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Let & be a subspace lattice which contains a sequence {P,} of commuting
projections such that for any subsequence {P,}, VP,=1 and AP, =0. Then
Alg(£)n A (H)=0. Suppose G is a compact abelian group and E< G is a closed
set. There is a family % of commutative subspace lattices for which
Alg(Z) N A (H)#0 precisely when E is a set of multiplicity in the sense of
harmonic_analysis. By showing that the graph of < is a set of uniqueness in
2% x2* we obtain a “thin set” proof that Alg(2*, <, m,;) contains no nonzero
compact operators.

For an important class of sets K€ Gx G

ApinlK) = Anai(K)

iff K is a set of spectral synthesis in the group G x G. It follows that if E, and E, are
sets of spectral synthesis in G then Alg(P,) ® Alg(Pr,) = Alg(P., ® P.) iff E; x E,
is a set of spectral synthesis in G x G and if semigroups X, and X', are sets of spec-
tral synthesis in G then Alg(ZX,) ® Alg(Z,)=Alg(Z,x X,) iff Z,x X, is a set of
spectral synthesis in G x G. The operator algebra Alg(P,® P,® ---) is synthetic iff
for all n, Alg(P,® -.- ® P,) is synthetic. This implies that the operator algebras
Alg(2*, <, m,) are synthetic.  © 1988 Academic Press, Inc.

INTRODUCTION

The theory of non-self-adjoint operator algebras and their invariant sub-
space lattices has been of continual interest since the late 1940s [28]. In
[15] P. R. Halmos drew attention to the more tractable class of reflexive
operator algebras. The deepest structural results for reflexive operator
algebras with a commutative subspace lattice were later obtained by
Arveson [2]. Apart from introducing new tools for the analysis of such
algebras the paper contributed significantly to the general theory of
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operator algebras and established important connections with harmonic
analysis and lattice theory.

The present work concerns itself with reflexive algebras and their
invariant subspace lattices by establishing new connections with harmonic
analysis, in particular the uniqueness problem for trigonometric series, and
by developing further the subject of spectral synthesis in reflexive algebras
with a commutative subspace lattice.

In Section1 we explore the question of when the operator algebra
associated with a commutative subspace lattice contains a nonzero com-
pact operator. By viewing an operator as a distribution on a product group
G x G, the theory in [2] allows one to construct, for each closed ESG, a
commutative subspace lattice 5 for which Alg(.%) N A" (H)+#0 precisely
when E is a set of multiplicity in the sense of harmonic analysis. This
approach also leads to a number of theorems and examples describing the
possible quantity and quality of compact operators in a reflexive algebra
with a comutative subspace lattice. By showing that the graph of < is a set
of uniqueness in 2 x2* we obtain another proof that Alg(2~, <, m,,)
contains no nonzero compact operators.

The second section is concerned with the phenomena of “noncom-
mutative spectral synthesis.” It is shown that for an important class of sets
KcGxG, Ay (K)=.(K) iff K is a set of spectral synthesis in the
group G. A consequence of our analysis is that the tensor product formula
for reflexive algebras [19] implies that the cartesian product of two sets of
spectral synthesis is again a set of spectral synthesis. The latter statement is
at present a difficult unsolved problem in harmonic analysis.

Finally, we establish a general spectral synthesis theorem for infinite
tensor products of operator algebras. This implies that the operator
algebras Alg(2”, <, m,) are synthetic.

1. CoMPACT OPERATORS IN REFLEXIVE ALGEBRAS
WITH A COMMUTATIVE SUBSPACE LATTICE

1.1. The invariant Subspace Lattice of a Compact Operator

Little is known about the invariant subspace lattice of a general Hilbert
space operator. In the opposite direction one may take a subspace lattice
& and ask whether there is an operator 4 such that & < Lat(4) (transitive
lattice problem) [28, p. 78].

DErFINITION 1.1.1. A subspace lattice ¥ is transitive for compact
operators if ¥ < Lat(K) and K compact implies K = 0.

Remark. ¥ is transitive for compact operators iff Alg(¥)n
H(H)y={0}.
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We first present a coordinate-free proof of a theorem which appeared in
[11]. This serves as motivation for the main developments of Section 1. Let
VE, and AE, denote the supremum and infimum, respectively, of a family
{E,} of projections on a Hilbert space H.

LemMMA 1.12. Let {E,} be a sequence of commuting projections such that
VE, =1 for any subsequence {E,}. If x€ H satisfies liminf | E, x| =0 then
x=0.

Proof Let ¢>0 and extract a subsequence {E,} such that
|E, xH <¢/2/ for each j. Let P,=E,, P,=E,P{,.. P E, P} |, ..
Then the P/s are mutually orthogonal pro_]ectlons and Z P=1I Note that
P,<E,. Smce Ix|?=2 1PxI*< T IE, [ <T ¢2/=¢ we have that
|lxl|2<£ Hence x =0.

LemMma 1.1.3.  Let {E,} be a sequence of commuting projections such that
AE, =0 for any subsequence {E,}. If E,x,=x, and {x,} converges to x
then x=0 '

Proof. The projections {1—E,} satisfy the hypotheses of Lemma 1.1.2.
Therefore it is enough to show that liminf (1 —£,) x||=0. Pick ¢>0.
Since x, — x we can find » such that jx,— x| <e.

Therefore

(1 =E,) x| = (1 - E)(x—x,)| < x—x,]| <e.

THEOREM 1.14. Let ¥ be a commutative subspace lattice. Suppose that
& contains a sequence {E,} of commuting projections such that VE, =1 and
AE, =0 for any subsequence {E,}. Then ¥ is transitive for compact
operators.

Proof. Let K be a compact operator such that ¥ < Lat(K) and let
x € H. The sequence {E,K*x} is bounded in norm and so there is a sub-
sequence {E, K*x} such that KE, K*x is norm convergent, since K is com-
pact. Also KE,, K*xeE,(H). By Lemma 1.13, KE, K*x—0 in norm.
Therefore (KE,, K*x x)—>0 So (E, K*x, K*x )-—(EjK*x, E, K*x)— 0. By
Lemma 1.1.2, K*x= 0, so K*=0 and K =0.

As an immediate consequence we have

COROLLARY 1.1.5. Let (X, <,m) be a standard pre-ordered probability
measure space and {B,} a sequence of decreasing Borel sets such that
for any subsequence {B,}, m(\J*,B,)=1 and m(N  B,)=0. Then
Alg(X, <, m) contains no nonzero compact operators.
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Proof. The projections P, satisfy the hypotheses of Theorem 1.1.4.

Corollary 1.1.5 may be used to settle a conjecture of Arveson [2, p. 498].
For the pre-ordered measure spaces (2%, <,m,), O0<p<l1, take
B,={(x;, x5,..):x,=0}. It is an easy measure-theoretic exercise to verify
that if {B, } is a subsequence then

m,,(O B,,,)=1

i=1

and

m, <’ﬁ B,,‘) =0.

i=1
Therefore Alg(2™, <, m,) contains no nonzero compact operators.

1.2. Connections with the Theory of Exceptional Sets in Harmonic Analysis

Arveson [2] was the first to point out that the operator algebra
Alg(X, <, m) contains a nonzero Hilbert-Schmidt operator iff the graph of
the pre-order has positive product measure. More generally there is a close
connection between the existence of compact operators in CSL algebras
(reflexive algebras with a commutative subspace lattice) and the theory of
exceptional sets (“thin sets”) in harmonic analysis.

For a Hilbert space H, let 4 denote the set of compact operators in
Z(H) and let €,, p< oo, be the Schatten p-class. Certain exceptional sets
may be used to construct CSL algebras with the following properties:

(i) Alg(P)no # {0}, but Alg(P) contains no nonzero compact
pseudo-integral operators.

(ii) Alg(P) contains a nonzero operator which is in €, for all p>2
but no nonzero Hilbert-Schmidt operators.

(iii) Alg(P)n X # {0}, but Alg(P)n%,= {0} for all p < cc.

Our reference for harmonic analysis on a locally compact abelian group
will be [14]. In order to avoid some technical difficulties we shall suppose
throughout this section that G is a separable compact abelian group so
that G = I is a countable discrete abelian group.

Let ue M(G) and let fe L*(G). The convolution map C,:f—f*u
defines a bounded linear operator on L?*(G). The following proposition is
well known.

ProposiTION 1.2.1. (i) The operator C, is in the Schatten p-class iff
pel? ().
(ii) The operator C, is compact iff i vanishes at infinity.
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Proof. Recall the formula

(Cuf )= fx =) ()
For each yeI”

(C)x) = | 7t ) ldy)
ZL- 7(x) (=) ul(dy)

= f(y) y(x).

Since the characters form an orthonormal basis for L?(G) they diagonalize
C,. The proposition follows.

