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1. Introduction

In the past decade, the existence and multiplicity of solutions for elliptic type partial differential equations with different
boundary value conditions have been widely investigated by many authors, which are usually reduced to the solutions of
many of Dirichlet and Neumann type problems and obstacle problems with all kinds of nonlinearities. During the authors
studied these problems, the variational methods to a class of non-differentiable functionals which is extended by Chang [7]
often applied directly to prove some existence and multiplicity theorems. Later, Ricceri in his paper [27] introduced another
variational principle for the problems whose corresponding energy functional is Gateaux differentiable. After that, the result
of Ricceri has been extended by Marano and Motreanu [23] to a large class of non-differentiable functionals. From then
on, many authors used this result to study all kinds of Dirichlet and Neumann boundary value problems involving the
p-Laplacian with discontinuous nonlinearities.

The hemivariational and variational-hemivariational inequalities of Dirichlet and Neumann boundary value problems
whose corresponding energy functional is called a Motreanu-Panagiotopoulos type functional have been considered by
many authors, such as S.A. Marano and N.S. Papageorgiou in [24] by the extended variational methods due to Chang [7] to
examine the following elliptic variational-hemivariational inequality

1) {—Aueaj(x,u)—ac(x,u), in $2,
! u(x)=0, onas2,
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in which the authors get two existence results for (P1), the first basically through the nonsmooth mountain pass theorem,
while another is given through appropriate assumptions on J(x,u) and G(x, u) such that the energy functional possesses
a global minimum, which turn out to be a critical point. Besides, similarly to [24], M.E. Filippakis and N.S. Papageorgiou
in [14] examined a resonant variational inequality driven by the p-Laplacian and with a nonsmooth potential, and also
through the nonsmooth critical point theory for Motreanu-Panagiotopoulos type functional to obtain the existence of a
nontrivial solution and nontrivial positive solutions. The nonsmooth version of Ricceri variational principle is also another
important tool during the authors considering the hemivariational and variational-hemivariational inequalities with discon-
tinuous nonlinearities. For example, the following differential inclusion problem (P5)

—Apu+ [ulP"u € A (0)IF (u(®) + upX)G (u(x)), inRN,

u(x) — 0, as |x| — oo,

(P2)

where Apu = div(|Vu|P=2Vu). A. Kristily, W. Marzantowicz and C. Varga in [17], as an applications of nonsmooth three
critical points theorems, studied the three solutions of (P;) when p > N > 2. Moreover, G. Bonanno and N. Giovannelli
in [4] deal with an eigenvalue Dirichlet problem involving the p-Laplacian with discontinuous nonlinearities. When p > N,
through nonsmooth version of B. Ricceri’s three existence theorem which is extended by Marano and Motreanu, the authors
also proved the multiplicity result. There are a lot of people treated the elliptic hemivariational inequalities with the corre-
sponding energy functional, i.e., Motreanu-Panagiotopoulos type functional. We refer the readers to the references [30,5,3,
20,19,16].

In the latest years the study of nonlinear partial differential equations with non-standard growth conditions has been the
object of increasing amount of attention. The problems of this type are studied in the behavior of electrorheological fluids
(see M. RuZicka [29]), and of other phenomena related to image processing, elasticity and the flow in porous media (see
V.V. Zhikov [31]). For the application backgrounds we also can trace the book of L. Diening [11] and the papers of E. Acerbi
and G. Mingione [1,2], and M. Mihdilescu, V. Radulescu [25]. Therefore, it is no surprised that the nonsmooth version
of Ricceri variational principle which is established by Marano and Motreanu is used to study the various mathematical
problems with p(x)-growth conditions. The purpose of the present paper is by the extension of the three critical points
theorem of Ricceri to discuss the existence of solutions of the following p(x)-Laplacian equation

—Apeol + V®[uPP2u € dj1(x, u(®) + 23 j2 (x, u(®), in £,
(P3) au

— =0, onds2,

on
where Apxu = div(|Vu|P®=2vu) is said to be p(x)-Laplacian operator, » > 0, £2 C RN (N > 2) is a nonempty bounded
domain with a boundary 32 of class C!, p(x) > 0, p(x) € C(£2) with 1 < p~ =infyeg p(x), p* = supyco p(X), V(X) € L(£2)
is a function possibly changing sign, ji(x,¢) and j(x,¢) are locally Lipschitz functions in the ¢-variable integrand (in
general it can be nonsmooth), and 9 j1(x, ¢) and dj2(x, ¢) are the subdifferential with respect to the ¢-variable in the sense
of Clarke [8], and n is the outward unit normal on 952.

The above mentioned variational principle is also widely used to the variational problems with p(x)-growth conditions,

such as X.L. Fan and S.G. Deng in [12] studied p(x)-Laplacian equation with Neumann, Dirichlet problem:

—div(|VulP®72Vu) +a@)[ulP®2u = A f (x, u) + pgx, u), in 2,

where the function satisfies a(x) € L°°(£2) and essinfyc; = agp > 0. By using the variational principle of Ricceri and the local
Mountain pass lemma one gets the multiplicity of solutions of the problem with A = 1. While, through the same variational
principle, F. Cammarotoa, A. Chinni and B. Di Bella in [6] studied the problem when A is an arbitrary positive constant. More
generality, G.W. Dai in [9] applied the version of nonsmooth three critical points theorem to examine the Neumann type
differential inclusion problems involving p(x)-Laplacian:

—div(|VulP®2Vu) + wfulPP2u = AdF (x,u), in$2,

(P3) ou o
o = Q, onds2.
Besides, by the same theory, he and his partner W.L. Liu in [10] also considered the Dirichlet problem with nonsmooth
potential when p =0 in (P3). For other results, by using the B. Ricceri’s three critical points theorem or the nonsmooth
version of B. Ricceri’s variational principle to consider the quasilinear elliptic equation and elliptic systems involving p(x)-
Laplacian, we refer the readers to the references [21,22,15].

