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1. INTRODUCTION

In recent years, many papers have appeared in which error bounds for
interpolating splines have been obtained. We shall present a survey of the
results of these papers. We show that by expressing the error bound for the
interpolation of a function f in terms of the norm of f in a Sobolev or a
Besov space, we are able to give a common setting to these results. Further-
more, by applying the theory of intermediate spaces, we obtain new error
bounds which fill gaps between the bounds previously established.

We remark that Besov spaces and the theory of intermediate spaces have
found fruitful applications in other areas of approximation theory (cf. Butzer
and Berens [9] and Lofstrom [19]). While our paper is perhaps the first
application of these techniques to the theory of splines, Besov spaces and the
theory of intermediate spaces have found important applications in numerical
analysis in the study of initial-value problems (cf. Peetre and Thomée [28],
Hedstrom [14], Lofstrom [19], and Widlund [37]).

To briefly describe the contents of this paper, we first define in Section 2
Besov spaces and state results needed from the theory of intermediate spaces.
We then apply these theorems in Section 3 to error bounds for interpolation
by Lg-splines (cf. Jerome and Varga [17]). In Section 4, we apply these
techniques to the special cases of splines, Hermite splines, and periodic
splines on a uniform mesh. Finally, in Section 5 we discuss error bounds for
splines of best approximation, thereby generalizing recent results of
de Boor [7].

* This research was supported in part by AEC Grant (11-1)-2075.
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2. BESov SPACES

The Besov spaces arose from attempts to unify the various definitions of
fractional-order Sobolev spaces (see Taibleson [35] and the survey article by
Nikol’skii [21]). Since the Besov spaces are most easily described from the
point of view of the theory of interpolation between Banach spaces, we begin
with a brief description of that theory. For a more complete discussion of
interpolation of Banach spaces, see Butzer and Berens [9], Grisvard [12},
Lions [18], and Peetre [24] and [25].

Let X, and X; be two Banach spaces with norms || -{j, and || -1,
respectively, which are contained in a linear Hausdorff space &, such that the
identity mapping of X; in & is continuous, for i =0, 1. If X, 4 X; =
{feZ :f=fy+fi, where f,€ X,, i = 0, 1}, then (cf. Butzer and Berens
[9, p. 165]) X, + X; and X, N X; are Banach spaces with respect to the
norms

“f”xonxl = max{|| fliy, I fli},
0 lxgex, = inf{ll fo llo + [ 111},

the infimum being taken over all decompositions f = f, 4 f; with f; e X;,
i = 0, 1. Moreover, it follows that

X,NX,CX,CX, - X,C&, i=0,1, .1

where inclusion throughout this paper is understood to mean that the identity
mapping is continuous. We say that a Banach space X C & is an intermediate
space of X, and X; if it satisfies the inclusion

X,NnX,CXCX,+ X,C2Z, 2.2)

analogous to (2.1).

We now give Peetre’s real-variable method (cf. Butzer and Berens [9, p. 167]
and Peetre [25]) for constructing intermediate spaces of X; and X; . For each
positive ¢, and each fe (X, + X;), define

K@t f) = inf (ol + tifi - @3)

Then, for any 8 with 0 << 8 < 1 and any g with 1 << g << oo, let (X, X1)s.q
be the set of all elements f e (X, + X;) for which the norm

Uw (t°K (1, ))* _“tl’_)”q, 1 <g< o0,
Hf”(xo.xl)g,q = 0 (2-4)

sup 1°K(t,f), g = o,
>0
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is finite. The following result is known (cf. Butzer and Berens [9, p. 168] and
Peetre [25]).

THEOREM 2.1. For0 < 8 < 1,1 < g < 0, (X, , X1)o.q is a Banach space
which is an intermediate space of X, and X, and, thus, satisfies (2.2). In
particular, (X, X)g,, = X.

Next, let Y, and ¥; be two Banach spaces continuously contained (with
respect to the identity mapping)in a linear Hausdorff space %, and let T'denote
any linear transformation from (X, + X;) to (¥, -+ Y;) for which

i.e., T'is a bounded linear transformation from X; to Y; with norm at most
M;,i=0,]1. Again, the following result is known (cf. Butzer and Berens
[9, p. 180] and Peetre [25):

THEOREM 2.2. For 0 < 8 < 1,1 < q < oo, T is a bounded linear trans-
formation from the intermediate space (X, , Xy)s,, to the intermediate space
(Y, , Y1o.q » whose norm

M= sup I TS lcrg.r e, satisfies M < My M p°.

Ity )73

Because this paper is devoted to interpolation and approximation by splines
on finite intervals of the real line, it is necessary to define the Sobolev spaces
W,™a, b] and the Besov spaces BZ%[a, b]. For m a positive integer and
1 < p < o0, the Sobolev space W, ™[a, b] is defined to be the collection of ail
real-valued functions f(x) defined on the finite interval [a, b] for which the
generalized derivatives Df, (D = di/dx?), j = 0, 1,..., m, are all in L,[a, b].
Equivalently, W,™[a, b] is the collection of all real-valued functions f(x)
defined on [a, b] for which f'e C™[a, b], D™ 'f is absolutely continuous, and
Dnfe Lyla, b]. 1t is well known that W,™[a, b] is a Banach space with respect
to the norm

”f“Wp'"[a,b] = Z ” Djf”Lp[a,b] .
j=0

To define the Besov space B;“[a, b, let w,™(¢, f) where m is a positive
integer and 1 < p << o0, be the m-th modulus of continuity of f € L la, b), i.e.,

w,"(t,f) = sup

|yt

L (y)

v=0

; (2.5)
1

ola.b
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where for y fixed, the L, -norm is taken over the set of x in [a, 5] such that
x -+ vy e la, bl forallv = 0, 1,..., m. The Besov space B [a, b],0 < o < m,
1 <g < 0,1 <p < o, consists of all functions fe L,[a, b] for which the
norm

1 1/a
”fHL,,[a,b] + (f (t—awpm(taf))q ﬁt’f_) 3 1 < q < OO,
Hf“gg.a[a’b] = 0 (26)

Sz a0 + sup tw,™t,f), gq= o,

is finite, and B %[a, b] is a Banach space.

It would appear from (2.6) that B} “[a, b] depends on m, but actually it does
not, and we have the following equivalent norms (cf. Grisvard [12], Butzer
and Berens [9, p. 250], and Peetre [26]):

5] ”fHBg"’[a,b]

1 dt \\a
1 I gorany + ([ (10,2 Dy S}, 1< g <o,
~

||fHWLC’][a,b] + ts;l(? t["]—mel(t, D[O!f)’ q == CD,

< CZ ”f”gg,alza’b] (27)
for noninteger o (where [o] denotes the integral part of ¢) and

&1 1 f gy

1 dt \1/e
1 f lwg-1ga,o) T (fo (t7w,X(t, D)) ._t__) , 1< g<oo,

= w, (L, De-f)

.||f llwg-1pa,0) T sup - = o0,

< CZ HfHBg’q[u,b] (2.8)

for integral o. Note that (2.7) imposes a generalized Holder condition on
DElf for fe By [a, b], while (2.8) imposes analogously a Zygmund condition
(cf. Zygmund (38, p. 43]) on D°-1f.

As we shall see in Sections 4 and 5, many error bounds for spline approxi-
mation have been obtained in terms of the Holder classes C**[a, b]. A
function f is said to be in C»*[a, b], v = 0, 1,...,0 < a < 1, if fe C’[a, b]
and the following norm is finite:

1flovagasy = max |f(x)] + max LfO@x) — 21

ze[a,b] z,yela, b} [x —y|*
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It is clear from (2.7) that if 0 << o <C 1, then
C"[a, b] = B./**[a, b]. 2.9

For « = 1, we see from the definitions of the norms that
Wia, b] C C"Ya, b] C B "[a, b), (2.10)

where the inclusions of (2.10) are again to be interpreted in the sense of
continuous imbeddings, i.e., for any fe W2™[a, b],

”fHBgo“'l'w[a,b] < Cl ||f”CV'1[a,b] < C2 ”fHW'f'o"'l[a,b] .

