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1. Introduction

Let N € N* and §2 be abounded open subset of RN with boundary 92 of class G2. Foratime T > 0,wesetQ = £2 x (0, T)
and X = 952 x (0, T) and we consider the fractional diffusion equation:

Dpy—Ay=h+v inQ,
y=0 on X, (1)
eyt =0 in 2

where 0 < o < 1, the control v and the function h belong to L?(Q), the fractional integral I'™* and derivative Dg, are
understood here in the Riemann-Liouville sense, I'=*y(0%) = lim,_ ¢+ I'~%y(t).

Fractional-order models seem to be more adequate than integer-order models because fractional derivatives provide
an excellent tool for the description of memory and heredity effects of various materials and processes, including gas
diffusion and heat conduction, in fractal porous media [1,2]. Sokolov et al. [3], proved that fractional diffusion equations
generalize Fick’s second law and the Fokker-Planck equation by taking into account memory effects such as the stretching
of polymers under external fields and the occupation of deep traps by charge carriers in amorphous semiconductors. Oldham
and Spanier [4] discuss the relation between a regular diffusion equation and a fractional diffusion equation that contains
a first order derivative in space and half order derivative in time. Mainardi [5] and Mainardi et al. [6,7] generalized the
diffusion equation by replacing the first time derivative with a fractional derivative of order «. These authors proved that
the process changes from slow diffusion to classical diffusion, then to diffusion-wave and finally to classical wave when o
increases from O to 2.

Optimal control problems with integer order have been widely studied and many techniques have been developed
for solving such problems [8-11]. Also, state constrained optimal control problems have attracted several authors in the
last three decades, mostly for their importance in various applications in optimal control partial differential equations
with an integer time derivative. For such problems, it is well-known that one can derive optimality conditions if one
can prove the existence of a Lagrange multiplier associated with the constraint in the state (see for instance [12,13]). For
instance, considering a quadratic control for elliptic equations with pointwise constraints, Casas [ 14] proved the existence
of a Lagrange multiplier and derived an optimality condition using results of convex analysis. Barbu and Precupanu [9]
and Lasiecka [15] derived the existence of a Lagrange multiplier for some optimal control with integral state constraints.
Considering a parabolic system controlled by Neumann conditions and subject to pointwise state constraints on the final
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state, Mackenroth [16] prove the existence of a multiplier as a solution of a dual problem. By a penalization method,
Bergounioux [10] and Bergounioux and Tiba [17] proved the existence of a multiplier and derived optimal conditions for
elliptic and parabolic equations with state constraints respectively.

In the area of calculus of variations and optimal control of fractional differential equations, little has been done since
that problem has only been recently considered. The first record of the formulation of the fractional optimal control
problem was given by Agrawal in [ 18] where he presented a general formulation and proposed a numerical method to solve
such problems. In that paper, the fractional derivative was defined in the Riemann-Liouville sense and the formulation
was obtained by means of fractional variation principle [19] and the Lagrange multiplier technique. Following the same
technique, Frederico et al. [20] obtained a Noether-like theorem for the fractional optimal control problem in the sense of
Caputo. Recently, Agrawal [21] presented an eigenfunction expansion approach for a class of distributed system whose
dynamics are defined in the Caputo sense. Following the same approach as Agrawal, in [22] Ozdemir investigated the
fractional optimal control problem of a distributed system in cylindrical coordinates whose dynamics are defined in the
Riemann-Liouville sense. In [23], Jelicic et al. formulated necessary conditions for optimal control problems with dynamics
described by differential equations of fractional order. Using an expansion formula for the fractional derivative, they
proposed optimality conditions and a new solution scheme, using an expansion formula for the fractional derivative.
In [24], Baleanu et al. described a formulation for fractional optimal control problems defined in multi-dimensions when the
dimensions of the state and control variables are unlike each other. The problem is formulated with the Riemann-Liouville
fractional derivatives and the fractional differential equations involving the state and control variables are solved using
Griinwald-Letnikov approximation. Zhou [25] considered the following Lagrange problem:

Find (xg, ug) € C([0, T], X) x Uy solution of

T

min / L(t, x*(t), u(t))dt

uelag Jo
where X is a Banach space, T > 0, C([0, T], X) denotes the space of all X-value functions defined and continue on [0, T]
and x" denotes the solution of system D*x(t) = —Ax(t) + f(t, x(t)) + C(t)u(t), t € [0, T]; x(0) = xo. Under a suitable
condition on £, he proved that the Lagrange problem has at least one optimal pair. In [26] Mophou considered the following
fractional optimal control problem: find the control u = u(x, t) € [*(Q) that minimizes the cost function

J@) = y®) = zall% g, + NlIvli% g, 2a € (@) and N > 0
subject to the system (1) with h = 0. The author proved that the optimal control problem has a unique solution and derived
an optimality system. We also refer to [27] where boundary fractional optimal control with finite observation expressed in
terms of a Riemann-Liouville integral of order « is studied.