We must point out that the p(x)-Laplacian possesses more complicated nonlinearities than p-Laplacian. For example, it
is inhomogeneous and, in general, it does not have the “first eigenvalue”. In other words, the infimum of the eigenvalues of
p(x)-Laplacian equals 0. Moreover, the compact theorem of the generalized Lebesgue-Sobolev space W1-P®(£2) has a more
strict requirement. Therefore, to get the three solutions for (P,) by the nonsmooth version of Ricceri variational principle,
we have to get over several difficulties, and the contribution of this paper can be briefly described as follows:
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1. One of the aims of the present paper is to improve and generalize the results of [17] to the case of variable exponent
p(x)-Laplacian. Since the property of the first eigenvalue of p(x)-Laplacian is not the same as the p-Laplacian, namely the
first eigenvalue is not isolated (see [13]), therefore, the first difficulty is we cannot use the eigenvalue property of p(x)-
Laplacian.

2. We study problem (P,) from a more extensive viewpoint. We want to give a progression of the results of [12,6]
to the nonsmooth case. Unfortunately, the technique and assumptions on nonlinearities in [6] is not applicable here since
the discontinuous nonlinearities in (P,). Here, we use another technique which is simpler and more direct in this paper.
Besides, the indefinite weight function V (x) in (P;) is another difficulty.

3. We note that there is a key assumption on the exponent that p > N or p~ > N, such as in the references [17,4,6,9] and
so on. For the detailed reason of this assumption see Remark 3.1. Here, we retreat this restriction on variable exponent p(x).

This paper is divided into three sections, in Section 2, we introduce some basic properties of the generalized Lebesgue
space LP®(£2) and the generalized Lebesgue-Sobolev space W1-P® (), and the generalized gradient of locally Lipschitz
function. In Section 3, we give suitable hypotheses on ji(x,¢) and j»(x, ¢), and use the nonsmooth three critical points
theorems to prove the existence results for problem (Pj).

2. Mathematical preliminaries

In this section we introduce some auxiliary results which is necessary for us to discuss problem (P;). Set
C+(2)={h|h(x) €C(2), h(x) > 1, forany x € 2}.

Firstly, define the variable exponent Lebesgue space LP® (£2) by

LPO(Q2) = [u ‘ u is a measurable real-valued function /|u(x)|p(x) dx < oo]
2

with the norm

p(x)
[U]px) = inf k>0:/ dx<1%;
Q

and generalized Lebesgue-Sobolev spaces W1-P® (£2) by

uco

WhP®(2) = lu e LPW(2) | [Vu| € LPW (£2)}

with the norm

lull = lulpe + Vilpe)-

Then LP®(£2) and W1-P® (2) are separable reflexive Banach spaces. For brevity we shall write X = W1-P® (£2). For V(x) €
L>®(£2), we set VT =max{V (x),0} and V~ = max{—V (x), 0}. Thus we have V(x) = VT (x) — V= (x). Define J: X — R by

1
](U)me(IVulp(x)+V+|u|p("))dx, Yu e X.

Then J is even, | € C1(X, R) and

(f(u),v)x:/|Vu|p(")’2Vqudx+ V)PP 2uvdx, Vu,veX,
2

where (-,-)x is the duality pairing between X* and X.

Proposition 2.1. (See [12].) The function | : X — R is convex. The mapping J' : X — X* is a strictly monotone, bounded homeomor-
phism, and is of (S+) type, namely

up—u inX and limsup(J'(up),un —u)<0, impliesu, — u.
n—oo

Proposition 2.2. (See [12].) (1) If q(x) € C,(£2) and q(x) < p*(x), Vx € £2, then the imbedding from W1-P® () to LI®(£2) is
compact and continuous, where

Np(x)
p*(x)={ N-p®’ p(X) <N,
0, p(x) > N.

(2)If p1 (%), p2(x) € C4(2), and p1(x) < p2(x), VX € 2, then LP2® () — LP1® (), and the imbedding is continuous.
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Let X be a Banach space and X* its topological dual. A function ¢ : X — R is said to be locally Lipschitz, if for every
u € X there exist a neighborhood U of u and a constant K > 0, such that |¢(v) — ¢(w)| < K|v — w| for every v,w € U.
From convex analysis we know that a proper, convex and lower semicontinuous function g: X — R = R U {400} is locally
Lipschitz in the interior of its effective domain domg = {u € X: g(u) < +o0}. For each h € X, we define the generalized
directional derivative of ¢ at u in the direction h by

th) —
o°(u.h) = limsup LTI = @W)

w—u, t—0 t

It is easy to check that the function X > h — @°(u, h) is sublinear and continuous, by the Hahn-Banach theorem it is the
support function of a nonempty, convex and W*-compact set dp(u) € X*, defined by

dp) ={u* e X*: (u*,h)x < @°(u,h); Vhe X}

The set d¢(u) is known as the subdifferential of ¢ at x.

