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Abstract

We deal with the unit ballUR(X) of non-negative Radon measures on a Tychonoff spaceX. UR
is a functor in the categoryTych. It is proved thatUR has all properties of a normal functor, with the
exception of point preservation. 2000 Elsevier Science B.V. All rights reserved.

Keywords:Radon measure; Functor; Borel selection

AMS classification: 46E27; 54E70

Introduction

The functorPR of Radon probability measures in the categoryTychof all Tychonoff
spaces and continuous mappings was defined and studied by Banakh [2,3]. The author
obtained analogous results for the functorPβ of probability measures with compact
supports [9,11–14]. In [15] the functorUτ : Tych→ Tychof τ -additive measures with norm
6 1 was defined and studied.

In this paper we investigate the functorUR : Tych→ Tych of Radon measures with
norm6 1. This functor is a subfunctor of the functorUτ and an extension of the functor
U : Comp→ Comp, whereComp is the category of all compacta (Hausdorff compact
spaces) and continuous mappings, and for a compactumK the spaceU(K) is the unit
ball of the setMr(K) of all regular Borel measures inK equipped with∗-weak topology.

Our main goal is to show thatUR has all properties of a normal functor, with the
exception of point preservation. Namely:

(1) UR is monomorphic (preserves embeddings);
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(2) UR is epimorphic (transfers surjections into mappings with dense images);
(3) UR preserves intersections of closed subsets;
(4) UR preserves inverse images;
(5) UR preserves weight;
(6) UR is continuous with respect to inverse limits.
We prove also that the functorUR has some additional properties. For example,UR

preserves perfect mappings,Čech-complete spaces, paracompactp-spaces. Besides,UR
transfers open mappings between metric spaces, having local Borel selections, into open
mappings.

In Section 1 we give necessary information concerning measures. The background is
rather extensive (fills up about a half of the paper). The main reason for this is the following
one. There are two approaches to measures: a measure as a function of Borel subsets,
and a measure as a linear functional (integral). For compact spaces and regularτ -additive
measures these two approaches coincide by Riesz’ theorem. But in arbitrary Tychonoff
spaces the situation is more complicated. In the main part of the article (Section 2) we
use both definitions of a measure. So we have to be very punctual. For this, we map the
setMR(X) of Radon measures in a Tychonoff spaceX into the setMR(βX) and study
properties of this mapping and its submappings. Doing so, we can avoid certain confusions,
especially when we define and study mappings of typeUR(f ).

All spaces in this paper are assumed to be Tychonoff. Any needed additional information
from General Topology can be found, for example, in [5].

1. Preliminaries

We recall basic definitions and facts. LetB(X) be theσ -algebra of all Borel subsets of
a spaceX.

Proposition 1.1 [10, Proposition 3.4].If Y ⊂X, then

B(Y )= B(X)|Y ≡ {B ∩ Y : B ∈ B(X)}.
A Borel measureonB(X) (or inX) is a countably additive non-negative function

µ :B(X)→[0,+∞).
The set of all Borel measures inX is denoted byM(X). Forµ ∈M(X)we set‖µ‖ = µ(X).

Definition 1.2. A Borel measureµ in X is called
(a) aprobability measureif ‖µ‖ = 1;
(b) regular if µ(B)= sup{µ(F): F ⊂ B, F is closed};
(c) weakly Radonif µ(X)= sup{µ(K): K ⊂X,K is compact};
(d) Radonif µ(B)= sup{µ(K): K ⊂ B,K is compact} for anyB ∈ B(X);
(e) τ -additive if for every open setG0 ⊂ X we haveµ(G0) = sup{µ(G): G ∈ G0},

whereG0 is an arbitrary upwards directed family of open subsets ofX with G0 =⋃
G0.
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The sets of all regular,τ -additive, Radon measures inX are denoted byMr(X),Mτ(X),
MR(X), respectively. Evidently,

MR(X)⊂Mτ(X) for an arbitraryX. (1.1)

Corollary 6.11 from [10] implies

Proposition 1.3. Everyτ -additive measure is regular.

In view of Proposition 1.3, the next statement is trivial.

Proposition 1.4. For every compactumK we have

MR(K)=Mτ(K)=Mr(K).

It is easy to see that one can partially strengthen this assertion.

Proposition 1.5. For every Lindelöf spaceX we have

Mτ(X)=Mr(X).

Let

UR(X)=
{
µ ∈MR(X): ‖µ‖6 1

}
.

