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We proveareducibility criterion for certain families of representations induced
from irreducible finite dimensional representations of the 1]-dimensional
parabolic subgroup of the universal covering group of SU(2, 2). If an induced
representation is reducible and can be considered as a representation of SU(2, 2
as well, we compute the number of composition factors.

I. INTRODUCTION

Let G be the universal covering group of SU(2,2), P the 11-dimensional
parabolic subgroup of G. The connected component P° of P is a semidirect
product of SL(2, C)g and a solvable group S. The finite dimensional irreducible
representations 7 of SL(2, C)g are parametrized by two nonnegative integers
and we write 7(7, §), 7, j € N. The characters y of S are identified with their
restriction to the one-dimensional center of S. The extensions of (7, j) ® x
from P° to P are parametrized by [0, 2). Let 7(z, j, A) ® x, A € [0, 2) be such an

extension.
THEOREM 1. (a) The representation indg (7, 0, A) ® x is reducible if

X+%—A=Omm2

or

X+%+A:Omm2
(b) The representation indg 70, 7, A) & x is reducible if

X—%—)\::OmodZ
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or

x—%—i—)\:OmodZ 1

Here we identify y with its differential at the identity and consider it to be a
multiple of a short root. We normalize the induction so that if #(0, 0, ) Q) ¥ is
unitary, then indg (0, 0, A) @ x is unitary.

TreoreM 2. The conditions of Theorem 1 are also necessary if A =0 or
A =1 and x arbitrary or if | Re x | > i[2 and X arbitrary. |

Since our techniques for proving Theorem 2 for | Re x| < /2 depend
heavily on a classification of irreducible representations of SU(2, 2), we could
prove Theorem 2 only under the restriction A = 0, 1, in which case the induced
representation is actually a representation of SU(2, 2). We conjecture however
that the conditions of Theorem 1 are necessary in general.

TaroreM 3. (a) Let A = 0, 1, and assume y + i/2 — A = 0 mod 2.

Ifix| > % -+ 1, ind§ (7, 0, )) @ x has 6 composition factors.
If x| = % + 1, ind§ 7(5, 0, X) ® x has 6 composition factors.
If | x| = % ,1=0, indg (1,0, A) ® x has 5 composition factors.

Ifx =i=0,ind§ (0, 0,0) ® x has 3 composition factors.

Ifixl < % ,i <0, ind§ 7(3, 0, A) ® x has 7 composition factors.

(b) Let Ae[0,2) and assume | Re y > 1/2. If x + 2 — A =0 mod 2
and y+ 12+ A0, or x+i2—A2%#0 mod 2 and xy+i2 -+ A2 =0,
ind§ (7, 0, A) ® x has 3 composition factors.

(c) For ind§ (0, i, A) ® x we get the dual statements. |

Some of the composition factors we construct, correspond to representations
obtained by analytic continuation of holomorphic and antiholomorphic discrete
series representations. These were already obtained by K. Gross, W. Holman
and R. Kunze [1], by H. Jacobson and M. Vergne [5] and H. Rossi and M.
Vergne [6]. In a sequel to this paper we will discuss the unitarity of certain
composition factors and their extension properties.

The organization of the paper is as follows. After introducing notations and
definitions in Chapter II we consider properties of the induced representations
in Chapter 1II. Then using special functions we derive our results for
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indg(-r(O, 0, A) ® y in Chapter IV. Our previous consideration in Chapter III
now allows us to reduce the proof of Theorem 2 and 3 to dealing with 3 special
cases, which is done in Chapter V and VI.

1I. PRELIMINARIES AND DEFINITIONS

Let L be a real vector space of dimension 6 with a quadratic form Q of signa-
ture 2, and let ¢; *** ¢4 be a basis such that

6 6 N
g=1 i=1 /

Let G be the connected subgroup of SL(6, R), which conserves O, i.e. G is the
connected component of SO(4, 2), and let g be its Lie algebra. In general small
German letters will denote a Lie algebra, capital letters the corresponding
groups and A° will denote the connected component of the identity of the group
A. As usually ¢;; denotes the 6 X 6 matrix with 1 in the intersection of the ith
row and fth column and zero otherwise.

Once and for all we choose an abelian subalgebra a of g

a = R(es + 61) D R(eoq + €52)

and by H we denote e;4 + €5 . The maximal compact subgroup K of G is
isomorphic to SO(4) x SO(2) and straightforward checking shows that g is
generated by RH and f = Lie K. Let g = ® a @ n be an Iwasawa decomposi-
tion of g. Unless otherwise stated, we will always assume that all parabolics
contain n. The minimal parabolic subalgebra will be denoted by b and the
11 dimensional subalgebra will be denoted by p. We have the Langlands
decomposition

B = My AN
P=MAN,
where
My ~ SOQ2) x Z,
M, ~ SO@3, 1) x Z,

and we may assume that 4, = {exp t H, , te R}
The group G; = SU(2, 2) = {ge GL4, C), g = (?}), where a, b, ¢, d are
complex matrices satisfying

ad* — bc* = |

cd* = dc*
ab* = ba*}
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is a double covering of G. The subgroups of Gy with Lie algebra m,, mj are
isomorphic to SLy(2, C), the group of complex matrices with determinant 4-1,
and SO(2) x Z, respectively.

The universal covering group G of G can be described as follows: SU(2, 2)
acts on the space H(2) of hermitian 2 X 2 matrices (up to a set of measure zero)
by

a b

gx = (ax + b)ex + d)Y, xeH(Q2), g = (C .