We now characterize the spaces intermediate between Sobolev spaces
W ,"la, b] and Besov spaces B%a, b]. (Cf. Grisvard [12] and Peetre [24].
Although these results of [12] and [24] were proved for R®, it follows from
the extension and imbedding theorems of Besov [3, 4] that they hold for
finite intervals as well.)

THEOREM 2.3. If 1 <py, pr < 0, and 0 <0 <1 are such that
ljp = (1 — 0)/p + b/p, , then

(Lyjla, b], Ly,fa, b])e,, = L,la, b}, 2.11)

(Wyla, bl, Wiila, b))e,, = W,"[a, b]. (2.12)
Fo<0<1,1<p,q< o, then

(Lyla, b], W,"(a, by, = By™[a, b]. 2.13)

Furthermore, if 0 #0,, 0 <0 <1, 1 <qy, ¢y <0, and 1 <p < oo,
then identifying equivalent norms, we have

(B;o»qo[a, b], BZ;I,QI[a, b])@,q = B;’q[aa b]9 G = 001 + (1 - 0) T »
(2.14)

(B;z’qo[a’ b]’ B;i,(h[a9 b])@,p = B;m[a’ b]’ g = 001 + (1 - 0) Op»
(2.15)
1/p = (0/p) + [(1 — 0)/pol,

and for integer values of o; , either of the spaces B3%[a, b] in (2.14), (2.15) may
be replaced by Wila, b].

To conclude this section, we state some important imbedding results due
to Besov [3, 4] and Peetre [24, 26], which will be used in the next sections.



300 HEDSTROM AND VARGA

THEOREM 2.4. If | < p < oo and m is a positive integer, then
ByYa, b C W,™a, b] C By*la, b). (2.16)
Ifl1<q <gqg <o 1<p<ow,and0 < o, then
B a, b] C B} '®[a, b]. 2.17)
If0<o, <oy, 1 <¢qy,¢, < 0,and1 < p < o0, then
B7®[a, b] C B*“[a, b). (2.18)

Furthermore, if 1 < p; < py < 00, 1 < gy < ¢y < 0, and

S S
! D1 2 )2
then
B;ll"’l[a, b]C B;Z"’”[a, b], (2.19)

and if oy = 1/p; — 1/py > O, then
B;ll'l[a, b1C Lpz[a, bl. (2.20)

A proof of (2.19) for o, — (1/p) > o, — (1/p,) and of (2.20) for
o, > (1/py) — (1/py) is given in Besov [4]. For the embeddings (2.19) and
(2.20) under the weaker hypotheses of Theorem 2.4 the only proof we know
of is in Peetre [26] which is in Swedish. We, therefore, present a proof in the
Appendix.

3. INTERPOLATING SPLINES

In this section, we first review results on error bounds for interpolating
Lg-splines in a single variable, and then apply the theory of interpolation
spaces of Section 2 to these results.

For n a positive integer, let M be a linear differential operator of the form

M=} afx) D,
=0
where for some positive constant 7, a,(x) > = > 0 for all x € [a, b], and
where a; € C'la, bl, j = 0, 1,..., n. Next, let 4 = {A,}¥_; be any set of linearly
independent, bounded linear functionals on the Sobolev space W,*{a, b],
and let r = (ry, ry ..., 1) denote any vector of real Euclidean k-space, E*.
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A function s € W,"[a, b] is called an Lg-spline (cf. Jerome and Schumaker
[16] and Jerome and Varga [17]) interpolating r with respect to /1, provided
that it solves the following minimization problem:

| M ||z,0a,00 = Inf{[| Mf ||z 10,01 1 € Ua(r)}, 3B.D

where
UA(r) = {fE WZn[a7 b] : Al(f) =1, i= 1> 23'"7 k}'

The class of all Lg-splines s satisfying (3.1) for some r € E* is denoted by
Sp(M, A).

Based on the results of Golomb [10], Jerome and Schumaker [16] have
proved

THEOREM 3.1.  Given any r € E¥, there exists an s € W,"[a, b] satisfying (3.1).
A function s € U /(r) satisfies (3.1) if and only if

b
f Ms-Mgde =0  forall geUyO).

Moreover, any two solutions of (3.1), corresponding to a fixed r € E¥, differ
by a function in the null space N of M, and (3.1) possesses a unique solution if
and only if A N U0) = {0}. Finally, Sp(M, A) is a linear subspace of
Wytla, b] of dimension k 4 dim{A" N U ,(0)}.

In order to obtain error estimates for interpolating Lg-splines, we place
extra restrictions on 4 = {A,}¥, . Let 4 (possibly empty), called the partition
of [a, b], be the set of all x € [a, b] for which there exists a A € 4 such that
A(f) = f(x). If 4 is not empty, we define, as in Jerome and Varga [17],
4 as the maximum length of the subintervals into which [a, 5] is decomposed
by points of 4, and we similarly define 4 as the corresponding minimum
length. If 4 is not empty, and x € 4 N (a, b), let i(x) be defined as the maximal
positive integer such that there exists a A, € /1 for which

M) = D (x) (3.2)

for each k = 0, 1,..., i(x) — 1. In other words, i(x) is the number of conse-
cutive derivative point functionals of /A associated with the point
xed N (a, b). If x is a or b, define i(x) as the total number of values of k,
not necessarily consecutive, for which (3.2) is valid. With this notation, we
define y(A) by

) = 3 ix)

xed

if 4 is not empty, and we define y(1) = 0 if 4 is empty.
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Based on arguments used in Schultz and Varga [30], the following inter-
polation error bounds extend slightly the results of Jerome and Varga [17].

THEOREM 3.2. Let A = {\}F, be such that y(A) = n and such that
NN UL0) = {0}. If fe Wyra, b], and s € Sp(M, A) is the unique Lg-spline
which interpolates f with respect to A, i.e., A(s) = A\(f) for i = 1,2,..., k,
then, for 4 sufficiently small,

1D = Dy amy < K@) flysioy» T =0, Lowyn— 1,

and

| DA(f — g oy < K,/(dy ey, J=0Loun 1<7<2,
(3.3
where K; and K;' are independent of /A and f. )

We remark that Theorem 3.2 remains valid with the hypothesis
A N U40) = {0} deleted. In this case, the Lg-spline s € Sp(M, A) which
satisfies (3.1) is not uniquely defined. However, with the hypothesis
AN U, 0) = {0}, the bounded linear operator T : W,"[a, b] — L,[a, b]
defined by Tf = f — s is then well defined, and this fact is needed in
subsequent discussions.

We now assume that A is such that the following second integral relation
(cf. Ahlberg, Nilson and Walsh [1, p. 205]) is valid:

f " (Mf— Ms)? dx — f " (f — 5) M*MF dx, (3.4)

where f'€ W2"[a, b] and s is an Lg-spline which interpolates f with respect to /.
The relation (3.4) is known to be valid (cf. Schultz and Varga [30, Theorem 5J)
if @ and b are points of 4 with i(a) = i(b) = n.

Again, the following result slightly extends the results of Jerome and
Varga [17].