In a similar way we define the setsUτ (X) andUr(X). By PR(X), Pτ (X) andPr(X) we
denote the subsets ofUR(X), Uτ (X) andUr(X) consisting of all probability measures.
If K is a compactum, then for the sake of brevity we denote byU(K) the setUR(K) =
Uτ (K)=Ur(K). Similarly, byP(K) we denote the set of probability measuresPR(K)=
Pτ (K)= Pr(K).

LetX ⊂ βX be the identity embedding. ForB ⊂ B(X) andµ ∈M(βX), set

rX(µ)(B)= inf
{
µ(C): C ∈ B(βX), C ∩X = B}. (1.2)

Definition 1.2 is correct in view of Proposition 1.1.

Proposition 1.6 [10, Construction 3.5].rX(µ) is a Borel measure inX.

So, we have the functionrX :M(βX)→M(X). Now letµ ∈M(X) and letB ∈ B(βX).
Set

eX(µ)(B)= µ(B ∩X). (1.3)

Proposition 1.7 [10, Construction 3.7].eX(µ) is a Borel measure inβX with ‖eX(µ)‖ =
‖µ‖.

Thus, we have the functioneX :M(X)→M(βX).
The next statement is trivial:

Proposition 1.8. rX ◦ eX = idM(X).
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The next assertion is also rather simple, but very important:

Proposition 1.9 [10, Proposition 3.8].A measureµ ∈ M(X) is τ -additive iff eX(µ) is
τ -additive. In particular,eX mapsMτ (X) intoMτ(βX).

Now let us set

M∗(βX)= {µ ∈Mr(βX): µ(K)= 0 for any compactumK ⊂ βX \X},
M∗(βX)=

{
µ ∈Mr(βX): µ(βX)= µ∗(X)

}
,

where

µ∗(X)= sup
{
µ(K): K ⊂X is a compactum

}
.

It is clear that

M∗(βX)⊂M∗(βX). (1.4)

If there can be no confusion, we shall denote the restrictions ofeX andrX onto arbitrary
subsets ofM(X) andM(βX) by the same symbolseX andrX .

Proposition 1.10. For an arbitrary spaceX the functions

eX :Mτ(X)→M∗(βX) and rX :M∗(βX)→Mτ(X)

are bijections inverse to each other.

Proof. First of all, let us check

eX ◦ rX|M∗(βX)= id. (1.5)

Since bothµ andeX(rX(µ)) are Borel measures inβX, to prove (1.5) it is sufficient to
verify

µ(K)= eX(rX(µ))(K) (1.6)

for an arbitrary compactumK ⊂ βX and µ ∈ M∗(βX). We haveeX(rX(µ))(K) =
(by (1.3))= rX(µ)(K ∩X)6 (by (1.2))6 µ(K). So,

µ(K)> eX
(
rX(µ)

)
(K). (1.7)

From (1.7) and Proposition 1.8 we obtain (1.6). Therefore, (1.5) holds.
Proposition 1.9 and (1.5) imply

rX(M
∗(βX))⊂Mτ (X). (1.8)

Now letµ ∈Mτ(X), and letK ⊂ βX \X be a compactum. Proposition 1.7 yields

µ(X)= eX(µ)(βX). (1.9)

Further,µ(X)= (by Proposition 1.8)= rX(eX(µ))(X)6 (by (1.2))6 eX(µ)(βX \K)6
eX(µ)(βX) = (by (1.9)) = µ(X). Hence,eX(µ)(βX \ K) = eX(µ)(βX) or, in other
words,eX(µ)(K)= 0. Therefore,eX(µ) ∈M∗(βX). So,

eX
(
Mτ(X)

)⊂M∗(βX). (1.10)
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Then (1.10), (1.8) and (1.5) imply

eX
(
Mτ(X)

)=M∗(βX). (1.11)

But Proposition 1.8 implies that

eX :Mτ(X)→M(X)

is an injection. Consequently,

eX :Mτ(X)→M∗(βX)

is a bijection. Applying Proposition 1.8 once more we get that

r|M∗(βX)= (eX|Mτ(X)
)−1

.

Proposition 1.10 is proved.2
Now we may identify measuresµ ∈Mτ(X) with measureseX(µ) ∈M∗(βX).

Proposition 1.11. eX(MR(X))=M∗(βX).

Proof. Letµ ∈MR(X). Then for an arbitrary positiveε there is a compactumK ⊂X such
that

µ(X)−µ(K) < ε.
But eX(µ)(βX)= µ(X) by Proposition 1.7, andeX(µ)(K)= µ(K) by definition. Hence

eX(µ)(βX)− eX(µ)(K) < ε.
Consequently,eX(µ)(βX)= eX(µ)∗(X). This implies thateX(µ) ∈M∗(βX).