) e G,
Define §, by

det(cx - d) = | det(c_x + d)! eia,(m)
This defines &, up to a summand of the form 2zn and we define 8, by requiring

2mn L 8, < 2m(n 4 1), nel.
Then
G={£38")£eG,nel}

with the multiplication
(8 8,") (&', 85") = (gg' 8gs + S;n’)'

The covering P of P is the set

g((g af—l)’ 2m-r), deta* >0,n¢€ Z;

Ol((& 2L) @+ D) e, detat < of.

0

Hence P has Z connected components.
We will now construct certain irreducible finite dimensional representations
of P. We have the Langlands decomposition

P AN,
where

((g a,(k)rl), an), deta =1,ne Zg

((’“ ag_l),(Zn + l)‘”),"E Z,deta = —1
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4, = g((g a’?—l)’ Zmr), det @ > 0, a diagonal, n e Z$

N, = 3((8 *), 20m), xe H@), ne 7,

: 2) identity in GL(4, C)E.

Put & = ¢;; — €, + €33 — €4, and let E be the subgroup of G covering
{e,&}. Then E ~ Z and commutes with the Cartan subgroup of the connected
component of the covering M, . Hence each finite dimensional representation
of M, is determined by a representation of SL(2, C)g and a representation of
E on the highest weight space.

The irreducible representations of £ o~ Z are parametrized by A € [0, 2) as
follows

e,(z) = etz zel.

Let B,, B, be the simple positive roots of (sL(2, C)g) ® C. Then we write
7(n,/2B, + n2/2B5, A) for the representation with highest weight »,/28, + n,/28,
and the representation e, of £ on the highest weight space. If there is no
possibility of confusion, we will often write (n;, A) instead of =(n,/28;, A),
n; # 0, and 7(0, A) for 7(08; + 08, , A). In the following we will only consider
the representations 7(n;, ), 7 =1, 2, ne N.

Define a character x, of 4,5, by

Xu(an7 aun) = a*

where exp(tH)* = e for u in the complex dual (¢, ® C) of qa,.
Then 7(n;,\) ® . is an irreducible representation of P. For A =0, | and
n = 0 mod 2, it is a representation of P as well.

Put w(n; , A, u) = ind§7(n;, \) ® x.. . The induced representation is defined
in such a way, that it acts on the left and is unitary if 7(n;, A) ® y, is unitary.
The representations n(n, , A, p) are degenerate series representations of G.

We parametrize the representations of B = MyA,Ny as follows. Since
My~ S' x Z, the unitary dual My is isomorphic to Z X [0, 2). If (n, X) €
Z x [0, 2) write p, , for the corresponding character of M . For v in the dual
ac of a ® C we define a character x, of AN by x,(an) = @*. Here ac A, ne N
and (exp tX) = X for X e a. Put U(n, A, p) = indgp,,,,\ ® x, . The represen-
tations U(n, A, v) are the principal series representations of G.

We write g, for the dual of a subalgebra g, of g.

Leth = (a @ my) ® C. Then £ is a Cartan subalgebra of g 9 C. In the root
system X of (g ® C, k) choose a set 2+ of positive roots compatible with the
ordering of the restricted roots 4 in a’ (determined through the choice of n).
The highest weight of a finite dimensional representation of G is a pair (v, , ),
where v; € My , v, € a’ and i, + v, is dominant and integral with respect to X
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II1. SomE REMARKS ABOUT DDEGENERATE SERIES REPRESENTATIONS

A. Embedding of degenerate series representations in principal series

Let o, oy, o5 be the simple roots in XZ+. Then oy, ¥(ey + ;) are simple
restricted roots and a), = R¥(oy + 20, + ). We identify (a, ® C) with C
by 4 = ubloy + 20 + a), (a ® ) With €2 by » = v = vy + veb(on + %)
and my with R by mj = Ri}(qq — o). The differentials of characters of
expg M are thus identified with Z and those of expg m are identified with 27.
We choose o, , oy as the positive roots in SL(2, C)g . Unless otherwise stated,
we write (n, A) for 7(n, 0, A). Since the situation is symmetric with respect to
7(n, 0, A) and (0, #, A), all formulas will be derived only for =(n, A) = (%, 0, A).

We have PD B, thus

Uln, \, v) = ind§ p,r ® x.
. G P
~ ind§ ind} p,, @ x, -
But
. P A
indg ppx ® x, = indpA g (Pna @ )i8rst, @ 714,89, -

Now B, n Mpl is a Borel subgroup of M, and indg.‘\’ﬂp(p,,_,\ & X)\Brsz, 1S 2
principal series representation. It follows [12].

Lewva 3.1, The representation indgg’ng (pus @ X)gas, contains the
representation T(m, A,) as invariant subspace if

A =An=muv,—v = —1—nf2. |

Hence 7(n, X) Q) x,, is a subrepresentation of ind§ p,, ®y, for v = (u, —1 —
n/2 + u), and thus

LemMa 3.2.  w(n, A, p) is a subrepresentation of U(n, A, (n, —1 — n/2 + p)). |}

B. Egquivalence and Duality

If U,, U, are finite dimensional contragredient representations of P, then
ind‘J;;?U1 and inng2 are contragredient. Hence, since 7((n,0), ) ®x, and
7(0, n), A) ® x_, are contragredient, we have

LemMma 3.3. w((n, 0), A, p) and 7((0, n), A, —pu) are contragredient. ||

Let w, be the shortest element in the Weyl group mapping o; -+ 20, + 5 into
its negative.