Proposition 2.3. (See [8].) Let f, g : X — R be two locally Lipschitz functions. Then

(1) fo(u;h) =max{(&,h): § edf(w};

(2) (f+&°w;h) < fo(ush)+g°(u; h);

(3) Let j : X — R be a continuously differentiable function. Then 9j(u) = {j’(u)}, j°(u;h) coincides with (j’(u),h)x and
(f + Do hy = fo(us h) + (j'(w), h)x forallu, h € X;

(4) (—=f)°(u; h) = f°(u; —h), and f°(u; kh) =« f°(u; h) for every k > 0;

(5) The function(u, h) — f°(u; h) is upper semicontinuous.

Let I be a function on X satisfying the following structure hypothesis (I is called a Motreanu-Panagiotopoulos type
functional):

(H) I =@ + W, where @ : X — R is locally Lipschitz while ¥ : X — R U {400} is convex, proper, and lower semicontinuous.
We say that u € X is a critical point of I if it fulfills the inequality

O°(u;v—u)+¥(v)—¥(w) =0, VvelkX.

Set K :={u e X |u is a critical point of I} and K. = K NI~!(c). A number c € R such that K. # 0 is called a critical value
of I.

Definition 2.4. (See [26].) | = @ + ¥ is said to satisfy the Palais-Smale condition at level ¢ € R (shortly, (PS).) if every
sequence {u,} in X satisfying I(u) — ¢ and

D°(Uup; v —up) + ¥ (V) =¥ (up) = —&llv—uyll, VYvelkX,

for a sequence {&,} in [0, c0) with €, — 0, contains a convergent subsequence. If (PS) is verified for all c € R, I is said to
satisfy the Palais—Smale condition (shortly, (PS)).

Proposition 2.5. (See [23, Theorem B].) Let X be a separable and reflexive Banach space, let 11 := &1 + ¥ and I, := @, be like in (H),
let A be a real interval. Suppose that:

(b1) ®1is weakly sequentially lower semicontinuous while &, is weakly sequentially continuous.
(by) Forevery A € A the function Iy + A fulfills (PS)., ¢ € R, together with limyjy)— o0 (I1 (1) + Al2(u)) = 4-00.
(b3) There exists a continuous concave function h : A — R satisfying

sup inf (I (u) + Aly(u) + h(3)) < inf sup(I1(u) 4+ Al () + h(})).
reaueX ueX e

Then there is an open interval A9 C A such that for each A € Ay the function 11 + Al> has at least three critical points in X.
Moreover; if ¥1 = 0, then there exist an open interval A1 C A and a number o > 0 such that for each A € Ag the function I1 + Al
has at least three critical points in X having norms less than o > 0.

Proposition 2.6. (See [28].) Let X be a non-empty set and @, ¥ two real functionals on X. Assume that there are y > 0, ug, uq € X,
such that
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@ (ug) = ¥ (up) =0, D(uy) >y,
¥ (uy)
D(uy)

sup Yu) <y
ued~1((—o00,y])

Then, for each p satisfying

Y(u1)

sup W) <p <Y oy’

ued~1((—o00,y)

one has

sup inf (@ (u) +A(p — ¥ (w))) < inf sup(@ ) +1(p — ¥ ().
k}ouex ”EX)LZO

3. Main result

In this section we prove the existence theorem for problem (P;). We first fix some notation. The energy functional
@ : X — R corresponding to problem (P,) is given by

(p(u):/L(Wulp(")—|—V(x)lul"("))dx—/j1(x,u)dx—k/j2(x,u(x))dx
2

p(X)
2 2
1 1 1
- | — 9] + pX) I _ i _ _—vy- pX)
_/p(x)(|Vu| + V@) uP™) dx /]1(x,u)dx k{[}z(x,u(x))dxﬁ—)h p(x)v ) |ul dx}.
2 2 2 2
(3.1)
Set
A](U)Z—/h(x, u)dx; ](U)Z/L(Wuﬁ’(")+V+|u|P(X>)dx;
J J pX)
Az(u)=—/jz(x,u)dx; L(u)=—1/LV‘|u|"<")dx, (3.2)
AJ pX)
2 2
and
hy=A1+], hy =A+ L, (3.3)

then, under these notations, ¢ =hy + Ahy. Let Vi ={u e W1P® (2): fg udx =0}, then V() is a closed linear subspace
of WIP® () with codimension 1, and we have W1P® (2) =R @ V) (see [13]). If we define the norm by

v pXx)
||u||’=inf{k>0:/<‘7u - )dx<1 ,
Q

A
by Proposition 2.6 in [13], it is easy to see that ||u||’ is an equivalent norm in V). Thereafter, we will also use | - || to
denote the equivalent norm || - || in V().
It is easy to see that, when u € V), we have

P
+ VT (x)

(i) if flull <1, then S flullP” < J ) < G- flullP”;
(ii) if lull > 1, then e fullP” < Jw) < = ull”"

Moreover, put

Jo 55 (VuP® 4+ VHuP®) dx

in
ueVp\{0}, lull>1 Jo [u]a® dx

A=

If gt < p(x), Vx € 2, by continuous embedding of X in L?” (£2) and, by Proposition 2.2(2), the above inequalities of (i), (ii),
we have that A; > 0.