Conversely, letµ ∈M∗(βX). Then for a givenε > 0 there is a compactumK ⊂X such
that

µ(βX)−µ(K)< ε. (1.12)

On the other hand, in view of Proposition 1.10 and (1.4) there exists a unique measureν ∈
Mτ(X) such thateX(ν)= µ. Then, as above, we haveν(X)= µ(βX) andν(K)= µ(K).
Hence, (1.12) yields

ν(X)− ν(K) < ε.
Therefore,ν is a weakly Radon measure. On the other hand,ν is regular in view of
Proposition 1.3. But, clearly, every regular weakly Radon measure is a Radon measure.
Consequently,ν ∈MR(X), andµ ∈ eX(MR(X)). Proposition 1.11 is proved.2
Remark 1.12.

Now we may identify measuresµ ∈MR(X) (Mτ(X)) with measureseX(µ) ∈M∗(βX)
(M∗(βX)), respectively. In what follows, by Radon (τ -additive) measures we shall mean,
as a rule, measures fromM∗(βX) (M∗(βX)).

Let us recall some notions and facts concerning regular measures in compacta. For
a compactumK by C(K) we denote the Banach space of all continuous functions
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ϕ :K→ R. By Riesz’ theorem, the setMr(K) is embedded into the dual spaceC(K)∗.
Besides the topology of a normed space,C(K)∗ can be equipped with∗-weak topology by
the identity embedding

C(K)∗ ⊂RC(K).
Riesz’ embedding∫

:Mr(K) ↪→ C(K)∗

induces∗-weak topology onMr(K)=Mτ(K). In particular,Mτ(K) is a Tychonoff space.
At last, the bijection

eX :Mτ(X)→M∗(βX)

induces∗-weak topology onMτ(X) andMR(X), and other subsets ofMτ(X) for an
arbitrary spaceX. So, Propositions 1.10 and 1.11 imply

Proposition 1.13. The mappings

eX :Mτ(X)→M∗(βX) and eX :MR(X)→M∗(βX)

are homeomorphisms.

In ∗-weak topologyU(K) for a compactumK is compact being a closed subset of the
Tychonoff cubeIC(K) (more precise,

∏{[−‖ϕ‖,‖ϕ‖]: ϕ ∈ C(K)}). The spaceP(K) is
also compact as a closed subset ofU(K). Set

U∗(βX)=M∗(βX)∩U(βX);
U∗(βX)=M∗(βX) ∩U(βX);
P ∗(βX)=U∗(βX)∩ P(βX);
P∗(βX)=U∗(βX)∩ P(βX).

There are important particular cases of Proposition 1.13.

Corollary 1.14. The mappings

eX :Uτ (X)→ U∗(βX) and eX :UR(X)→ U∗(βX)

are homeomorphisms.

Corollary 1.15. The mappings

eX :Pτ (X)→ P ∗(βX) and eX :PR(X)→ P∗(βX)

are homeomorphisms.

Remark 1.16.
In slightly different terms the first part of Corollary 1.14 was proved in [15, Section 2],

and Corollary 1.15 was obtained by Banakh [2, Section 0].
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For a continuous mappingf :K1→ K2 we define the mappingMr(f ) :Mr(K1)→
Mr(K2) by

Mr(f )(µ)(ϕ)= µ(ϕ ◦ f ) (1.13)

for arbitraryµ ∈Mr(K1) andϕ ∈ C(K2). In this definition we identify the measureµ with
the linear functional

∫
µ

:C(K1)→R. The next assertion is well known and easily follows
from the definitions of∗-weak topology,Mr(f ) and‖µ‖. As for the last definition, let us
notice that‖µ‖ = µ(K)= µ(1K), where 1K(x)= 1 for anyx ∈K.

Proposition 1.17. The mappingMr(f ) is continuous and, moreover,‖µ‖ = ‖Mr(f )(µ)‖
for everyµ ∈Mr(K1).

Let f1 :K1→K2 andf2 :K2→K3 be continuous mappings between compacta. Then
(1.13) implies

Mr(f2 ◦ f1)=Mr(f2) ◦Mr(f1). (1.14)

The equality (1.14) yields

Proposition 1.18.Mr : Comp→ Tych is a covariant functor.