PROPOSITION 1.2.2. The convolution operator C, is a pseudo-integral
operator whose kernel {y*} is given by

p(E)=p(—E+x)
for any Borel set E< G.

Proof. Recall that if T: G — G is any measurable map and ie M(G)
then we can obtain a measure A, defined by A, (E)= AT~ Y(E)) for any
Borel set E< G, and which has the property that

J, ST ddy)=[ 19 Arldy)

whenever either side exists.
Fix xeG and let T,:G— G be given by T (y)=x—y. Set u"=p .
Then

(Cul )= | Sx=) ldy)

= [ ST i)
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Furthermore it is easy to check that
p(E)=p(—E+x)

for any Borel set E<G.

It is known that for any nondiscrete group G there is a measure p
singular with respect to the Haar measure on G whose Fourier transform
vanishes at infinity. Therefore we have the following corollary, which
answers a question of A. Sourour [31, p. 352].

COROLLARY 1.2.3. There exists a compact pseudo-integral operator
which is not an integral operator.

Proof. Take ue M(G) singular with respect to the Haar measure on G
and with Fourier transform vanishing at infinity. Then C, is a compact
pseudo-integral operator. For each x e G, u~ is singular with respect to the
Haar measure on G. By uniqueness of the kernel {u*} a.e. it follows that
C, 1s not an integral operator.

In our context A(G) is the algebra of absolutely convergent Fourier
series on G. The space of pscudomeasures PM(G) is identified with /*(1)
via the Fourier transform so that if Fe PM(G) and ¥, a,y(x) € A(G),
then

F(X ann)= T A-na.

Formally we can write

F=Y F(—7)y(x)

yel

for a pseudomeasure on G or F=ngr1:"(—oc, —p)a(x)p(y) for a
pseudomeasure on the product group G x G. The following theorem is
fundamental.

THEOREM 1.2.4. Let A: L(G)— L*(G) be a linear operator with matrix
[caplaper with respect to the character basis of L*(G). Define a
pseudomeasure

Fy=) c_pu(x) B(y).

Then supp(A4) =supp(F,) [2, Definition 2.2.4].
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Proof. Note that cz=(AB(y), a(x)). Well first show that for
u(x), v(y)e A(G),

(Av, @) = F 4(u(x) v(y))-

Let u(x)=3,. ra,o(x) and v(y)=3 ;. bsf(y). The inner product

(Ao, a)=(A ( 5 bﬁﬁ(y)), » aa—a(x))

perl ael’

= Z aabﬁ(Aﬁ(y)’ '—(X(x))
B

=Y a,bgc_,g
% B

=Y F(—a, —B)a,by=Flu(x) v(»)).
2%,

In order to prove the theorem we must show that for any (x, y)e Gx G,
(x, yy¢supp(A4) iff (x,y)¢supp(F,). If (x,y),¢supp 4, then there exist
open sets U, and U, about x and y, respectively, such that for any pair of
functions # and ve A(G) with supports in U, and U,, respectively,
(Av, u)=0. Now pick open sets P,< U, and P, U, about x and y,
respectively, such that P, < U, and P, < U,. Then [30, Theorem 2.6.27 we
can find functions s, and s, in 4(G) such that

1 i P
s,(x):{ if xeP,

0 if x¢U,
{1 if yeP,
SZ(y)‘{o it yeéU,.

We can also assume that the support of 5,2 U, for i=1,2. Now let
fe A(G xG) have support in P, xP,. Let T\cT,c - =I'xI be an
ascending sequence of finite subsets of I'x I such that =, 7,=
I'xT. I we write f(x, )=, fupt(x) () then 5,7, fopr(x) B()
converges to f(x,y) in the norm of A(GxG). Hence s,(x)s,(y)
Yaper.Supt(x) B(y) converges in norm to s,(x)sy(y) f(x,y)=f(x,y)
Therefore F, (3, pc 1, foups1(x) a(x) s,(y) B(y)) converges to F,(f). But
Fi(Sap fups1(x) a(x) 5:(3) B)) = Taper, Lol Asa(y) B(3), 5:(x) alx)).
Since s,(x) a(x) is supported in U, and s,(y) () is supported in U, the
last sum is 0. Hence (x, y) ¢ supp(F,). The other implication follows from
the fact that for any open set E£< G, the collection of functions in A4(G)
which are supported in E is dense in L*(E).
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DerINITION 1.2.5 [14]. A pseudomeasure FePM(G) is called a
pseudofunction if F vanishes at infinity.

DEerFINITION 1.2.6. (i) A closed set E< G is called a set of multiplicity
(M-set) if it supports a nonzero pseudofunction.

(ii) A closed set E< G is called a set of multiplicity in the strict sense
(M -set) if it supports a nonzero measure which is a pseudofunction.

Remark. Sets of multiplicity originally arose in connection with
problems of uniqueness of trigonometric series and have been extensively
studied.

THEOREM 1.2.7. Let ES G x G be a closed set. Then

(i) E is an M-set if it supports a nonzero compact operator on L*(G).

(i) E is an My-set if it supports a nonzero compact pseudo-integral
operator on L*(G).

Proof. (i) Supppse that E supports a nonzero compact operator K.
Then supp Fx S E. Fy(—a, —B)=c_,5— 0 (see Theorem 1.2.4) as a, § go
to infinity. Hence E is an M-set.

(it} By (i), Fx is a pseudofunction. But Fy is given by the measure
(= kernel) which defines K. Hence E is an M-set.

It is of interest to use Theorem 1.2.7 to give a second proof that
Alg(2”, <, m, ;) contains no nonzero compact operators. This will follow
immediately if we can show that the graph of < is a set of uniqueness in
the group 2% x 2%,

Take 2% to be the group {—1,1} x{~1,1}x -+ The graph of < is

{((xla X2, )a (yl, Y, )) X, &V, for all n}.

It is not hard to see that if ¢: G —» G is a topological group isomorphism
and E< G is a set of uniqueness then ¢(E) is a set of uniqueness. Let F be
the group {—1,1}x{—1,1} and let S< F be

{(x, p):x<y}

Then to show that the graph of < is a set of uniqueness it suffices to show
that Sx Sx ---is a set of uniqueness in the group Fx Fx ---.
For each n define an inclusion

i A(F) > A(FxFx )
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as follows. If fe A(F) then
LU, Xp, ) =1(X,).

Let D be a nonzero pseudofunction supported in Sx Sx ---. By multiply-
ing D, if necessary, by a suitable multiple of a character we may assume
that D(1)=1. Then the composition D-i, is a pseudomeasure on F which
is supported by S. The group F has four characters

n=1,7,, 1,5, T,

and their inclusions

in(nl):n(ln)’ in(n2)=n(2n)
l'n(n3)=75(3"', l'n(TC4)=TI‘(tn)
are characters on Fx Fx ---. Since F is a finite group the pseudomeasure

Doi, is actually a function on F,

(D ° ln)(x) = 1 + ann2(x) + bn“}(x) + Cn7t4(x)a

where
a,=D(n{")
b,= D(n{")
¢, =D(n{")

The action of Do, on fe A(F) is given by

Lﬂﬂ@nmunu

In order for supp(D-i,) < S we must have
Dei,((1, —1))=1%a,+b,+c,=0.
Since D is a pseudofunction
\D({)], 1D(r§), | D)
are arbitrarily small for sufficiently large » and this shows that
lta,+b,+¢,=0

cannot hold for sufficiently large n. Hence Sx S--- is a set of uniqueness in
FxFx -
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It is natural to imagine about the extent to which the converses of the
assertions of Theorem 1.2.7 are true. For example, suppose that E is an
M,-set. Can a measure N e PF(E) be chosen that gives a nonzero compact
operator on L*(G)? In general no, since £ must be marginally nonnull
[2, p.453]. Also N must not be concentrated on a marginally null set for
then the associated pseudo-integral operator would be 0. The following is a
partial converse of (i1).

THEOREM 1.2.8. Suppose that a closed set E< G x G supports a measure
u in PF(E) which is not concentrated on a marginally null set. Then E
supports a nonzero pseudo-integral operator T such that F e PF(E).

Proof. Suppose that p satisfies the above conditions. By a simple exten-
sion of [14, Proposition 1.5.17 we may assume that u>0. Let yu, be the
maginal of p on the x-axis (=G x0). By the Lebesgue decomposition
theorem u, =f(x) dx + S, where S L dx and f(x)e L'(G). We now pick a
set A< G such that |, fdx>0, y, fe L(G), and S(4)=0. Let v be the
restriction of the measure y to the set 4 xG. Then v#0 and v has an L>
marginal on the x-axis. Since v <y, [14] again implies that ve PF(E).
Hence without loss of generality we may assume that g has an L™
marginal on the x-axis and is a positive measure. Then there is a constant
C, such that u,(Q) < C(dx)(Q) for any Borel set Q= G.

