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1. INTRODUCTION

In (8] the author derived an a priori inequality from which uniqueness and
continuous dependence on the data were deduced for the solution of the
Cauchy problem for the inhomogeneous biharmonic equation and for some
weakly coupled linear and nonlinear systems. These systems may be con-
sidered to have evolved from certain fourth order elliptic partial differential
equations whose principal part is the biharmonic operator. In these impro-
perly posed problems, the solution, or in the case of systems, the noncoupling
function, was assumed to be uniformly bounded. Thus it was shown that one
need not impose any additional restriction on the solution function (as was
done in [4] for the biharmonic equation) to obtain such results.

Improperly posed problems have received much attention recently (see
the bibliography in [5]), as they have been found to represent problems in
elasticity, geophysics, and the theory of potentials (see [4, 2, 7]). Here we
consider the Cauchy problem for the nonlinear biharmonic equation

A% = h(x, v, v,; , dv, 4v,,) (1.1)

where 4 is the Laplace operator, the comma notation denotes partial dif-
ferentiation with respect to #; , 4 is assumed to satisfy a Lipschitz condition
in its latter four arguments, and v is a C* function which is assumed to be
uniformly bounded in some domain. We shall derive an a priori inequality in a
manner different from [8], from which uniqueness and stability of the
solution can be deduced. The development of this inequality, which has
further use in the determination of pointwise bounds, entails some “special
handling” due to the derivative terms which may be present.

* This research was supported in part by a University of Tennessee Faculty
Research Grant and an Office of Naval Research Grant N00014-67A-0077-0008.
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In Section 5 we remark on the application of the technique developed here
to certain coupled systems of elliptic partial differential equations.

2. FORMULATION OF THE PROBLEM

Let D be a domain in Euclidean n-space with boundary S (a Lyapunov
boundary) and let X' be that portion of the surface S on which Cauchy data is
prescribed. We assume X is a C? surface. Let us denote by

f@=a O0<a<l, (2.1)

where x = (%, , X3 ,..., ¥,), 2 family of (not necessarily closed) surfaces which
intersect D and form, for each «, a closed region D, whose boundary consists
only of points of X and points on the surface f(x) = o. Let X, denote the
portion of X and S, denote the portion of the surface f(x) = « which forms
the boundary of D, . That this family is nonempty is clear from [8], where
for n > 2 and ry and R, certain constants, we can write

fo=[1 - - )T

We shall assume that f is a C2 function in D; which satisfies
(i) f0<A<p<], then D,CD,,

(ii) |gradf|>B,>0, in Dy, (2.2)

(@) 4f <0, |4f]| < B in Dy,
where ¢ is a fixed constant. Furthermore, we assume that D, , for 0 <o < 1,
has nonzero volume and D, has zero volume.

Although in the following work several simplifications are possible if we
consider regions D, with the portion S, of its boundary spherical (as in [8]),
we choose the more general regions D, determined by (2.1) because of their

usefulness in the determination of pointwise bounds [6].
Instead of (1.1), we assume # and v satisfy

Au = h(x) Uy Uyir Uy usi) (2 3)

dv=u

in D, where the notation and conditions were set forth earlier. On X we
assume that % and v satisfy

J.E(‘v—‘vo)zdc < ™y, fz(v,i—vi)(v,f—vi)dcng,
24
J; (v — up)do < 7y, f): (e — ws) (s — w;) do < 7y,
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where do is the element of surface on Z, the repeated index denotes summa-
tion from 1 to =, the quantities v,, v;, %,, #; are the respective measured

values of v, v,;, %, #,;, on % and =, , 7, , 7y, and 7, are known constants.
We set

V=v—4, U=u—¢, (2.5)
for approximating functions ¢ and ¢, where by (1.1) and (2.3), we assume

¢ = Ay (2.6)

From (2.3), we obtain

4V = U, AU = h(x, v, v,5, 4, 8,;) — Bz, , b,; , b b)) + L(d, ¥),

2.7
where
e?(SIS: ‘ﬁ) = h(x: ‘/’: ‘ﬁn‘ ’ ¢1 ¢n) - A(ﬁ'
Thus
|4V |=|U], 28)
AU | KL\ V| + LViV)2 + Ly | U + LU UM+ 2|,
for L, ,L,,L,, and L, , the appropriate Lipschitz constants.
Further, we introduce the notation
= Vzd > = Vn:Vn' d s
€ f 5 o € f . o
€ = f Utds, ¢ = f U,U,, do, (2.9)
z =z

«=[] 269,

where dx is the element of volume in D;. Finally, since v is uniformly
bounded, we assume

visM

in D, for some prescribed constant M.
By means of the logarithmic convexity of a suitable functional, we shall
derive the a priori estimate

f f (U2 + V¥ dx < KM2-9[ke]0, (2.10)
Dy
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where K and k; are computable constants and d is a fixed number between 0
and 1. The uniqueness and stability results for the solution v in (2.3)-(2.4)
then follow from (2.10). The form of the left side of (2.10) is chosen because
of its usefulness in the more general problem discussed in Section 5 and in
obtaining pointwise bounds.