Propositions 1.17 and 1.18 imply that

U : Comp→Comp and P : Comp→Comp

are subfunctors of the functorMr (the mappingsU(f ) andP(f ) are defined as in (1.13)).
It is known thatP is anormal functor(for details see, for example, [7] or [8]). In the same
way as for the functorP , one can show that the functorU has all properties of a normal
functor with the exception of point preservation.

If f :X→ Y is a continuous mapping between Tychonoff spaces, we can define the
mappingM(f ) :M(X)→M(Y) by

M(f )(µ)(B)= µ(f−1(B)
)
, (1.15)

whereB ∈ B(Y ). The next statement is well known:

Proposition 1.19. If f :K1 → K2 is a continuous mapping between compacta, then
M(f )=Mr(f ).

Corollary 1.20. Let f :K1→K2 be a continuous mapping, and letF be a closed subset
ofK1. Then for anyµ ∈Mr(K1) we have

µ(F)6Mr(µ)
(
f (F )

)
.

If f :X→ Y is a continuous mapping, then by

βf :βX→ βY

we denote the natural extension off overβX. It easily follows from the definition that

(βf )−1(βY \ Y )⊂ βX \X. (1.16)
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Proposition 1.21. If f :K1→K2 is a continuous mapping, then

Mr(βf )
(
M∗(βX)

)⊂M∗(βY ) and Mr(βf )
(
M∗(βX)

)⊂M∗(βY ).
Proof. Let µ ∈M∗(βX), and letK be a compact subset ofβY \ Y . According to (1.16),

(βf )−1(K)⊂ βX \X.
Hence,µ((βf )−1(K)) = 0. ThenMr(βf )(µ)(K) = (in view of Proposition 1.19) =
µ((βf )−1(K))= 0. Consequently,Mr(βf )(µ) ∈M∗(βY ).

Now letµ ∈M∗(βX), and letε be an arbitrary positive number. There is a compact set
K ⊂X such that

µ(βX)−µ(K)< ε.
ThenMr(βf )(µ)(βY )−Mr(βf )(µ)(βf (K))= (by Proposition 1.19)= µ((βf )−1(βY ))

− µ((βf )−1(βf (K))) 6 µ(βX) − µ(K) < ε. Therefore,Mr(βf )(µ) ∈ M∗(βY ), since
βf (K)= f (K) is a compact subset ofY . Proposition 1.21 is proved.2
Corollary 1.22. If f :X→ Y is a continuous mapping, then

U(βf )
(
U∗(βX)

)⊂U∗(βY ) and U(βf )
(
U∗(βX)

)⊂U∗(βY ).
The first part of this corollary was proved in [15, Section 2].

2. The functorUR and its basic properties

We start with definitions. Iff :X→ Y is a continuous mapping, we set

UR(f )=U(βf )|U∗(βX). (2.1)

By virtue of Corollary 1.22, the definition (2.1) gives us the mapping

UR(f ) :UR(X)→ UR(Y ). (2.2)

Here we identifyUR(Z) with U∗(βZ) for any Z. If we prefer to considerUR(Z) as
the space of Radon measures inZ, then in view of Propositions 1.8 and 1.13, the
definition (2.1) can be written as

UR(f )= rY ◦U∗(βf ) ◦ eX. (2.3)

The mappingUτ (f ) is defined in the same way.

Theorem 2.1 [15, Theorem 2.2].Uτ is a covariant functor in the category Tych which
extends the functorU : Comp→Comp.

The definition (2.1), Theorem 2.1, the statement (1.4) and Corollary 1.22 yield

Theorem 2.2. UR is a covariant functor in the category Tych, that is an extension of the
functorU : Comp→Comp and a subfunctor of the functorUτ : Tych→ Tych.
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Proposition 2.3. The functorUR preserves the class of injective mappings.

Proof. Let f :X→ Y be an injective mapping andµ1,µ2 ∈ UR(X), µ1 6= µ2. Every
Radon measure onX is uniquely defined by its values on compact subsets ofX. Then
there exists a compactumK ⊂ X such thatµ1(K) 6= µ2(K). Thenf (K) is a compact
subspace ofY . Moreover,UR(f )(µ1)(f (K)) = µ1(f

−1(f (K))) = µ1(K) 6= µ2(K) =
UR(f )(µ2)(f (K)), soUR(f )(µ1) 6=UR(f )(µ2). Proposition 2.3 is proved.2
Proposition 2.4. The functorUR preserves the class of all embeddings.

Proof. In [15, Theorem 3.3] it was proved thatUτ preserves embeddings. Hence, an
application of Theorem 2.2 finishes the proof.2
Proposition 2.5. The functorUR preserves inverse images, i.e., for any continuous
mapping f :X → Y and for any subsetA ⊂ Y , the equalityUR(f )−1(UR(A)) =
UR(f

−1(A)) holds.