In this paper, we are concerned with a fractional optimal control with constraints on the state. More precisely, we
first prove that under the above assumptions on the data, Problem (1) has a unique solution in L2(0, T; H? N H(} (£2)) (see
Theorem 2.10). Then we define the affine application T, from L?(Q) to L?((0, T); H?(£2) N Hy (£2)) such that y = T(v) is the
unique solution of (1). We also define the functional J : L*((0, T); H2(£2) N H3(£2)) x [>(Q) — Ry by

1 2 N 2
](y! U) = Elly _Zd”LZ(Q) + EHUHLZ(Q) (2)

where z; € [(Q) and N > 0.
Finally, we consider the following optimal control problem with constraint on the state:

minJ(y, v),
{y = T(v), (3)
yeKandv € Uy

where K and Uqq are two nonempty closed convex subsets of L?((0, T); H*(£2) N Hj(£2)) and L*(Q) respectively. Using a
penalization method, we prove the existence of a Lagrange multiplier and a decoupled optimality condition for the fractional
diffusion (1). To the best of our knowledge, the fractional optimal control problem (3) is new since most fractional optimal
control problems in the literature are considered for a performance index subject to the system dynamic constraints and
the initial condition.

The rest of the paper is organized as follows. Section 2 is devoted to some definitions and preliminary results. In Section 3
we show that our optimal control problem holds and under a Slater type condition we prove the existence of a Lagrange
multiplier and a decoupled optimality system. Concluding remarks are presented in Section 4.

2. Preliminaries

Definition 2.1. Let f : R, — R be a continuous function on R, and & > 0. Then the expression
1
()
is called the Riemann-Liouville integral of the function f order «.

t
I°f(t) = /(t—s)”’_lf(s)ds, t>0
0
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Definition 2.2 ([28]). Let f : R, — R. The Riemann-Liouville fractional derivative of order « of f is defined by
1 dn t ;
DYf(t) = ——— t—s)"*'f(s)ds, t >0,
IO = o [ €= O s e

whereox € (n—1,n), n e N.

Definition 2.3 ([28]). Let f : R, — R. The Caputo fractional derivative of order « of f is defined by

-l t
Dif(t)= —— | (t—95)"*fM(s)ds, t>0
cof (6) F(n_a)/o( )T (s)ds, t >0,
whereax € (n—1,n), ne N.

Lemma 2.4 ([29,28]). Let T > 0,u € C™([0;T]),p € (m— 1;m),m € Nand v € C'([0; T]). Then for t € [0; T], the
following properties hold:

DrlPu(t) = d%ﬂfpv(r), m=1, (4)

DEIPu(t) = v(t);  DRIPw(t) = w(t) (5)
m tpfk

PP _ _ - rk=p, (M=) .

PPDRu(t) = u(t) ; ro—rp o 6)

m—1 tk

PpP — _ 0 .

PRPut) = u(t) ; PTMCE )

1PDP u(t) = u(t) — E(11—1'11)(0) ifm=1; (8)

e I'(p) 7
PDRu(t) = u(t) —u(0) if m=1. 9)

From now on we set:

1 T
Df(t) = m/ (s —t)"%f'(s) ds. (10)

Remark 2.5. —D*f(t) is the so-called right fractional Caputo derivative. It represents the future state of f(t). For more
details on this derivative we refer to [28,29]. Note also that when T = +o00, D*f(t) is the Weyl fractional integral of order
a of f/(t) [30].

Lemma 2.6 ([29,31]).Let0 <« < 1.Let g € I’(0,T),1 < p < ooand ¢ :]0, T] — R, be the function defined by:

t
o) = 1_,(17_0[)'

Then for almost every t € [0, T], the function s — ¢(t — s)g(s) is integrable on [0, T]. Set
t
@ 00 = [ ot -sg6ds
0
Then ¢ g € IP(0, T) and
6 *gllror) < lllor)Iglwo.r- (11)

We need the following lemmas which assure the integration by parts for a fractional diffusion equation with a
Riemann-Liouville derivative for the resolution of the optimal control problem associated with (1).