DEGENERATE SERIES OF sU(2, 2) 101

TreorReM 3.4.  There is an intertwining operator A(w,, n, A, v), which maps
U(n, A, v)into U(—n, A, wyy).

Proof. Although the original proof of [7] is under the assumption that G has
finite center, we can use the reduction technique to reduce the construction of the
intertwining operator to constructing an intertwining operator for principal

series of SL(2, R). But this has been done in [8]. |

Turorem 3.5. There is an intertwining operator B(n, A, p), which maps
m((n, 0), A, p) into m((0, n), A, —p).

Proof. Consider w((n, 0), A, u) as a subrepresentation of U(n, A, (g, —1 —
n/2 + p)), and #({0, n), A, —p)) as a subrepresentation of U(—n, A, (—1 —
n/2 — p)) respectively. Then

Aot =5 0) O (1)

Cooan(m )
and

A(w,, n, A, (g, —1 — 1+ u)a((n, 0), A, u) C #((0, n), A, —p).

The operator A(w,, n, A, (u, —1 — n + p)) depends analytically on p and
hence so does its restriction to #((n, 0), A, n). We thus can find a normalization
of the restricted operator in such a way, that it is nonzero for all u. |

C. A realization of w(0, 0, u) and =(0, 1, p)
Let ¢ € L have the coordinates (1, 0, 0, 0, 0, 1). Then

Koo = {(xy 00y xg) | 12 4 252 + 252 + 0,2 = | = 5% + %%} =~ S3 x SL

The isotropy group at e is isomorphic to SO(3) and will be denoted by K(P). K
operates on £ K/K(P)) as well. Here we take the #? with respect to the left
invariant measure on S% x S This representation of K decomposes in a direct
sum of finite dimensional representations and each representation of K with a
K(P) fixed vector occurs in this decomposition exactly once. We label these
representations as follows:

Let 4, be the Casimir of SO(4), 4, be the differential operator corresponding
to the generator of SO(2). Then

H(i, j) = {fe CAK[K(P), 4,f = —ii + 1)f
Asf = jf}
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is an irreducible invariant subspace and

LYKIK(P) = @ HG,j)
ieN\{0}
jeZ

Forx = (%, ,..., %) € K - e and g € G we define g - x = y = (y,(g%),..., ye(£x)).
The action of G on K - e is defined by

gox = (31(g%) + ¥2(g%) + y5*(gx) + o (gx))'/* - gw.

This action is differentiable. For u € C we define =, by

1 . \u/2
(N = (L (e W) fg e v,
1
2e€CG, feLH K e), xeK- e
One checks easily that this is indeed a representation.

CLAIM. m, is the direct sum of two representations.

Proof. Let J: FYK - €) > FXK - €) be defined by (Jf)(») = f(—=x). Then

we have

Jr, =m,].
Define
Hy = @© HG)j)
iENU{0}
JjEZ
i+j=1mod 2
and

Hy,= @ H(Gj).
iENU{0)
i€z
i+i=0mod 2
H, is the -1 Eigenspace of J and H, is the —1 Eigenspace of J. ||
PrOPOSITION 3.6. , restricted to H, or H, is equivalent to =(0, 0, pn), or

w(0, 1, ) respectively.

Proof. Let % be a representative of x € K - e in K. Then

g% = k(gx)m(gx)a(gXx)n(gx),
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where
k(gx)e K,
m(g%) € M5,
a(gx)e 4,,
n(g)ek, .

Now ¢ is the highest weight vector of a representation with highest weight
0, &, + 20, + o) and thus

gx - e = k(gX) - a(gX) - e.

Then k(gZ)ec S X S and a(gF)e = a(gx)y1tiestase = Zi (v gx)?)=e. Hence
7, = ind$ 7(0) ® x,., which is the direct sum of (0, 0, g) and =(0, 1, u). |
D. A different view of =(0, A, u)
Identify S% x (0, 2n) with an open subset of S3 x S! by

(*, @) — (x, €°)

and define for X ¢ 8, feC*(S?* X (0,2m))and pe C

(VX)) 9) = 2 mlexp 1) £, o

I’, is a representation of g and hence of the enveloping algebra U(g).

We now consider the induced representation #(0, A, ) as acting on the
sections of a bundle over §3 x S1. Choosing a restriction to S% X (0, 2x) of
the induced bundle, the C vectors of the representation form a ¥ -invariant
subspace of C2(S?* x (0, 2n)).

Put

H(, j, A) = {fe C=(83 x (0, 2m)), such that
A f = —i(i + Df
Aof = A +j)f}

ProposiTioN 3.7.  The restriction of V,, to HQA) = @Dienjezivimomoaz H( §, A)
is infinitesimal equivalent to the representation of the enveloping algebra on the
space of K-finite vectors of (0, A, p). |}

E. Some remarks about tensor products with finite dimensional representations

We say that a (g, K) module M is a Harish-Chandra-module (H.Ch.module),
iff
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(a) the center Z(g) of U(g) acts nilpotent on M.

(b) considered as a K module each irreducible representation of K occurs
with finite multiplicity and M is a direct sum of irreducible representations of K.
Recall the definition of the Harish—Chandra homomorphism i of Z(g) into the
Weyl group invariants in the symmetric algebra of (mz @ a)’ @ C[11]. We will
say that M has central character y if z € Z(g) acts by

((2))

and v is in the positive closed Weyl chamber €+ (with respect to a fixed chosen
ordering of the roots in (m @ a)’ ® C.)