THrOREM 3.3. Let A = {A}F, be such that y(A) = n, /" N U,0) = {0},
and such that the second integral relation (3.4) is valid. If f€ W;"[a, b] and if
s €Sp(M, A) is the unique Lg-spline which interpolates f with respect to /,
then for 4 sufficiently small,

” D](f— S)HLw[a,b] < Kj(Z)?n—j—l/Z Hf“wgﬂ[a,b] 3 .] == 0’ 17'"7 n— 17 (35)
and

1 DA — Wy oy < K@ N ygrgay» =05 Loy, 1 <7 <2,

where K; and K, are independent of A and f.
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Theorem 3.3 can be extended if the exact continuity class of Sp(M, A),
which depends on /, is known. For example, if i(x) <</ for every
xed n(a,b), where 1 </ <n, then it is known (Jerome and Varga
[17, Corollary 2.4]) that

Sp(M, 4) C C*=2-(=D]q, b].

Based on the results of Perrin [29], one can further extend the result of [17]
to obtain

THEOREM 3.4. Let {A;}7, be such that y(A;) = n, #" N0 U, (0) = {0},
and such that the second integral relation (3.4) is valid for all i. Further assume
that 4,/4; < p for all i = 1,2,..., and that Sp(M, A,) C C™a, b] for all
i=12,.., where n <m < 2n. If fe Wi a, b] and if s; € Sp(M, A,) is the
unique Lg-spline which interpolates f with respect to A, , then there exists an i,
such that for all i > i, ,

1D — )y poy < KA flyary . J = 0, Loy
and
1 D — ), pay < K/ AP flygiay s J =0, Loy, 1<7 <2,
where K; and K, are independent of the A; and f.

We now apply the theory of interpolation spaces of Section 2 to
the results of Theorems 3.2-3.4. If A = {A}F, is such that y(4) >
and A4 N U40) = {0}, define the linear transformation 7 on W,"[a, b] by

Tf:f_ss

where s is the unique Lg-spline in Sp(M, A) which interpolates f with respect
to A. From (3.3) of Theorem 3.2, we have that

I D](f_ S)HL La,b] < Kj(A_)'n—j Hf”W o"[,b] * J =0,1,.,n, P <r <2

From the definition of the Sobolev norm || - ||W nla,5] 1N Section 2, and the fact
that 4 < b — a, the above inequalities give us

”f S”W "la, b] Hf”w o "[a,b] * 1 <r <2,

as well as

N

”f s ”L la,b] = K(A)n ”f”Wz"[a b] ? 1 T 2.

Thus, by choosing X, = Wy*[a, bl =X, =%, Y, =% = L.a, b], and
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Y, = W,"a, b], we see from the above inequalities that T is a bounded linear
mapping from X; to Y, , i = 0, 1, with norms bounded above by

M, = K'(dy, M, =K, respectively.

Clearly, since, from (2.13) of Theorem 2.3, the Besov space B%%a, b] is the
intermediate space (L,[a, b], W."[a, b])s,,, Where 0 < o = n <n and
1 < g < o0, a direct application of Theorem 2.2 yields that

”f_ &) HB‘_”_-"[a,b] < K(O', q)(Zf)n—o ”f“erz"[a,b] ’ 0 <o < n, 1 < T < 2’

forany 1 < ¢ < o, where K(o, q) is independent of fand /. In a completely
similar way, we deduce

PROPOSITION 3.1. Let A = {A;}%, be such that y(A) = n, /" N U,0) =
{0}, and such that the second integral relation of (3.4) is valid. If f € W, [a, b]
andif's € Sp(M, A) is the unique 1.g-spline which interpolates f with respect to A,
then for 4 sufficiently small,

”f‘— § ”Bg-“[a,b] < K(O'a CI)(Z)""’ Hf”Wz"[a,b] > 0<o< n, (36)

for _all g, 1 < g < o0, where 1 <\ 7 < 2, and where K(o, q) is independent
of 4. If, moreover, f € Wi"[a, b), then

”f— § ”B‘_{."’[a,b] < K’((T, q)(A—)2n-—a Hf”W%"[a,b] > 0 <o < n, (37)

Jorall gand 7, 1 < q < 0, | < 7 <2, where K'(o, q) is independent of f
and /.

The next result, however, is of more interest, in that we interpolate between
the spaces on the right sides of (3.6) and (3.7), using the fact from (2.14) that

(W2"[a7 b]’ szn[a’ b])f),q = Bg’q[a: b], o = 0}1 "I_ (1 - 0) 2n9 1 < q < 0.

More precisely, let X, = Wyrla, bl = &, X, = Wi™[a,b], and ¥ = Y, =
Y, = B?%a, b} = Y. Then, applying Theorem 2.2 to the inequalities of
Proposition 3.1, gives

THEOREM 3.5. Let A = {A}¥_, be such that y(A) = n, /" N U40) = {0},
and such that the second integral relation of (3.4) is valid. If f< Bg»"[a, b],
n < oy << 2n, and if s € Sp(M, A) is the unique Lg-spline which interpolates f
with respect to A, then for 4 sufficiently small,

1S = 8 Dagyagay < K@ 01> 0@ Fllpgyrian - (339)
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where | <7 <2,0 <0y <n andl < g, r < oo, and where K(q, 0y, o)
is independent of f and A. Moreover, in the limiting cases fe Wy'a, b],
fe W2 |a, b, the inequalities (3.6) and (3.7) are valid.

We remark that the results of Theorem 3.5 extend those of Jerome and
Varga [17] and Schultz and Varga [30], in that the error bounds for Lg-spline
interpolation are obtained for functions which are in W,"[a, b], but not in
W2[a, b]. In particular, these error bounds apply to functions in Wyi[a, b],
where / is any positive integer satisfying n < [ <C 2n, since, from (2.16) of
Theorem 2.4, we have

W, ![a, b] C B:“[a, b].

We state this as

COROLLARY 3.1. With the hypotheses of Theorem 3.5, let fe Wylla, b],
n <1< 2n. Then,

1S = 5 lagagany < K@ 0, DA flly spay» 1

N

N

2,

T

where 0 < ¢ < nand 1 < q < . In particular,

1D ~ gy < K@ flyggams T =0 Lown,  1<7 <2

For another result of interest which can be obtained as a special case of
Theorem 3.5, we utilize (2.9), (2.10), and (2.19). We have

COROLLARY 3.2. With the hypothesis of Theorem 3.5, let fe Ch*a, b],
where | is a positive integer, 0 << o < 1, andn < I+ o < 2n. Then

H D}(f_ S)”L.,.[a,b] < K(A—)H-a—j ”f”Cl'“[a,b] s
Sforallj=0,1,...,n 1<+ <2

It is also worth noting that the exponents of 4 obtained in Theorem 3.5
are, in general, best possible. This follows from the results of Birkhoff, Schultz
and Varga [6] concerning Hermite piecewise polynomial interpolation, i.e.
the special case in which M = D" and /1 consists only of point functionals of
the form

Al(f) = Djf(xi)i Jj= 0,1,..,n—1,

foralli=0,1,.., N+ 1, where a = x, < X%, << = < Xy4q = b.
To extend further the results of Theorem 3.5, we use the embedding results
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of (2.19) and (2.20) of Theorem 2.4. Specifically, from (2.20), we know that
B*'a, b1C L [a,b], for 2<p, o =35—-.

Hence, it follows that there exists a positive constant C such that

”f HL ol p] C”f § Hggl,l[a,b] .
Thus, from (3.8) with o; = 1/2 — 1/p, we have

PROPOSITION 3.2.  With the hypotheses of Theorem 3.5, let fe B3»"[a, b),
n < oy << 2n. Then,

1 = 8l gy < K(@ 00, DYDY 2V2 ) fpe (3.9)
2 <p < oo, wherel < r < oo.
Similarly, using (2.19) of Theorem 2.4, we have that
Hf s ||B° g, b] Hf B‘71 [a,b] where oy — 5 =g ——,

2 < p < . From Theorem 3.5, it follows that

”f § HBO' lI[a b] K(A)og_a’1 Hf”Bllz "'[a b]
Consequently, since o; = ¢ +  — 1/p, we have

THEOREM 3.6. With the hypotheses of Theorem 3.5, let f € B3»"[a, b), where
n < o, < 2n. Then, in addition to (3.9),

1 = 5 lag.agasy < K@)~ 1’2““"11f||,3zw,, (3.10)
[a,0] = [a,b]

Jorany0 <o <n—4%-+ 1/p, where 2 < p < 0.