Lemma 2.7 ([26]). Let 0 < o < 1. Then for any ¢ € C*(Q), we have

T
| [ @0 - sy o) ot nyaxae = [ oDty nac- [ ooy 0% dx
0 2 2 2

T a(p T ay T "
+ y—dodt — — @dodt + yx, ) (—D%(x,t) — Ap(x, t)) dxdt.
o Joao” dv o Jog Ov 0o Jo
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From Lemma 2.7, we deduce the following result.

Lemma 2.8. Let 0 < a < 1. Then for any ¢ € C*°(Q) such that ¢(x, T) = 0in £2 and ¢ = 0 on X, we have
T T ¢
| [ @i o - syeo)eenaxa = - [ goor-ymonacs [ [ yifaoa
0 Jo 2 o Jag~ AV
T
[ [ yxo ot - apw oy axet.
0 Jeo

The following results will be useful to prove that problem (1) as well as the adjoint system of our optimal control problem
has a unique solution.

Theorem 2.9 (Theorem 4.2 [32]). Let f € [2(Q). Then the following fractional diffusion equation with Caputo derivative:

Diy=Ay+f inQ,
y=0 on X, (12)
y(0)=0 in 2

has a unique solution'y € L*((0, T); H*(£2) N H(} (£2)). Moreover, there exists a constant C > 0 such that

IWll20.1y:m220) + IID?yIImQ) < Clflizq)- (13)

Theorem 2.10. Let 0 < o < 1and h, v € L?(Q). Then problem (1) has a unique solution'y € L*((0, T); H*(£2) N Hy (£2)).
Moreover, there exists a constant C > 0 such that

I¥ll20,7:122)) + IDRY 2@y < Cllf li2(q)- (14)

Proof. Let y be the solution of (1). As

—a

t
DZy(t) = Dy (0) + m)’(O), (15)

we have [“DZy(t) = I*Dg, y(t) + y(0) since I*(t™%) = 1. Therefore, using relation (8) and (9), it follows that y(t) — y(0) =
tot—l

y(t) — F(Q)I‘*“y(Oﬂ +y(0). ThusI'~*y(0") = 0 implies y(0) = 0and from (15), we get DZy(t) = D}, y(t) fora.e.t € (0, T].
We thus have proved that if y is solution of (1) then y satisfies (12).

Conversely, let y be the solution of (12). Then from (15), we obtain that D{y(t) = Dg,y(t) fora.e.t € (0, T]since y(0) = 0.
Applying I* to each side of the relation (15), we get,

a—1

_ _ t 1—-o +
y(t) = y(t) —F(a)l y(0™).

This means that I'=*y(0%) = 0 since t € (0, T). Thus y is also a solution of (1). This means that system (1) is equivalent to
system (12). From Theorem 2.9, it follows on the one hand that (1) has a unique solutiony € L2(0, T; H?>(£2) N H(} (£2)),and
on the other hand that (14) holds. O

For more reading on fractional diffusion equations, we refer to [33,4,7,34-38] and the references therein.

3. Optimal control

In this section, we are concerned with the following optimal control problem.

min](y, v),
{y = T(v), (16)
yeKandv € Uy

where J is defined by (2), K and Uqq are two nonempty closed convex subsets of L>((0, T); H2(£2) N H, (£2)) and [*(Q)
respectively.
We denote by A = {(y, v) € K X Ugq such thaty = T(v)} the admissible domain of (16) and we assume now and in the
sequel that
A # D (17)

Assumption (17) means that there exists vy € Uyq such that yo = T(vg) € K.
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Since K x Uqq is a closed convex subset of L*((0, T); H*(£2) N Hy ($2)) x L*(Q) and the application T is affine, 4 is a
nonempty closed convex set. Moreover, | being strictly convex, one can prove as in [26] that problem (16) has a unique
solution (y, v). Hence writing the Euler-Lagrange optimality which characterizes (y, v), we obtain

T T
/ /@—zd)(z—y)dxdt+N/ / (g — v)dxdt > 0, V(z, @) € .
0 2 0 2

In this optimality condition the functions ¢ and z are linked by the relation z = T(¢). To obtain optimality system with ¢
and z decoupled, we use the penalization method due to Lions [8].
So, let ¢ > 0. Let also X be defined by

