B =
[b · [m′]A]B = [[m′]A]B = F([[m′]B]A), which shows that the mapF is well defined. Analogously on
shows thatF is one to one and onto, as required.✷
Remark 4.6. As a consequence of the previous theorem we can conclude that the symplectic le
two Poisson manifolds in the legs of a Lie–Weinstein dual pair(P1, {· , ·}P1)

π1← (M,ω)
π2→ (P2, {· , ·}P2)

in which the projectionsπ1 andπ2 are complete and have connected fibers are in bijection. We
that a smooth mapT :P →Q between two Poisson manifoldsP andQ is completeif for any function
f ∈ C∞(Q) whose Hamiltonian vector fieldXf associated is complete, the vector fieldXf ◦T ∈X(P ) is
also complete. In our context this condition shows up when we put the Lie–Weinstein dual pair
language by making the identificationsP1�M/GAc andP2�M/GBc , with

Ac = span
{
Xf ◦π2 | f ∈ C∞c (P2)

}
and Bc = span

{
Xf ◦π1 | f ∈C∞c (P1)

}
.

The subscriptc in C∞c (P1) andC∞c (P2) denotes compactly supported functions. The completene
the projectionsπ1 andπ2 ensures thatGAc andGBc are subgroups ofP(M), as required in the hypothes
of Theorem 4.5. A moread hocstudy of this particular dual pair using certain transversality prope
of the submersionsπ1 andπ2 shows that the completeness is not actually needed (see [2]) in or
guarantee leaf correspondence.

5. Howe pairs and dual pairs

Definition 5.1. Let (M, {· , ·}) be a Poisson manifold andA,B ⊂ PL(M) be two pseudosubgroups of i
local Poisson diffeomorphism pseudogroup. We say that the diagram

(M, {· , ·})
πA πB

(M/A, {· , ·}M/A) (M/B, {· , ·}M/B)
is aHowe pairon (M, {· , ·}) if the following two conditions are satisfied at the same time:

(5.1)
(
π∗AC

∞(M/A)
)c = π∗BC∞(M/B),

(5.2)
(
π∗BC

∞(M/B)
)c = π∗AC∞(M/A).

The superscript c in the previous equalities means centralizer with respect to the algebra stru
C∞(M) given by the Poisson bracket onM . As in the case of the dual pairs, the Poisson mani
(M, {· , ·}) will be called theequivalence bimoduleof the Howe pair.

Proposition 5.2. Let (M, {· , ·}) be a smooth Poisson manifold,A⊂ PL(M), andA′ its dual. Then, ifA
has the extension property andA′ is integrable we have that

(5.3)
(
π∗AC

∞(M/A)
)c = π∗A′C∞(M/A′),

(5.4)
(
π∗A′C

∞(M/A′)
)c ⊃ π∗AC∞(M/A).
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Moreover, ifA is von Neumann andA′ has the extension property then the diagram(M/A, {· , ·}M/A) πA←−
(M, {· , ·}) πA′−→ (M/A′, {· , ·}M/A′) is a Howe pair.

Proof. We first establish (5.3), which is equivalent to proving that(C∞(M)A)c = C∞(M)A′ : let f ∈
C∞(M) arbitrary, andg ∈ C∞(M)A anA-invariant function with associated Hamiltonian flowFt . Then,
for anym ∈M

(5.5)
d

dt
f

(
Ft(m)

)= df
(
Ft(m)

) ·Xg(Ft(m))= {f,g}(Ft(m)).
Now, if f ∈ (C∞(M)A)c then {f,g} = 0 in (5.5) and thereforef ◦ Ft(m) = f (m). Since theA-
invariant functiong and the pointm are arbitrary, andA has the extension property, we can conclu
that f ∈ C∞(M)A′ . Conversely, iff ∈ C∞(M)A′ , then f ◦ Ft = f and therefore (5.5) implies tha
f ∈ (C∞(M)A)c. Expression (5.4) can be obtained by taking centralizers on both sides of (5.3).

Suppose now thatA is von Neumann. In order to conclude that we have a Howe pair we just
to show that(π∗A′C

∞(M/A′))c ⊂ π∗AC∞(M/A) or, equivalently, that(C∞(M)A′)c ⊂ C∞(M)A. Let
f ∈ (C∞(M)A′)c. SinceA′ has the extension property, any elementFT ∈ GA′′ can be written as th
finite composition of locally defined flowsFt associated to the Hamiltonian vector fields ofA′-invariant
globally defined functionsh ∈ C∞(M)A′ . Given that for any of those functions we have that{f,h} = 0,
it is clear thatf ◦ Ft = f |Dom(Ft ). Now, the von Neumann character ofA implies that for anyφ ∈A and
m ∈M arbitrary, there existsFT ∈GA′′ such thatf ◦ φ(m)= f ◦FT (m)= f (m), which guarantees th
A-invariance off .

Corollary 5.3. Let(M, {· , ·}) be a smooth Poisson manifold andA,B ⊂ PL(M) be two pseudosubgroup
of its local Poisson diffeomorphism pseudogroupPL(M) that have the extension property. If the diagra
(M/A, {· , ·}M/A) πA← (M,ω)

πB→ (M/B, {· , ·}M/B) is a dual pair then it is also a Howe pair.

As a corollary to the previous result we can easily obtain the following well known fact:

Corollary 5.4. If the diagram(P1, {· , ·}P1)
π1← (M,ω)

π2→ (P2, {· , ·}P2) is a Lie–Weinstein dual pair with
connected fibers then it is a Howe pair.

Proof. It is a straightforward consequence of Example 3.7 where we saw that any Lie–We
dual pair with connected fibers can be understood as a dual pair in our sense with respect
pseudosubgroupsGA,GB ⊂ PL(M). These pseudosubgroups have the extension property by Lemm
and hence the hypotheses of the previous corollary are satisfied in our case.

Even though Corollary 5.3 shows that in the presence of the extension property any dual pair is
pair, the following example demonstrates that the converse is not, in general, true.

Example 5.5 (A Howe pair that is not a dual pair). Let (T2,ω) be the two torus thought of as a symplec
manifold with the formω given by the standard area form. Consider a Poisson action of the additive
(R,+) onT

2 via an irrational flow. It is straightforward to check that the Poisson diffeomorphisms g

AR ⊂ P(T2) associated to this action generates a Howe pairT
2/AR

πAR←− T
2
πA′

R−→T
2/A′

R
that is not a dua
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pair. Indeed, notice first that the onlyAR-invariant open subset ofT2 is T
2 itself hence, sinceC∞(T2)AR

is made of constant functions the dual distributionA′
R

is trivial andC∞(T2)A
′
R = C∞(T2), necessarily.