Next we examine p,, the y-marginal of u. Again y, =g(y)dy + S, where
S 1 dy, ge L'(G). We can find a set B such that jB gdy>0, x5 2e L*(G),
and S(B)=0. Let v be the restriction of 4 to Gx B. Then v#0 and
ve PF(E). Also v,e L™(G). So there is a constant C, such that for any
Borel set Q<=G, v,(Q)<Cy{dy)(Q). By construction v, (Q)<u,(Q)<
C,(dx)(Q). Therefore [2, Theorem 1.5.1] T, is a nonzero pseudo-integral
operator. Since

Fr=v,

Fr e PF(E).
Combining Theorems 1.2.7 and 1.2.8 yields

THEOREM 1.2.9. Let E be a closed set in G xG. Then E supports a non-
zero pseudo-integral operator T, such that Fr € PF(E) iff E is an My-set
which supports a pe PF(E) which is not concentrated on a marginally null
set.

Before we proceed to the constructions (I)—(IIT) we need a few technical
observations.

If D is pseudomeasure on G and fe L*(G) then the convolution map
f—f* D defines a bounded operator on L?*(G) denoted by C,. If
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supp D =E then supp C,=¢(G x E), where ¢(x, y)=(x, x—y), for con-
sider the pseudomeasure 1®D on GxG where 1® D(u(x)v(y))=
([ u(x) dx)- D(v(y)). Evidently supp 1 ®@ D=G x E.

Define F(v(x, y))=1® D(v(x,x—y))=1® D(v(é(x, y))). Then supp F=
#(G x E). An elementary computation gives

A (0 if a+p#0
Fla, p)= {ﬁ( —B) otherwise

and

0 if a+B#0

Fey(a, B)=(Cp~p,a)= {ﬁ(_ﬁ) otherwise.

Therefore F= F, as pseudomeasures. So supp Cp, = supp F¢,=supp F=
&G x E).

Note that the Haar measure of ¢(G x E) =0 iff the Haar measure of E is
0, since ¢ is a measure-preserving homeomorphism of G x G.

Next we describe a method for constructing closed partial orders on G.
Consider a relation R on G w G (disjoint union) whose graph is shown in
Fig. 1. Thus R consists of the diagonal together with an arbitrary closed
subset of G x G placed in the upper right-hand corner. It is not hard to
verify that R is a closed pre-order. Now let EC G be a closed set and
replace “ANY CLOSED SET” by ¢(G x E). We will denote the resulting
partial order by P.

If Fis a pseudomeasure on G and supp F< E, then the operator

0
(0 C(;F) € Alg(P.) and acts on L*(G w G).

Here, Alg(Pg)={("§' \,): M,, M, are multiplication operators and
supp T< ¢(G x E)}. This method of constructing partial orders and the

G G

y-axis

ANY
G CLOSED
SET

x-axis

FiG. 1. A class of partial orders.
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resulting CSL algebras was introduced by Arveson in [2] and used by him
to give his example of a CSL algebra which is not synthetic.

LEMMA 1.2.10. Let E<S G be a closed set. Then

(1) @(GxE)is an M-set iff E is an M-set.
(i1) (G xE)is an My-set iff E is an My-set.
Proof. (i) Suppose that ¢(G x E) is an M-set. Since ¢ is a group
homeomorphism it follows that Gx E is an M-set. Hence there is
a pseudofunction D, #0 such that suppD,cGxE. There exists

(a, )€ G x G such that D (a(x) B(»)) #0. Define a pseudofunction D, on
G by

D,(v(y)) =D (afx) v(y)).
Then D, #0 and supp D, < E. Hence E is an M-set.
For the converse let D be a nonzero pseudofunction with supp D < E.

Then the pseudofunction 1 ® D has supp(1® D)= G x E.
The proof of (ii) is similar.

THeEOREM 1.2.11. Let E= G be closed. Then

(1) Alg(Py) contains a nonzero compact operator iff E is an M-set.

(ii) Alg(Pg) contains a nonzero compact pseudo-integral operator iff
E is an Mg-set.

(iii) Alg(Pg)n Schatten p-class #0 iff E supports a nonzero pseudo
measure whose Fourier transform is in I”.

Proof. (i) Assume that Alg(Pg)n A #0. Then by Theorem 1.2.7,
#(G x E) is an M-set and so by Lemma 1.2.10 £ is an M-set. Conversely if
E is an M-set then there is a nonzero pseudofunction D with supp D S E.

Then
(0 C D>
0 0
is a nonzero compact operator in Alg(P ).

The proof of (ii) is similar to (i). For the proof of (iii) one shows that if
Te Alg(P;) N6, then each of the pseudofunctions

v(y) = Fr(a(x)v(x—y))
ae G fixed

has support in E and Fourier transform in /7. If T # 0 then at least one of
these is nonzero.
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One further consequence of our analysis is worth noting. The operators
in A_,.(¢(G x E)) correspond to bounded matrices whose “diagonals” are
pseudomeasures supported in E.

Let us consider the circle group T as the unit interval [0, 1] and suppose
that 0 <& <3. Write E,=[0,1], E,=[0,&]u[1—-¢& 1] and in general
obtain E, from E,_, by removing the middle (1 —2&)th from all intervals
which compose E, ;. Set E, =\, E,. Cantor’s middle-third set occurs
when ¢=41. It is known that E; is a set of uniqueness iff 1/¢ is a Pisot
number [13]. Hence we have the following

CoroLLarY 1.2.12. Let 0<{<3. Then Alg(Py,) contains a nonzero
compact operator iff 1/ is not a Pisot number.

The existence of operator algebras having properties (1)-(111) now follows
from the existence of the appropriate thin sets.

(I)  There is an M-set which is not an M,-set [14, Theorem 4.4.2].

(I1) Salem [6,2.6] has constructed a closed set E<T, the circle
group, of Lebesgue measure zero and a nonzero measure pu with supp u=E
such that jiel” for all p > 2. Hence the operator C is in the Schatten p-class

for all p>2 and so
0 C,
(0 0 >eAlg(PE)

and in the Schatten p-class for all p > 2. Since the measure of ¢(G x E)=0,
Alg(Pg) contains no nonzero Hilbert—Schmidt operator.

(III) LEMMA. Suppose that ES G is a closed set. If for each natural
number n the Haar measure of

E+ - +E

ntimes

is O then E supports no nonzero pseudomeasure whose Fourier transform is in
some I*.

Proof. Suppose Fel” and supp F< E. Pick n so that Fe/*. Then

supp F"=supp Fx--x FSE+ --- + E.

ntimes ntimes

Since §=n(1/2n), Holder’s inequality gives I{“>=(F)"elz. This says that
F"e L*(G) and is concentrated on a set of measure 0. Hence F"=0 so
F=0.
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We now make use of the existence of a closed set £< T such that the
Lebesgue measure of

E+ - +E=0

n times

for all n and which supports a nonzero measure y whose Fourier transform
vanishes at infinity [14, Proposition 6.3.137]. Then Alg(P[) contains a non-
zero compact operator. If Alg(P,) contained a nonzero operator in some
Schatten p-class then E would support a nonzero pseudomeasure whose
Fourier transform is in /*. The above lemma shows that this is not possible.

1.3. More Thin Sets

THEOREM 1.3.1. Let (X, <, m) be a standard pre-ordered measure space
and suppose that the product measure of the graph of the pre-order is zero. If
K is a compact operator in Alg L(X, <, m), then K is quasinilpotent.

Proof. Assume K is not quasinilpotent. Let
A#0€e0g(K)

and let

E=L ! dz

ppropriate Contour (i - K)

be the Riesz idempotent corresponding to A [28, Theorem 2.10]. Then
E #0 and since (41— K) ™' is in the uniformly closed algebra generated by K
and 1 so is E. Thus EeAlg L(X, <, m). Furthermore the range of E is
finite dimensional so E is a Hilbert-Schmidt operator. Thus E=0. This
contradiction proves that ¢(K)= {0} so K is quasinilpotent.

This result also follows from a theorem of Hopenwasser since in this case
L(X, <, m) will contain no atoms [16].

We will give examples to show that the nilpotency index of K can be any
natural number greater than 2 (in previous examples it was 2). Then we
construct an example where K is quasinilpotent but not nilpotent.