Let M be an H.Ch.module with central character y and V; a finite dimensional
irreducible representation of g with highest weight 8. The (g, K) module
M ® Vs has a summand with central character ¥ + 8, which is again a H.Ch.
module. Let P2*? be the projection on this summand and let 42+ be the functor

M~ PY¥(M & V).

Let 7*, be the contragradient module to Vs. Then M ® V*; has a direct
summand with central character y — 8. Let P2~ be the projection on this
submodule and let ¢)_, be the functor

M— P (M ® V*)

Tueorem 3.8. [13]. (a) Let W, and W, ; be the stabilizer in the Weyl group
of v + 8 respectively. If W, = W, 5, then y,*° is an exact functor in the category
of H.Ch.modules.

(b) @)_s s a morphismus in the category of H.Ch.modules, if W, ,O W, . }

If W,_s2 W, ={id} then ¢]_, applied to an irreducible H.Ch.module is
either irreducible or zero [10].

If 7 is an indecomposable representation of G, m|¢ a direct sum of irreducible
representations of K and Homg(8, = g) < oo for all irreducible representations
8 of K, then the representation of the enveloping algebra U(g) on the space of
K-finite vectors of = is a Harish-Chandra module. Since by definition two
representations of G with the above properties are equivalent iff the corre-
sponding H.Ch. modules are equivalent, we will not distinguish between a
representation of G and its H.Ch. module. A representation § of K is called a
K-type of = if Homg(8, mg) # 0.

We will often not distinguish between a representation of K and its highest
weight.

Straightforward computations show that the central character of =(n, A, )
has a nontrivial stabilizer iff
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n
I’L—E_*_I)
n
p=—t,
n
.U'—:tz-

In all these cases the stabilizer has order 2, unless # = 0. Then it has order 4.
By the considerations of Chapter 5 [9] and some elementary calculations
follows:

ProposITION 3.9. Let n(n, A, p) be a degenerate series representation, 8 the
highest weight of a finite dimensional representation.

(@) If Rep < —nf2—1, 8 =38a, + 205 + (5 + &) oy with 0 < § <2,
Y om(n, A, ) = m(n + 8, XS), p — 8)

(b) If —n2 —1 < Rep < —nf2, & = Sy + 28ay + 380, and (u, n) #
(0, 0),
“on(n, A, n) = m(n + 28, M(28), p — 8)
(9 If —n2<Rep<nf2, n#0, §=(0— 8o — 8o, — 283, 0>
o > §/2,
4 m(n, A, p) = w(n — 8, X(8), p + §)

Here M) =Amod2, if §ez
M) =A+1mod2, i §=3%modZ |

IV. RepuciBILITY AND COMPOSITION SERIES OF 7r(n, A, u). THE Case | Re p | > n/2

Let (A, 7, §) be the unique vector in H(], 7, j), which transforms according to
ey X 7(0)x(py - Since H commutes with P N K, we have

77(0: A :"‘)(H) e()" 1.7].) = Zf: 7(.”“) i)j» ’—’]_) e()" l_7]—)

where y(u, 4, j, 1, j) € C.

By [12] reducibility of a representation is equivalent to reducibility of the
corresponding H.Ch. module. Since each K-type of n(n, A, ) has multiplicity
one, to prove irreducibility of #(0, A, ) it suffices to show that (0, A, u)(H)
acts transitively on the set {e(A, ¢, j)}.
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And conversely, since H and f generate g each H invariant subspace corre-

sponds to an invariant subspace of (0, A, p).
Using the theory of spherical harmonics [4], we write for (x; , x4) # (1, 0)

e(As i, J) = (% + x5y Ci(xy),
where Cy( ) is the Gegenbauer polynomial of degree i.
LemmMma 4.1. [4].
Ci#) = 5 (Crafe) + Coose)
(1 — ) % Ci(x) = (£ n 1) Conl) — & 3 Cra®)
(1 — 2% Cyx) = Cz(’c) Cry(x) — C (%) 1

Now let
A(t): = exp(—t H)
Then

V.(H) e i,5) = d_dt_ [(cosh tx; + sinh txg)® + x,2 + x,2 + x,2]4/2

xs . J+A
Y ([(cosh tx; + sinh tag)? + x2 4 2,2 - x,2]1/2 T zxs)

g X
x G ([(cosh tx, 4 sinh txg)% + x,2 + x32 + xf]l/z)] -0
= pxyxg(xg + ’xs)]H Cilxy) + xg(1 — x12) (xs + xg A Cixy)
+ (1 — x6%) 5— d (xg + x5y +t* Cyfxy).

Using the previous lemma we get

VAH) i) = [£ 4+ 5 (£ 1) + L5 e i 17+ 1)
+[%_§+ j_:'\]e(/\,i—l,j—{—l)
sz )L i
L e — i),
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Tueorem 4.2, 7(0, A, p) is reducible iff

¢+ A=0mod2
@ — A= 0mod 2.

Proof. Only if the above conditions are satisfied, one of the coefficients in
the above formula is zero. J

Let 7 be a representation of G on a Banach space . We call an irreducible
representation w' a composition factor or subquotient of m, if there are closed =
invariant spaces V; , I, of V, ¥, C V', and 7’ is equivalent to the representation
on I7,/17 .