It is clear that in these circumstances(C∞(T2)AR)c = C∞(T2)A
′
R and (C∞(T2)A

′
R)c = C∞(T2)AR .

Nevertheless, the orbits of theAR-action are strictly contained inside the only leaf of the distribut
A′′

R
, which implies thatAR is not von Neumann and thereby does not generate a dual pair.
This example also shows that Howe’s condition is not enough to ensure symplectic leaf corr

dence. Indeed, the remarks in the preceding paragraph indicate that the Howe pair associatedAR is

T
2/AR

πAR←− T
2 id−→ T

2. Now, the right hand side leg of this pair has just one symplectic leaf (the e
two torusT

2) while, for the left hand side, every point inT2/AR is a symplectic leaf sinceC∞(T2/AR)

consists of constant functions.

6. Hamiltonian Poisson subgroups

In this section we will study the properties of the diagrams(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πA′−→
(M/A′, {· , ·}M/A′) induced by weakly and strongly Hamiltonian subgroupsA ⊂ P(M). Since we are
dealing with actual subgroups ofP(M), Proposition 3.8 guarantees the integrability of the po
distributionA′ which we will not need to put as a hypothesis.

In Example 5.5 we identified a weakly Hamiltonian subgroup that induced a Howe pair. In ou
result in this section, Proposition 6.1, we will show that this is not a coincidence since any w
Hamiltonian subgroup endowed with the extension property always has a Howe pair associated.
saw in that example that the (weak) Hamiltonian condition is not sufficient to generate a dual p
Proposition 6.2 we will show that if we add to the Hamiltonian hypothesis the property of sepa
A-orbits then we are guaranteed to obtain a dual pair.

Proposition 6.1. Let (M, {· , ·}) be a Poisson manifold andA ⊂ P(M) be a weakly Hamiltonian
subgroup of its Poisson diffeomorphism group. IfA has the extension property then the diagr

(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πA′−→ (M/A′, {· , ·}M/A′) is a Howe pair.

Proof. By Proposition 3.8 the polar distributionA′ is always integrable in this case. The conclusio
of Proposition 5.2 show that we just need to prove that(π∗A′C

∞(M/A′))c ⊂ π∗AC∞(M/A). Hence, let
φ ∈ A andm ∈M arbitrary. Since, by hypothesis, the groupA is weakly Hamiltonian,φ(m) can be
written asφ(m)= F 1

t1
◦ F 2

t2
◦ · · · ◦ Fktk (m), with F iti the flow of a Hamiltonian vector fieldXhi associated

to a functionhi in the centralizer(C∞(M)A)c. We assume for the sake of simplicity thatφ(m)= Ft(m),
with Ft the flow ofXh, h ∈ (C∞(M)A)c. Due to the expression (5.3), the functionh can be written as
h = g ◦ πA′ , with g ∈ C∞(M/A′). Let nowf ∈ (π∗A′C∞(M/A′))c. Given that{f,h} = {f,g ◦ πA′ } = 0
we can conclude thatf ◦ φ(m) = f ◦ Ft(m) = f (m). As we can reproduce this process for anyφ ∈ A
andm ∈M we have thatf ∈ C∞(M)A = π∗AC∞(M/A), as required.

Proposition 6.2. Let (M, {· , ·}) be a Poisson manifold andA ⊂ P(M) be a subgroup of its Poisso
diffeomorphism group.
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(i) If A is strongly(resp. weakly) Hamiltonian and has the extension property, thenA ⊂ GA′′ (resp.
A ·m⊂GA′′ ·m for anym ∈M).

(ii) If C∞(M)A separates theA-orbits onM then, for anym ∈M , we have thatGA′′ ·m⊂A ·m.
(iii) If A is (strongly or weakly) Hamiltonian and has the extension property, andC∞(M)A separates

theA-orbits onM , thenA is von Neumann and the diagram(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πA′−→
(M/A′, {· , ·}M/A′) is a dual pair. Additionally, ifA′ has the extension property it is also a Howe p

Proof. (i) Let φ ∈A be arbitrary. SinceA is strongly (resp. weakly) Hamiltonian,φ (resp.φ(m) for any
m ∈M) can be written asφ = F 1

t1
◦F 2

t2
◦ · · · ◦Fktk (resp.φ(m)= F 1

t1
◦F 2

t2
◦ · · · ◦Fktk (m)), with F iti the flow

of a Hamiltonian vector fieldXhi associated to a functionhi in the centralizer(C∞(M)A)c. In order to
keep the exposition simple we assume thatφ = Ft , with Ft the flow ofXh, h ∈ (C∞(M)A)c. Due to (5.3),
the functionh can be written ash= l ◦ πA′ , with l ∈ C∞(M/A′). Consequently,Xh =Xl◦πA′ and hence
Ft = φ ∈GA′′ (resp.Ft(m)= φ(m) ∈GA′′ ·m), as required.

(ii) Any element inFT ∈GA′′ can be written as a finite composition of Hamiltonian flowsFt associated
to functionsf ◦ πA′ |U , f ∈ C∞(U/A′), U an openA′-invariant set. Then, for anyh ∈C∞(M)A and any
m ∈U we have thatd

dt
h(Ft(m))= {h|U,f ◦ πA′ |U }U(Ft (m))=−d(f ◦ πA′ |U)(Ft(m)) ·Xh(Ft (m))= 0,

that is, any functionh ∈ C∞(M)A is constant along the Hamiltonian flow off ◦ πA′ |U . Now, since
C∞(M)A separates theA-orbits onM , we can conclude that, for any pointm ∈ M , the setFt(m) is
included in a singleA-orbit, namely,Ft(m)⊂A ·m and thereforeGA′′ ·m⊂A ·m, as required.

(iii) Parts (i) and (ii) imply in the context of our hypotheses that for anym ∈M , A ·m = GA′′ ·m′′
and, consequently,M/A =M/A′′. This proves thatA is von Neumann and therefore that the diagr

(M/A, {· , ·}M/A) πA←− (M, {· , ·}) πA′−→ (M/A′, {· , ·}M/A′) is a dual pair. Corollary 5.3 ensures that it
also a Howe pair in the presence of the extension property forA′. ✷

7. Dual pairs induced by canonical Lie group actions

In this section we will analyze under what circumstances we can construct von Neumann and
pairs using the subgroupsAG := {Φg | g ∈G} of the Poisson diffeomorphism groupP(M) associated to
the canonical actionΦ :G×M→M of a Lie groupG on a Poisson manifold(M, {· , ·}). Recall that
in this setup, as we already mentioned in Example 3.13, the polar distributionA′G is always integrable
(Proposition 3.8) and the projection onto the corresponding leaf spaceJ :M→M/A′G is referred to as
the optimal momentum map. The reason behind this denomination is (see [32] for the details) tha
Hamiltonian flowFt associated to anyG-invariant functionf ∈ C∞(U)G defined on anyG-invariant
open subsetU of M preserves the level sets ofJ, that is,J ◦ Ft = J (Noether’s Theorem). Moreover, b
construction, the level sets of this map are the smallest submanifolds ofM preserved byG-equivariant
Hamiltonian flows onM . Also, the mapJ is universal in the category of the momentum maps that
be associated to theG-symmetry of(M, {· , ·}) [32].