Let ES[0,2n] be an Mg-set such that for each natural number #, the
Lebesgue measure of

E+ - +E

ntimes

is zero. Fix n and assume that E< [2n/n,4n/n]. Let p be a nonzero
probability measure supported in E whose Fourier transform vanishes at
infinity. Set +, E= {e,+ --- +e,€ [0, 2n]: for each i, ;=0 or e;e E}. In
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[0,27]%x [0,27] let P={(x,x+e)ee +,E and (x,x+e)e[0,2n]x
[0,2n]} u {(x, x): x€ [0,2n]}. Then P is a partial order. Suppose that
(x, x+e,+ - +e,) and (x+e,+ - +e,, x+te+ - +e,+ej+
+e,) are in P. Then there can be at most # nonzero numbers among
€1y s €y €15y, and x+e,+ - +e,+ei+ - +e,<2n Therefore
(x,x+(e;+ - +e,+e\+ - +e,))e P. We may visualize P as in Fig 2.
Thus for each point ee + ,E we have a “fiber” parallel to the diagonal
emanating from that point. Next we show that P is closed and hence
standard. Suppose

(X, x' e+ +el) o (x,p),

where each (x', x'+e! + -+ +e’)e P. Then x,— x and by passing to sub-
sequences we may assume that

;
e —e

el —e,.
Since E is closed it is easy to see that for any k, e, € E or ¢, =0. Further-
more x'+el+ -+ +el <2m so that x+e,+ -+ +e,<2n Hence (x, y)=
(x,x+e,+ - +e,)eP. Thus P is closed. Let P, = {e:(x,e)eP}. The
Lebesgue measure of P, is zero for each x since P, <} E. Therefore by
Fubini’s theorem the Lebesgue measure of P is zero.

Define a pseudo-integral operator T, € Alg(P) by

wr=x+pu for xe[0, (n—1)(2n/n)]

(translate the measure u by x), it being understood that for
x€[(n—2)2n/n), (n—1)(2n/n)] we only use that part of x which “lies” in
[0, 2= ]. It is evident that supp T, < P and supp T, may be visualized as in
Fig. 3.

Since T, is the “compression” of a compact convolution operator to

y-axis

x-axis

FiG. 2. The partial order P.

580/81/1-2
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27 uT
O 2n
y-axis

2n

n

2%
(n-Z)ﬁ—

2m
x-axis

FiG. 3. The support of T,.

certain “squares” it follows that T, is compact. Also we may assume that
2n/n e supp u so that

(T, 1)(x)>0, 0<x<(n—1)2n/n)
while

(T,1)(x)=0 otherwise

and for any k,2<k<n—1,

(T 1)(x)>0, 0<x< (n—k)2n/n)

while

(TE1)(x)=0 otherwise.

Evidently 77, =0

To construct an algebra Alg(P) which contains a quasinilpotent compact
operator which is not nilpotent and for which the measure of P is zero we
pick for each n>2 a CSL algebra Alg(P,) such that the measure of P, is
zero and such that Alg(P,) contains a compact operator K, with
nilpotency index equal toxn. We may assume that [|K,[| -0 and then
take K=@ > , K, in the CSL algebra Alg(P)= @ _,Alg(P,). K is
quasinilpotent but not nilpotent and P being a countable disjoint union of
sets of measure zero has measure 0.

As a further illustration of how the pre-order P determines both the
quantity and the quality of the compact operators in Alg(P), we have the
following.

THEOREM 1.3.2. Suppose that Ke Alg(P) belongs to some Schatten
p-class, p < co. If the measure of P is zero then K is nilpotent.



COMPACT OPERATORS AND SPECTRAL THEORY 17

Proof. Pick n such that K belongs to the Schatten 2n-class. Then K" is a
Hilbert-Schmidt operator in Alg(P). Hence K"=0.

Let P,, P, be standard pre-orders on standard Borel measure spaces
(X, u) and (7,v), respectively. The tensor product order P,® P, on
(X x Y, uxv)is defined by (x,, y,) < (x5, y,) iff x, <x, and y, <y,. If the
characteristic functions

xz,(x), xg,(x), ... define P,

and

Xﬁl(y)’ XFz(y)9 “re deﬁne P2,

the tilde standing for complement, then the characteristic functions yz, . y,
XEyx v together with ¥y, 7, Xx.«r, .. define P, ®P,. This turns
(X' x Y, uxv)into a standard pre-ordered measure space and we obtain the
associated CSL algebra Alg(P,® P,). We note that if 4 Alg(P,) and
Be Alg(P,) then the tensor product A® B is in Alg(P,® P,). Let %,
denote the Schatten p-class.

THEOREM 1.3.3.  The algebra Alg(P,® P,)n€,# {0} iff Alg(P,)n
@, + {0} and Alg(P,) "4, # {0}.

Proof. Suppose that 4eAlg(P,)n%,, BeAlg(P,)n%, and A, B#0.
Then A® B#0 and A ® Be Alg(P,® P,)n%,.

Conversely suppose that Alg(P,® P,) contains a nonzero Ke¥, We
will assume the p, v are finite measures. The o-finite case follows easy from
this. Then K has as an invariant subspace each of the projections P , .
There exist fe L2(X), geL?*(Y) such that w(x,y)=K(f(x)g(y))#0.
Assume that S={w>0} has positive uxv measure. Then
M, eAlg(P,®P,) and M, K€%, Define a map 4 from L*(X) to
L2(X>< Y) by [A(W)x, y) = h(x)g(y) and a map B from LY(Xx Y) to
LY(X) by [B(z)](x) = [y z(x, y) v(dy). Consider now the composition
B(M SK)A on L?*(X). This map is nonzero as can be verified easily and is
in ¢,nAlg(P,) since M, K is. Thus Alg(P,)n%E,+# {0}. Similarly
Alg(P2 )N, # {0}. This completes the proof.

This theorem can be thought of as an analogue of the fact that in a com-
pact abelian group the product of two M-sets is an M-set. Now let
Alg(P,) ® Alg(P,) denote the ultraweak closure of the linear span of all
tensors A ® B with 4 € Alg(P,) and Be Alg(P,). We shall see in Section 2
that the unsolved problem Alg(P,) ® Alg(P,)= Alg(P,® P,) is related to
a difficult unsolved problem in harmonic analysis, i.c., whether the product
of two sets of spectral synthesis is again a set of spectral synthesis.
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1.4. €,-Density in Reflexive Operator Algebras

A very interesting and promising lattice-theoretic structural question was
proposed by Arveson in [2, p. 469] and is still not completely answered.
Let us call a subspace lattice . strongly reflexive if there is a set S of
compact operators on H such that .# =Lat(S). When is a separately
acting commutative subspace lattice strongly reflexive? Consequently
Hopenwasser, Laurie, and Moore [19] characterized those commutative
subspace latices (CSLs) for which the Hilbert-Schmidt operators are dense
in Alg(.#) as the completely distributive CSLs. Laurie and Longstaf con-
tributed further to this circle of ideas in [27] and proposed problem 2.
Some ideas from the previous section allow us to settle this for p < c0. We
will need to use the following deep “non-self-adjoint density theorem.”

THEOREM 1.4.1 (Arveson and Davidson [26, Theorem 4.1]). Let A be a
reflexive algebra on a separable Hilbert space with Lat A commutative. Let 1
be an ideal in A such that EIE #0 for all semi-invariant projections E of A.
Then the ultraweak closure of Iis A.

LEMMA 1.4.2. Let B any algebra of operators and let B be its closure in
the ultraweak topology. Suppose there is an n such that for all
T,,T,, .,T,eB, T,T, T,=0. Then for any T, T, .,T,€B,
T,7, - T,=0.

Proof. Consider the function f(7,,7T,,..,T,) =TT, T,. If we fix
(n—1) variables then the map

T>f(Ty,. T, .., T,)

is continuous in the ultraweak topology. The result follows at once.
Let €, be the Schatten p-class, p < c.

THEOREM 14.3. Let A be a reflexive operator algebra with a com-
mutative subspace lattice. If A€, is dense in A then Antrace class
operators is dense in A.

Proof. Let E be a semi-invariant projection for 4 and let I be the ideal
of trace class operators in 4. We will show that EJE #0. We may assume
that p is a natural number.

Let B be the ideal of €, operators in the algebra EAE. If every product of
p such operators is zero then by Lemma 1.4.2, B the ultraweak closure of B
has the same property. But since 1€ EAE is in B this leads to a contradic-
tion. Hence there exist Ty, T, .., T, in EAE %, such that T, T,--- T, #0.
It is well known that T,7,--- T, is in trace class [29, Theorem 2.3.10].
Hence EIE#0.
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L.5. Compact Perturbation of a CSL Algebra

Let o/ be an algebra of operators on a Hilbert space H and let K be the
ideal of compact operators in #(H). The algebra o/ + ' = {4+ K: Ae A,
Ke A compact} is called the algebra of compact perturbations of </.

Compact perturbations of operator algebras have been the subject of
considerable study for various reasons [4, 7, 10]. One problem is that of
determining whether o/ + 4" is norm closed in £ (H). It is known that
compact perturbations of C*-algebras are norm closed and furthermore
that if ./ has an “approximate identity” of compact operators then o + ¢
is norm closed [26, Proposition 7.1]. In particular the algebra of compact
perturbations of a nest algebra is norm closed [10].

In this chapter we will give an example of a CSL algebra Alg(P) such
that Alg(P)+ " is not norm closed.