Thus far, the results based on interpolation spaces involve bounds for
If— 8 |lp%%e,n for 0 <o < n, and one would desire similar results for
o > n. This can, in fact, be achieved, based on the results of Perrin [29] in
Theorem 3.4.

THEOREM 3.7. With the hypotheses of Theorems 3.4 and 3.5, let
JS€B3»"[a, bl, where n << 6, << 2n. Then, if 2 < p < oo, there exists an i,
such that for i > i,

”f S HBU atany < K(A )o-z—o —1/2+1/p ”f”BUa an]
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for any positive

2n — oy

2 m
0<(n-—1—f—1—))( p )—}——n—(oz—n).
Moreover, in the limiting cases fe Wy'la,bl, fe Wi a,b], we have,
respectively,

. 2
Hf— s HBg-a[a,b] < K(Ai)”_°_1/2+l/p|!f“w2"[a,b] s 0<o<n-—1 +; ,

Hf“ si HB‘;"I[a,b] < K(A_i)2n40-1/2+1/p HfHWg'"[a,b] H 0 < o < m.

All the results of this section basically depend upon the error estimates for
Lg-spline interpolation of Theorems 3.2-3.4. These same error bounds have
been extended to more general operators M and linear functionals /A
(cf. Lucas [20], Varga [36], and Jerome and Pierce [15]), so that our inter-
polation results, Theorems 3.6-3.7, remain valid for these more general M
and A, with no change in the arguments. We have presented the simplest error
bounds for Lg-spline interpolation so as to make the discussion as brief and
clear as possible.

4. SpeciAL TYPES OF INTERPOLATING SPLINES

In the previous section, the emphasis was on the L,-theory. Here we shall
present L -estimates, which may be obtained by applying the theory of
Section 2 to estimates known for certain special types of splines. We begin
with Hermite L-spline interpolation, where L -error bounds are known for all
p with 2 <{ p <{ o0. We then turn to interpolation by cubic and quintic splines
and to interpolation of periodic functions by polynomial splines on a uniform
mesh. In these cases, we obtain L, -error bounds, 2 < p < oo, from known
L,- and L-error bounds.

For Hermite L-spline interpolation, letd :a = x, < x; < " < xyy = b
be any partition of [a, b], and let the Hermite L-spline space H(M, 4) be
specifically the Lg-spline space (cf. Section 3) Sp(M, A) in which the set A
of linearly independent bounded linear functions on W,"[a, b] is given by

A = (A Y, where

Ai,j = D]S(xz), i = 0, 1,..., N+ 1, j = 0, 1,..., n— 1.

The following is a known result of Swartz and Varga [34, Corollary 7.5].
(For special cases, see Birkhoff, Schultz, and Varga [6], and Hall [13]).

THEOREM 4.1. For any fe W, [a,b], 1 < k <2n, 1 < p < o, and any
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partition 4 of [a, b for which 4|4 < B, let s be the unique interpolant of f in
H(M, 4) in the sense that

Dis(x;)) = DLy i f)x), j=0,1,.,n—1, i=01,.,N+1,

where, for each i,i = 0, 1,..., N -+ 1, there exist 2n specified consecutive knots
Xj, 5 Xj41 seees Xi ron—y With X; € [%;, » X 1an-1], and where £, ,f is the Lagrange
polynomial (of degree 2n — 1) interpolating to f at these knots, i.e.,
(Zon, i )C0) = f(x), I = jisji -+ lesjs + 2n — 1. Then, for r and j with
max(p,2) <r < o,j=01,.,mink — 1,n — 1), we have

”f_ § HW,.’[a,b] < K(Z)k—j—l/]H—l/r Hf”ka[a,,b] . (41)

We can immediately apply Theorems 2.2 and 2.3 to obtain

COROLLARY 4.1. For any fe By“la,b], 1 <o <21, 1 <q< o, and
any partition 4 of [a, b] for which 4/4 < B, let s be the unique interpolant in
H(M, 4) in the sense of Theorem 4.1. Then, if max(p,2) < r < o,

1 = 8y sy < KA 5140 | g @.2)
Jor any nonnegative integer j with j << min(k — 1, n). Furthermore,
1S = 5 lggepan < K(dyo--1/9+1/r 1|f”3g-a[a,b] 4.3)

ifo <7+ <mintk —1,n), 1 < g < oo.

One goal of this study of error estimates for piecewise-polynomial inter-
polants is to establish inequalities of the type (4.1)-(4.3) for spline functions.
Theorem 3.6 is a step in this direction. For cubic and quintic splines, we can
go beyond Theorem 3.6. In analogy with the Hermite L-spline space H(M, 4),
we now define the spline space Sp'”(d) (which corresponds (cf. Section 3)
to the Lg-spline space Sp(M, A1) with M = D*, and A particularly chosen). If
4d:a=x; <x <+ < xy.q = bis a partition of [a, b], then Sp™(4) is
the collection of all real-valued functions s on [a, b] such that s is a polynomial
of degree at most 2n — 1 on each subinterval (x;, x;,4), i = 0, 1,..., N, and
such that s € C?"~%[q, b]. In the case of interpolation by a cubic (n = 2) or
quintic (n = 3) spline without any restriction on 4/4, we have de Boor’s
result [8]:

THEOREM 4.2. For any fe C*a, b, n < k < 2n — 1, where n = 2 or 3,
let s be the unique interpolant of f in Sp*™(4), i.e.,

s(xl) :f(xz)’ i= 09 19'-'7 N + 17

Dis@) = Dif(@),  Disb) — Df(p), j=1,.,n—1. @9
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Then,
1f = $lly_stany < K@ 0 M4, DY), j=0,1,.,n.

Sharma and Meir [32] obtained Theorem 4.2 for the case n == 2, as well as
for that of a periodic quintic spline, » = 3, with every knot a double knot.
Special cases of Theorem 4.2 for cubic splines were obtained earlier by
Atkinson [2] and Birkhoff and de Boor [5].

We shall not apply the theory of Section 2 directly to Theorem 4.2, but
rather to its weaker form, Corollary 4.2. For our purposes, it is more
convenient to have estimates in terms of the Holder classes C**[a, 6], rather
than in terms of the moduli of continuity w4, D*f). As a direct
consequence of Theorem 4.2, we have

CorOLLARY 4.2. For any f € C»[a,bl,v=n,n+1,.,2n—1,n=2
or 3,0 <a < 1, let s be its unique interpolant in Sp'™(4). Then

0= STy sany < K@Y flgpagony s J= 0,1
Furthermore, for any f e W "a, b],

1= $lhy_stomg < K@ N f lyspangs I =0, Lo

Because the space Sp™(d4) is a special Lg-spline space Sp(M, /) with
M = D" and because of (4.4), it follows that the hypotheses of Theorem 3.5
are fulfilled, ie., ¥(A4) =n, & N U,0) = {0}, and the second integral
relation (3.4) is valid. Consequently, Corollaries 3.1 and 3.2 are applicable.
Thus, we may couple Corollary 4.2 with Corollaries 3.1 and 3.2, via
Theorems 2.2 and 2.3. The result is

THEOREM 4.3. For fe C*a, bl and n = 2 or 3, let s be its unique inter-
polant in Sp™(4) (c¢f. (4.4)). Then, for f in W,*[a,bl, k =n,n+1,..,2n
2 < p < o, we have

”f § ”W ’[a p] X K(A)k_ ”f”W k[a b] .] = 0, 1,---9 n,
and for fe By"la, b, n <7 <2n,1 <r < 0,2 < p < o0, we have
”f “B" a[a b] K(A)T-U ”f”BT *T[a,b] 0 <o < n, 1 < q < 0.