7.1. Properness, Hamiltonian actions, and dual pairs

An actionΦ :G×M→M of a Lie groupG on a manifoldM is said to beproper if the following
condition is satisfied: given two convergent sequences,{mn} and{gn ·mn} inM , there exists a converge
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subsequence{gnk } inG. The following proposition is a summary of well known facts about proper act
that we will use in the sequel. The reader is encouraged to check with [1,5] for proofs.

Proposition 7.1. LetΦ :G ×M→M be a proper action of a Lie groupG on a smooth manifoldM .
Then:

(i) AG := {Φg | g ∈G} has the extension property.
(ii) C∞(M)AG =C∞(M)G separates theG-orbits.

(iii) The isotropy subgroupGm of any pointm ∈M is compact.

Theorem 7.2. LetG be a Lie group acting canonically and properly on the Poisson manifold(M, {· , ·})
via the mapΦ :G×M→M . LetAG ⊂ P(M) be the subgroup ofP(M) defined byAG := {Φg :M→
M | g ∈ G} andA′G its polar. Letπ :M→M/AG be the canonical projection ofM onto the quotien
M/AG and J :M →M/A′G be the associated optimal momentum map. IfAG is (strongly or weakly)

Hamiltonian then it is von Neumann and therefore the diagram(M/AG, {· , ·}M/AG) π←− (M, {· , ·}) J−→
(M/A′G, {· , ·}M/A′G) is a dual pair.

Proof. It is a straightforward consequence of Propositions 6.2 and 7.1.✷
Corollary 7.3. In the same setup as in the previous theorem, ifAG is (strongly or weakly) Hamiltonian
then, theG-orbits are connected and path connected.

Proof. The condition onAG being Hamiltonian implies via the previous theorem thatAG is von
Neumann and therefore, for anym ∈M the orbitG · m equalsGA′′ · m which is connected and pa
connected. ✷

Theorem 7.2 shows that properness in a canonicalG-action is a condition that added to th
Hamiltonian character is sufficient to ensure that the corresponding transformation groupAG ⊂ P(M) is
von Neumann. However, as the following example shows, this condition is not necessary.

Example 7.4 (The coadjoint action produces von Neumann subgroups ofP(g∗)). LetG be a connected
Lie group,g its Lie algebra, andg∗ its dual. Let{· , ·} be the+− Lie–Poisson bracket that makesg∗ into
a Poisson manifold. More specifically, for anyf,h ∈C∞(g∗) andµ ∈ g∗, we define

{f,h}(µ) :=
〈
µ,

[
δf

δµ
,
δh

δµ

]〉
,

where the symbol〈· , ·〉 denotes the natural pairing ofg∗ with g and the elementsδf
δµ
, δh
δµ
∈ g are

determined by the expressions

Df (µ) · ρ :=
〈
ρ,
δf

δµ

〉
,

Dh(µ) · ρ :=
〈
ρ,
δh

δµ

〉
,
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for all ρ ∈ g∗. Given that for anyf ∈ C∞(g∗), g ∈G, andµ ∈ g∗ we have that

δf

δ(Ad∗
g−1µ)

= Adg

(
δ(f ◦Ad∗

g−1)

δµ

)
,

it can be readily verified that coadjoint action ofG on g∗ is canonical and has the identity as stand
momentum map associated. Also, for anyf ∈C∞(g∗) andµ ∈ g∗ Xf (µ)=−ad∗δf

δµ

µ.

We now check thatAG is von Neumann. Letµ ∈ g∗ be arbitrary andU ⊂ g∗ be an openG-invariant
neighborhood of the coadjoint orbit of the elementµ. Let f ∈ C∞(U)G. Then for anyξ ∈ g andρ ∈ U
we have that

〈Xf (ρ), ξ 〉=−
〈
ad∗δf

δρ

ρ, ξ
〉=−

〈
ρ,

[
δf

δρ
, ξ

]〉
= d

dt

∣∣∣∣
t=0

〈
ρ,Adexptξ

δf

δρ

〉

= d

dt

∣∣∣∣
t=0

〈
Ad∗exptξρ,

δf

δρ

〉
=

〈
ad∗ξρ,

δf

δρ

〉
= d

dt

∣∣∣∣
t=0

f
(
Ad∗exptξρ

)= 0,

where the last equality follows from theG-invariance of the functionf . This computation shows tha
A′G(µ)= {0} for all µ ∈ g∗. The connectedness of the groupG automatically implies thatA′′G = AG and
thereforeAG is von Neumann.

The symplectic leaf correspondence for the legs of the diagramg∗/G← g∗ → g∗ guaranteed in this
case by Theorem 4.5 is a restatement of the well known fact that the symplectic leaves of(g∗, {· , ·}) are
the coadjoint orbits.

7.2. Compact connected Lie group symplectic actions and von Neumann subgroups ofP(M)

Definition 7.5. Let G be a compact connected Lie group with Lie algebrag acting canonically on
the symplectic manifold(M,ω) via the mapΦ :G × M → M . Let AG ⊂ P(M) be the subgroup
of P(M) defined byAG := {Φg :M → M | g ∈ G}. Let ξ ∈ g and T (ξ) be the torus defined b
T (ξ) := {exptξ | t ∈R}. We will say that the elementξ has a coisotropic torusassociated when th
orbits of theT (ξ)-action onM are coisotropic.

Theorem 7.6. Let G be a compact connected Lie group with Lie algebrag acting canonically on
the symplectic manifold(M,ω) via the mapΦ :G × M → M . Let AG ⊂ P(M) be the subgroup o
P(M) defined byAG := {Φg :M→M | g ∈G} andA′G its polar. Letπ :M→M/AG be the canonica
projection ofM onto the quotientM/AG andJ :M→M/A′G be the associated optimal momentum m
LetT be a maximal torus ofG and suppose that its Lie algebrat has a basis{ξ1, . . . , ξk} whose element
have coisotropic toriT (ξi) associated. Then,AG is weakly Hamiltonian and von Neumann.