Proof. It is clear thatUR(f−1(A))⊂UR(f )−1(UR(A)). We will show that

UR(f )
−1(UR(A))⊂UR(f−1(A)

)
.

Let µ ∈ UR(X) be a measure such thatUR(f )(µ) ∈ UR(A). Let ε > 0. On the one hand,
there is a compactumK1⊂X such that

µ(βX)−µ(K1) <
ε

2
. (2.4)

On the other hand,UR(A) ⊂ UR(Y ), because of Proposition 2.4. Hence, there is a
compactumK2⊂A such that

UR(f )(µ)(βY )−UR(f )(µ)(K2) <
ε

2
. (2.5)

Proposition 1.19, the inequality (2.5) and the definition (2.1) imply

µ
(
(βf )−1(βY )

)−µ((βf )−1(K2)
)
<
ε

2
,

or

µ(βX)−µ((βf )−1(K2)
)
<
ε

2
. (2.6)

SetK3= (βf )−1(K2). Then

µ(K3)= µ(K1∩K3)+µ(K3 \K1).

Consequently,12ε > (by (2.6)) > µ(βX)−µ(K3)= µ(βX)−µ(K1∩K3)−µ(K3\K1)>
µ(βX)−µ(K1∩K3)−µ(βX\K1) > (by (2.4)) > µ(βX)−µ(K1∩K3)− 1

2ε. Therefore,

µ(βX)−µ(K1∩K3) < ε. (2.7)

But X ∩ (βf )−1(Z) = f−1(Z) for any Z ⊂ Y . Hence,K1 ∩ K3 is a compact subset
of f−1(A). So, the inequality (2.7) shows thatµ ∈ UR(f−1(A)). Proposition 2.5 is
proved. 2
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Theorem 2.6. The functorUR preserves the class of perfect mappings.

Proof. Let f :X→ Y be a perfect mapping of Tychonoff spaces. Thenβf :βX→ βY

is a perfect mapping, being a continuous mapping between compacta. By the same
reason,U(βf ) is perfect. Hence, to prove the perfectness ofUR(f ), we have to check,
in accordance with (2.1), that

U(βf )−1(UR(Y ))=UR(X).
To check this equality, it suffices, in view of Proposition 2.5, to show that

(βf )−1(Y )=X. (2.8)

Sincef is perfect,βf (βX \ X) ⊂ βY \ Y [5, Theorem 3.7.15]. Adding (1.16) to this
inclusion we obtain (2.8). Theorem 2.6 is proved.2

From Proposition 2.4 and Theorem 2.6 we have

Corollary 2.7. The functorUR preserves the class of all closed embeddings.

Definition 2.8. Let Fi :C → C ′, i = 1,2, be covariant functors from a categoryC =
(O,M) into a categoryC ′ = (O′,M′). A family of morphismsΦ = {ϕX :F1(X)→
F2(X), X ∈ O} ⊂M′ is said to be anatural transformationof the functorF1 into the
functorF2 if for any morphismf :X→ Y fromM the diagram

F1(X)
ϕX

F1(f )

F2(X)

F2(f )

F1(Y )
ϕY

F2(Y )

is commutative.
For any Tychonoff spaceX, let δX :X→ UR(X) be the mapping which maps every

pointx ∈X into its Dirac measureδ(x).

From (1.4) and [15, Theorem 3.6] it follows:

Theorem 2.9. The familyδ = {δX} defines a natural transformation of the identity functor
Id : Tych→ Tych into the functorUR : Tych→ Tych. Moreover, every componentδX :X→
UR(X) is a closed embedding.

By analogy with [15, Proposition 3.1] we can prove

Proposition 2.10. Letf :X→ Y be a mapping such thatf (X) is everywhere dense inY .
ThenUR(f )(UR(X)) is everywhere dense inUR(Y ).