It is worthwhile to compare Theorems 4.2 and 4.3. If f'e B%:*[a, b] where
n <+ < 2n and 7 is not an integer, then Theorem 4.3 and the imbedding
Bi[a, b] C W i[a, b] of (2.16) give

”f § ”W J[a p] X K(Z)T—j ”f”g‘r °°[a ] ? ] = Oa 1:-", n

640/4/3-6
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This, however, is, in general, less sharp than the result £ = [r] of Theorem 4.2,
viz.,

1 = 8w iapy < KA w4, DEY),

since, from (2.7), the ratio w, (¢, D If)/t=I71} ll57:%(a,5) 18 bounded for all ¢,
and this ratio may in fact tend to zero as - 0. On the other hand, if
fe Byt ®la,b], k+1=n+1,n+2,.,2n — 1, the imbedding (2.16)
applied to the second inequality of Theorem 4.3 gives

1= 5wty < K@D fllpropapy s =0, Lo, (45)
and this inequality is not implied by the analogous inequality
1f = Sl oy < KAV w XA, DY) “6)
of Theorem 4.2. To show this, consider the function
f(x) = x*'ln x, 0<x<1,
where k is a positive integer with n < k <{ 2n — 2. Then fe C*[0, 1] and
wL(t, D*f) ~ k! tIn(1/t) as t—0.

But, because f is an element of B%™:*[0, 1], it follows that the upper bound of
(4.5) is asymptotically better than that of (4.6) by the factor In(1/4).

We now define the Besov space B ?[O] of periodic functions. Given a
function f'in L,[0, 2], we extend it periodically to (— o0, + 00), and say that
its extension is in L,[{O]. Then, the m-th modulus of continuity is defined
(cf. (2.5)) by

5 1y (™) £+ )

v=0

w,"(t,f) = sup

yi<t L,[0,27]

where the L,-norm is taken over all x € [0, 2=]. The Besov space B3 [O],
0<o<ml <qg< 0,1 p < o,consists of all such periodic fe L,[O]
for which the norm of (2.6), with the above definition of w,™(t, f), is finite.
We remark that C[O], C**[O], and W,[O] denote, respectively, the space
of continuous 2w-periodic functions, the Holder spaces of 2#-periodic
functions, and the Sobolev spaces of 2z-periodic functions.

For a partition 0 << x; << X, <+ < xy < 2w, N =1, of the interval
[0, 277], let 4 denote the periodic extension of this partition to (— oo, 4 o),
with 4 and 4 denoting, respectively, the maximum and minimum lengths of
the subintervals (x; , x;,4) (with Xy, = x; + 2#). Then Sp»[O] is defined
as the collection of all s € C?*~*(~— o0, + o0) which are of period 27 and which
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coincide with a polynomial of degree at most 2n — 1 on each subinterval

(% 5 X511)-
For periodic cubic splines, we have the following result:

THEOREM 4.4. Let {4,}2, be periodic partitions of (— 0, 4 ) such that
A4, < pfori=1,2,...ForfeC[O] let 5; € Sp'[O] be its unique cubic
spline interpolant, i.e.,

F(x) = sdx;), Vx;€d;.

Then, for all i,
1 = 5l omm < KISl 0 (@.7)
1f = 8 lwsio) < KAP 1 flyaior,  J=0.123 (48
1 = 5.l goany < Ko X, . 1), .9)

1 = $ilw oy < K@Y w A, D), j=0,1,2,3. (410)

The estimates (4.8) and (4.10) are due to Birkhoff and de Boor [5], and (4.9)
is due to Sharma and Meir [32]. Nord [22] has improved the constant in (4.9).
Clearly, (4.7) follows directly from (4.9).

If we apply the theorems of Section 2 to the estimates of Theorem 4.4, we
obtain the following

THEOREM 4.5. Let {47, be periodic partitions of (— o0, 4 00) such that
4,jd; < pfori=1,2,... For fe C[O), let s; € Sp'[O] be its unique cubic
spline interpolant. Then if 2 < p <r < w0, we have, respectively, for f in
W[O] or By[O],

1S = 5l oy < K@Y | fly g j=0,1,2,3, i=1,2,.
@.11)

If—s, “L’[o’zﬂ] < K(A—i)o—l/ﬁ+1/7' ||f”ag-¢[o] , i=1,2,.. 4.12)

where either 4/p <o <4 and 1 < qg< o0, or o =4fpand 1 < g <p.
Moreover, for f< By {O],

”f S ”W 3[0] K(Z)a—3—l/p+1/r ”f“gv [0] * (413)
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where either 3 +Q2lp) <o <4 and 1<qg< 0, or o =3+ (2/p) and
1 <q<p. Furthermore, if 2 <p<r<w and f is in W,O] or in
B3 O], we have, respectively,

”f— S5 ”B}"G'[O] < K(A—i)4—‘r~1/r+1/p Hf”wpl[o] ’ << 39 1< ql < oo,

4.14)
1= 8 oy < KAy fllgas @.15)
where either (i) oc=4lp, q=p, 0 <7 <(@B/p)+A/r), 1 <g < ox,

() o=4/p, gq=p, 7=0Cp)+U/r), p<gq < oo, (ili) 4p <o <4,
1 <4q,q < o0,0 <71 < ulo), where (see Fig. 1)

331
. 3 _1_ p r _é
o = min| 3.2 4 L | —L5 T ) (o)
p
plo)
2
(3+5:3) (4.3)
(33+3)
- -
FIGURE 1

or(iv)dfp <o <3+ Q@Q/p), 7= plo), 1 < gq,q' < oo.

Proof. Because Theorem 3.4 is applicable in the periodic case, (4.11) is a
direct consequence of Theorem 2.2, (2.11) and (2.12) repeatedly applied to
(4.8), and both inequalities of Theorem 3.4. Similarly, (4.14) follows from
(2.13) of Theorem 2.3 applied to the cases j = 0 and j = 3 of (4.11). The
special case of (4.12),

1= Sill o m < KADP U fllpgoney»  2<p <o, (416)
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follows from an application of Theorem 2.2 and (2.15) to (4.7) and to the
case T = 2, j = 0, and n = 2 of (3.3). The case of (4.12),

1S = 5, e g0 2m < KA 1 lpgeagon » 4.17)

2<p<KLodp<o<4l< ,is obtained by applying Theorem 2.2
and (2.15) to (4.16) and to (4. 11) w1th j == 0 and r = p. The other cases of
(4.12) follow directly from (4.17) and Theorem 2.4.

We conclude directly from (4.10) that

“f S ”W 3[0] K”f“w 3[0] (4‘18)

By Theorem 2.2, (2.12) and (2.15), the estimate intermediate between (4.18)
and the case j = 3 in Theorem 3.4 is

“f S “W 3[0] K(A )0—3 1pHjr ”f“ga 9[O7 (4'19)

2 <p <r < oo, 0 =3+ (2/p). Inequality (4.19) is a special case of (4.13);
the case of (4.13) with 2 < p <r < o0, 1 < g < p, 0 = 3 + (2/p) follows
from (4.19) and (2.17). The other cases of (4.13) are proved by an application
of Theorem 2.2 and (2.14) to (4.19) and to (4.11) with j = 3.