Proof. Since the action of any compact group is always proper, according to Theorem 7.2, it suffi
prove thatAG is weakly Hamiltonian, which will be a consequence of the following lemma:

Lemma 7.7. Suppose that we have the same setup as Theorem7.6. Then, for anyξ ∈ g that has a
coisotropic torusT (ξ) associated and anym ∈M , there exists a functionf ∈ (C∞(M)AG)c such that if
Ft is the flow of the Hamiltonian vector fieldXf , thenexpξ ·m= F1(m).
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Proof. Let ξM ∈X(M) be the vector field that assigns to any pointm ∈M , the infinitesimal generator a
m associated to the elementξ ∈ g. The canonical character of the action implies that

0= LξMω= iξMdω+ d(iξMω)= d(iξMω),

that is, the one formα := iξMω is closed. Consider now the subsets ofG defined byK := {exptξ | t ∈R}
and T (ξ) := �K , where the bar overK means closure. As we already pointed out subsetT (ξ) is a
closed connected Abelian subgroup ofG and therefore a torus. Notice that for anym ∈ M we have
thatT (ξ) ·m⊂K ·m; indeed, ift ·m ∈ T (ξ) ·m, there exists a sequence{kn} ⊂K of elements inK such
that kn→ t , which implies thatkn ·m→ t ·m and thereforet ·m ∈ K ·m. Hence, since the restrictio
α|K ·m = 0 we have thatα|K ·m = 0, and thereforeα|T (ξ)·m = 0. By the Relative Poincaré Lemma (s
for instance Corollary 7.5 in p. 362 of [20]) there exists a neighborhoodU of T (ξ) · m, which by the
compactness ofT (ξ) can be chosenT (ξ)-invariant, and a functionh ∈ C∞(U) such thatdh|U = α|U .
This statement amounts to saying that the functionh ∈ C∞(U) is a momentum map for the canonic
action ofK on the symplectic manifold(U,ω|U).

Now, by shrinkingU if necessary and using the hypothesis on the coisotropic character of the
T (ξ), we can representU by a normal form coordinate chart around the pointm similar to the ones
introduced in Appendix A (Theorem A.1), that is, we can assume without loss of generality that

U ∼= T (ξ)×T (ξ)m m∗
r ,

wherem is a AdT (ξ)m-invariant complement to the Lie algebra Lie(T (ξ)m) in k := {η ∈ Lie(T (ξ)) |
ηM(m) ∈ (Lie(T (ξ)) · m)ω}. The pointm is represented in these coordinates by[e,0], and m∗

r is a
T (ξ)m-equivariant ball of radiusr > 0 small enough centered at the origin ofm∗. Let φr :m∗ → R be a
smooth,T (ξ)m-invariant, and compactly supported function such thatφr(η)= 0, for anyη ∈m∗ \m∗

r , and
φr(W)= 1 for aT (ξ)m-invariant neighborhoodW ⊂ m∗

r . LetΦ be theT (ξ)-invariant function defined
by

Φ : U ∼= T (ξ)×T (ξ)m m∗
r → R,

[k, η] �→ φr(η).

Notice thatΦ is zero off the openT (ξ)-invariant setU and therefore it can be trivially extended to
T (ξ)-invariant function, we will call it equallyΦ ∈ C∞(M)T (ξ), on the entire space. The reconstruct
equations (A.5)–(A.7) applied toΦ (use the Abelian character ofT (ξ)) imply that the Hamiltonian vecto
fieldXΦ equals

XΦ(z)=
{
(Dm∗φr)M(m) if m ∈U,
0 if m ∈M \U.

Let f = Φh. Now, given thatXf = XΦh = ΦXh + hXΦ and Φ is constant in theT (ξ)-invariant
neighborhoodN � T (ξ) ×T (ξ)m W aroundm, we have thatXf (z) = Xh(z) = ξM(z) for any z ∈ N .
Consequently, ifFt is the flow of the vector fieldXf , it is clear that expξ ·m= F1(m). In order to finish
the proof we just need to show thatf ∈ (C∞(M)AG)c. This is indeed so because for anyG-invariant
function l ∈C∞(M)AG we have that{f, l}(z)= df (z) ·Xl(z)= 0 for anyz ∈M \U . Also, whenz ∈U

{f, l}(z)= {Φh, l}(z)=Φ(z){h, l}(z)+ h(z){Φ, l}(z)
=−Φ(z)(dl(z) ·Xh(z)

)− h(z)(dl(z) ·XΦ(z)
)

=−Φ(z)(dl(z) · ξM(z)
)− h(z)(dl(z) · (Dm∗φr)M(z)

)= 0,
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due to theG-invariance of l. Hence {f, l} = 0 for any l ∈ C∞(M)AG and, consequently,f ∈
(π∗C∞(M/AG))c, as required. ✷

We conclude the proof of the theorem by noting that since the groupG is compact and connected, a
elementg ∈G can be written asg = hlh−1, with l ∈ T. As T is Abelian and connected, there exist r
numberst1, . . . , tk such thatl = expt1ξ1 · · ·exptkξk . Hence, for anym ∈M we can write

g ·m= hexpt1ξ1 · · ·exptkξkh
−1 ·m

= hexpt1ξ1h
−1 · · ·hexptkξkh

−1 ·m= expt1(Adhξ1) · · ·exptk(Adhξk) ·m.
A straightforward computation shows thatT (Adh(ξi)) = hT (ξi)h−1 and that, as a consequence,
coisotropy of the torusT (ξi) implies that ofT (Adh(ξi)). Therefore, by the previous lemma we ha
that g ·m = F 1

1 ◦ · · · ◦ Fk1 (m), with eachF it the flow of a Hamiltonian vector fieldXfi associated to a
functionfi ∈ (π∗C∞(M/AG))c. ✷

The reader may be wondering if the coisotropy hypothesis in the statement of Theorem 7.6 is
a technical requirement that appears in the proof of Lemma 7.7 and that could be eliminated b
different techniques in the proof. The following example, that I owe to J. Montaldi and T. Tokieda,
that this is not the case, that is, in the absence of additional hypotheses, compactness and conn
in the Lie groupG associated to a symplectic action do not suffice to ensure that the correspo
transformation groupAG is von Neumann.