DEerINITION 1.5.1 [14]. Let E be a closed set in the circle group T. We
set

I(E)={fe A(T): ESf'(0)}

and N(FE)=the annihilator of I(E) in PM(T).
A closed set E is called a set of spectral synthesis iff PM(E) = N(E). Let
n(E) = inf{limsup |S(n)|/| Sl pn: S€ N(E), S#0).

In [14] a closed set E< T is constructed which has the following
properties:

(1) n(E)=0,
(ii) Eis what is known as a U, —set, i.e., PF(T) n N(E)= {0},

(iii} FE is a set of spectral synthesis (cf. [14, Lemma 4.3.6, Proof of
43.3, and Lemma 4.3.7).

From (ii) and (iii) we immediately infer that PF(E)= {0}. Hence E is not a
set of multiplicity.

Through a number of simple observations we now proceed to show that
Alg(P ;) + 2 is not norm closed.

First recall that Alg(P ;) can be described as the algebra of all (%! ,7),
where Te o, (¢(T x E)), the set of all operators supported in ¢(T x E),
and M, M, are in the algebra of multiplication operators on L*(T). It is
easy to see that Alg(P;)+ X is norm closed iff o, (d(TXx E))+ A is
norm closed as a set.

Now if n: Z(H)— L(H)/H# (H) is the quotient map into the Calkin
algebra and &/ is a collection of operators then .« + " is norm closed iff
n(s/) is closed in the Calkin algebra. Elementary Banach space theory
shows that this is equivalent to the restriction of n to &/ being bounded
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below in case o/ nA ={0}. Let ¢: PM(T)— PM(T)/PF(T) be the
quotient map.

LemMmA 1.52. Let S be a pseudomeasure on T and let Cs be the
associated convolution operator. Then

[7(Cs)l = llg(S)I PM(T)/PF(T)*

Furthermore ||q(S)l| pmcrypr(r = limsup,, _. .. [S(n)|.

Proof. Let K be a compact operator with |Cs— K| <&+ ||[n(Cs)(|. Then
the diagonal of K can be viewed as a pseudofunction Q on T. It is evident
that [lg(S)I <[1S— Qllemn < ICs— Kl <e+{n(Cs)|. Hence llg(S)]| <
Im(C)ll.

To prove the other inequality suppose that Qe PF(T) is such that
IS = Qllpmery <&+ 1g(SHI. Then |[Cs—Coll =S~ Qllpmr <&+ llg(S)].
Since Cy is a compact operator [[n(Cy)|| < |Cs— Cpll <&+ {|g(S)|. Hence
I7(Cs)ll < I1g(S)]. The last statement is straightforward.

Since E is not a set of multiplicity, Theorem 1.2.7 implies that

Lo (T x EYyn A" = {0}. We will show that the map

max

7 rpars (YT X E)) > i (YT X E))| K

is not bounded below. Since n(E)=0 there is a sequence {S,} of
pseudomeasures supported in E such that ||S,|py =1 and such that
limsup,, , . |S,(m)] >0 as n— oo. Consider the sequence {Cg} of
convolution operators. For any n, Cg €&, (#(TxE)) and |Cs| =
IS lepe = 1. However, J|a(C ) = lig(S,)Il = 0. Hence = is not bounded
below on o, ., (¢(T x E)). This completes the construction.

2. SPECTRAL SYNTHESIS IN REFLEXIVE ALGEBRAS

2.1. Spectral Synthesis in o/, (H(G x E))

In this section we show how, for compact G, harmonic analysis in
A(G x G) “embeds” in that of €,(L*(G)). This allows us to transfer results
in the spectral synthesis of pseudomeasures to CSL algebras.

THEOREM 2.1.1. There is an injective contraction from A(GxG) into
G (LY(G)) (fr T,) such that tr(CT;)=F(f) for any bounded linear

operator C on L*(G). Here “tr” denotes the usual trace function on
€ (LH(G)).
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Proof. Let f(x,¥)=3,pcra.p0(x)B(y) be an element of A(GxG).
Write C as the matrix [c;]. Then Fo(f)=3,pcrFel—a, —B)a,=
Y ferCoaplap= D perCopl _o5- SO if we define (7,)s,=a_,; then
tr(CT,) = Fe( /).

COROLLARY 2.1.2. If the net {B,} converges to B ultraweakly then {Fp }
converges to Fyg in the weak* topology on pseudomeasures.

Remark. For Hilbert space operators “tr” extends the distributional
action of F on A(G x G) to %,(L*(G)).

We now indicate a general method for obtaining closed sets K= Gx G
for which ¥, .(K) # X ,...(K) [2]. Let K be a closed set in G x G which is
not synthetic in the sense of harmonic analysis. Then there is a nonzero
pseudomeasure D with supp D € K and a nonzero fe A(G x G) such that f
vanishes on K and D(f)#0. Hence D is not the w*-limit of measures
supported in K. Now if D= Fy for some Hilbert space operator B then
A in(K) # A o, (K). This is because, by Corollary 2.1.2, B cannot be the
ultraweak limit of a net of pseudo-integral operators.

Indeed suppose for example that f(y)=3Y,a,e™ is in A(T),
S, D(—n)e™ is in PM(E), and that f vanishes on E with
D(f)=Y,D(—n)a,#0. Then the convolution operator C,, is supported
in @(T x E), the functionf{x — y) vanishes on ¢(T x E), and

F(‘D(f(x —y))=tr(Cp- Tri.o y))

D(—1) a,
=tr D(0) o =D(f)#0.
D(1) a_,

For any pseudo-integral operator G supported in ¢(7 x E) we have 0=
Fo(f(x—3)=t1(G* Ty _,)). Hence (pup@(Tx E))# X yinl (T % E))
Thus the CSL algebra Alg(P) is not synthetic. In fact we will show next
that if a closed set E is contained in G, a separable locally compact abelian
group, then Alg(Pj) is synthetic iff E is a set of spectral synthesis in the
sense of harmonic analysis. This amounts to proving that & ,.(¢(G x E))
= io(0(G x E)) iff E is a set of spectral synthesis. Owing to the possible
noncompactness of G, we shall encounter some technical difficulties which
we have hitherto been able to avoid.

From now on therefore, G will denote a separable locally compact
abelian group. It is known that G contains an open subgroup isomorphic
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to R" x K for some n and compact abelian group K [30, Theorem 2.4.1].
Hence G is g-compact. It is also known that G is metrizable.

DEerINITION 2.1.3. Let h: Gx G —» C. Then 4 is said to be concentrated
on a neighborhood of the diagonal if there is a compact neighborhood X of
0 in G such that for each «, A(a, B), as a function of §, is concentrated on
a4+ K.

The next lemma says that if A(a, ) is a bounded continuous function
which is concentrated on a neighborhood of the diagonal, then the “kernel”
h(x, B) defines a bounded integral operator on L*(G), and moreover, this
integral operator is the strong limit of a sequence of linear combinations of
“diagonals” of h(a, f).

LEMMA 2.14. Let h:GxG— C be continuous, bounded, and concen-
trated on a neighborhood of the diagonal. Then the associated integral
operator Int h is bounded on L*(G) and is the strong limit of a sequence of
operators of the form

f(@)~ T ahlo o+ B)f(a+B).

Proof. First we show that a certain sequence of linear combinations of
diagonals of h{a, ) converges strongly. It will then be apparent that this
strong limit is Int A, the integral operator associated with /4. Let K be a
neighborhood of 0 as in Definition 2.1.3. Pick a sequence {#,} of partitions
of K such that the diameter of £, goes to 0. Fix 2, let S;e #,, and pick
B,€S,. Define T, on L*(G) by the formula

(T,/)a)= Y, m(S)h(x a+p,) f(a+B,)
Sie #;
One calculates that |7, <m(K) |A| .. We will show that T, converges
strongly on a dense subspace of L*(G). Let f be a continuous function with
compact support J in G. Then it is possible to find a compact set L= G
such that for ¢ L, Jna + K= . This implies that fe domain(Int %), since
(Int ) f=0 on the complement of L.
If xe L then

((Int k) £)(o) = |

a+

(e, B)/(B) dp
= || HeatB) S+ ) dp

=Y fh(a,a+ﬂ)f(rx+ﬁ)dﬂ-

Sie Py, *Si
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Also
(T, )= m(S)ha, a+ ) f(x+B)
Sie #,
= T | MaatB)f+p)dp
Hence

I(Inth) f=T, fi

S | haat B flatB)—h(a a+B)f(a+p) df

S;e Py S

< T ] Maatp)fa+pr—hiaatp)flx+B)dp

Si€ #p S

e}

e8]

We can estimate this last sum by observing that

|[ s )+ B)= i ot ) 1+ )

(= o)

<| | Moo+ P+ B=fla+ 51 d

o

) Ot )=t 1) Al )

0

Now f is uniformly continuous. Furthermore since 4 is continuous it is
uniformly continuous on the ccompact set Lx(K+L). Hence for
sufficiently large n (making the distance between any feS; and B,
sufficiently small)

| Mot RISt )1+ )]

Si

oc

) O )=l 3+ 301 12+ )

<kl e 1/ 1) m(S)
for any prescribed ¢. Thus
I(Int k) f—T, fll o <€ (Al + /1l ) m(K)

for sufficiently large n. Therefore 7', f converges to (Int #) f in the norm of
L*(G). Since the continuous functions with compact support are dense in
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L*(G) it follows that T, converges strongly to some bounded operator T’
on L*(G). It is not hard to see that

(T)x)=] hia. B) f(B) b

Let SePM(GxG). Then if fe L'(I'xT), S(f)={[rS(x B) f(a B)
da cjﬂ. We can fix o and define S, € PM(G) by the formula S,(f)=
[rS(a, B)(B) dB for fe L*(I'), provided S is bounded everywhere.