Lemma 2.11. Let X be a Tychonoff space, and letB ⊂ X be its Borel subset. Then
UR(B)=Uτ (B)∩UR(X)⊂U(βX).
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Proof. It is clear thatUR(B) ⊂ Uτ (B) ∩ UR(X). Let µ ∈ Uτ (B) ∩ UR(X). SinceB
is a Borel subset inX, there exists a Borel subsetB1 ⊂ βX such thatrX(µ)(B) =
µ(B1) and B1 ∩ X = B. Further,µ∗(X) = µ(βX). Since the measureµ is regular,
for every ε > 0 there exists a compactumK1 ⊂ B1 such thatµ(B1 \ K1) <

1
2ε. From

the definition ofµ∗(X) it follows that there exists a compactumK2 ⊂ X such that
µ(K2) > µ(βX)− 1

2ε. ThenK = K1 ∩ K2 ⊂ B1 ∩ X = B is a compactum inB. Since
B1 \ K = B1 \ (K1 ∩K2) = (B1 \ K1) ∪ (B1 \ K2) ⊂ (B1 \ K1) ∪ (βX \ K2), we have
µ(B1 \ K) 6 µ(B1 \ K1) + µ(βX \ K2) <

1
2ε + 1

2ε = ε. But K ⊂ B andε is arbitrary.
Thus,µ∗(B)= µ(B1). Therefore,µ ∈ UR(B). Lemma 2.11 is proved.2

From [15, Theorem 3.4] and Lemma 2.11 we obtain

Theorem 2.12.The functorUR preserves the intersection of closed subsets, i.e, for any
Tychonoff spaceX and for any its closed subsetsXα , α ∈ A, we haveUR(

⋂
α∈AXα) =⋂

α∈AUR(Xα).

Now we will examine the continuity of the functorUR. Let A be an upwards directed
partially ordered set, and let{Xα,pγα } be a spectrum consisting of Tychonoff spaces. By
lim←−Xα we denote the limit of this spectrum, bypα : lim←−Xα→ Xα , α ∈ A, we denote the
limit projections. The spectrum{Xα,pγα } generates the spectrum{UR(Xα),UR(pγα )}. We
denote its limit by lim←−UR(Xα) and its limit projections by prα : lim←−UR(Xα)→ UR(Xα).
The mappingsUR(pα) :UR(lim←−Xα)→ UR(Xα) generate a mappingT :UR(lim←−Xα)→
lim←−UR(Xα). Since the functorU is continuous in the categoryComp, the mappingT is an
homeomorphism ifXα is compact for anyα.

Theorem 2.13.The mappingT :UR(lim←−Xα)→ lim←−UR(Xα) is an embedding. If

pα : lim←−Xα→Xα

are dense(that is, pα(lim←−Xα) is everywhere dense inXα), then T (UR(lim←−Xα)) is
everywhere dense inlim←−UR(Xα). If A is countable, thenT is an homeomorphism.

Proof. Let {βXα,β(pγα )} be the Stone–̌Cech compactification of the spectrum{Xα,pγα }.
It is clear that the limit mapping lim←−Xα→ lim←−βXα is an embedding. Moreover, lim←−Xα
is everywhere dense in lim←−βXα if pα are dense. Then the mappingT :U(lim←−βXα)→
lim←−U(βXα) is an homeomorphism. From Propositions 2.4 and 2.10 we obtain the first and
the second statement of this theorem.

Let A be countable. We will show that the mappingT :UR(lim←−Xα)→ lim←−UR(Xα) is
an homeomorphism. It is enough to prove that the mappingT is surjective. Let{µα}α∈A ∈
lim←−UR(βXα). We will show that

µ= T −1
({µα}α∈A) ∈ UR(lim←−Xα)⊂UR(lim←−βXα).

Let ε > 0. Let ξ :A→ N be a bijection. For everyα ∈ A there exists a compactum
Kα ⊂Xα such thatµα(Kα) > µ(βX)− ε · 2−ξ(α). It is clear that the setK = {(xα)α∈A ∈
lim←−Xα : pα(xα) ∈Kα , α ∈A} is compact. Moreover,
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µ
(
(lim←−Xα) \K

)
6
∑
α∈A

µ
(
p−1
α (Xα \Kα)

)=∑
α∈A

µα(Xα \Kα)

6
∑
α∈A

ε · 2−ξ(α) = ε.

Hence, the mappingT is surjective. Theorem 2.13 is proved.2
Definition 2.14. A mappingf :X→ Y has a Borel selectionif there exists a function
s :Y → X such thatf ◦ s = idY and for every open setV ⊂ X the sets−1(V ) is a Borel
subset ofY .

Proposition 2.15. Let f :X→ Y be a mapping between separable metric spaces which
has a Borel selection. Then the mappingUR(f ) :UR(X)→ UR(Y ) is surjective.