K ={y € *((0, T); H*(2) NHy(£2)), Dy — Ay € I*(Q), ylx =0, I'""“y(x,0") = 0in 2, y € K}. (18)

Since K is a nonempty closed subset of L?((0, T); H*(£2) N H} (£2)), so is K. For any (y, v) € X x Ugq, define the functional
Je by:

1 2 N 2 1 o 2
Jes ) = Sly = 2allp ) + 5 IVl + 57 DRy = Ay —h+ 0], (19)
Consider the penalized problem
min  J.(y, v). (20)
W, v)EX X Ugq

Before going further we need the following results.
Lemma3.1. Let f € [>(Q) andy € L*(Q) be such that Dyy — Ay = f. Then (y|x, 1'"%y,(x, 0)) exists and belongs to
(H™'((0, T); H™'/2(352)), H'(£2)).

Proof. Lety € [*(Q), then in view of Lemma 2.6, I'""®y(x, t) € L?(Q). Therefore, on the one hand we have D% y(x, t) =
d1'-oy(x,t) € H7'((0,T); [*(2)) and then, Ay € H~'((0,T); [*(£2)) since Dy — Ay = f.Thusy € [*(Q) and
Ay € H7'((0, T); L*(£2)). Hence, we deduce that y| 5. exists and belongs to H~1((0, T); H~/2(3£2)) (see [39]).

On the other hand, we have Ay € [*((0,T); H%(£2)). And since D%y — Ay = f, we obtain that D§y(x,t) =
4=y (x, t) € [*((0, T); H"(£2)). Thus I'"*y(x, t) € [*(Q) and S1'~*y(x, t) € L*((0, T); H=2(£2)). Consequently I'~*y
belongs to C([0, T], H~1(£2)) (see [8]). This means that I'~y(x, 0) exists and belongs to H~'(£2).

Proposition 3.2. Assume that (17) holds. Let ¢ > 0. Then there exists a unique pair (y., v.) € K X Uqq Which is an optimal
solution to (20).

Proof. Since (y, v) is the solution of (16) and J.(y, v) > 0, we can define the real d, such that
d. = minUa(V, U)l(y, U) € K X uad}-
Let (yn, vp) € K X Ugq be a minimizing sequence such that
1
0 <de <Jen» vn) <ds+ﬁ <d.+ 1.
In particular,

- = 2 =112
0< ds S.]S(ya U) = “y _Zd”LZ(Q) + ”v”LZ(Q) < 0Q.

Therefore,
lonllzy = C, (21a)
IDgYn — AYn — h+ vall 2y < C/e, (21b)
Iynlli20,m):12(2)) =< C, (21c)

where C represents now and in the sequel various positive constants independent of n and ¢.
Since y, satisfies (18), we have

Dy — Ayn € 12(Q), (22a)
yp, =0 onX, (22b)
'y, (x,0) =0 in %2, (22¢)
yn €K; (22d)
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and it follows from (21a) and (21b) that
IDfYn — Aynlliz) < C(1+ Ve). (23)

Hence there exist y, € [?((0, T); H*(£2)), v, and §, in L?>(Q) and subsequences extracted from (v,) and (y,) (still called
(vy) and (y,)) such that

v — v, weaklyin [2(Q), (24a)
D%y, — Ay, — 8. weakly in L*(Q), (24b)
yo — ¥, weakly in [?((0, T); H?(£2)). (24c)

Since K and U, are closed convex sets and y, € K, v, € Ugq using (24c) and (24a), we get
Ve € K and v, € Ugg. (25)
We set
D(Q) = {¢ € €*(Q) such that |3 = 0, p(x,0) = ¢(x,T) = 0in 2}

and we denote by D'(Q) the dual of D(Q).
In view of Lemma 2.8, we have

T T
/ /(D%Lyn(x, ) — Ayn(x, 1)@ (x, ) dxdt =/ /yn(x, H(=D%(x,t) — Ap(x, t))dxdt, Ve € DQ).
0 2 0 2

Therefore in view of (24c), we obtain for ¢ € D(Q),

T T
lim / / (DR yn(x, t) — Ayn(x, t)p(x, t) dxdt = / / Ve(X, £)(—D%p(x, t) — Ap(x, t)) dxdt
0 Je 0o Jo

T
= / / (DRye(x, £) — Aye(x, 1)) (x, t) dx dt.
0 2

This means that
Dy yn — Ayn — Dgye — Ay. weaklyin  D'(Q).