Our assumptions on the data of (P;) are the following:

H(j1):j1:2xR— R is a function such that ji(x, ¢) satisfies ji(x,0) =0 and also
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(j1)1 for all ¢ € R, 23 x+> j1(x,¢) € R is measurable;
(j1)2 for almost all x € 2, R> ¢ — j1(x,¢) € R is locally Lipschitz;
(j1)3 for almost all x € £2, all ¢ € R and all w € 9j1(x, ¢), we have

lwl <a®|¢P ~1, witha(x) € L®(2),;

(j1)4 there exist q(x), s(x) € C,(£2) satisfying g7 < p(x) <s~, Vx e £, such that

lim sup —2X\1,
1l-0  1£]9®
and
. . -
lim sup 9 a_(x)l(l <0, witha(x)el®(2),,
¢]—>00 T4y

uniformly for almost all x € £2.
H(j2): j2:£ x R— R is a function, such that j,(x, ¢) satisfies j»(x,0) =0 and also
(j2)1 for all ¢ € R, 23 x> ja(x,¢) € R is measurable;
(j2)2 for almost all x € 2, R> ¢ +— ja(x,¢) € R is locally Lipschitz;
(j2)3 for almost all x € £2, all ¢ € R and all v(x) € 3j2(x, ¢), we have

lv| <b®)[¢ PP~ with b(x) € L®(£2) 4

(j2)4 there exists I > 0, for all 0 < |¢| < K, such that p(x)j2(x,¢) > —%V‘(x)|§\1’(">, and

<0

)

. 1 . i (x,
P20 D)+ 1V WIEPY =o(1eP) (g1 0):  limsup 220
’ T

uniformly for almost all x € £2.

Remark 3.1. Recently papers on the three solutions or infinitely many solutions for the partial differential equations with
non-standard growth conditions have been the object of increasing amount of attention. Many authors often give the crucial
hypothesis on the variable exponent of N < p—, which is necessary of the compact imbedding form W1P®(2) to C%(£2)
or L°°(£2). Besides, due to the complexity of problem which they considered, this assumption may be more convenient for
them to deal with the problems. In the present paper we abandon this restriction on p(x). Moreover, when N < p~, the
next lemma is our appendant result, we list it below.

Lemma 3.1. For every p(x) € C.(£2) with N < p~, there exists a function r(x) € C(£2) satisfying rt < p(x) <r*(x), Vx € 2.

Proof. Let us suppose that i : £ — R is a continuous function, satisfying 0 < w(x) < min{lnp~,In(p~/p™ + 1)}, Vx e 2.
Define a new function f(t) = p~ exp(—t), it is easy to see that f(t) is a decreasing function. Set r(x) = p~ exp(—u(x)),
then the compound function r(x) is of C(£2). By the properties of decreasing function and s (x) < Inp~, Vx € £, one
has f(Inp~) < f(u(x)), note that f(Inp~) =1, it follows that f(u(x)) > 1, Vx € £2. Therefore r(x) € C,(£2). Besides, by
w(x) >0, we have r(x) < p~, Vx e £, it follows that r* < p~. Next we show p(x) < r*(x), Vx € 2. If r(x) > N, then
I*(x) = oo, it is obvious that p(x) < r*(x). If r(x) < N, then from w(x) <In(p~/p* +1) and keeping in mind N < p~, we get

Np~™+p px)
Np()
= exp(—u®)(Np~ +p~px) > Np(x)
= Np~exp(—u(®) > px)(N —p~ exp(—u(x))),
namely, Nr(x) > p(x)(N — r(x)), since r(x) < N, then p(x) < r*(x). This completes the proof. O

exp(p(x)) < gj +1<

We now state our main result of this section.

Theorem 3.1. If hypotheses H(j1) and H(j) hold, then there exists A1 C [0, +00), such that for each ). € Ay, problem (P;) has at
least three nontrivial solutions in V p(x).

Before proving Theorem 3.1, we first prove the following lemmas which are useful for the proof of this theorem.
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Lemma 3.2. Since j; are locally Lipschitz functions which satisfy (j;)s, then A; in (3.2) are well defined and they are locally Lipschitz.
Moreover, let E be a closed subspace of X and Aj|g the restriction of A; to E, where i =1 or 2. Then

(Ailp)°u; v) < /(—ji)c’(x, u(x); v(x))dx, forallu,veE.
2

Since the proof of the above lemma is similar to that of [18, Lemma 4.2], we shall omit it here.
Lemma 3.3. For any € > 0, and q(x) as mentioned in (j1)4 there exists a ug € Vpxy with |lug|| > 1, such that

llugl? .

inusn”'+A1/|ug|q<x>dx>ﬂ
pt J pt(vi+e)

L (IVu|P® 4 v+ uP®)y dx
J2 px)
fg [u]9®) dx

Proof. Since Aq := infuevm){)\{o}‘”uuﬂ , then by the definition of infimum, for every ¢ > 0, there

exists a ug € Vp(x) with [Jug|l > 1, such that
Jo 565 (VU PO+ VFup |P0) dx
Jo luel1® dx

<M +E.