LEMMA 2.1.5. Let S€ PM(G x G) have support in G x E for some closed
set E= G. Assume that S is continuous. Then supp(S,) S E for all aeI.

Proof. Let {f,} be a bounded sequence of L' functions which con-
verges in the weak™® topology to the point mass located at o. Consider
S, e PM(G) defined by

Sa(£(y))=S(S.Ax) &(¥)).

It is evident that supp S, < E. We will show that S, converges in the weak *
topology to S,. Now

SN =] [ S B) () () dx dp

rJr

=] a)([ St prs da)ap
For fixed f
tim | S(a, B/, (2) da = S(a. B
Also o
< lg(p)l

€9 | St p1 0

J, St B 1,0)

<IgB) ISl A0
<[g(h)l Ilgllw'sgp Al

Lebesgue’s dominated convergence theorem implies that

[ a8(] St prsard ) ap

converges to

| &(5) S B dp=5.(8).
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Hence S, converges in the weak* topology to S,. Since supp S, E it
follows that supp S, = E for each .

Let SePM(GxG). Define S, by the formula S,(f(x,»)) =
S(7(x, x = y)). Now f(x, )= {r f(a, B) a(—x) B(—y) der df s0

-

flxx=n=| [ fia Bya(—x) p(—(x—y)) dz dp

r-r

zjrjrf(“’ﬁ)(“+ﬁ)(-—x)(—ﬁ)(—y)da dp

=[ [ fla+B, —Bya(~x) B(~y) du dp.

r-r

So if we define g(a, B)=f(ax+f, —fB) then gA(x,y)zfA(x,x—y). Also
gl =1fIl,. Hence S,ePM(GxG) and S,(f)=S(g). From this it
follows that

S,(x, B)=S(a+p, —p).

Now let K be an operator on L?(G) with compact support. Then there is
a compact set E< G such that supp(K) < E x E. Define a kernel on I'x I’
by the formula k(a«, f)= (KPP, Pra) for o, feI. It follows from [30,
Theorem 1.2.6] that if (o, ;) is sufficiently close to (a, f) then
|Pgo, — Prall,<e and ||[Pg B, — PgBll,<e for any prescribed & Hence
k(a, ) is a continuous function. Now suppose that K is an integral
operator with L™ kernel. That is,

(Ku)(x)= | A y)u(y) dy.

where h vanishes off a compact set and is in L*(G x G). For f, g compactly
supported in L*(I") we have

| | ke )718) 1) da ap
=[] L A BO)YRR 8 ) e d i dy
= [ LI T ) B ST £(8) 000 i ey

=[ [ he )7 (=) &(—x) dx dy
G G

=(KF ', F 'g).
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Here we have written % : L*(G) — L*(I') for the Fourier transform and
recalled that (# ~'f)(x) = f(—x). We see that Int k represents the operator
FKF ! on LY.

If K is not an integral operator choose a sequence {K,} of integral
operators, as above, with common compact support such that K,
converges weakly to K. Then

| ] ke )/ (B) @ dxdf= (K, % /. 'g) > (KF S, 7 'g)

for L™ functions f, g having compact support.

We also have that sup, [|k,(2, B)].. <co so that k(a, B)f(B) g(x) is
dominated by an L' function and converges pointwise to k(a, 8) f(8) g(=).
Lebesgue’s dominated convergence theorem yields

frjrk(a’ B) f(B) g(«) do df = (KF ~'f, # 'g).

Hence the kernel k(a, ) represents #K# ~' on L*(I') whenever K has
compact support. Note for future reference that the kernel is independent
of E provided supp K< Ex E.

Now associate an element of PM(G x G) with each compactly supported
operator K on L*(G) by the formula

Fk(a’ B)=k(a, —B)

It is possible to show, in essentially the same way as in Section 1, that
supp(F) = supp(K).

We next collect some facts about a certain operator-valued integral. In
the context of [1] let X=2(L*G)) and X,=%,(L*(G)). Define an
automorphism group U of #(L*(G)) by the formula

UA=T AT_,,

where T, is translation on L*(G) and Ae £(L*G)). The group U is
ultraweakly continuous so that for each fe L'(G) and 4 € £(L*(G)) there
is an operator U,4 such that for any ultraweakly continuous linear
functional p, p(U,4) = [; f(x) p(U;' A) dx. Furthermore if { f, } is a boun-
ded approximate identity for L'(G) then U, A converges ultraweakly to A.

The first fact that we wish to establish is that if 4 has compact support
then even though U, 4 may not have compact support there is a kernel on
I'x I" which represents #(U,4) # ~'. Let f, g be compactly supported L™
functions on /. Then
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(U F ', F 'g)=| f(NT_ AT .F'f, F 'g)dx
r o

=[ FOWAT . F Y, T.F “'g)dx
G

X

=j [(XNFAF 'FT.F [, FT.F 'g)dx.

Now (FT.Z 'f)(B)=Pp(x)f(p) and (FT.F 'g)(a)=u(x)g(x) so the
last integral becomes

[ e[ ] aton BB (8T 00 i
=Jrjra(<x, B f(B) g(a)(J Fx)B— )(x)dx) do dp

=] | Ja—p ata p)1(p) (@) d dp

where a(a, B) represents FAF ~! on L*I). Hence the kernel
k(a, B)=f(x— B) a(a, B) represents F(U,A)F ' on L*I). This last
relation may be written as

-

k(o + B, B)=f(a) ale+ B, B).

Thus every diagonal of U, 4 is a scalar multiple of the corresponding
diagonal of 4. From this we may also conclude that if f has compact
support then k(a, ) is concentrated on a neighborhood of the diagonal.
We can now associate a pseudomeasure F,, , with U,4 by the formula

FU,A(O‘» B) = k(a, —B).
It can be shown that supp(Fy, ,) =supp(U,4).

LEMMA 2.1.6. Let E be a closed subset of G. Let Ae (X ,,(¢(G x E)) and
€ LY(G). Then U A € (U 1y (9(G x E)).

Proof. There exists a family 4 of open product sets E, x E,, each
disjoint from ¢(G x E), such that A € & ,,(¢(G x E)) iff P AP, =0 for all
E, x E,e 7. For any ultraweakly continuous linear functional p, and any
E\xEyed, p(Pg(Usd) Pg) = st(x)p(PElexATxPEz)dx = jcf(x)

(T PE1+VAPEz+\‘ )dx
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Fix xeG and suppose that (E,+x)x(E,+x)ne(Gx E)#0. Then
(e,+x,es+x)=(a,a—b) fr some e,€E,, e;eE,, acG, beE This
gives (e, e;)=(a—x,a—x—>b)ep(GxE), contradicting FE, xE,n
¢(Gx E)=. Hence Py, APy, .=0. Thus P, (U,4)P,,=0 and so
UrAe @, (0(G x E)).

We are now ready to prove

THEOREM 2.1.7. Let E be a closed subset of G. Then Alg(P ) is synthetic
iff E is a set of spectral synthesis in the sense of harmonic analysis.