Then using (24b), we get

Diye — Aye = 8, € 1*(Q). (26)
And in view of (21b), (24b), (24a) and (26), we deduce that

DR yn — Ayn —h — vy — DY ye — Aye —h — v, weakly in 2(Q). (27)

Sincey, € [*(Q) and DR y.—Ay, =6; € 1?(Q),inview of Lemma 3.1,y, |z and I'~?y, (x, 0) exist and belong respectively
to H=1((0, T); H~/2(32)) and H~1(£2).

So, multiplying D,y — Ayn —h—v, by € €>(Q) with ¢y = 0and ¢(T, x) = 0 on £2, and integrating by parts over
Q, we obtain by using Lemma 2.8,

T
/ / (DRiyn(x, t) — Ayn(x, t) — h(x, t) — va(x, t))@(x, t) dxdt
0o Je

T T
= —/ f (h(x, t) + vp(x, £)) p(x, 1) dxdt+f fyn(x, H(=D%p(x, t) — Ap(x, t)) dxdt.
0 2 0 2

Passing this latter identity to the limit when n — oo while using (27) and (24c),
T
/ / (Dye ®, ) — Aye(x, t) — h(x, £) — v:(x, 1)) @(x, t) dxdt
0o Je

T T
:/ / Ve, t) (—D%p(x,t) — Ap(x, t)) dxdt —/ / (h(x, t) + ve(x, t)) @(x, t) dx dt. (28)
0 2 0 2
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Integrating by parts the right side of (28) while using Lemma 2.7, we obtain

T
/ / (Dye X, ) — Ay (x, t) — h(x, ) — ve(x, 1)) @(x, t) dx dt
0 2

_ dp
= +(¢(Xa O)v 11 aYe(X, 0+))H(}(.Q),H_1(Q) - < & 8 >
VIH-1(2).H{ )

T
+ / / (DR ye(x,t) — Ay (x,t) — h(x, t) — ve(x, t))p(x, t) dxdt,
0 2

for all ¢ € €*(Q) with |3 = 0and ¢(x, T) = O on £2, (29)

where (-, -)y y’ represents the duality bracket between the spaces Y and Y'.
Hence, (29) yields
T 8@
0 = {(p(x,0), Il_aJ/s(X, O+)>H(}(Q)!H*1(Q) _/ Ve, E>H*1/2(1‘),H1/2(r) dt,
0
forall ¢ € €®(Q) with ¢y = 0and ¢(x, T) = O on £2.

Therefore taking ¢ such that g—f = 0 on 442 in this latter identity, we obtain

%y, (x,0") =0 ing (30)
and then,
ye=0 onds2. (31)

In view of (25)-(27), (30) and (31), we deduce that (y., v.) € K x Ug. From weak lower semi-continuity of the function
v — J(v) we deduce

liminfJ, (Yn, vn) = Je Ve, ve) = de.
n—oo

In other words, (y., v.) is the optimal control. The uniqueness of (y., v.) is the immediate consequence of the strict convexity
ofJ.. O

Theorem 3.3. Assume that (17) holds. Let ¢ > 0 and (y,, v,) be the solution of (20). Then there exist p, € L*>(0, T; H*(£2) N
H(} (2)) and p, € [2(Q) such that (y;, ve, o, Ds) satisfies the following optimality system:

DféLJ/e — Ay =h+v.+¢ep. inQ,
Ye =0, on X,
¢y, (x,0") =0 in 82, (32)
(_yas Ua) €K x uad-
—Dpe — Ape =ye —2zq InQ,
Pe = onX, (33)
pe(T) = in £2
f (D22 — yo) — Az —y)) (e + pe) dxde = 0, Vz € X, (34)
Q
/(Nv‘E — pe)(@p —v.)dxdt > 0 Vo € Ugg. (35)
Q
Proof. We express the Euler-Lagrange optimality conditions which characterize the optimal control (y,, v.):
d
@]@£+M(Z_ys)vve)|u=0 >0, Vze X (36)
and
d
@](ysvs + 1% ((/) - Ue))|p.:0 > O, V§0 € uad~ (37)

After calculations, (36) and (37) give respectively

1
g/wzlys LAY = h— ) DRz —ye) — A —3.)) dxdt+/(ys—zd>(z—y£>dxdr S0, Vzex  (38)
Q Q
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and

- /(D}”{Lys — Ay, —h —v.)(¢ — v, )dxdt +/ Nv.(p — ve)dxdt > 0 Ve € Ugg. (39)
Q Q
Set
1 o
Pe = E(DRLyS — Ay, —h—v,). (40)