It follows that
Mo M [o lugl1™ dx Mo |ug|9® dx
X —
hte  [o sl (VU@ + v PO)dx T Ljjug|p

therefore, we get

1 - 1 )\,] _
—Jlugll® + A U 1@ dx > — (1 ug|P .
p+” ell” + 1/|s| or +)»1+8 llug |l

2

This completes the proof. O
Lemma 3.4. There exist a u* € Vx) with u* # 0 and, y* > 0 such that hy(u*) > y*, where hy = | + Ay is as mentioned in (3.3).

Proof. Case I: By the virtue of assumptions of (j1)4, there exists a §p > 0 small enough (without loss of generality we
assume §g < 1), such that for almost all x € £2, one has

J1x%,0) < =202 9%, V¢| < So, (3.4)

besides by (j1)4, we know that there exists T > 0 such that

. L
fimsup 1120 —AWIEPT

¢ =00 [¢15

uniformly for almost all x € £2. So we can find an M > 1 large enough such that for almost all x € £2, all ¢ such that |¢| > M,
we have
i1(x,¢) —ax)|c|P
limsup 1000 ~ AP
I¢|—>o00 IZ1°

it immediately follows

0 <aleP —tigl . Vgl > M. (3.5)

On the other hand, since j;(x,0) =0 and by (j1)3, then from the Lebourg mean value theorem (see [3]) for almost all x € 2

I ) <awlglP, Voo < ¢l < M. (3.6)
Note that a(x) € L*(£2),, p~ > q* and, §o < 1 imply —;Ll < —2A1q, for almost all x € £2, from (3.4) and (3.6) we have
0
: q) 2M p-
10 < =2M g T + a(X)+5? 11", YIS M, 3.7)

0
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when |¢] > M > 8. Since 89 <1 and p~ > q™, then (‘(Siol)pf > |¢]9%, which shows that

2\ -
—21¢ |99 + (a(x) + Tf)|;|ﬂ > 0. (3.8)
8o
Thus through (3.5), for almost all x € £2, and (3.8) one has

. « 21 - _
16,0 < (a(x) +a() + 37>'§'p — Tl = 2Mmg W, Vg > M. (39)
0
Similarly to the above, note gt < p~ < s, from (3.7) it follows that

(%) q(x)
; a® pm_ A s ! kS
1, 0) < =2m ¢ + (a(X)+ 3 )ICI TR —=¢| G — ¢ +a(X) Ty
a(x) ) T - ( ) 2A1
( 2+ 1 + Mq<x>)ls°l‘” e 6r (a( )= 50 )I{I” izl < M. (3.10)

Therefore, note that M > 1, from (3.9) and (3.10), for almost all x € £2 and all ¢ € R, it follows that

ax)+t

J1(x,0) < (-2)\1 + MI®

R 20 - T -
a®) P s
)I;“I +(a(><)+a(><)+8p_>|§| o IZr

0

we can choose Mg so large that “(X)% < A1, without loss of generality we suppose that a(x) > a(x) > 0, Vx € £2. Then the

above inequality becomes

2\ -
J1(x,0) < —aq)¢ 9% + <2a<x) + (STI)W - —l (3.11)

0
Therefore through the inequality (3.11), for any u € V(x) with |lu]| > 1, we have

h1(U)=J(U)+A1(U)
—/ (IVuP® + v ¥ [uP®) dx /j1(x, u)dx
J p(x)

ko)

1 - T - 2\ -
> —Jlull? +A1/|u|q(x)dx+/—7|u|5 dx—/(2a(x)+—]>|u|f’ dx. (312)
pt MS 5P
2 2 0 2

0

M

Since the imbedding from X to LP is compact, then there is a constant cg > 0, such that [ulp- < collull, Yu € X. Besides
from Lemma 3.3, for an €9 > 0 small enough we make sure that

M (2||a|| 4 2k )c
_— > — 0-
pt(n +¢€0) Oo sk

Remind that a(x) € L*°(£2), where || - ||oc denotes the norm of L°°(£2), there are a ug, € V) with |lug,|l > 1, gathering
the inequality (3.12) and the above inequality, one has

hi(ugy) = J(ugy) + A1 (ugy)

1 .
—/ p(x)(|Vu€O|p(")+V+|u |P("))dx—/11(x,u€0)dx
2

2)1

||u80||p +)»1/|u80|‘7(")dx-i—/—|u80|S dx—/<2a(x)+ >|u80|p dx
MO §P
Q Q 0

> (1 2 ||P’+/ " ity dx — (2 alloo + 221 )co ey P
= p+ )\,]+80 o J MB, &o o0 8p, 0 &0

0

1 _
> p—+||u£0||p . (313)

Defining u1 = ug, and a constant 0 < y1 < p%, through (3.13) we have hy(u1) > y4.
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Case II: We also can find a up € V) with |luzll <1, and y, > 0 satisfying hq(u2) > y». In fact, similarly to (3.12) and
(3.13), using (3.11), when |lu|| <1, we get

1 . 2 .
M) = —Jul” + [ ——jul dx+ [ 2aul®® — (2000 + 221 ) julP dx. (314)
) z

. )»188_ p*ltﬁ
K= ;eR‘|;|<m1n 1, (— 2% ,
2llalloedf + 211

then in V) we can choose a u; € K, with [[uz| < 1, satisfying Aq|u2|?® — 2a(x) + %)luzlpf > 0. By (3.14) we have
50

Set

1 T - 1
M) > ol 4 [l el >0,
p p

Mf; J
From the above inequality we can find a y» > 0 satisfying hq(uz) > y». Combining the above two cases, there exist a
u* € V) with u* #0 and, y* > 0 such that hy(u*) > y*. Thus we have completed the proof. O

Lemma 3.5. There exists a y > 0 with y < y* such that

—ha (u*)

sup (—hz(u)) <V W,

uehT (00, y DNV

where u*, y* and hy = A + L are as mentioned in Lemma 3.4 and in (3.3) respectively.