3. PRELIMINARY RESULTS

Let us define the functional F by

F(o) = f (x— 1) ” [U,U,; + UAU + V,,V,, + VAV]dx dn + ke,
0 Dy
(3.1)

where 0 < « <{ | and the &; are constants to be determined. In the next
section we shall show that F satisfies the differential inequality

FF' — (F)? > — C,FF' — C,F? (3.2)

for computable constants C; and C, , where the prime denotes differentiation

with respect to . The desired a priori inequality follows by means of (3.2).

Presently, we develop several estimates which are used to deduce (3.2).
By differentiation,

o f” [U,Uyi + UAU + V.V, + VAV]dxdy,  (3.3)
o/ J p,
F' = [| [UuUy+ UAU + ViV, + VAV d. (3.4)
Dy
Using Green’s identity in (3.3) and recalling that #, = f,; | grad f | on S, ,

we can write

F = ”Da(UU,i + VV,) frode + Uz W v PN todn.  (5)

Integration by parts now results in

F :%§sa+):m(U2+ VZ)Zi”da + f:fm (U%%]_+ V%) o

| (3.6)
—5 [ W v fads
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LemMma 1. For F defined by (3.1), we have

(k: — 0y e +%”D B(U? + V?) dx < F(o)
) 3.7

1
<< H,,f(U”‘Vz)d”“’w“’*)fh

where B = f,; f,: , the 0; are computable constants, c is given by (2.2), and the k;
are to be chosen so that k; > 0, .

From (3.6) we have
F@) = [ F)dn + ke

“f g f (U2 + 7y fd +—;—f2n(U2+V2)-gindo d

I e
~[[f O+ V) fudsan+ ke

=_;_HDG,9(U2 + V%) dy +~;—ﬂzn(m + Vz)g—f;dodn

S
—sz:”D (U2 + V) fygg dudy + heg; -

Consequently, by means of (2.2) and the arithmetic mean-geometric mean

inequality (abbreviated A-G inequality), the result follows.
Before stating the next lemma we note that by means of (2.8) and the A-G
inequality there exist constants @, and a, such that

Hjb [UAU+VAV]dx|
kK 3.8)

<aq f f N BU% + V) dx + } f f N (U Uy + ViV, dx + ages.
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Lemma 2. For U and V defined by (2.5) and F by (3.1), we have

f:fzn(U%ng V%Z*) dadn‘<BlF, (3.9)

fa f f o UnUsi + Vo] dudy S2F + 2By, (3.10)
0 n

HHD [UAU+VAV]dxdnl<F'+ZBzF, (.11
0 n

Jor computable constants B, and B, .
The first result here follows by the A-G inequality and (3.7). Since

[J], Wi+ vvgdein—F ~ ['[[ [0aU+VaV]ardy

<F +

”fb [UAU + VAV] dx dn |,
o’ Y b,

we have by (3.8)
J:.“.D [U,iU,i + ViV, dx dn

<2F'+2f: dn.

a f f B(U? + V?) dx + ayeg
Dn

Thus we obtain the second result by means of (3.7). Again, by (3.8)

Ufb [UAU+VAV]dxdn§<f; lay [ Bt 4 s+ g

dn

+3 J:JJ‘D [U,Uys + V,iV,] dx dn,
n

so that the third result follows by (3.10).

LemMma 3. IfFis defined by (3.1), then
|F"| < 3F'" 4 4B,F, (3.12)
where B, is the computable constant of the previous lemma.

This is an immediate consequence of (3.10) and (3.11).
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Lemma 4. For U and V defined by (2.5) and F by (3.1),

|| O+ ViV = 20U + (Vrif,Fl s | < B + BF

(3.13)
for computable constants By and B, .
As a special case of the identity in Lemma 2 in [6], we have
[, 10U Vo = Ui f, 07 + (Vs f, 07
_ ov of
ff ﬂ zzfn " a rz an ] -671. [U)iUn' + V)iVn'] do d’r]

+ [ ] B0 sl + VW)
— 208,k (UpsUpi + V,iVi)} dx diy

—2f ) [[ B AU + V,4V) d dy.
0 n

Using the A-G inequality, (2.8) and Lemmas 1 and 2, we arrive at (3.13).