Example 7.8 (A compact and connected canonical group action that is not von Neumann). LetM := T
2×

T
2 be the product of two tori whose elements we will denote by the four-tuples(eiθ1,eiθ2,eiψ1,eiψ2). We

endowM with the symplectic structureω defined byω := dθ1∧ dθ2+
√

2dψ1∧ dψ2. We now consider
the canonical circle action given by eiφ · (eiθ1,eiθ2,eiψ1,eiψ2) := (ei(θ1+φ),eiθ2,ei(ψ1+φ),eiψ2). This action
does not satisfy the coisotropy hypothesis and, as we will now verify, the associated transformatio
AS1 ⊂ P(M) is not von Neumann. Indeed, the setC∞(M)S1

comprises the functionsf of the form
f ≡ f (eiθ2,eiψ2,ei(θ1−ψ1)). An inspection of the Hamiltonian flows associated to such functions re
shows that the leaves ofA′

S1 fill densely the manifoldM . This implies thatC∞(M)A
′
S1 is made up by

constant functions and thereforeA′′
S1(m)= {0}, for all m ∈M . Consequently,AS1 is not von Neumann.

Notice that this example shows that the polar of a regular integrable distribution even thoug
integrable, it is not, in general, regular. More specifically, even though the projectionπA

S1 :M→M/AS1

is a surjective submersion, this is not true in the case ofπA′
S1

:M→M/A′
S1.

7.3. Tubewise Hamiltonian actions and dual pairs

In Appendix A (Section A.3) the reader can find an in depth study of the conditions under
the proper canonical action of a connected Lie groupG on a symplectic manifold(M,ω) is strongly
tubewise Hamiltonian. More specifically, in that section it is explained how under some circumst
for any pointm ∈M there is an openG-invariant neighborhood of its orbit such that the restriction
theG-action to this neighborhood has a standard momentum map associated, thus implying
action is strongly tubewise Hamiltonian. The question that we will try to answer in this section
following: is there any situation where the strongly tubewise Hamiltonian condition implies tha
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action is weakly Hamiltonian and therefore induces a dual pair? The following result provides
answers to this question.

Theorem 7.9. LetG be a connected Lie group with Lie algebrag acting canonically and properly o
the symplectic manifold(M,ω) via the mapΦ :G × M → M . Let AG ⊂ P(M) be the subgroup o
P(M) defined byAG := {Φg :M→M | g ∈G} andA′G its polar. Letπ :M→M/AG be the canonica
projection ofM onto the quotientM/AG andJ :M→M/A′G be the associated optimal momentum m
For anym ∈M let km ⊂ g be the Lie subalgebra ofg defined bykm = {η ∈ g | ηM(m) ∈ (g ·m)ω},Km ⊂G
be the(unique) connected Lie subgroup generated by itkm, andγm ∈Ω1(G;g∗) be theG-equivariant,
g∗-valued one form defined by

〈γm(g) · TeLg · η, ξ 〉 :=−ω(m)
(
(Adg−1ξ)M(m), ηM(m)

)
for anyg ∈G, ξ, η ∈ g.

Suppose that for anym ∈M , the orbitG ·m is coisotropic, there exists aAd(Km)-invariant complemen
to km in g, km is Abelian, andγm is exact(which happens for instance whenH 1(G)= 0 or when the orbit
G ·m is isotropic). Then,AG is weakly Hamiltonian and von Neumann.

Proof. We will show that in the presence of our hypotheses a conclusion similar to that of Lemm
holds, that is, we will see that for anyξ ∈ g and anym ∈M , there exists a functionf ∈ (C∞(M)AG)c
such that ifFt is the flow of the Hamiltonian vector fieldXf then, expξ ·m= F1(m). Indeed, for a fixed
m ∈M , the exactness ofγm guarantees, by Proposition A.2, that there exists aG-invariant neighborhood
U of the orbitG ·m where the restriction of theG-action has a standard momentum map associated
consequently, for anyξ ∈ g we have that expξ ·m= F1(m), with Ft the flow of the Hamiltonian vecto
field in U associated to a functionh ∈ C∞(U) that can be constructed by taking theξ -component of the
tubular momentum map.

We now proceed in a way that mimics the proof of Lemma 7.7. First, by shrinkingU if necessary, we
can represent it by a normal form coordinate chart around the pointm, that is, we can assume without lo
of generality thatU ∼=G×Gm m∗

r , wherem is a AdGm -invariant complement to the Lie algebra Lie(Gm)
in km. The pointm is represented in these coordinates by[e,0], andm∗

r is an openGm-equivariant ball
of radiusr > 0 small enough centered at the origin ofm∗. Let φr :m∗ → R be a smoothGm-invariant
compactly supported function such thatφr(η)= 0, for anyη ∈m∗ \m∗

r , andφr(W)= 1 for aGm-invariant
neighborhoodW ⊂m∗

r . LetΦ be theG-invariant function defined by

Φ : U ∼=G×Gm m∗
r → R

[k, η] �→ φr(η).

Notice thatΦ is zero off the openG-invariant setU and therefore can be trivially extended to
G-invariant function, we will call it equallyΦ ∈ C∞(M)G, on the entire space. The reconstruct
equations (A.5)–(A.7) applied toΦ imply that the Hamiltonian vector fieldXΦ equals

(7.1)XΦ(z)=
{
(Dm∗φr)M(m) if m ∈U,
0 if m ∈M \U.

Indeed, the hypothesis on the existence of a Ad(Km)-invariant complement tokm in g implies that the
mapF in (A.4) reduces toF(ξ, λ, τ)= Pq∗(ad∗τ λ)+ 〈τ, ·〉q, whose unique solution forτ is τ ≡ 0. This
implies that the mapψ ≡ 0 and, given that by hypothesis the Lie algebrakm is Abelian, the reconstructio
equation (A.6) vanishes, thus justifying (7.1).



88 J.-P. Ortega / Differential Geometry and its Applications 19 (2003) 61–95

on
space

plectic
we saw

of the

d

ifold
polar

hence
n to that
ithout

y to

of
s

Let f = Φh. Now, given thatXf = XΦh = ΦXh + hXΦ and Φ is constant on theG-invariant
neighborhoodN � G ×Gm W aroundm, we have thatXf (z) = Xh(z) = ξM(z) for any z ∈ N .
Consequently, ifFt is the flow of the vector fieldXf , it is clear that expξ ·m= F1(m). In order to finish
the proof we just need to show thatf ∈ (C∞(M)AG)c. This is indeed so because for anyG-invariant
function l ∈C∞(M)AG we have that{f, l}(z)= df (z) ·Xl(z)= 0 for anyz ∈M \U . Also, whenz ∈U

{f, l}(z)= {Φh, l}(z)=Φ(z){h, l}(z)+ h(z){Φ, l}(z)
=−Φ(z)(dl(z) ·Xh(z)

)− h(z)(dl(z) ·XΦ(z)
)

=−Φ(z)(dl(z) · ξM(z)
)− h(z)(dl(z) · (Dm∗φ)M(z)

)= 0,

due to theG-invariance of l. Hence {f, l} = 0 for any l ∈ C∞(M)AG and, consequently,f ∈
(π∗C∞(M/AG))c, as required. ✷
7.4. Complete polar distributions and symplectic leaf correspondence

In this section we will show that the polar distributionA′G relative to the proper and canonical acti
of a Lie groupG on a symplectic manifold is complete (see Definition 2.4). Therefore the quotient
M/A′G can be written as the orbit spaceM/GA′c relative to the action onM of a subgroupGA′c ⊂ P(M)
that we will construct later on by finding a completionA′

c of the standard polar familyA′
G. This goal,

that in principle seems rather technical, gains importance when we recall the definition of the sym
leaves (Definition 4.1) and the Symplectic Leaf Correspondence Theorem (Theorem 4.5) where
that all these ideas are well behaved when we deal with the quotients ofM by genuine subgroupsof
P(M).