Then on the one hand, we have p, € [*(Q) according to (27), and on the other hand,
D%Lyg_Ays =h+va+8ps~ (41)

Therefore (41), (30), (31) and (25) give (32).
Replacing %(ngLyg — Ay, — h —v,) by p. in (38) and (39), we have respectively

/ pe (D (z — ye) — Az — y,)) dxdt + / Ve —za)(z —ye)dxdt >0, Vze X (42)
Q Q
and
f(st — pe) (@ —v)dxdt >0 Vo € Ugyg. (43)
Q

Now, we consider the adjoint state equation:

—Dpe — Ape =y: —24 InQ,
pe=0 on X, (44)
pe(T) =0 in £2.
Let
Trpe(t) = pe(T —1t), t€[0,T] (45)
Then §77p; (¢) = —p,(T — ).
Next, making the change of variablet — T — t in

o ] T -,/
Dpe(t) = m/[ (s —t)"“p,(s)ds,

we obtain

o 1 r —a/
Dp(T—1t) = Td—a) Tit(S— (T —1t)"p,(s)ds

1 ' —a ./
= m/{)(t—u) p.(T —u)du

which, according to the notations (45), can be rewritten as

-l t
D Trpe(t) = —mfo (t —w)~*(Trps)' (u) du.

This means that
i)a(TTps(t) = _Dg‘rl'ps(t)-

Finally, making the change of variable t — T — t in (44), we obtain

Trpe =0 on X,
Trp.(0) =0 in 2.

That is
{D‘éqs —Aq. =g, inQ,

[DgTTpg — ATrpe = Trye — T124 inQ,

qe = on XY, (46)
q.(0) =0 in £2

where q.(t) = Trp:(t) = p(T — t) and g.(t) = Try. — Trz4. Observing that T — t € [0,T] fort € [0, T], we
deduce that g, € I%(Q) since y, and z4 belong to L?(Q). Therefore Theorem 2.9 allows us to say that there exists a
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unique q, € L[*(0, T; H*(£2) N H(} (£2)) which is a solution to (46). Moreover there exists a positive constant C such that

I9e ll20.1):12(2)) < ClIge ll2(q)- This means that (44) has a unique solution, p, € L*(0, T; H*(£2) N H}(£2)). Moreover there
exists a positive constant C such that

IPelli2¢0.1y:H2(2)) < CllYe — zdll12(q)- (47)
Thus, multiplying (44) by z — y, and integrating by parts over Q, we obtain by using Lemma 2.8,

T T
/ / (Dii(z —ye) — Az — ye))pe dxdt = / / (—Dpe — Ape)(z — y,) dxdt
0 2 0 2

T
:/ /(ys—zd)(z—yg)dxdt, Vz € X.
0o Jo

Hence, in view of (42), we deduce that

T
/ f (Dii(z —ye) — Az —y))(pe + pe)dxdt >0, Vze X.
0 2

Proposition 3.4. Let (v.), y. and p, be defined as in Theorem 3.3. Then

lvell 2y < C, (48a)
1¥ell 20,0202y = C, (48Db)
|Dgye — Aye —h+ v, ||L2(Q) < C4/e, (48¢)
IPell20.1):H2(2)) = € (48d)

where C > 0 represents various constant independent of ¢.
Proof. Estimates (48a)-(48c¢) result from (21) and the weak convergence (24). To obtain (48d), we use (47) and (48b). O

To pass to the limit in the optimality system (32)-(35) we need an estimate of the multiplier p.. To this end we need a
stronger assumption than (17). So, we denote by B, (ug, ) = {u € L>(Q) such that ||u — uoll;2(q) < v} and we make the
following assumption

dug € Ugqg, Ir > 0,37t > 0such that Vk € B, (0, 1), v, € Bo(ug, T) N Uad, Vi
=T+ v, —r1k) € K. (49)