Proof. Firstly, from the assumptions of (jz)4, for Ve > 0, 38’ > 0, VO < |¢| < 81 < min{d’, 1}, for almost all x € §2, we have

1 +
Voo P® 4 gl P, 3.15
) IZ1 p(x)8|§| (3.15)

Again, by (jz)4, for the above ¢ > 0, there exists a C > 1 large enough, for almost all x € §2, such that

jZ(X7 g) g -

B, 0) <eltlPT, Vg > C. (3.16)

Secondly, since j(x,0) =0 and by (jz)3, and note b(x) € L°°(£2), then similarly to the proof of Lemma 3.4, for almost all
x € £2, through the Lebourg mean value theorem

2.0 <c®g]*®, V8 < ¢ <C, (3.17)
where c(x) € L*®(£2), and pT < a(x) < p*(x), Vx € 2. Gathering (3.16) and (3.17), for almost all x € £2, it follows that
. +
B2, 0) eI Y e[t P, Vig] > 1. (3.18)
Keeping in mind that p™ < a(x), Vx € £, and §; < 1, (3.15) and (3.18) lead to
. s + 1 ¢ |P® 1 _|¢|*®
20,0 < eI +ele P + —el¢ P — Vo= =
p() Ap(X) 4 Ap(x) 4
<L y|f M+<1+ ! >e|¢|1’*+(c<x>+ - >|z|“"" viZl >3 (3.19)
< - — — P r—— ) 1 .
Ap(X) 4 px) Ap(x)]81|¢®

and ja(x,¢) < —ﬁkum + ﬁsmf +e)¢ P +c®)|2]%®, V|| < 81. Therefore, through the above two inequalities,
for almost all x € £2 and all ¢ € R, we show that

1 1 + V-
2 (X, — V1P <14+ — Jelg)P cX)+ ——— a®), 3.20
Jax O+ VK| ( +p(x)> ¢] +<<>+Ap(x)|8l|a(x))|z| (3.20)
Define the function g: [0, +00) — R by

g(6) = sup{—ha(u): u € Ve with [lull”” < nt},

where 7 is an arbitrary constant satisfying n > 1. Pay attention to the a(x) < p*(x), Vx € £2, then from the compact
imbedding of X to L*®(£2) and the continuous imbedding to Lr* (£2), there exist c; > 0 and ¢y > 0 such that

lulp+ <cllull; |ula <callull, VYueX. (3.21)
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Since hy(u) = Aa(u) + L(u) (here, Az and L are stated in (3.2)), then from (3.20) and (3.21), we have

1 + + -
gt < (1 + p—_)e|u|§+ +cz max{[ulg . ulg e |

1 + et ot am o
< (1 + p—_)c’1J ent +cymax{cs nr¥ert ¢ nrrert ), (3.22)
where ¢3 = (||c]loo + %). On the other hand, by virtue of (j3)4, g(t) > 0 for t > 0. Furthermore, due to o~ > p™ and
1

the arbitrariness of € > 0, we deduce

lim &:

Jim == =0. (3.23)

By Lemma 3.4, we know hy(u*) > 0, it is obvious that u* # 0. Therefore also by (j;)4, it shows that —h;(u*) > 0. Since

from (3.23), for _h’:z(flﬂ'? > 0, there exists a to > 0 such that

g  —ha*)

A
t = hih) =t

namely

—hy(u*)

—h t————.
sup 2(u) < )

+
ue{|lullP" <ntiNVp

(3.24)

From the proof of Lemma 3.4, it is easy to get h; being weakly coercive, i.e. hy — +00 as |[u]| — oo. In fact, when |u|| —
400, without loss of generality we may assume |u| — +o0. Since p~ < s—, then by virtue of the Young inequality, we can
get

<2a(x) + ﬁ)mﬁ” elluP TP 4 em TP )
8
<elul® +ecs, (3.25)
for some ¢4 = 2||a|lc0 + ;{)’4 >0, c5 =c5(c4, €) > 0. Therefore by (3.12), we know that
hi(u) > pi+||u||1” + A1 / |u|9® dx+/#|u|s’ dx—/e|u|5’ dx + c4]82]. (3.26)
2 2 0 2
Let € < M% then from (3.26) it is easy to see the coercivity of hj.