Proof. Here we consider measures as functions of Borel sets and implicitly use the
definition (2.3) of the mappingUR(f ). Let s :Y → X be a Borel selection of the
mappingf . For an arbitrary measureµ ∈ UR(Y ) we take a measureν ∈ U(X) such that
ν(A) = µ(f (A ∩ s(Y ))) for any Borel setA ⊂ X. We will show that the measureν is
Radon. It is enough to prove that for an arbitraryε > 0 there is a compactumK ⊂X such
that ν(K) > ν(βX) − ε. Since the mappings :Y → X is Borel measurable, there exists
a closed subsetC ⊂ Y such thatµ(C) > µ(βY ) − 1

2ε and the mappings|C :C → X

is continuous [6, 2.3.5]. Since the measureµ on Y is Radon, there is a compactum
K ⊂ C such thatµ(C \K) < 1

2ε. Thens(K)⊂X is a compactum. Moreover,ν(s(K))=
µ(f (s(K) ∩ s(Y ))) = µ(f (s(K))) = µ(K) > µ(βY ) − ε. So, the measureν on X is
Radon andUR(f )(ν)= µ. Proposition 2.15 is proved.2
Definition 2.16. A mappingf :X→ Y has local Borel selectionsif for any open set
V ⊂X there exists a Borel selections :Y →X of the mappingf such thats(f (V ))⊂ V .

Theorem 2.17.Let f :X→ Y be an open mapping between separable metric spaces
which has local Borel selections. Then the mappingUR(f ) :UR(X)→UR(Y ) is open.

Proof. We start with the same remark as at the beginning of the proof of Proposition 2.15.
The system of sets

N ∗(µ0,U1, . . . ,Un, ε)=
{
µ ∈ UR(X) : µ(Ui)−µ0(Ui) >−ε,

16 i 6 n, |µ(X)−µ0(X)|< ε
}
,

whereε > 0, µ0 ∈ UR(X) andU1, . . . ,Un are open sets inX, is a base of a topology
on UR(X) [16, II, § 1]. One has to note that Varadarajan considered spaces of Baire
measures. But in every perfectly normal, in particular, in every metric space, each
Baire measure is a Borel one. LetN ∗(µ0,U1, . . . ,Un, ε) be a basic set. We will show
that UR(f )(N ∗(µ0,U1, . . . ,Un, ε)) is a neighborhood of the measureν0, whereν0 =
UR(f )(µ0) ∈ UR(Y ). First we will find a basic neighborhoodN ∗(µ0,V1, . . . , Vm, ε

′) ⊂
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N ∗(µ0,U1, . . . ,Un, ε) such thatVi , 16 i 6m, are open subsets ofX andVi ∩ Vj = ∅ if
i 6= j .

By N we denote the set{1, . . . , n}. Let expN be the set of all non-empty subsets
of N . It is easy to introduce a linear order on this set satisfying the property: ifB ⊂ A,
then A 6 B. It is clear that|expN | < 2n. Let ε′ = ε/2n+1. For everyA ⊂ N we
denoteUA = ⋂i∈A Ui . By induction, for everyA ⊂ N we find an open setVA ⊂ X
such thatVA ⊂ UA \⋃B<A VB andµ0(VA) > µ0(UA \⋃B<A VB) − ε′. HereV is the
closure of a setV . It is clear that for anyA ⊂ N we haveµ0(VA \ VA) < ε′. Hence,
µ0(UA) < µ0(VA)+∑B<A µ0(VB)+ ε′ < µ0(VA)+∑B<A µ0(VB)+ 2nε′. Moreover,
it is obvious thatVA ∩ VB = ∅ if A 6= B. We will show thatN ∗(µ0, {VA: A⊂ N}, ε′) ⊂
N ∗(µ0,U1, . . . ,Un, ε). If µ ∈N ∗(µ0, {VA: A⊂N}, ε′), then

µ(Ui)=
∑
i∈A

µ(VA)+µ
(
Ui \

⋃
i∈A

VA

)
>
∑
i∈A

µ(VA) >
∑
i∈A

(
µ0(VA)− ε′

)
>
∑
i∈A

µ0(VA)− 2nε′ >µ0(Ui)− 2n+1ε′

= µ0(Ui)− ε, 16 i 6 n.

Hence,µ ∈N ∗(µ,U1, . . . ,Un, ε).
We will re-denote the setN ∗(µ0, {VA: A ⊂ N}, ε′) asN ∗(µ0,V1, . . . , Vm, ε

′), where
m= |expN |. By M we denote the set{1, . . . ,m}. We introduce a linear order on the set
expM with the same property as the linear order on expN . For everyA⊂M we put

W ′A =
⋂
i∈A

f (Vi).