Proof. As we remarked previously, it suffices to show that
A i @(GX E)) = ., (0(Gx E)) iff E is a set of spectral synthesis. So
assume that F is a set of spectral synthesis. Let 4 € X, (¢(G x E)). Since
G is o-compact there is an increasing sequence K, < K, < --- of compact
sets such that G={)7 , K,. The sequence Py, APy converges strongly
to A. Also @,.(@(GxE)) is a bimodule over the multiplication
algebra so Py APy € X, (¢(G x E)). Hence it follows that we need only
show that every compactly supported operator in &, (¢(Gx E)) is in
A ia(@(GXE)). So let A be a compactly supported element of
A ax(0(G x E)). Take a bounded approximate identity for L'(G) such that
for each n, f, has compact support. Then U,, A converges ultraweakly to A.
Thus it suffices to show that U,Aed@ .(¢(GxE)). Recall that
F(UK)F '€ F(Aarl@(Gx E))) F ' is represented on L*(I') by a
kernel k(«, f) which is concentrated on a neighborhood of the diagonal
Furthermore # (U, A) # ~! is the strong limit of a sequence of operators
of the form

Sf(2) ’—’Z ak(a, o+ B;) fla+B,)

So we can reduce further to showing that the maps

Sla)— k(o a+ ) fla+ b))

are in F A pin(p(Gx E)) F . The pseudomeasure Fy, , is supported in
¢(G x E). Hence the pseudomeasure (FU/"A)q, is supported in G x E. By

Lemma 2.1.5, for fixed «, the pseudomeasure (’1“/(,;)0, (o, B) is supported

in E. But by previous calculations (Fy, 4), (2, ﬁ):(FU/nA)(oc+B, —p)=
k(o + B, B). Hence for fixed «, the L™ function k(a, a+ f;) is the Fourier
transform of a pseudomeasure D, supported in E. Then the convolution
operators Cp, lie in ., (¢(GxE)). The map f(a)—f(a+p;) is
FMyF ', where M, is multiplication by the character B,(x). The map
S(@) = k(a, x+B,) f(a+ ;) is then FC, My 7 ' If E is a set of spectral
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synthesis then there is a net {y,} of measures supported in E such that g,
converges w* to D,. As was observed in [2, Corollary to 2.4.3], the
w*-closed linear span of a set of pseudomeasures coincides with the
ultraweakly closed linear span of this set of pseudomeasures viewed as con-
volution operators. Hence there is a net {u,} of measures supported in E
such that C, converges ultraweakly to C, . Therefore the pseudointegral
operators C,, My converge ultraweakly to C, M. Hence FC , My F '€
F Ain(@(GX E)) F 1. Thus, X 1,0 (¢(G X E)) = X 1 (9(G X E)).

For the converse we consider only the case where G is R" x Q for some
separable compact group Q, leaving the general case where G is a coun-
table disjoint union of cosets of R” x Q to the reader. Suppose that EC G is
not a set of spectral synthesis. Then there is a pseudomeasure D supported
in E and ge L'(I) such that ¢ vanishes on E and D(g) #0. Let {f,} be an
approximate identity for L'(I") and suppose that for all n, f has compact
support. Define pseudomeasures D, by the formula D, ( D(f, §). It is
clear that each D, has compact support and that supp D,,EE for all n.
Furthermore for all geL'(I"), D,(g)— D(g). So if D,g)=0 then
D(¢)=0. Therefore we may assume that D has compact support. Our plan
now is to send L'(I'xI') into the trace class operators on L*(G) by

“cutoff” of the Fourier transform (f T,) so that for a fixed compactly
supported operator B on L*(G), tr(BT)) = Fu(f). Then if a net {B,} has
common compact support and converges ultraweakly to B, {Fy} will
converge in the weak* topology to Fy. We will then use the pseudo-
measure D to construct Be ., (¢(G x E)) such that B¢ (X ,.(¢(G x E)).
Toward this end we need a routine generalization of [30, Theorem 2.7.6].
That is, suppose that f is a function on T"x(Q, O0<d<mn, and f is
supported in [ -n+ 3, —36]"x Q. Then fe A(R"x Q) iff fe A(T"x Q). To
prove this make use of the function A(x,)--- h(x,), (x,, .., x,) € R", defined
on R"x Q, and follow the proof in [30]. This result is also true if we
regard T" as [ —mn, mn]” for some natural number m and insist that f
vanish outside [ ~mn + 6, mn—46]"x Q.

Let B be a compactly supported operator on L*(G). Then there is a com-
pact set S such that supp BS Sx S. Let ce L'(I') have the property é=1
on S and ¢ vanishes outside some compact subset of G. If fe L'(I"x I') then
the convolution (c(x)c(B)) * (f(x, B))e L'(I'xI') and its Fourier trans-
form &(x) é(y) flx, y) vanishes off a compact subset of G x G. The function
é(x) é(») f(x,y) will be denoted by f.(x,y). Now define an integral
operator 7, on L*(G) by the formula

(Tu)x) =] iy u(y) dy

for ue L*(G). Since f, has compact support there is a natural number m
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such that suppf. lies in the interior of ([—mn, mn]"xQ)x
([—mmn, mn]" x Q). Therefore f.€ A([ —mn, ma]"x Q x [ —mn, mn]" x Q).
This implies that /. admits an absolutely convergent expansion in terms of
the characters of the group [ —mn, mn]" x @ x [ —mn, mn]" x Q and hence
that T, is a trace class operator on L*([ —mn, mn]" x Q). Therefore T isa
trace class operator on L*(G). To prove that tr(BT )= Fy(f) choose a
sequence {B,} of integral operators with L* kernels such that
supp B, = Sx S for each n and which converges ultraweakly to B. Let
b,(x,y) be the kernel of the integral operator B,. Then by [2,
Proposition 2.2.7]

tr(B,T,) = f

“

[ butxo )i ) ey

= [ ) fe ) dedy

= L fG b,(x, ) (L frf(cx, B)a(—x) B(—y) du dﬂ) dx dy
= L Lf(a, ) (L L ba(x, y)a(—x) p(—y)dx dy) do dp
=L Lf(a, p) k,(a, —B) de dff

=] | B Fofep)dudp
= FBn(f)'

Here k,(x, f) represents FB,# ' on L*(I'). A previous argument
involving Lebesgue’s dominated convergence theorem implies that
§r§rfla, B) k(o B)dadB converges to [, [, f(a, B)k(x, p)dudf (here
k(a, B) represents #BF ~' on L*(I')). Since tr(B,T,)— tr(BT,) we have
that tr(BT,) = F(f).

Now consider the operator M,;C,, on L*(G), where M, is multiplication
by ¢ and C,, is convolution by the compactly supported pseudomeasure D.
It is evident that M,C, has compact support. Say supp M;C, < Kx K. Let
{B,} be a net of pseudo-integral operators which converges ultraweakly to
M;C,. We may assume that supp B, < Kx K for every a. Then {F, } is a
net of measures which converges in the weak* topology to F,,.,. But then
((Fg,)), is a net of measures which converges in the weak* toplogy to
(Fatucp)e- But (Fppcp), is the pseudomeasure which sends f(x) f2(y) to
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(Jo &x) f1(x) dx)- D(f,(»)) (tensor product). It is evident that (Frucp)y 18
not synthesizable. Hence M,Cp¢ & ,;.(0(G x E)).

Next we wish to emphasize the important role played by the sets
¢©(G x E) in the theory of CSL algebras. Let G be a separable locally com-
pact abelian group and let X be a closed subsemigroup of G containing 0.
A pre-order is defined as in [2, p. 497]. Thus x< y iff y— xe 2. The graph
of this pre-order is {(x, x+5): x€ G, se £} = (G x —X). The CSL aigebra
associated with this pre-order is denoted by Alg(X). It is evident that
Alg(2) = ., (@(G x —2X)). Hence we have

THEROREM 2.1.8. The operator algebra Alg(X) is synthetic iff X is a set
of spectral synthesis in the sense of harmonic analysis.

Unfortunately it seems to be unknown whether there is a closed
semigroup & which is not a set of spectral synthesis.

For any closed sets E,, E, in G it is possible to show that the
tensor product formula Alg(P. ) ® Alg(P £) =Alg(Pg ® Pg) holds iff
%max((p(G X El)) @ dmax((P(G X EZ)) = dmax((p(G X G x E] X EZ)) Now
suppose that G is compact, Se @ ,.(p(G x E,)), and Te A .,,(¢(G x E,)).
Then S® Ted, . (GxGxE xE,) and each diagonal of S® T (after
Fourier transform) defines a pseudomeasure supported in E, x E,. In fact
each diagonal of S® T defines a pseudomeasure which is a tensor product
of pseudomeasures supported in E, and E,, respectively. If both E, and E,
are sets of spectral synthesis then such a tensor product can be synthesized
by measures. Hence each diagonal of S® T is in & ,;,(¢(G X G x E, x E,)).
We have seen that this implies S® Te X, (¢(GxGx E, x E,)). For a
noncompact group G the argument can be modified to yield the same
conclusion. We can now prove

THEOREM 2.1.9. Let E,, E, be sets of spectral synthesis in a separable
locally compact abelian group G. Then Alg(Py)® Alg(Pg,)=
Alg(P., ® P, iff E, x E, is a set of spectral synthesis in G x G.

_ Proof. 1f Alg(Py) ® Alg(Py)=Alg(Py,® Pp,) then Xy (@(G x Ey))
Q X ar(@(G X Ey)) = T o (9(G X G X E, X Ey)). Since (X, (9(G % E}))
® A pux(@(GXE,)) € Ain(0(GxGxE, xE,)) by discussion above, it
follows that ¥ ;.(@(G X GXE; X E,)Y= ...(¢(Gx G x E,x E,)). Hence
E, x E, must be a set of spectral synthesis.