0
Now, we choose a constant ¥ with 0 < ¥ < min{tg, y*} (where y* is the one in Lemma 3.4). If h1(u) < y, then by the

coercivity of hi, there exists a constant cg > 1 such that ||u||P+ < cgY, therefore, we have

— +
i (=00, ¥1) NV S {u € Vpeo, ull”” <cov),
from which it follows that
sup —hy(u) < sup —hy(u). (3.27)
uehy ! (=00, DNV pgy) ue(llullP" <ce¥INVpe
Because of y < tg and cg > 1, the inequality (3.24) and the arbitrariness of n > 1 deduce that

sup —hy(u) < yﬂ (3.28)

.
uelullP?* <oy INVp ha (u)

Combining (3.27) and (3.28) we obtain the desired inequality of this lemma, and the proof is complete. O

By the assumptions of H(j1) and H(j), the functions h1 and hy turn out to be locally Lipschitz. Here, we consider the
indicator function of the closed subspace V), i.e,, ¥1: X — (=00, +00],

0, ifue Vp(x),
+o00, otherwise,

Wl(ll)={
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where ¥ is evidently convex, proper, and lower semicontinuous. Write
Ii(u) :=hi(u) +¥1(u) aswellas Ir(u):=hy(u), uelX.
Obviously, I, and I, satisfy condition (H) of Section 2. Therefore, for every A > 0 the function I; 4+ AI, complies with (H)

too. Now, we will prove the key lemma of this paper.

Lemma 3.6. If the hypotheses of H(j1) and H(j2) hold, then for every A > 0 the function I + Al fulfills (PS)¢ in V), c € R, and

lim  (I1(u) +Al2(w)) =+o0, Vue V.

||u]|—+4o00

Proof. Firstly, we will prove that hq 4+ Ah; is weakly coercive, for every A > 0. Indeed, for every u € V() and without loss
of generality we assume ||u|| > 1, because of the definition of ¥ and (3.12) we have that

1 1
Il(u)+uz(u)=/—(|Vu|P(X)+v+|u|P<">)dx—/jl(x,u)dx—A/jz(x,u)dx—/—v—|u|P<X>dx
px) px)
2 2 2 2
1 - ) T - 20 - .
Z—lull? a0 [l dx+ [ ——=ful® dx— [ {2a()+—=ul? dx—2 [ ja(x,u)dx

P 2 2 Mo 2 % 2
1%

- w/w(") dx. (3.29)
P 2

Similarly to (3.25), note s~ > p™T, through Young inequality one has
- s7/(s7=p")
&wl;ﬁ < 8||u|p+|s /p* +8_(p+)/(s__p+)<w>
P p
<elul* +c7, |
sont (3.30)

where c7 > 0 is a constant. On one hand, by assumption of (j,)4, there exists an My > 0, for almost all x € £2 and all
|¢] > My, such that

J1(x,£) <0.

On the other hand, from the Lebourg mean value theorem (see [4]), for almost all x € £2 and all ¢ € R, we have

li2x. ©) = j2(x, 0)| < |[vi(x, )|l (331)

for some vy € 9j(x,t¢) with 0 <t < 1. On account of (j;)3 besides jy(x,0) =0, then for almost all x € £2 and all ¢ such
that |¢| < M1, through (3.31) it follows that

li2(x, )| < cs,

where cg = cg(M1, ||bllco, B) > 0. Thus through this discussion, it follows that

/jz(x,u)dxz / Jja(x,u)dx + / Ja(x, u)dx < cg|82]. (3.32)

2 {Ju|>M1} {lul<M1}

Using (3.25), (3.30) and (3.32) to (3.29), it follows that

1 - T _ _
11(U)+Mz(U)>p—+IIUII" +k1/Iltl‘”")tix+W/|ulS dx—ZS/IUIS dx — (cs5 +c7 +cg)|£2]. (3.33)
2 0 9 2

Choose & > 0 such that ¢ < —=—. Then from the inequality (3.33) it follows that Iy + Al is weakly coercive in V), for
0

every A > 0.
Now, we will prove that Iy + Al fulfills (PS)c, ¢ € R. Let {un} C Vp(x) be a sequence such that

I1(up) + A2 (up) — ¢ (3.34)

and for every v € V), we have

(h1 4+ 2h2)° (up; v —up) + Y1 (v) — Y1 (up) = —&nllv — ugll, (3.35)
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for a sequence {g,} in [0, +00) with &; — 0. By the coerciveness of the function I1 + Al, (3.34) implies that the sequence
{un} is bounded in V(). Therefore, there exists an element u € V() such that {u,} converges weakly to u in Vp). Since
J and L are continuous differentiable functions in (3.2), then by Proposition 2.3(2) and (3) we show that

(h1 + Ah2)°(up; v — up) <hy(un; v —up) + ph (up; v — up)
= A (un; v —up) + <J/(un)» V= un)x + AAS(up; v — up) + )\<L/(un)s V= un)xs (3.36)

where L' : X — X*, and

/V‘|u|p(")_2uvdx, Yu,veX.
2

1
('), v), = -

Choosing in particular v =u in (3.35) and the definition of v, (3.36) becomes

(J'(un), up —u)y <enllu—unll + AS (Un: t — up) + AAS (Un; u — tp) + AL’ (Un), U — ),

Since the embedding X < LP®(£2) is compact, then we have that L: X — R and L’ : X — X* are sequentially weakly-
strongly continuous, namely, u, — u in X, implies L(u,) — L(u) and L' (uy) — L’(u). Therefore, it follows that