We recall that in (2.3)~(2.4) only v was assumed to be uniformly bounded
in D. Now we avoid imposing any additional requirement on v or on its
derivatives, as in [4], by establishing that integrals of U? over compact subsets
of D, are bounded in terms of M2, This result is important in the final analysis
of the convexity argument. Thus we prove

Treorem 1. If U is defined by (2.5), then [[p Utdx < CM® for Cy

a computable constant and & between O and 1.

We define the function 7 as

1 in <

Wt L b,

]l —«

where 7,,;7,;, < M, and | 7,;; | << M, for constants M, and M, , so that

HD& U2dy < ”D U2 dx. (3.14)
1
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Now by (2.7) and integration by parts, we have

”D174U2dx:f 4U7n-d ~ ”D #U,V,, dx*JfDlré‘,iUV,idx,

so that utilizing the A-G inequality with positive constants y, and vy, , we
obtain

ffbl U2 dx <f T4U——do- + = 2 vy ffDl U,,U,, dx
+ivit [[ VT (3.15)
Dy

1 2Myy, f f AU dx + 297 j f Vs,
D, 1

We now integrate the second integral on the right by parts and use (2.8)
and the A-G inequality with constants y4 and y, . Thus

f f U dy
)

—f 6U——da~ H AUAU dx — ijlr,zUU,ldx
< fz TGU?”_d" + @+ L+ 2')’41 + 3M1')"sl) fj wU% dx
1
+1L2 HDlTsVzder%Lzz ”lesv,iv,idwr% ffb178$2dx

+ (L + ) [[ UL, dx.
Dy

By choosing y; == (12)~! and y, = 2-1L;? collecting terms, and substituting
in (3.15), we obtain

ov oU
4772 a7 YV A
ffDlT Uldre < le v on d""l—yl J-EIT v on do
+ (3 + Ly + L& + 36M,) + 2M,y,] ffb AU dy
1
AL [[| AV L+ b+ 23

% ” 2V, V. dx 4+ Ly, HD SL d. (3.16)
D, 1
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We now integrate by parts twice so that

HD TzV,,-V,idx=fz TzV%;da—— ” 2VAV dx

2f21  Vrdo 4+ L ” 2,V dx.

Use of the A-G inequality with a constant y; results in
ov or
2V V.. 2y — — — V2
UDIT V. V,idx < fZIT 174 = do lef = Vido

thn [ AU Gy MMy [ 7R

Consequently, substituting this estimate into (3.16), choosing
1 =[6(3 +Ls +L? + 36M)]7,  yp = (12M)7,
s =BG Ly + 391" + 237

and collecting terms, we arrive at

le 4U2dx<2f21(-r4U 48U aU)da

_ _ ov o
+ Ly + vt + 42 le (‘er—a—-ﬂ— — 1-3;.— V2) do

+ L + Loty + vt + Y G vt + My + My)]

X ”Dl Vide 4, ”leszwx.

Finally, since the ¢;, which occur as a result of the A-G inequality, can
be bounded in terms of M2, we find that the conclusion of the theorem follows.

4. A Priorl ESTIMATE

We shall now show that the functional F satisfies the differential inequality
(3.2). First we note that by means of (3.5)

8U aV)

(F) =F ” (UU, + VV,) fru ds +Fff ( S+ V) dodn

(H (UU,,—I—VV,,)f,,dx) +2F'” (U__+Vi’_)dad,,
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However, due to the derivative terms in (2.8) and the region of integration D,
in (3.4), we are unable to manipulate the term

FUD (UAU + VAV)dx

which occurs on the left side of (3.2) so as to dominate appropriate portions
of the right side. Consequently, we add and subtract the same expression
which, when combined with this term, will enable us to verify that F satisfies
(3.2). Thus, we form

FF< ff B+ Vydx [ BHULLS + Vi ds

+ Uf,, (U, + VV,,~)f,,-dx§2
* oU v 4.1)
+2F [ [ (Ve + V) dody

— [f B0+ Vs [ B+ s
Using (3.7), (3.4), and (4.1), we see that
P —(FP = [ B Vs [f Ul Vb ds
+F [[ (AU + vav)as
_ f f U+ Vs f j Bt + (Vi foo)] de

2

-\J (YU + VY fud

—2|F|

[, 5+ V) deanl

+ [ B Vs [ BULLR + Vuf ) d
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that is,
FF' —(F)2 >} f f B(U? -+ V2) dx
Dy