Proposition 3.5. Assume that (49) holds. Then there exists C > 0 such that
loell2¢0) < C. (50)
Proof. Let k € B,(0, 1). Then adding (34) to (35) with z = y; and ¢ = v, we get
/(Dg[_(yk _.VS) - A(yk _YS))(ps + ps) dxdt + / (st - ps)(vk - Ua)dth, > 0
Q Q
which according to (49) gives
/ pe(Vgy — v, — Tk — gp,) dx dt + / pe(—1k — ep,.) dxdt + / Nv,(vg — ve)dxdt > 0.
Q Q Q
Hence we deduce that
/ perkdxdt < / pe (Vg — v — 1k) dx dt — / psEpe dx dt — / s,of dxdt + [ Nv, (v, — ve)dxdt.
Q Q Q Q Q
Consequently,
/ perkdxdt < ||ps||L2(Q)(||vk||L2(Q) + ||U8||L2(Q) + r||k||L2(Q) + 5||Ps||L2(Q)) + N||Us||L2(Q)(||Uk||L2(Q) + ||U8||L2(Q))~
Q

Observing that |[e o [|;2(q) < C./¢ since (48c) and (40) hold, using (48a) and (48d) and (49) we have

1
Vk € B,(0, 1), / pekdxdt < ;[C(Huolle(Q) +T4+C+r+ee) + NC(lluollj2¢q) + T + O
Q
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Because ug does not depend on &, we obtain || p¢[l;2(q, < C where

1
€= [C(luollzg + 7 +C+r+ £+/) + NC(l[uoll2(q) + 7 +O)1 > 0. O

Proposition 3.6. Let (¥, v) be the solution of (16). Then
v, — v strongly in [*(Q), (51)
y. — j strongly in [2((0, T); H*(2)). (52)

Proof. In view of (48a) and (48b), there exist vy € L?(Q) and y, € L?((0, T); H?(£2)) and subsequences extracted from (v,)
and (y,) (still called (v.) and (y,)) such that

ve = vo  weakly inL*(Q), (53)

Ye = Yo weakly in L*((0, T); H*(£2)), (54)
Since K and U, are closed convex sets and y, € K, v, € Ugqg using (54) and (53), we get

yo € K and vy € Ugg. (55)

On the other hand, using Lemma 2.8, we have
T T
/ / (D&Y (6, ) — Aye(x, ) — h — v)g(x, ) dude = / / Ve, 0) (—Dp(x. £) — Ag(x, D) dxdt
0o Jo 0o Ja

T
—/ /(h+vs)<p(x, t)ydxdt, V¢ € D(Q).
0 2

Therefore passing this latter identity to the limit while using (54) and (53), we obtain
T T
0= [ [ woteo-000 - speenaxde = [ [ v pi o arde
0 2 0 2

T
= / / (Dgyo(x, t) — Ayo(x, t) — h — vo)e(x, t) dxdt, Yo € D(Q).
0 Je

This means that

Dgye — Aye —h — v, — Diyyo — Ayo —h —vp  weakly in D'(Q).
As according to (48c)

DY ye — Aye —h+v, — 0 weakly in 12(Q), (56)
we deduce that

Dgyo — Ayo = h+ v inQ. (57)

Then proceeding as for y, on Pages 9 and 10, we prove on the one hand that yg|5 and I' %y, (x, 0") exist and belong
respectively to H~1((0, T); H~/?(3£2)) and H~'(£2), and on the other hand that

{JI/{)“_y(?(x, 0N =0 ?1?.5 (58)
From (57), (58) and (55), we obtain that yo = T(vg), Yo € K and vy € Ugq.
Since
JeWe, ve) <) (v, V) =], V),
we have

lim iglffs Ve, ve) < J(¥, 0).
e—>
This means that

Jo, vo) <], )
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because J. (yo, vo) = J(¥o, vo). Hence, the uniqueness of the optimal control of (16) allows us to say that J (yo, vo) = J (¥, v)
and

Yo=Yy, vo=u. (59)
Thus we have proved that

v, = weakly in [*(Q), (60)

ye — ¥ weakly in [?(Q). (61)

To prove the strong convergence, we first observe that according to the result above, we have lim,_, J. (y., v.) = J(¥, v),
which implies that

lim(lye = 2all%a g, + Ve 2 ) = 17 = Zall 2 g, + 1312 g, (62)
Using (60) and (61), we get
1Y = zallfz g, < iminflly: — zallZ2 g,

2

-2 . .
”v”LZ(Q) S ll];ll)lglf”vE”LZ(Q)a

which in view of (62) gives

- 2 : 2
1y — zall 2o, = lim llye — 24l 20,
2Q) ~ .o 12(Q)

=2 T 2 (63)
”U”LZ(Q) - ‘!E;r(l) ”v(‘?”]_Z(Q)'
Therefore using the fact that
lve = DlZ g, = Vel — 2 /Q vebdxde + [[3]1% -
in view of (63), (60) and (61), we deduce that
. -2 .
lim flye = ¥lli2q) = 0.
. -n2 _
gll;r(l) ”vS - U”LZ(Q) =0.
Hence we obtain (51) and (52). O
Proposition 3.7. As ¢ tends to 0,
pe — b weakly L*((0, T); H* (%)), (64)
where p is a solution of
—Dp—Ap=y—z4 inQ,
p=0 ony, (65)
p(T)=0 in £2.