ThHeEOREM 4.3. (a) Let p — A =0 mod 2 and p + A = 0 mod 2.

Iflp ] > 1, w0, A, 1) has 6 composttion factors
Iflp| =1, n(0, A, u) has 5 composition factors
If p = 0, =(0, 0, 0) kas 3 composition factors.

(b) Ifu—A=0mod2andyu+ A ~0mod2orifu -+ A =0 mod2 and
p— A 5= 0 mod 2, then =(0, A, u) has 3 composition factors. ||

Our considerations about tensoring with finite dimensional representations
imply:
Turorem 4.4. Let | Re p | > n/2.
(@) w(n, A, u) is reducible iff

y+g—A:0mM2
oy
n
M+§+/\:Om0d2.

(b) =((0, n), A, n) is reducible iff

-—g—A::OmM2

or
n
,u—§+)\:0mod2.
(¢) Letu+ 72 —A=0mod?2and un + n/2 + A =0 mod 2.

If|u| = n/2 + 1, then n(n, A, ) has 5 composition factors.
If lp! > n/2 + 1, then n(n, A, ) has 6 composition factors.

580/33/1-8
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(d) If p+n2—A=0mod2 and pu+ A+ n/2 0 mod 2, or if
p+n2—A#%0mod 2 and p+ n2 - X =0 mod 2, then w(n, A, ) has 3
composition factors.

(e) For w((0, n), A, n) the dual statements to c, d are true.

In the next chapter we will study the representations #((0, n), A, x)) and
w((n, 0), A, p) for | Re p | < n/2.

Proof of Theorem 4.3. (a) Let p = A = 0. Then

Fi= @ HGj0)
jHig—1
i+j=0mod 2

Vz = @ H (i’ ] ’ 0)

j—i>1
i+j=0mod 2

I'73 = @ H(l’ j’ 0)
i+j=0mod 2

are invariant subspaces of m(0, 0, 0) and V; @ V, ® V; = H(0).
(b) Letp = —1,A = 1. Then

= ®  HGG
i ieomod2

and

Vo= @ HGLD
i+i=2
i+j=0mod 2
are invariant subspaces of H(1) under (0, 1, —1). Furthermore H(1)]V, @ V,
is a direct sum of 3 invariant subspaces

Ve= @ H@E L
1+i>2
i—j<0
i+j=0mod 2

V,= & H@GjI)
i+j<—2
i+j=0mod 2

Ve= & H@j 1.
ij >0
i+j=0mod 2
(¢) To complete the proof of the first part of Theorem 2, by IIIE it
suffices to consider the case p = —2, A = 0. Here V; = H(0, 0, 0) is an invari-
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ant subspace of H(0) under (0, 1, —1). Furthermore H(0)/V’, has two invariant
irreducible subspaces

= @ HG,0

(Z,j)=%1(0,0)
—3<i+ig0
i+j=0mod2

and

V,= @ H(,j,0).
(£,4)#(0,0)
—8<i—ig0
i+j=0mod 2

The space (H(0)/V,)/Vy @ V, is the direct sum of 3 irreducible invariant
subspaces
Vy == @ H (l) ] ’ 0)

i+ig—-8
i+j=0mod 2

Vi= @ H(j,0)
i—i<-3
i+j=0mod 2

V5 = @ H(l’ j’ 0)
i+j>0
t1—j>0
1+j=0mod 2

This proves the first part of Theorem 2.
(d) 'The last assertion is proved similarly. [

V. REDUCIBILITY OF m(n, A, p). THE CasE |Rep | < n/2

We will first prove that the representation (%, A, ) is reducible for a certain
set of parameters by producing a nontrivial composition factor, and then use
some results about intertwining operators to show that the representation is
irreducible otherwise. ~

Recall some results about SL(2, R), the universal covering group of SL(2, R).

The irreducible representations of 3’7,(2, R) are constructed as follows [8].
Let D be the Borel subgroup of SL(2, R). Then

D~

(o ;ll),aeR*,xeR x Z

All irreducible finite dimensional representations of D are parametrized by a
character y, of (D)° defined by x,((§ 2-1)) = a”, and a character ¢, , A € [0, A),

as defined in Chapter II. Put € = S~L(2, R).
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TuroreM 5.1 [8]. (a) ind§ x, ® e, is reducible, iff y +A =1 mod 2 or
y — A =1 mod 2.

(b) Ify+ A=1mod 2 and y € Z\0, then indg(x., & e), has 3 composition
Jactors, the finite dimensional representation F,, the holomorphic discrete series
representation D.*, and the antiholomorphic discrete series representation D,

s

(¢} If y+A=1 mod 2, y¢Z\0, then ind% Xy @ ey has a holomorphic
continuation of discrete series representation D+ as composition factor and another
infinite dimensional composition factor I*. If y — X =1 mod 2, y ¢Z\0, then
indg Xy & e, has an analytically continued antiholomorphic discrete series represen-
tation D, as composition factor and an infinite dimensional composition factor I,

THeorREM 5.2 [8]. The lowest K-tvpe of D=, D~ has the weight 1 + vy, or
—1 — vy respectively. |

We now return to S‘YJ(Z, 2). Let P, D B be a parabolic not conjugate to P.
Then

P~ SL2,R) .. St x Rt X N;
and
P, =~ SLQ2, R) % S x R+ x N,C SU, 2)
~ SL(2, R) % S' 7 AN, .