Conversely suppose that E, x E, is a set of spectral synthesis. Then
A in(GXGXE; X E})) = 10r(@(Gx G x E; x E;)). Suppose T, is a
pseudointegral operator in ¢ ,;,(¢(G X G x E; x E,)). Then after Fourier
transformation each diagonal of T, is a measure supported in E, x E,.
Such a measure is the w*-limit of a net of measures each of which
is a linear combination of tensor products of measures supported in E,

580/81/1-3
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and E,, respectively. Therefore T, e X, (@(G x E})) ® A . (0(G x ES)).
Hence A ,in(@0(G X G X E; X E3)) € X 1 (0(G X E))) ® A s (9(G X E)) 50
X o (0(G X E)) ® A o (9(G x E2)) = X s (0(G X G X Ey X E,)).  There-
fore Alg(Pr,) ® Alg(Py,)=Alg(P,, ® Pp,).

COROLLARY 2.1.10. If semigroups X, X, are sets of spectral synthesis in
G then Alg(Z,) ® Alg(Z,)=Alg(X  xX,) iff X, xZ, is a set of spectral
synthesis in G x G.

The importance of Corollary 2.1.10 and Theorem 2.1.8 lies in that they
enable us to deal with synthesis in Alg(2’) and the tensor product formula
Alg(X,) ® Alg(X,) = Alg(X, x X,) when the semigroup(s) have zero Haar
measure by using methods from harmonic analysis. For example, it is
known that any closed subgroup H, of G is a set of spectral synthesis [30].
Hence we can conclude that the von Neumann algebra Alg(H,) is synthetic
and that for any closed subgroup H, of G, Alg(H,) ® Alg(H,)=
Alg(H, x H,).

2.2 Spectral Synthesis in Infinite Tensor Products

For each n=1,2,.. let (X,, P,,dx,) be a pre-ordered probability
measure space. That is, X, is a compact metric space, P, is a closed
pre-order on X,, and dx, is a probability measure on X,. We can
define a closed pre-order P,® P,® ‘- on the compact metric space
X=X, xX,x -

(xh x27 )S ()’1a)’2, )

iff x, <y, for n=1,2,... If we equip X with the infinite product measure
dx, dx, - then (X, P,® P,® -, dx, dx,--) is a pre-ordered probability
measure space. The associated CSL algebra is denoted by
Alg(P,® P,® ---). We now give necessary and sufficient conditions for
spectral synthesis in Alg(P,® P, ® ).

First we recall a few facts concerning functions in L*(dx, dx, ) which
depend only on a finite number of coordinates

f(x]’x2’ "')=g(x1’x29 () xn)'

There are natural inclusions L*(dx,)c L*(dx,dx,)= --- and
@ L*dx, --dx,) is dense in L*(dx, dx, -') since the continuous

functions in the former are dense in C(X).
Define P,: L*(dx, dx,- ") — L*(dx,---dx,) by

(P f )15 o %)= [ (61 Xy X1 ) oy
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Then
1P, =1
P:=P,
and P, is the identity on L*(dx,:--dx,). Therefore P, is the orthogonal

projection onto L*(dx, - dx,).
We can write

L¥(dx,dxy - )= L*(dx, - dx,)® L*(dx, ,  dx, . ")
and given
Ae L(L¥(dx,---dx,))
Be L(LY(X,,1dx,,2-))
we obtain 4 ® Be #(L*(dx, dx, ---)) as follows,
AQB(f(xy, ... x,) (X, 11, ))=AB B(f®g)=(Af)®(Bg).

Lemma 22.1. If Ae€Alg(P,®P,® - ®P,) and 1=identity on
L*(dx, . dx, ") then

AR 1eAlg(P,®P,® - )

Proof. Recall the discussion of tensor products in Section 1.3. We have
A ®1€eAlgP, ® P, - ®P,) @ Alg(P,,,® ) = Alg(P, ®
P2® ®Pn® )

LEMMA 2.2.2. Let A, B be pseudo-integral operators on L*(X, u) and
L2(Y, y), respectively. Then A® B is a pseudo-integral operator on L*(X x Y,
pxy)=LYX, ) ® LAY, 7).

Proof. We prove the result in the case that both A, B take nonnegative
functions into nonnegative functions. The general case follows from this.

According to [31, Theorem 3.1], A® B is a pseudo-integral operator if
it takes nonnegative functions into nonnegative functions. Let f(x, y)=0
be in L*(X x Y, ux y). Then we can find a sequence of functions of the form

T £x) g(y)

such that
fie LA(X, p), k=1,2,...n
geL*(Y,y), k=1,2,...n
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and
fe 820 for k=1,2,..,n,

which converges in L?-norm to f. It follows that

A@B( S fulx) gk(y)) S AR B(S).
k=1

But
A®B<i Si(x) gk(}’)>= i (Af,)® (Bg,) = 0.

Therefore A® B(f) =0 and 4 ® B is a pseudo-integral operator.

Lemma 2.2.3. Let TeAlg(P,®P,® ---). Then P,TP, restricted to
L3(dx, - dx,) is in Alg(P,® P,® - @ P,).

Proof. Let U, V be open sets in X, xX,x --- x X, such that Ux V 1s
disjoint from the graph of the pre-order P,®P,® - ® P, and let
f,ge L*(dx, - dx,) live in U, V, respectively. We must show that

(P,TP,f. g)=0.

If we now view f,g as elements of L?(dx, dx,- ), the inner product
becomes

(TP,f. P, g)=(T}, g).
Furthermore f, g live in the open sets
Ul=UxX,, XX, ;%"
Vl:’ VXXn+lXXn+2x Y
respectively. One sees that U'x V' is disjoint from the graph of
P,®P,® -~ so (Tf,g)=0. Hence P,TP,cAlg(P,®P,® - ®P,).
THEOREM 2.2.4. The operator algebra Alg(P, ® P, ® --) is synthetic iff
for each n, Alg(P,® P,® - ® P,) is synthetic.

Proof. Assume that for every n, Alg(P,® P,® -+ ® P,) is synthetic.
Let TeAlg(P,® P,® --- ). By Lemmas 2.2.1 and 2.2.3 the operators

T,=(P,TP,)®1€Alg(P,®P,® ).
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Since Alg(P,® P,® --- ® P,) is synthetic, there is a net {4,} of pseudo-
integral operators such that

A ultra weaklx P TP
Hence
A,®1"5 P TP, ® 1.

By Lemma 222, 4,& 1 is a pseudo-integral operator, so
T,€Anin(Py®P,® ---). If we show that

t 1
T strongly T,

n

then Te A.,;,(P,® P,® ---), and the algebra will be synthetic.

Since P, —° I we know that P, T —* T. Furthermore ||P,TP,| < | T| and
so (P, TP,)®1| <||T| for all n. Pick f,eL*(dx,  -dx,). Then for
sufficiently large »,

T.f=(P,TP,)®1) f=(P,TP,) f=P,Tf - TIJ.
Therefore lim, , , 7,f=7Tf on a dense subset of L*(dx,dx, ) and so
T,—-°T.
CorOLLARY 22.5 [2, p.498]). The operator algebras Alg(2%, <,m,)
are synthetic.

Proof. The partial order on 2% is the partial order PR P® ---, where
P is the obvious order on the space {—1,1}. For each n the algebra
Alg(P®P® - P) is a CSL algebra on a finite-dimensional Hilbert space
and so is synthetic. Hence Alg(2*, <, m,) is synthetic.

CoROLLARY 22.6. The algebras Alg(2™, <, m,) are doubly generated.

We would like to conclude by listing some open problems which we feel
are important for future progress.

(i) Let G be a locally compact abelian group, 2 a closed sub-
semigroup of G, and p a Borel measure on G. Define a closed pre-order on
G by

x<y iff y—xel.

Then (G, u, <) is a standard pre-ordered measure space. The algebra
Alg(G, u, <) is denoted by Alg(G, 2, u) [3, part 6].

When does Alg(G, 2, yu) nA” #0?
When is Alg(G, X, u) synthetic?
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(i) If the compact operators are dense in Alg(P), are the
Hilbert-Schmidt operators dense in Alg(P)? This is the extension of
Theorem 1.4.3 to the ideal of compact operators.

(iii) Are the operator algebras Alg(2™, <, m,)+ 4 norm-closed?

(iv) Let K,cXxX, K, YxY be closed sets. Define K, ®K, <
Xx YxXxY to be the set

{x,p1, X0, ¥2) (x4, X)) €K, (yi,y2)eK,}.

Note that if K, is the graph of a pre-order P, and K, is the graph of a
pre-order P, then K| ® K, is the graph of the pre-order P, ® P,.

Is An,in(K)) ® Amin(Ky) = Anin(K, ® K5)?

This would imply that the tensor product formula holds in the class of
synthetic CSL algebras iff the tensor product of two synthetic algebras is
synthetic.
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