(L'(un),u— ”“>x — 0, asn— oo. (3.37)

On the other hand, also by compact imbedding of X < LP™ (§2) and X < LP®(£2), up to a subsequence, {u,} converges
strongly to u in LP” (£2) and LP® (). By virtue of Proposition 2.3, Lemma 3.2 and (ji)3, through Hé1der's inequality, one
has

AS (un; U — p) < /(—h)"(x, Un(X); U — Up) dx
2

:/j‘i’(x, Un(X); up — u) dx

2

= / max{(&n(x), tn — )y & (x) € 31 (X, un(x)) } dx
2

——1
<fa<x>|un|*’ 1 — | dx
2

-1
< lalloolnlp- " [un — ulp-. (3.38)

Due to {un} is bounded in X, it follows that {u,} is bounded in LP" (£2), and besides {u,} converges strongly to u in LP" (£2).
Therefore, |uy — u|p,- — 0, and A (up; u — up) — 0, as n — oo. Similarly to the above statement, by (j1)3, Proposition 2.3,
Lemma 3.2 and Hoé1der’s inequality, we have

AS (Up; U — tp) < /(—jz)°(x, Un(X); U — Up) dx
2

:/j;(x, Un(X); up — u) dx

2

- / max{ (g0 (6). un — u): & (X) € dja (X, un(0)) } dx,
2

<fb(x>|un|*’<">—1|un ~ujdx
2

-1
< Iblloolttnl b ™" [ttn — Ul po. (3.39)

also by the compact imbedding of X < LP® (£2), we obtain AS(un; u—up) — 0, as n — oo. Because of the sequence &, — 0
as n — 400, combining (3.37), (3.38) and (3.39), we show that

limsup(J'(un), un — u), <O.

n— 400

From Proposition 2.1 we have u, — u as n — +oo. Thus the function Iy + Al fulfills (PS)c in Vpw, ceR. O
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Now we will prove the main result of this section.

Proof of Theorem 3.1. From the proofs of Lemmas 3.4 and 3.5, and the definition of /;, we know that there exist a y >0
and u* € V() such that I(u*) > y, moreover, keep in mind that ji(x, 0) = j2(x,0) = 0. Thus we have I1(0) = —13(0) =0.
Choose p satisfying

L")
sup (—Lw) <p< yﬁ,
el (=00, ¥ DNV ) 1(u
by Proposition 2.6, we have
sup inf (i) +A(p + L)) < inf sup(I1(u) + A(p + [2(w))). (3.40)
A=0UEVp ueVpi 20

From the proof of Lemma 3.5, we see that p > 0. If we define h: [0, +00) — R by h(A) = pA and A = [0, +00), then h
and the inequality (3.40) fulfill the condition of Proposition 2.5 (b3). By standard results, the function hq is locally Lipschitz
and weakly sequentially lower semicontinuous. Since (j»)3 holds and X is compactly imbedding in LP®(£2), the assertion
remains true regarding h, too. So (b1) of Proposition 2.5 is satisfied. Finally, Lemma 3.6 makes sure that Proposition 2.5(b2)
holds. Therefore, there is an open interval Ag € A such that for each A € Ag the function I1 + Al has at least three critical
points in V. Then the energy functional ¢ = hy 4 Ahy corresponding to problem (P) has at least three critical points
in Vp(x. Suppose that ug € V() is a critical point of ¢, then we have
(h1 4+ Ah2)°(ug; v —ug) + Y1 (v) — Y1 (ug) 20, Vv eVyw),

namely,

0 < AS(uo; v — o) +(J' (o), v — o), + A3 (o; v — o) + AL’ (o), v — ug),. (3.41)

from (3.41) there exist wo(x) € 9j1(x, ug(x)) and vo(x) € dj2(x, ug(x)) such that

J (o) = V™ ugP®2ug + wo + Avo. (3.42)
Let any 7n(x) € C3°(£2), from (3.42) we have

(= div(|VuolP®~2Vug), n), = (=VIuolP®2ug, n), + (Wo. n)x + A(vo. n)x.
Recalling that the embedding C3°(£2) € X is dense, we infer that

|P(X)—2 |P(X)—2

—div(|Vuo(x) Vuo(x)) + V |uo(x) uo(x) € 0j1(x, uo(x)) + 19 j2 (X, uo(x)).

This implies that ug is a solution of (P). Since 1 =0 in V), then, from Proposition 2.5, there exists Aq € [0, +-00), such
that for each A € A1, problem (P;) has at least three nontrivial solutions in V). O

Example 3.1. As a simple example of nonsmooth locally Lipschitz potential functions satisfying hypotheses H(j1) and H(j2),
we consider the following functions (for simplicity we drop the x-dependence):

(=20 = B)ICIT®,if[g] <1,

1) = ae|c|P —Inj¢s, if|c]>1
and
ey | T Y TIEPY Bl iflgl< 1,
—Blnj¢P", if g > 1,

where 8 > 0, d(x),s™, and q(x) are mentioned in the assumptions of H(j;) and H(j). Evidently, (j1)4 and (j;)4 are
satisfied. Besides, through Lebourg mean value theorem, the hypotheses (j1)3 and (jz)3 are satisfied. Moreover, it is easy to
see that other assumptions in H(j;) and H(j,) are also satisfied.
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