LenMa 5.3. Let v = (v, , vy). The representation U(n, A, v) has

o~

. 4G =~ - G o~ P -
1ndF1 Dvl 213 /4 &K Pr X leA__vVl or mdPlel.v-z—vzhl iX) Pn (i() XV]AINL
as composition factors, if

R W T
)\+2 | 1 mod 2,
orif

_n

5+ az— = 1 mod 2 respectively.

If v,/2 — v,/4 is positive, then these representations occur as sub-representations. |

This lemma follows by a step-by-step induction argument as in IIIA.

ProrosiTioN 5.4. Assume peR, (u +1+n2) >0 and p +n2 —2 =0
mod 2. The invariant subspaces

. G o+ ~
a(n, A, ) and lndpl D, iinie R pn ® Xtu—1-ni2+u)lg N,

of U(m, A, (p, —1 — n:2 ~ p)) have a nontrivial intersection.
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Proof. The strategy of the proof is as follows. We will construct a K-type in
Un, A, (u, —1 — n/2 + p), which occurs with multiplicity one. Then we will
show, that this K-type is contained in indg1 Dyt @ p_n @ Xt 1—niztu)lan
and in w(n, A, u). Hence it is contained in the intersection of both subspaces.

We assume o; and o, are compact roots. Let H, , 7 =1, 2, 3 be the coroots
to «; . Then '

Huq = __—‘.ITHAI + %Has + H)’ .

Here H, is the generator of the abelian summand of &, normalized such that

_ 1
H, = je; —

%65

We consider H, as a generator of the Lie algebra of the maximal compact
subgroup of the SL(2 R)-factor of P, .

CramMm. If a K-type with highest weight (n/2c, , v), y € R, occurs in U(n, A,
(e, —1 — nj2 + p)) with nontrivial multiplicity, then it has multiplicity one.

Progf. The generator of my is (—H, + H, ). In its spectrum under the
representation with highest weight (#/2 o, , y) the eigenvalue n/2 has multiplicity
one. By Frobenius reciprocity the assertion follows. |

Cram. If a K-type with highest weight (n2 «, y), y € R, occurs in U(n, A,
(n, —1 — nj2 4 p)) with nontrivial multiplicity, then it is a K-type of the sub-
representation mw(n, A, u).

Proof. The representation of SO(4) with highest weight (7/2) «; remains
irreducible when restricted to the diagonal subgroup SO(3). By Frobenius
reciprocity the assertion follows. J|

Let us now assume y = A 4 m, me Z. Then H, has on the lowest weight
space of the representation with highest weight ((n/2) o , v) the Eigenvalue

N|>

n m
olH,) = +HH) =5 +5+ 3

All other Eigenvalues of H, on this K-type are smaller than e(H, ).
By Frobenius reciprocity and 5. 2, a K type with highest weight ((n/’))a A+ m)
is a K-type of

. 4G
lndﬁ D(u+1+n/2) ® Pn ® X(u.—l—nx2+u)l,4l;v‘ ’

if there is at least one Eigenvalue of H, of the form }(u + 1+ n/2) + § =
A2 + dJ2, d an odd integer.
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Choose m = d — n. Then the K-type with highest weight ((/2) oy , A + m)
is a K-type of

s 4G N+
lndP1 D(u+1+n/2) ® Pn ® X(u.—l—n/2+u)lAlN1

and hence of U(n, A, (u, —1 — n/2 + p)). By the first claim it has multiplicity
onein U(n, A, (u, —1 — n/2 + p)) and by the second claim it is also a K-type of
m(n, A, 1). Thus this K-type is contained in the intersection of both invariant
subspaces. ||

The same considerations can be used to prove

ProrosiTiON 5.5. Assume p+ 1+ nf2 >0 and p + n/2 + A =0 mod 2.
The invariant subspaces w(n, A, p) and

NI
lndfll Du+1+n.’2 ® P & Xu,—1-n/2+w)lq N
M

of U(n, A, (x, —1 — n/2 ++ p)) have a nontrivial intersection. |
THEOREM 5.6. Let A = 0,1. The representation w(n, A, p) is reducible, iff
n

To prove this theorem we will use a result of R. Langlands for linear groups [3].
Let U(n, A, v), A = 0, 1, be a principal series representation. Assume v is dominant
with respect to the positive root system 4+ determined by 1. There is an inter-
twining operator A(n, A, v) from U(n, A, v) to U(w'n, A, w'v), where @' is the
Iongest element in the Weyl group W.

Treorem 5.7 (Langlands [3]). The image of A(n, A, v) is irreducible if v is
strictly dominant, otherwise it is a direct sum of irreducible if v is strictly dominant,
otherwise it is a direct sum of irreducible representations. ||

Proof of Theorem 5.6. Let U(n, X, v) be a principal series representation,
X == 0, 1, v arbitrary. For each root a € 4, define D(n, A) C ag as follows. If ais a
long root, then

Dyn, \) = 3ueafc)iﬁ2—‘"l=1mod2if)\+n=0mod2

and(l”%.‘)———OmodZif)h{—n:lmodZ

If « is a short root, define

Dy, n) — yeafclﬁ"zi)‘ =1n\+m,m>2andm:0mod2$.
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By [8], U(n, A, v) is reducible iff v € (J 4 Dy(A, 7). Now assume v € D (A, n) for
exactly one o € 4+, Let w € W such that wv is dominant. Then by 3.8 of [10] the
image of A(wn, A, wv) is a degenerate series representation (A, 7, v).