As a corollary we will obtain a correspondence between the symplectic leaves of the two legs

diagram(M/AG, {· , ·}M/AG) π←− (M, {· , ·}) J−→ (M/A′G, {· , ·}M/A′G) in many of the situations identifie
in the preceding paragraphs in which that diagram is a dual pair.

Proposition 7.10. LetG be a Lie group that acts canonically and properly on the symplectic man
(M,ω) andAG ⊂ P(M) be the associated Poisson diffeomorphisms subgroup. Then, the standard
family of vector fieldsA′

G admits a completionA′
c that makes the polar distributionA′G complete.

Proof. The main tool in the proof will be the reconstruction equations presented in Appendix A.2,
the reader interested in the presentation that follows is encouraged to make a forward excursio
section in order to get acquainted with the notation that we will use in the following paragraphs w
much explanation.

Letm ∈M be an arbitrary point. Theorem A.1 guarantees the existence of aG-invariant neighborhood
U of m and of aG-equivariant symplectomorphismφ :U → Yr := G ×Gm (m∗

r × (Vm)r) satisfying
φ(m) = [e, 0, 0]. Since the reconstruction equations (A.5)–(A.7) provide us with an explicit wa
write down the Hamiltonian vector field associated to any functionh ∈ C∞(Yr)G we will use them to
find a suitable generating family of complete vector fields for the polar distributionA′G by working in all
the possible tubesYr and translating our results back toM via the symplectic diffeomorphismsφ. The
following arguments explain in detail this strategy.

LetC∞c (W)Gm , withW ⊂m∗
r × (Vm)r an openGm-invariant neighborhood of the origin, be the set

compactly supportedGm-invariant smooth functions onW . Since the subgroupGm is compact and fixe
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the origin ofm∗
r × (Vm)r , it is clear that

{
dh(0,0) | h ∈ C∞c (W)Gm

}= {
df (0,0) | f ∈C∞(m∗

r × (Vm)r)Gm
}
,

and therefore it suffices to use the set of Hamiltonian vector fields associated to the funct
C∞c (W)Gm to generate the image byφ of the polar distributionA′G(m) evaluated atm. By inspection
of the reconstruction equations it is easy to see that any of those Hamiltonian vector fields is co
take for instance (A.7), withh◦π ∈ C∞c (W)Gm and consider it as a vector field on(Vm)r with parameters
g andρ. The compact support condition onh ◦ π implies that for any value of the parametersg andρ
the vector fieldXVm(g,ρ, v) on (Vm)r is compactly supported and therefore complete. A similar ana
on (A.6) reveals the same conclusions forXm∗ . As toXG, it is aG-equivariant vector field onG with
parameters onm∗ andVm whose flow can be expressed using the notation of Appendix A.2, by the

Ft(g)= g · Ft(e)= g · expt
(
ψ(ρ, v)+Dm∗(h ◦ π)(ρ, v)).

The vector fieldXG is therefore complete which proves thatXh is a complete vector field onYr . Also,
sinceφ is a symplectic map, the vector fieldXh◦φ = T φ−1 ◦Xh ◦φ onU is also complete and as it is ze
outsideφ−1(G×Gm W) ⊂ U it can be trivially extended to a complete Hamiltonian vector field onM

associated to aG-invariant function (any extension ofh ◦ φ). The union of all the similarly constructe
vector fields using as many tubular neighborhoods as necessary constitutes a completion of the
polar familyA′

G hence proving thatA′G is complete. ✷
The proposition that we just proved guarantees that the symplectic leaves ofM/A′G are well

defined for proper symplectic actions. Moreover, the combination of this statement with the Sym
Leaf Correspondence Theorem 4.5, as well as with Theorems 7.2, 7.6, and 7.9, guaran
correspondence between the symplectic leaves on the legs of the diagram(M/AG, {· , ·}M/AG) π←−
(M,ω)

J−→ (M/A′G, {· , ·}M/A′G) in a variety of situations that we enumerate for completeness in
following corollary.

Corollary 7.11. Let G be a Lie group that acts canonically and properly on the symplectic man
(M,ω) and AG ⊂ P(M) be the associated Poisson diffeomorphisms subgroup. Suppose that a
ONE of the following conditions is satisfied:

(i) AG is (weakly or strongly) Hamiltonian,
(ii) the Lie groupG is compact and connected, and the tori ofAG are coisotropic,
(iii) for any pointm ∈M , the orbitG ·m is coisotropic, there exists aAd(Km)-invariant complement to

km in g, km is Abelian, andγm is exact(see Theorem7.9 for this notation).

Then, the map

(M/AG)/{· , ·}M/AG → (M/A′G)/{· , ·}M/A′G
L[m]AG �→ L[m]A′

G

establishes a bijection between the symplectic leaves of(M/AG, {· , ·}M/AG) and those of(M/A′G,{· , ·}M/A′G).
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Remark 7.12. As we recalled in Remark 7.12 the symplectic leaves of the Poisson manifolds in th
of a Lie–Weinstein dual pair(P1, {· , ·}P1)

π1← (M,ω)
π2→ (P2, {· , ·}P2) in which the projectionsπ1 andπ2

have connected fibers are in bijection. Moreover, it can be shown [2] that ifL1 andL2 are symplectic
leaves ofP1 andP2 in correspondence andK ⊂M is the immersed connected submanifold ofM such
thatK = π−1

1 (L1) = π−1
2 (L2) then, the symplectic formsωL1 andωL2 on L1 andL2, respectively, are

related by the equation

(7.2)i∗Kω= π1|∗KωL1 + π2|∗KωL2,

where iK :K ↪→ M denotes the natural inclusion. In my forthcoming paper [29] I will show that
symplectic leaves in the von Neumann pairs studied in this section can be, under certain hyp
be endowed with actual smooth structures that make them into real symplectic manifolds relate
equality identical to (7.2).
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Appendix A

In this section we explain more in detail some of the tools that have been used throughout the

A.1. A normal form for canonical proper actions

The Slice Theorem in the category of globally Hamiltonian proper Lie group actions (in this s
the expression globally Hamiltonian means that the action has a globally defined equivariant mom
map associated) is a well known and widely used tool introduced by Marle [21,22] and by Guillem
Sternberg [8]. The classical construction of the normal form coordinates in this setup uses very s
the existence of a momentum map in the space that we want to locally model. In the following para
we show how to reproduce this result for canonical proper actions on a symplectic manifold that
necessarily have a momentum map associated. In the exposition we will limit ourselves to pres
ingredients of this construction. For a complete presentation the reader is encouraged to check w
where this normal form is explained in full detail.