Sincef is an open mapping, the setsW ′A ⊂ Y are open. Letδ = ε′/2m+1. By induction,
for everyA⊂M we find an open setWA ⊂ Y such that

WA ⊂W ′A \
⋃
B<A

WB and ν0(WA) > ν0(W
′
A \

⋃
B<A

WB)− δ.

It is clear thatWA ∩ WB = ∅ if A 6= B, A,B ⊂M. Moreover,ν0((W
′
A \

⋃
B<AW

′
B) \

WA) < δ for everyA⊂M. We will show thatN ∗(ν0, {WA: A⊂M}, δ)⊂ UR(f )(N ∗(µ0,

V1, . . . , Vm, ε
′)). Let ν ∈N ∗(ν0, {WA: A⊂M}, δ). For everyA⊂M and for eachi ∈ A

we denote bysA,i :Y → X a Borel selection of the mappingf such thatsA,i(WA)⊂ Vi .
Let αAi , i ∈ A, be non-negative numbers such that

∑
i∈A αAi = 1 and αAi ν0(WA) >

µ0(f
−1(WA) ∩ Vi) for every A ⊂ M. Let s0 :Y → X be a Borel selection of the

mappingf . Letµ be a measure onX such that for any Borel setC ⊂X we have

µ(C)= ν
(
f

(
s0

(
Y
∖ ⋃
A⊂M

WA

))
∩C

)
+
∑
A⊂M

∑
i∈A

αAi ν
(
f
(
sA,i (WA)∩C

))
.

By analogy with the proof of Proposition 2.15 we can show thatµ ∈ UR(X) and
UR(f )(µ)= ν. We will prove thatµ ∈N ∗(µ0,V1, . . . , Vm, ε

′). Indeed,
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µ(Vi)>
∑
i∈A

αAi ν
(
f
(
sA,i(WA)∩ Vi

))=∑
i∈A

αAi ν(WA)

>
∑
i∈A

αAi
(
ν0(WA)− δ

)
>
∑
i∈A

αAi ν0(WA)− 2mδ

>
∑
i∈A

µ0
(
f−1(WA)∩ Vi

)− 2mδ = µ0

(
f−1

(⋃
i∈A

WA

)
∩ Vi

)
− 2mδ

=µ0

(
f−1

(⋃
i∈A

W ′A
)
∩ Vi

)
−µ0

(
f−1

(⋃
i∈A

W ′A
∖⋃
i∈A

WA

))
− 2mδ

=µ0(Vi)− 2mδ− ν0

(⋃
i∈A

W ′A
∖⋃
i∈A

WA

)
.

By definition of the setsW ′A we have
⋃
i∈AW ′A =W ′i . Then

ν0

(⋃
i∈A

W ′A\
⋃
i∈A

WA

)
= ν0

(
W ′i
∖⋃
i∈A

WA

)
= ν0

(⋃
i∈A

(
W ′A

∖ ⋃
B<A

W ′B
)∖⋃

i∈A
WA

)
6
∑
i∈A

ν0

((
W ′A

∖ ⋃
B<A

W ′B
)∖

WA

)
< 2mδ.

Hence,µ(Vi) > µ0(Vi)− 2m+1δ = µ0(Vi)− ε′. Theorem 2.17 is proved.2
By analogy with [4, Proposition 4.1] we can prove

Proposition 2.18. Let f :X→ Y be a continuous mapping. IfUR(f ) :UR(X)→ UR(Y )

is an open mapping, then the mappingf is open too.

By analogy with [15, Theorem 3.7] we get

Proposition 2.19. The functorUR preserves density, i.e.,d(UR(X)) 6 d(X) for any
infinite spaceX.

From [15, Theorems 3.8 and 3.11], [16, II, § 4, Theorem 13] and Lemma 2.11 we obtain

Theorem 2.20. The functorUR preserves weight, i.e.,w(UR(X))=w(X) for any infinite
spaceX.

Theorem 2.21.The functorUR preserves the class of metrizable spaces.

Theorem 2.22.The functorUR preserves the class ofČech-complete spaces.
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We recall that a spaceX is said to be ap-space if there exists a countable familyP
of open covers of the spaceX by sets which are open inβX such that

⋂{γ (x): γ ∈
P} ⊂ X for any pointx ∈ X, whereγ (x) = ⋃{V ∈ γ : x ∈ V }. Arhangel’skĭı proved
in [1] that paracompactp-spaces and only them are perfectly mapped onto metric spaces.
Theorems 2.6 and 2.21 yield

Theorem 2.23.The functorUR preserves the class of paracompactp-spaces.
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