We still have to prove (4.15). By Theorem 2.2 and (2.15), the result inter-
mediate between (4.7) and (3.3) withn = j=2,7 = 2is

”f §; “34/17 2oy X K“fHEAl/D (O] ° (420)

Case (ii) of (4.15) follows from (4.20), (2.17), and (2.19). Case (i) of (4.15)
is the estimate intermediate between case (ii) of (4.15) and the case o = 4/p
of (4.12). We obtain case (iv) of (4.15) by an application of Theorem 2.2 and
(2.14) to case (ii) of (4.15) and to (4.13) with ¢ = 3 + (2/p). Finally, case (iii)
of (4.15) is obtained by writing either the estimate intermediate between case
(iv) of (4.15) and case (i) of (4.15) or the one intermediate between case (iv)
of (4.15) and (4.14). This completes the proof of Theorem 4.5.

If the partition 4 of [a, b] is uniform, it is possible to obtain error bounds
of the type given in Theorems 4.1-4.5 for polynomial splines (M = D") of
arbitrary order. We first consider, as in Theorem 4.1, the case where the
derivatives of f at the end-points of [a, b] are approximated via Lagrange
interpolation polynomials. Then, we turn to the case of periodic splines on a
uniform partition. Swartz and Varga [34], using results of Swartz [33], have
obtained the following result.

THEOREM 4.6. Given fe W,k a, bl with 1 <k <2n, 1 <p < o, and a
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uniform partition 4 of [a, b}, let s be the unique interpolant of f in Sp*(4) in
the sense that

s(xi) :f(xi):» i = 0: 1"": N + 19
D"s(a) = Dj(’?zn.of)(a), ] = 19“‘:” - 1:
where %, of is the Lagrange polynomial (of degree 2n — 1) interpolating to f

at the knots Xy, Xy ,..., Xon_y , and similar relations hold at x = b. Then, if
max(p,2) <r < 0,0 <j <k~ 1, we have

If—sl, ] S < K(dys-i-1ip+1jr £l S

As the extension of this result to Besov spaces is clear, we omit its details.

When a periodic function is interpolated on a uniform mesh by a periodic
polynomial spline, we can prove stronger results than those of Theorem 4.5.
The basic estimates are due to Golomb [11] and Ahlberg, Nilson, and
Walsh [1]. The error bounds in [1] involve the Hélder classes C™*[(O] and
are given in the following theorem. Similar estimates, but in less generality,
are contained in Golomb [11] and Schurer [31].

THEOREM 4.7. Let 4 be a uniform partition of (— o, + o). For f€ C[O],
let s € SpP[ O] be its unique interpolant. Then, for fe C™*[OL 0 < m < 2n,
0 < a < 1, we have the estimate

1D — Mo 02my < K@Y [ fllgmagoy s J =0, Ly m, (4.21)
and, for fe C[O], we have

1= 5y to2my < KN F i gor007 (4.22)

The other result on which we base our study of periodic splines is due to

Golomb [11]. Golomb’s estimates are in terms of the Hilbert space H°[(O],
o > 0, of periodic functions

) =Y el
J
for which the norm
) 1/2
gy = €0l -+ (S 1727 1 es 1)
J

is finite. It is clear from (2.6) that H°[O] = By?*[O], with equivalence of
norms. Stated in terms of Besov spaces, Golomb’s result is as follows.
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THEOREM 4.8. Forfe B*[O), 0 > 1/2, let s € Sp3?[ O] be its unique spline
interpolant, where 4 is a uniform partition of (— o, -+ 0), and 2n > o. Then,
we have

1 DHCF — 9y gor0my < K@Y 1 flagagor - 0<j<o—172 (423

|| Dj(f - S)”Lw[o 2p] X K(A)o-]—l/z Hf”Bcr 2[0] ° 0 < .] <o— 1/2 (424)

The restriction o > 1/2 in Theorems 4.8 is necessary for two reasons. On
the one hand, the condition f € Bf*[O], o > 1/2, implies that f'is continuous,
while there exist functions in By*[Q], 0 < o < 1/2, which are not even
bounded (cf. Golomb [11]). On the other hand, for a fixed uniform periodic
partition 4 of (— o0, +c0), there exists a sequence of trigonometric poly-
nomials {f;} such that

Hf; HBI/2.2[0] < Ky (4.25)
while the corresponding interpolating periodic s; € Spy»[O] satisfy

I sl — 0. (4.26)

L,[0,27)

In fact, we may assume without loss of generality that 4 = {j/2=#N},
j =0, £1, £2,.... Then, s; € Sp’[O] which interpolates

f;(x) z k log Z eiNke

is the constant function

f)
1
sx) = ; klogk

Clearly, f; and s; satisfy (4.25) and (4.26), respectively.
We collect the results intermediate between Theorems 4.7, 4.8, and the
periodic version of Theorem 3.2.

THEOREM 4.9. For fe C[O], let s € SpS'[ O] be its unique spline interpolant,

where A is a uniform partition of (—oo, +). Then, for fe WX [CO],
2 < p < o0, we have

”f N HLp[O 2,.,] K(A)Zn Hf||W2"[O] > (427)
”f_ s Hwin—-l[o] < K- Z'lf”w%ﬂ[o] > (428)

H./ &) ”B"' O] T K(Z)ML_T ”f”w2ﬂ[o] H (429)
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where 0 <t <2n—1, 1< q < . Furthermore, if 2 <p < o and
SeBy[O) 1 < r < oo, we have

= 1
”f_ § ”L,,[0,21r] < K(A)g ”f”gg.'r[O] ’ E <o < 2”, (430)
F 1
“f— § ”W?,"—I[O] < K(A)G’ZW—{»I ”f”B;"’[O] ’ 2n —1 + - <o << 2n,
(4.31)
”f_ s”Bg"’[O] < K”f”ggm[o:l > o = 2n/P, (4.32)

= 1
1f = 8 llpgapoy < Ky 1/ sgorgoy » > <o <2n 0<7<ho),
4.33)
where h(o) is given by (see Fig. 2)

L N 3

2n—1 p p p
2n
(o) = T 2n 1
TG-den-n p SISHTITE
2n— 1, 2n——1—!—%<o<2n.
\
h(o}
1+l 2n-
(2n=145.2 1)(2'1'2“_1)
o

FIGURE 2

Proof. Inequalities (4.27) and (4.28) both follow from (4.21) and
Theorem 3.4 by means of Theorem 2.2, (2.11), and (2.12). By (2.13) of
Theorem 2.3, the estimate (4.29) is a direct consequence of (4.27) and (4.28).
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By (2.15) of Theorem 2.3, the estimate intermediate between (4.22) and (4.23)
with j = 0 is

Hf— SHLI,[O,Z‘U] < C(A_)U Hf“BZ"’[O] B 2 gp < wa l/p < o < 4n/p
(4.34)

Inequality (4.30) now follows from (4.27) and (4.34) by (2.14) and
Theorem 2.2. Inequality (4.31) is a direct consequence of (2.15) and
Theorem 2.2 applied to (4.23), (4.21), and Theorem 3.4. The estimate
(4.32) is proved by an application of Theorem 2.2 and (2.15) to (4.22)
and (3.3).

In order to prove (4.33), we apply Theorem 2.2 and (2.14) to (4.30) and
4.32)if 1/p < o < 2nfp, to (4.31) and (4.32) if 2nfp <o < 2n— 1+ 1/p,
and to (4.29) and (4.30) if 2n — 1 + (1/p) < 6 < 2n. Q.E.D.