Let (M,ω) be a symplectic manifold,G be a Lie group acting properly and canonically on it, a
m ∈M be an arbitrary point inM around which we want to construct the slice coordinates. The follow
facts can be readily verified:
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(i) The vector spaceVm := Tm(G ·m)ω/(Tm(G ·m)ω ∩ Tm(G ·m)) is symplectic with the symplecti
form ωVm defined byωVm([v], [w]) := ω(m)(v, w), for any[v] = π(v) and[w] = π(w) ∈ Vm, and
whereπ :Tm(G · m)ω→ Tm(G · m)ω/(Tm(G · m)ω ∩ Tm(G · m)) is the canonical projection. Th
vector spaceVm is called thesymplectic normal spaceatm.

(ii) Let H := Gm be the isotropy subgroup ofm. The properness of theG-action guarantees thatH
is compact. The mapping(h, [v]) �−→ [h · v], with h ∈H and[v] ∈ Vm, defines a linear canonica
action of the Lie groupH on (Vm, ωVm), whereg ·u denotes the tangent lift of theG-action onTM ,
for g ∈G andu ∈ TM . We will denote byJVm :Vm→ h∗ the associatedH -equivariant momentum
map.

(iii) Let g and h be the Lie algebras ofG andH , respectively. The vector subspacek ⊂ g given by
k= {η ∈ g | ηM(m) ∈ (g ·m)ω}, is a subalgebra ofg such thath⊂ k.

(iv) Lie algebra decompositions: the compactness of the isotropy subgroupH allows us to choose
two AdH -invariant complements:m to h in k andq to k in g. Therefore, we have the orthogon
decompositions

(A.1)g= h⊕m⊕ q, wherek= h⊕m,

as well as their dualsg∗ = h∗ ⊕m∗ ⊕ q∗, wherek∗ = h∗ ⊕m∗.
(v) The normal form tube: there are twoH -invariant neighborhoods(Vm)r andm∗

r of the origin inVm
andm∗ such that the twisted product

(A.2)Yr :=G×H
(
m∗
r × (Vm)r

)
is a symplectic manifold acted on byG according to the expressiong · [h,η, v] := [gh,η, v], for any
g ∈G, and any[h,η, v] ∈ Yr . This action is canonical. The use of the construction (A.2) is just
by the following theorem.

Theorem A.1 (Slice Theorem for canonical Lie group actions).Let (M,ω) be a symplectic manifold an
letG be a Lie group acting properly and canonically onM . Letm ∈M and denoteH :=Gm. Then, the
manifold

(A.3)Yr :=G×H
(
m∗
r × (Vm)r

)
introduced in (A.2) is a symplecticG-space and can be chosen such that there is aG-invariant
neighborhoodU of m in M and an equivariant symplectomorphismφ :U → Yr satisfyingφ(m) =
[e, 0, 0].

A.2. The reconstruction equations for canonical proper Lie group actions

The reconstruction equations are the differential equations that determine the Hamiltonian vec
associated to aG-invariant Hamiltonian in the coordinates provided by Theorem A.1. In the glob
Hamiltonian context these equations can be found in [28,33,36]. As we will see, it is remarkable
the absence of a momentum map, the reconstruction equations written using the symplectic form
areformally identical to the ones obtained for the globally Hamiltonian case.

In order to present the reconstruction equations leth ∈ C∞(Yr)G be the Hamiltonian function whos
associated vector fieldXh we want to write down. Letπ :×m∗

r × (Vm)r → G ×H (m∗
r × (Vm)r) be

the canonical projection. TheG-invariance ofh implies thath ◦ π ∈ C∞(G × m∗
r × (Vm)r)H can
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be understood as aH -invariant function that depends only on them∗
r and (Vm)r variables, that is

h ◦ π ∈ C∞(m∗
r × (Vm)r)H .

Now, since the projectionπ is a surjective submersion, the Hamiltonian vector fieldXh can be
locally expressed asXh = T π(XG, Xm∗ , XVm), with XG, Xm∗ andXVm locally defined smooth map
on Yr and having values inTG,Tm∗

r and T (Vm)r respectively. Moreover, using the AdH -invariant
decomposition of the Lie algebrag introduced in the previous section, the mappingXG can be written,
for any (g, ρ, v) ∈G×m∗

r × (Vm)r , asXG(g,ρ, v)= TeLg(Xh(g, ρ, v)+Xm(g, ρ, v)+Xq(g, ρ, v)),
with Xh, Xm, andXq, locally defined smooth maps onYr with values inh, m, andq, respectively. In
what follows we give the expressions that determineXG, Xm∗ , andXVm as a function of the differentia
of the Hamiltonianh.

First, the construction ofq as a complement tok guarantees that the bilinear pairing〈· , ·〉q in q defined
by 〈ξ, η〉q := ω(m)(ξM(m), ηM(m)) is non-degenerate. LetPh∗ , Pm∗ , andPq∗ denote the projections from
g∗ onto h∗, m∗, andq∗, respectively, according to the Ad∗H -invariant splittingg∗ = h∗ ⊕ m∗ ⊕ q∗. The
non degeneracy of〈· , ·〉q implies that the mapping

(A.4)
F : k× k∗ × q → q∗

(ξ, λ, τ) �→ Pq∗
(
ad∗(ξ+τ )λ

)+ 〈τ, ·〉q,
is such thatF(0,0,0) = 0 and that its derivativeDqF(0,0,0) :q∗ → q∗ is a linear isomorphism. Th
Implicit Function Theorem implies the existence of a locally defined functionτ : k× k∗ → q around the
origin such thatτ(0,0)= 0, andPq∗(ad∗(ξ+τ (ξ,λ))λ)+ 〈τ(ξ, λ), ·〉q = 0. Let nowψ :m∗ × Vm→ q be the
locally defined function given byψ(ρ, v) := τ(Dm∗(h ◦ π)(ρ, v), ρ+ JVm(v)).