Proof. Let q.(t) = Trp.(t) = p.(T — t). Then according to results obtained in Page 13, we have
D¢qe — AQe = Trye — Trzg inQ,
qg. =0 on X,
q.(0) =0 in 2.
Therefore in view of Theorem 2.9, there exists C > 0 such that
9ell20,7y:m2(2)) < ClITTYe — Trzdlli2(q)-

Then, using the fact that T — t € [0, T] fort € [0, T] and (48b), we get

”‘ZS”LZ((O.T);HZ(Q)) =C
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Consequently, there exists g in L?((0, T); H?(£2)) and a subsequence extracted from (q,) (still called (q,)) such that
ge — g weaklyin L*((0, T); H*(£2)). (66)
Because g, (0) = 0, we obtain that
D¢g. = D ge, (67a)
I'q.(0) =0 (67b)
and that g, is also a solution of
Dy d: — AQe = Try. — Trzg inQ,
g =0 on X,
'%q.(0)=0 in 2.

So, proceeding as for y, on Pages 9 and 10, one can prove on the one hand that q|x and I'~%g(x, 0%) exist and belong
respectively to H1((0, T); H~/?(852)) and H~'(£2), and on the other hand that

Dyq—Aq=7r(y —z4) inQ,

1'*q(x,0) =0 in 2.

Therefore using again (67), one can easily prove that Dy, g = D¢q. This implies that '-*g(x,0%) = g(0) = 0.
Thus, we have
q= on X, (69)
qx, 0" =0 in 2.
Now, in view (48d), there exists p in L*((0, T); H%(£2)) and a subsequence extracted from (p,) (still called (p,)) such that
pe — p weakly in [2((0, T); H3(2)), (70)

and since q.(t) = Trp:(t) = p.(T — t) we deduce that q(t) = J7p(t) = p(T — t). Hence make the change of variable
t - T —tin(69), we deduce that (65). O

Theorem 3.8. Assume that (49) hold. Let (y, v) € 4 and p be defined by (65). Then (y, v) is an optimal solution to (16) if, and
only if there exists p € L?>(Q) such that (¥, v, p, p) satisfies:

f(DﬁL(z -9 —Az-y))(p+p)dxdt =0, Vze X, 71)
Q

/(Nf) —p)(@ —D)dxdt >0 Vg € Ug. (72)
Q

Proof. In view of (50), there exist p in [2(Q) and a subsequence extracted from (p,) (still called (p,)) such that

pe — p weakly in I2(Q). (73)

So, passing to the limit in (35) while using (73) and (51), we get
/Q(NT) —p)(p —v)dxdt >0 Ve € Uy.
On the other hand, observing that (34) can be rewritten as
/Q(D‘gl(z —Ve) — A(Z — ¥,))pe dx dt + /Q(D‘,’{Lz — Az)p, dxdt — /Q(DﬁLyg + Ay.)p. dxdt >0, Vze X,
which in view of (41) is equivalent to

/(D%L(z —¥Ye) — A(Z — ye))pe dx dt + / (Dyiz — Az)p, dxdt — f (h+ve +ep.)p.dxdt >0, Vze X,
Q Q Q
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using (73),(51), (52) and (64) while passing to the limit in this latter inequality, we deduce that
/(DﬁL(z —¥y) — A(z —y))pdxdt —l—/(DgLZ — Az)pdxdt — / (h+v)pdxdt >0, >0, Vze X.
Q Q Q
Consequently, using the fact that y = T(v), we obtain
/Q(DgL(z —y)— Az —y)pdxdt + /Q(Dﬁl(z —y)— A(z—-y)pdxdt >0, Vze X.
This means that

f(sz ) — A - )G+ ) dede >0, Vze XK.
Q

4. Concluding remarks

To obtain the estimate of the multiplier p, in L?>(Q), we have taken k in a unit ball of L?>(Q) in (49). Note that the same
estimation holds if we choose k in any unit ball of a dense subset of L?(Q), say ID(Q) for instance.
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