In Theorem 4.9 we considered the operator Tf = f — s, where f € W2"[O]
or fe B3'[O], 2 < p < o, and Ife L,[0,27] or Tfe ByO]. It is also
possible to consider T as an operator from Wf,:‘[O] or B7'[O}L, 2 < p, < o,
to L, [0, 27] or BL/[O), py < p» < 0. The easiest way to obtain such a
generalization is to combine the inequalities of Theorem 4.9 with the following
inequalities:

Hf_ s HB;;”[O] < K”f_ § HB;:I/ﬂl—l/Tz.ul:o] ’ D < D2 < 0, T > O,
(4.35)
”f_ § “L,, [0,24] < K“f_ § ”3}7/111—1/72.1[01 ’ 141 < Do < oo. (436)
2 1

The estimates (4.35) and (4.36) are merely restatements of the imbeddings
(2.19) and (2.20) of Theorem 2.4.

We would find, though, that we would not be able to derive all cases of
(4.24) in this manner. Therefore, we give the estimates intermediate
between (4.24) and those obtained from Theorem 4.8 by using (4.35) and
(4.36). In the following theorem, we write out only the generalization of
(4.33).

TaeoreM 4.10. For fe C[O], let s € Sp[O] be its unique spline inter-
polant, where 4 is a uniform partition of (— oo, +c0). Then, for fe By'[O],
I/py <o <2n 2 <p, < 0,1 <r < o, we have

Wf—s ”3;-2"[01 < K(Z)0—7—1/m+1/m “fHB%;r[o] ,
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where p, < p, < 0, 1 <qg<< o, and 0 <1 <g(o); glo) is given by
(see Fig. 3)

((1+ p2(2r]1)1~— 1))(" - 7}1—) % < <;_}:’

2n— 1 1 D1 n
+——{1- — =),
gloy=| © pe ( popr — D21 — 1))(“ pl)
@-<0<2n-—1+L,
P Py
P”—ls 2n—1+i<0<2n.
D1

g(o)

2n-1+1 .2n—1)
( " (2n,2n—1)

FIGURE 3

5. SPLINES OF BEST APPROXIMATION
For a family & of splines, we introduce the functional
E() = inf I f—slppom> 1<pP<o

on L,[a, b]. In this section, we discuss the behavior of E,(f) as 40, forf
in a Besov space. We begin by stating a result of de Boor [7] in this direction.

THEOREM 5.1. Let d:a = xy < X% < '+ < xy,1 = b be a k-extended
partition of [a, b, ie., for some integer k =2, X; < Xju for all
j=0,1,., N —k+ 2. Consider the family F = S of all real functions s
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on [a, b] which coincide with a polynomial of degree at most k — 1 on each
subinterval (x; , X;,1),j = O, 1,..., N, and such that if x; has multiplicity v; with
respect to 4, then s € C*~1 in a neighborhood of x; . Then for any f € C?*[a, b],
j=01..,k—1,0 <a <1, we have

E(f) < K@Y\ S lliea » (5.1)

where K is a constant, independent of f and 4.

It is interesting to remark that de Boor’s error estimate (5.1) was obtained
by linear projections of C?*[0, 1] onto S

If the family & is one of the classes previously considered, viz., Sp'™(4),
H™(A), or Sp(M, A), then it is easy to obtain upper bounds for E,(f) from
the results of Sections 3-4, since

Ep(f) < ”f_' §||Lp[a,b] ]

where § is a spline interpolant of f. If the functional E, were linear, we could
immediately apply the intermediate-space theory of Section 2. However, E,, ,
for p + 2, is a nonlinear functional. But, we can make use of the fact that E,,
is semilinear, i.e.,

E(fi + /2 < EJ(f) + Ey(fo)-

As we shall see in the following lemma, some of the theory of intermediate
spaces may be applied to E, . Although this lemma may be regarded as a
folk-theorem, we include its proof for completeness.

LemMa 5.1. Let X be a Banach space, and let T : Ly[a, b] — X be any
nonlinear mapping such that there exist constants 8, My , M, , and some positive
integer m for which

| T +x < BN Thilx + 11 Thllx), Vi€ Lyla, b], (5.2)
and
I Tflly < Myl Sl ra03 VfeL,a,b],

1 TF e < Myl Fllymary € W,la, B,

(5.3)

Then, for any f< B5a, b], 0 < o <m, 1 < g < o0, we have

| Tflly < C0 @) MEPME | fllpgugary s B =ofm.  (5.4)
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Similarly, if (5.2) holds and if for some =, r with0 < 7 < m, 1 < r < o, one
has

I Tl < Mo flggrgany
< (5.5)
<

I TF e < M0 Ny g -

then for any fe By%a,b], 7+ <o <m, 1 < g < o0, we have

1Tl < C.0) MM Sy 0= o= De (659)

Proof. Since the proofs of the inequalities (5.4) and (5.6) are similar,
we shall only establish (5.4). Our basic tool is the inequality

Ki(t, Tf) < 2M KMt/ M, , f), 0 <t < oo, (5.7

where, as in (2.3), K; and K, are defined for ¢ > 0 by

Kt Tf) = inf, (ool + 1] l), (5:8)
and
Kt f) = 38, (s eygann 11 ) (5.9)

Suppose we have secured (5.7). Then, if ]l < g < owand0 <8 <1,

o (t—°K,(t, Tf))" dt\He <M, ® (K (Mt M, ,f))qi 1/g
0 ! 0 t

p (5.10)
1
= 215 ([ ke ),
and forg = cvand 0 < § < 1,
sup t°Ky(t, Tf) < 2M3°M,° sup t7°K(t, f). (5.11)
>0 >0
From the definition (5.8), it is readily verified that

I 771lx » t>1,

so that the left sides of (5.10) and (5.11) are equal to C(8, q) || Tf |lx , where

1/q
C(H,q)zg 1—0 E 1<q< o,

1, g = o0.
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Furthermore, it follows from (2.4) that the expressions on the right sides of
(5.10) and (5.11) are simply

2M°M,° Hf”(L,,[a,b],W,,"‘[a,b])g_q .
Consequently, (5.10) and (5.11) become
CO, )|l TF I < 2MEM2 1 f g gy it o (5.13)
Next, using (2.13) of Theorem 2.4, we have
(L,la, b], W,™a, bl)s., = Bo™a,b], 0<6 <1, 1 <q< oo

Thus, using equivalence of norms, i.e.,

C]_(e’ GI) Hf”Bgm-ﬂ[a,b] < ”fH(Lp[a,b],Wp"‘[a,b])g,q < Cz(es q) Hf”Bgm,ﬂ[a,b] >
(5.13) can be expressed as
C(a Q)” Tf”x\ Ml 0M9C2(0 q)”f”BHma[ab], 0<0<1 1 <q<00,

i.e., the desired result of (5.4). Thus, (5.7) implies Lemma 5.1.

It remains to prove (5.7). Assume f € L [a, b]. From the definition (5.9) it is
clear that for each fixed positive ¢, there exist f, € L,[a, b] and f, € W,™|a, b]
with f = f; -+ f; such that

ATt T s e < 2K04,0IM, ). (514

Therefore, using the hypotheses (5.2) and (5.3), and the relation (5.12),
we find for ¢ > 1 that
K, Tf) = || Tflx = | T(fo + llx < BUI Th llx + | T Il

< BUTH e + 11 TH gk < B, 1y oy + M 1Ay g

< 2BMoKy(Myt/ M, , f), (5.15)
the last inequality following from (5.14). Similarly, for 0 < ¢t < 1, we have

Kt TF) = 11| Ty + R < BUTh lix + ¢ | Th I}
< By gy + Iy 1 et < 2BMK (Mt M,, £).

(5.16)

The desired inequality (5.7) now follows directly from (5.15) and (5.16).