With these expressions at hand it can be verified [31] thatXh is given by

(A.5)XG(g,ρ, v)= TeLg
(
ψ(ρ, v)+Dm∗(h ◦ π)(ρ, v)),

(A.6)Xm∗(g, ρ, v)= Pm∗(ad∗Dm∗ (h◦π)ρ)+ ad∗Dm∗ (h◦π)JVm(v)+ Pm∗
(
ad∗ψ(ρ,v)

(
ρ + JVm(v)

))
,

(A.7)XVm(g,ρ, v)= B1Vm
(
DVm

(
h ◦ π)(ρ, v))).

A.3. Tubewise Hamiltonian actions

In the following paragraphs we will see how the normal form introduced in Appendix A.1 hel
determining, in the framework of proper canonical actions, when such an action is tubewise Hami
In order to be more specific, recall that by Theorem A.1, anyG-orbit of a symplecticG-space,(M,ω) has
an invariant neighborhood around it that can be modeled by an associated bundle like the one p
in (A.3). Consequently, we can conclude that the canonical properG-action on(M,ω) is strongly (resp.
weakly) tubewise Hamiltonian if theG-action on eachG-invariant coordinate patch (A.3) is strong
(resp. weakly) Hamiltonian. The following result provides a sufficient condition regarding the s
case whose proof can be found in [31].

Proposition A.2. Let (M,ω) be a symplectic manifold and letG be a Lie group with Lie algebrag,
acting properly and canonically onM . Letm ∈M , H := Gm and Yr := G ×H (m∗

r × (Vm)r) be the
normal coordinates around the orbitG · m introduced in (A.3). If the G-equivariant,g∗-valued one
form γ ∈Ω1(G;g∗) defined by

(A.8)〈γ (g) · TeLg · η, ξ 〉 := −ω(m)
(
(Adg−1ξ)M(m), ηM(m)

)
for anyg ∈G, ξ, η ∈ g
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is exact then, theG-action onYr given byg · [h,η, v] := [gh,η, v], for anyg ∈G, and any[h,η, v] ∈ Yr ,
has a standard momentum map associated. Therefore, if the groupG is connected and(A.8) is exact,
theG-action onYr is strongly Hamiltonian.

The next proposition provides another characterization of the exactness of (A.8) and therefore
sufficient condition for theG-action on the tubeYr to be strongly Hamiltonian whenG is connected
See [31] for a proof.

Proposition A.3. Suppose that we are in the conditions of PropositionA.2. Let m ∈ M , H := Gm
and Yr := G ×H (m∗

r × (Vm)r) be the normal coordinates around the orbitG · m introduced in(A.3).
Let Σ :g × g→ R be the two cocycle given byΣ(ξ, η) = ω(m)(ξM(m), ηM(m)), with ξ, η ∈ g, and
ΣG :g→ g∗ be defined asΣG(ξ) = Σ(ξ, ·), ξ ∈ g. Then, the form(A.8) is exact if and only if there
exists ag∗-valued group one cocycleθ :G→ g∗ such thatTeθ =ΣG. In the presence of this cocycle, t
mapJθ :G× k∗ → g∗ given by

(A.9)Jθ (g, ν) := Ad∗
g−1 ν − θ(g)

is a momentum map for theG-action onG× k∗ with non-equivariance cocycle equal to−θ .

The following corollary presents two situations in which the hypotheses of Proposition A.2 are tr
satisfied for any pointm ∈M .

Corollary A.4. Let (M,ω) be a symplectic manifold and letG be a connected Lie group with Lie algeb
g, acting properly and canonically onM . If either,

(i) H 1(G)= 0, or
(ii) all theG-orbits are isotropic

then, the associated subgroupAG of P(M) is tubewise strongly Hamiltonian.

A.4. Proof of Lemma 3.6

Let D be a smooth integrable regular distribution on the manifoldM andπD :M → M/D be the
associated surjective submersion. LetU be aD-saturated open subset ofM , z a point in U , and
f ∈ C∞(U)D. SinceπD is a submersion, there are charts(V ,ϕ) and (W,ψ) aroundz and πD(z),
respectively, such thatπD(V ) = W , ϕ :V → V ′ × W ′, ψ :W → W ′, ϕ(z) = (0,0), and the local
representative ofπD, that is,ψ ◦ πD ◦ ϕ−1 :V ′ × W ′ → W ′ is the projection onto the second fact
We will shrinkV if necessary so thatV ⊂U .

Let Bε(0) ⊂ W ′ be a ball of radiusε > 0 and φ :Bε(0)→ [0,1] be a bump function such tha
φ|Bε/2(0) = 1 and φ|Bε(0)\B3ε/4(0) = 0. Let F ′D :ψ−1(Bε(0)) ⊂ W → R be the smooth function give
by F ′D(l) = fD(l)φ(ψ(l)), l ∈ ψ−1(Bε(0)), wherefD :πD(U)→ R is the unique smooth functio
determined by the relationf = fD ◦ πD|U . As the functionF ′D and all its derivatives are zero in th
boundary ofψ−1(Bε(0)), F ′D can be extended to a functionFD ∈C∞(M/D).

Let F ∈ C∞(M)D be the function given byF := FD ◦ πD and Σ be the submanifold ofM
throughz defined asΣ := ϕ−1({0} × Bε/2(0)). Notice thatπD(Σ) is an open subset ofπD(U) since
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ψ(πD(Σ))= Bε/2(0) is an open subset ofψ(πD(U)). Consequently,T = π−1
D (πD(Σ))⊂ U is an open

D-invariant subset ofU .
We will prove the lemma by showing thatF |T = f |T . Indeed, letm ∈ T arbitrary. By definition

m ∈ T iff πD(m) ∈ πD(Σ) or, equivalently, there exists an elementz ∈ ϕ−1({0} × Bε/2(0)) such that
πD(m) = πD(z). Due to the local expression ofπD in the charts(V ,ϕ) and (W,ψ) we have that
ψ(πD(z)) ∈ Bε/2(0) or, equivalently,πD(z) ∈ ψ−1(Bε/2(0)). With this in mind, we have that

F(m)= FD ◦ πD(m)= FD ◦ πD(z)= F ′D ◦ πD(z),
where the previous equality follows from the fact thatπD(z) ∈ ψ−1(Bε/2(0)). We now use the definition
of F ′D andF ′D ◦ πD(z) = fD(πD(z))φ(ψ(πD(z))) = fD(πD(z)) = fD(πD(m)) = f (m), which proves
thatF(m)= f (m), as required.
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