The representation (A, n, v) is characterized by the following property. Let
2, be the Weyl group element with maps « into a simple root and define a
parabolic subgroup P, = M A ,N, by the condition a, = kern w,a. Then
indf« (20 %, & x,7%,) has a finite dimensional composition factor 7,(n, A, v)
and = (A, n, v) = indga {1, A, V).

Consider m(n, A, p) with A =0, 1, u + #/2 —A2 %0 mod 2 and | Rep | <
n/2 as a subrepresentation of U(n, A, (u, —1 — n/2 + p)) as in 3.2. But
(¢, —1 — n/2 + p) € D(n, X) for exactly one root o € 4+ and « is simple. Hence
by 3.1 and 3.2 7(n, A, p) = = (n, A, (&, —1 — n/2 4 w)). Thus by 5.7 n(n, A, p)
is irreducible. If | Re u | > n/2, 4.4 implies the theorem.

Remark. Comparing our results with those of Jacobson, Vergne [4] and
Gross, Holman, Kunze [1], it is easy to show that the representation constructed
in Proposition 5.4 as the intersection of 2 invariant subspaces is equivalent to the
representation constructed by analytic continuation of holomorphic discrete
serjes.

VI. CoMPOSITION SERIES FOR w(m, A, ).
THE CasE |Rep! <n/2, A=0,1

Recall the classification of irreducible representations of G as worked out in
[11]. Let t. be a Cartan subalgebra of 2 %) C, u the highest weight of an irredu-
cible representation of K and {,)> the restriction of the Killing form of g, to
fc , pc half the sum of the positive compact roots. Define

Il = <+ 2pc, o+ 2pco.

A K-type p is called lowest K-type of representation =, if p is minimal with
respect to this norm among all K-types of 7. A subquotient of a representation,
which contains a lowest K-type, is called bottom quotient.

The irreducible representations of G fall into three disjoint classes:

(a) discrete series representations,
(b) bottom subquotients of principal series representations,
(c) bottom subquotients of representations induced from a discrete

series representation of P .

Using the results on reducibility, duality and tensoring with finite dimensional
representations we deduce that it suffices to compute the composition series for
#(2,0, 1) and =(2, 1, 0).
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We now proceed as follows. We list all irreducible representations with these
central characters and using K-type considerations and intertwining operators
we compute the multiplicity of the representations in the Jordan-Holder series
of m(2, 0, 1) and =(2, 1, 0).

Denote the positive roots in ¢ by 8, and B, . We assume that 8, is the Cayley
transform of «, , and B, of a, respectively.

Case1: m(2,0,1)

(a) The central character is singular, hence there are no discrete series
representations with this central character.

(b) Bottom quotients of the principal series:

I U(=2,0, —3og + o) — 205)
IL U2, 1, —}(oy + ag) — 2a,)
I U(—4, 1, —0; — ay — o)
IV. U(—4,0, —a, — oy — o).

By 3.2, the bottom quotient of I is the bottom quotient of =(2, 0, 1).

The lowest K-types of II have highest weight (B, , 0) and (B, , 0). It is left
to the reader to check that they are not K-types of #(2, 0, 1).

By [9], IV is irreducible and some of its K-types have multiplicities larger
than one. Hence IV cannot be a subquotient of =(2, 0, 1).

The lowest K-type of III has highest weight (2(8; + B;), 0) and multiplicity
one in (2, 0, 1). Hence to prove that III is not a composition of #(2, 0, 1), it
suffices to prove the

Cram. The lowest K-type of 111 is a K-type of the bottom subquotient of
=(2, 0, 1).

Proof of the Claim. The multiplicity of (2(8, + B,), 0) in U(—2, 0,
—3(oy + o) — 20a) is two. By 5.7, to prove the claim it suffices to show that
one of the K-types is contained in the kernel of the corresponding intertwining
operator. By 3.14 of [10], it suffices to show that this K-type is contained exactly
once in the direct sum of the kernels of the factors of this operator. By 3.8 of
[10], the kernels of the factors have the same composition factors as U(—4, 1,
—oy —ap — o), indffl Dyt @ p ® Xa.l4,n, and indgl Dy~ ® p1 @ x4y, -
An easy checking shows that (2(8; 4 B,), 0) has multiplicity one in U(—4, 1,
—oy — oy — &) and multiplicity zero in the other two representations. This
proves the claim.

{c) Bottom quotients of generalized principal series representations:

. G S
L indp, Dy @ p2 @ X.0)layw,
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I indZ, Dy™ ® p2 @ X0.014,w,
11 indj Dy* @ py @ Xa.-plaw,
IV. indffl Dy ®@py &® X@.—Plan,
V. indg D" ® p1 @ Xl

. - 4G — /
VI indp D™ &p; & X Planw, -

By [8] I and II are irreducible and some of their K-types have multiplicities
larger than one. Hence I and II cannot be subquotients of #(2, 0, 1).

It is left to the reader to verify that the subquotients of #(2, 0, 1) constructed
in 5.4 and 5.5 are the bottom subquotients of III and IV.

Exactly as in the proof of 5.4 and 5.5, one verifies that the bottom quotients
V and VI are subquotients of (2, 0, 1).

Since all K-types of #(2, 0, 1) have multiplicity one, each composition factor
occurs with multiplicity one in the composition series of #(2, 0, 1). Hence we
proved

ProrostTioN 6.1. (2, 0, 1) has 5 composition factors.