Q.E.D.
We now present our main theorem on best approximation by splines.
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THEOREM 5.2. Let 1 < p < r < o0, and let F be a collection of splines
defined on the interval [a, b]. Suppose that for some positive integer m,
m > 1/p — 1/r, and for all f = W,|a, b), the following inequality is valid:

E(f) = I 1 = 5y guny < K@2 | flly . (5.17)
Then, for all f€ By*[a, 0], 0 < 1jp — 1fr < o <m, 1 < q < 0, we have
E(f) = inf 1/ — sl qan < KAP22 | fllyg,y . (5.18)

Proof. First, suppose that p = r. From the trivial estimate

Ep(f) < HfHLp[a,b]

and the assumed inequality (5.17), the desired result (5.18) follows imme-
diately by Lemma 5.1 with

Tf=E(f) and X=R. (5.19)

If ¥ > p, we use (2.20) of Theorem 2.4 to deduce that

ED <l gan < Clflporaanys 0=~ — (5.20)
0] o> [a,b]

But then, inequality (5.18) for r > p follows from Lemma 5.1, using (5.19)
and the inequalities (5.17) and (5.20). Q.E.D.
Since the theorems of Sections 34 provide estimates of the type (5.17),
we can, of course, apply Theorem 5.2 to each of them. We give two such
applications to illustrate the method.
As a consequence of Theorem 5.2 and (3.9), we have

COROLLARY 5.1. Let F be the collection Sp(M, A) of Lg-splines on [a, b]
with respect to a family A = {\}%_, of bounded linear functionals on W,y*{a, b]
such that y(A) = n, /" N U,40) = {0}, and such that the second integral
relation (3.4) is valid. If fe B3%a,b], 0 <o <2n, 1 < g < o0, and if
2 < p < oo, then

E(f) < KAY 09| flle (5.21)

We remark that the inequality (3.9) of Proposition 3.2 directly implies
(5.21) if n <o <<2n, since trivially E,(f) <|f— Sz, la.01 where
s € Sp(M, A) is the unique Lg-spline interpolant of £. On the other hand, if
0 < o < n, the inequality (5.21) extends Proposition 3.2.

As a consequence of Theorem 5.2 and (4.27), we obtain
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COROLLARY 5.2. Let F be the collection Sp*™{ O] of periodic 2n-splines on
a uniform mesh. If f€ B3[0),0 <o <2n,2 <p < 0,1 < q < o, then

Ez?(f) = lnf Hf_ B ”Lp[(),g,,] < K(A_)U Hf”gg»a[o] .

seSp™ 0]

Finally, we state a corollary which extends Theorem 5.1 of de Boor [7].
From the special case j =k — 1, o« =1 of Theorem 5.1 and from
Theorem 5.2, we obtain (cf. (2.10))

COROLLARY 5.3. Let A be a k-extended partition of [a, b). Then, for
feB3a,b},0 <o <k, 1<q<

Ef) = Jnf 1 = 5l gum < K@ | flpgoary - 522)

4

We remark that if & is not an integer, (5.22) is not an extension of (5.1),
but is equivalent to it since

Bo4(a, b] C Bo:®[a, b] = Clebo-Io][q, b].

However, if o is an integer j, then (5.21) is stronger than (5.1) in the sense that
it is valid for a larger class of functions since (cf. (2.10))

B5®[a, )¢ C**Ya,b] and  C'"Ya, b] C B:"[a, b].

APPENDIX. Proor of (2.19) AND (2.20)

The proof is based on Peetre’s characterization [27] of Besov spaces. This
characterization is in terms of functions g(x) and ¥(x), —o0 < x < o,
whose Fourier transforms ¢, ¥ are C(— oo, + o) functions such that the
support of @(£) is the set {£ :1/2 < | £ | < 2} and the support of ¥(¢) is
the set {£: ] £ < 2}. For every positive integer k, we define the function
@r(x) by the relation

pi(x) = 2Fp(2"x), (A1)
so that

PE) = 27+8).
The support of @,(€) is thus the set {£€: 21 < | § | << 2%1}. Further, the

functions ¢, ¥ are chosen so that

Wa+§@@=L (A2)
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It follows from (A.1) that

[ Pr HLI(—oo,w) <G, ll P HLw(—co ©) K < C2,

Consequently, from Hélder’s inequality, we have that

I @ [l ey < C2607UM, 1 <1 < o0 (A3)

We shall also use a special case of a continuation theorem for Besov spaces.
It is clear that if fe B3% — oo, ), then the restriction of f to [a, ] is in
B5a, b}. Conversely, Besov [3] has shown that if fe By %a, b], then there
exists an F e By %~ co, o) such that

F(x) = f(x), a<<x<b,
1/ Vg azapy < C Il F lpgeecooy -

Consequently, we may restrict our attention to the space B7%— oo, ).
This restriction is made in order to enable us to take the Fourier transform
of f.

Pectre [26, 27] has shown that if ¢ >0, 1 <p < o0, and 1 < g < oo,
then the norm in B'%(—co, 4 c0) is equivalent to

o«

1/q
(2 || @ *f”L,,(—oo.oo))q ,» 1<g< oo,
k=1

N;'q(f) — I b4 *f”Lj,(

H III *f”Lp(——no,oo) + Sl]l(p 2k0 ” (Pk *f“L,,(—w,oo) > q = (X),

where ¥ * f denotes the convolution of ¥ and f. Hence, there exist constants
C; and C, such that

CN() S W llpgam,m < CNZ(f),  feBy(—c0, ). (Ad)

We may therefore use N3'%(f) as the norm in B3 — o, ).

By (2.17), it is sufficient to prove the imbedding (2.19) only in the case
4 = g, = q. We begin by estimating | ¥+ s, (. and | gy £/ I, (o0 -
After taking the Fourier transform of ¥ x f and’ noting (A.2) and the {bcation
of the supports of ¥and ¢ ¢ , we find that

Vsf=¥*xW*f)+ o+ (¥ xf) (A.5)
Similarly,

1
o1 f=¥x(p xf) + Z<P1+v*(9’1*f)a

»=0

(A.6)
1
(pk*f—': Z ¢k+v*(¢k*f)a k>2-

v=—1
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We now apply Young’s inequality (cf. O’Neil [22]),

g i, o <&z oo Fol, (o) s 1pe = 1/r 4 1/ps — 1,
and inequality (A.3) to deduce that
| @ras # (@i # Pl o) < C2EVPA il o
I % (F 5 e, o0 < CIHE * Sz, (o0 5 (A7)
| (p1 *f)”l NECHOR <Clo *f”L,, (—w,@) -

Consequently, if o, — (1/p) = g, — (1/p,), it follows from (A.4) through
(A7) thatforl < g < @

”f“gaz 24 (—cc,00) X CZNOZ q(f) - C2 H ¥ >k.f”L (—oo )
< ko q /a
+ Co (X @ 1 i # Sty o))
k=1

et 1/a
S CNY 4 flry (o + C (X @ g1 %Sty o))
k=1
— CNUF) <1 gy
7y Cl B,,;' (—o0, 0}

This proves (2.19) for the case 1 <{ g < co; the proof in the case ¢ = oo is
analogous.

We now turn to the proof of (2.20). If B;%(— o0, 0),¢ < 0,1 << p < o0,
1 < g < o, is defined to be the collection of tempered distributions f with
finite norm N3%(f), then it is easy to show that By%— oo, o0) is a Banach
space (cf. Peetre [26, 27]). Furthermore, the above argument shows that the
imbedding (2.19) is valid even when o, or o, is nonpositive. In particular,
if p, < p, and o; = 1/p; — 1/p,, then

B;’,;’l(— o, ) C Bg;l(—— 0, 00). (A.8)

However, we also have (cf. Peetre [26, 27])
BY(— o0, 00) C L,, C By:™(— o0, o0). (A9)
The imbedding (2.20) now follows from (A.8) and (A.9). Q.E.D.

640/4/3-7
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