X [ OO+ ViV — 287U f? + (VrafoPl

—2|F| ( +V——— dadn,—l—] 4.2)

where

=[], U+ Vas [[ Bl + Viaf¥] do

. (4.3)
[ WU+ V) fsas],
]=I—F”D (| UAU | + | VAV |) dx. (4.4)
We shall show that
J > — Bt — BFF' 4.5)

for computable constants B; and By and thus overcome the difficulty pre-
viously mentioned.
We apply Schwarz’s inequality, (2.8) and the A-G inequality to get

gffba(lUAU|+]VAV|)dx2

<[[, @ +vyax[[ [4vp+@vyla
< ”D B(U + V?) dx gbl ”D B(UZ + V) dx
by [[ WU+ V¥ e + b

for positive constants b, , b, , and b, . Further, by (4.3) and (3.7), we have
2
;UD (| U4U | +;VAV|)dx$

<2F3b1 jJD B(U2 + V?)dx
by [[ U+ Vile = B+ (Vi foF T e+ by

+ 21+ [[] WU+ T Reds] ],
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Since by (3.5) and A-G inequality
[T, WU+ PV fuds]| < s+ s £ bsa b 11
for positive constants b, , b5 , b , and b, , we obtain

2

Ujb (| UAU | + | VAV |) ds

(4.6)
< 2by] + 2F(beF + by(ByF’ + ByF)} + 2by(byF + | F' )2,

where we have used Lemma 1 and 4 with computable constants b; and b, .
We now combine (4.6) with (4.4) and use the A-G inequality on the term
involving braces so that

J =1 — F[2bl + F* + (bF + b(B,F’ + BF)P + 2b,(bF + | F' |12, By
the elementary inequality
@ttt +ePP<lal+lal+lal+ial,
we arrive at
J =1 — FQ2b,I0/? — F2 — F[bgF + by(BsF' + B,F))
— (2bo)' 2 F(boF + | F" ).
Finally, applying the inequality
6% — 2660 = — 0
to the first two terms on the right, we obtain
J = —F{(1 + 1 b,) F - [bgF + by(BgF" + BF)]
+ (2b2)'% (ByF + | F" 1)}

Clearly, then, there are computable constants By and B so that (4.5) is
satisfied.

Returning now to (4.2) and using (3.7), (3.9), (3.12), (3.13), and (4.5), we
find that

FF" — (F'}* = — C,FF — C,F?

where

C,=6B, +B,+B, ad C,=8BB,+ B,+ B;.
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Since a solution of (3.2) vanishes identically, if it vanishes for one value of «
in [0, 1] (see [3]), we assume F(a) > 0 on [0, 1]. To complete the derivation
of the a priori inequality, we let

p = exp(— Cio)
and note that

C,F? + FF" + C,FF' — (F')?
F2C2p?

a? —CylC?
W[long il = >0,

where prime denotes differentiation with respect to a. As the function
F(p) = log Fy~ves'
is convex, we have by Jensen’s inequality [1], for 0 < « < &,

F() < K[FO [F@)F,

where

=T=5 p = exp(— Cy),

[—Co+ (1 —d)Cp]

Ky, =exp G,

Consequently, by (3.1), (3.7), and Theorem I, we have
Tueorem 1. If U and V are defined by (2.5) and ; by (2.9), then
f f (U2 + V) dx < KM2O-9[ke )4,
Dy,

where K, M, and k; are computable constants and d is a fixed number between
0 and 1.

5. REMARKS

Instead of considering the Cauchy problem for (1.1), one might study the
same problem for the system

Au = h(x, U, Uy, Uy un‘) (5 1)
v = g(x) u, |
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where in D, u and v are C? functions, with only v assumed to be uniformly
bounded, and g is a C? function satisfying | g(x)] > g, > 0. More generally,
we may replace the Laplace operator 4 in (5.1) by a uniformly elliptic
operator L.

In these cases, we no longer assume (2.6) and, consequently, introduce the
additional notation

«= || , e — A4 d.

We then have obvious changes for 4V in (2.7) and (2.8) and consequent
changes in the results which depended on them. However, none of these
changes render the results invalid; they only require a modification of coef-
ficients and the addition of terms involving € . Thus in these problems we
obtain an inequality of the form (2.10) and deduce simultaneously that the
solutions # and ¢ of (5.1)—(2.4) are unique and depend continuously on the
Cauchy data.

Further, similar results seem to be possible for more general coupled
elliptic systems. This will be considered in a subsequent paper.
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