CoROLLARY 6.2. Put 8(n) = n mod 2. The representations w(n, 8(n), nj2) and
m(n, 8(n), —n/2) have 5 composition factors.

Case 2. (2,1, 0)

(a) The central character is regular. Thus by [12], there are 6 inequivalent
discrete series representations with this central character. Since discrete series
representations for a fixed central character are uniquely characterized by their
minimal K-types [2], we identify the discrete series representations with their
minimal K-types.

The minimal K-types of discrete series representations with this central
character are: (0, 4), (0, —4), (28, 0), (265, 0), (B, + Bz, 1) and (B, + Ba, —1).

The representations with minimal K-types (0, 4), (0, —4) are not subquotients
of 7(2, 1, 0), since m(2, 1, 0) has only K-types of dimension 3 or larger.

Using Blattner’s formula [2] we derive that multiplicity of the K-types
(2B, + 2B, 2) and (28, + 2B, , —2) in the discrete series representation with
minimal K-type (8; + B, 1), and (B, + B,, —1) respectively, is two. Thus
these discrete series representations are not subquotients of #(2, 1, 0).

Again by Blattner’s formula [2], the multiplicity of the K-types (28; + S5, 0)
and (B; + 2B, , 0) in the discrete series representation with minimal K-type
(28,, 0) and (28, , 0) respectively, are two. Thus these representations are not
subquotients of 7(2, 1, 0).
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(b) Bottom quotients of principal series representations:
L U0, 0, — (e + o) — )
IL U, 1, —%(oy + ag) — o)
III. UQ2,0, —(oq + og) — 2at)
IV. U2, 1, —(og + o) — 20)
V. U4, 0, =¥ + o) — o)
VL U4, 1, —¥oq + o) — a)-
The bottom quotients of I, II and III are not composition factors of #(2, 1, 0),
since their lowest K-types are not K-types of =(2, 1, 0).
By 3.2, the bottom quotient of IV is the bottom subquotient of =(2, 1, 0).
By [10], V1 is irreducible and hence at least one of its K-types has multiplicities
larger than one. Hence IV cannot be a subquotient of =(2, 1, 0).
As in case 1, we are left with one possible contribution of a principal series
representation. By the same argumentation as in that case, we deduce that the
bottom quotient of V is not a composition factor of #(2, I, 0).

(c) Bottom quotients of generalized principal series representations:
L indl(-‘;1 DI'(_’ ® po & X—ola N,
1L indf, DF7 @ py @ Xo-1ian,
L indf, D7 ® py @ Xeian,
IV. indf, D57 @ poy @ X,
V. indg, D7 ®py ® Xiloyragtaglay,

7 : 4G )
V I lndPl D:- ® P2 ® X{-(aﬁ—ugﬂva)ulh]l .

The bottom quotient of I is a subquotient of #(0, 0, 2) by 5.4. Thus the proof
of 4.3 implies that it has a one-dim‘.ensional K-type. Since m(2, 1, 0) has no one
dimensional K-types, I is not a subquotient of #(2, 1, 0).

It is left to the reader to verify that the subquotients of =(2, 0, 1) constructed
in 5.4 and 5.5 are the bottom subquotients of III and IV.

The lowest K-type of I is (B, + By, —2). This K-type has multiplicity 1 in
=2, 1, 0).

CramM. The bottom quotient of 11 is a compositionfactor of n(2, 1, 0).

Proof. We first show that the bottom quotient of II is a composition factor
of U2, 1, —(xy + a3) — 2a,). By 5.3 and 2.8 of [10], the bottom quotient of
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indg Df'” @ py ® X(0.1)14,n, i @ composition factor of U(0, 0, —p). By 3.2,
U2, 1, —(o + o) — 2a,) == U(0, 0, —p)/=(0, 0, 2). The proof of 4.3 shows
that no subquotient of (0, 0, 2) has lowest K-type (8, -+ B, —2). Hence the
bottom quotient of II is a composition factor of U(2, 1, —(a; + o) — 20,). By
3.2, U4, 0, — ¥y + a5) — o) == U(2, 1, —(q + a3) — 20,)/m(2, 1, 0). Hence
to prove that the bottom quotient of II is a subquotient of #(2, 1, 0), it suffices
to prove that it contains a K-type, which is not a K-type of U(4, 0, —3(e; -+
oz) — ap). The K-type (3(B, + Bs), 3) is a K-type of II and not a K-type of
U4, 0, —3(o; + a3) — o), hence it is a K-type of a common composition
factor 7 of II and =(2, 1, 0). Since none of the lowest K-types of the already
constructed composition factors is a K-type of II and none of the lowest K-types
of V and VI, 7 is the bottom quotient of ind,G,1 D™ ®po ® xo1an, - 1

The lowest K-types of V and VI are (38, + 3B, , +1) and (B, + 4B, , +1).
These K-types have multiplicity one in #(2, 1, 0) and in the representations
IIT and IV. Hence to prove that the bottom subquotients of V and VI are not
composition factors of =(2, 1, 0), it suffices to show that they are K-types of the
bottom quotients of IIT and IV. Using the same argumentation as in the proof
of the claim in case b, this follows.

Thus we proved:

ProrosiTiON 6.3.  The representation (2, 1, 0) has 7 composition factors.

ProrosiTION 6.4. The representation w(n, A, p), p + n/2 — A = 0 mod 2,
| < nf2 has 7 composition factors.
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