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THE MOTIVATION for this paper was to look for rank 2 vector bundes # on P" for n 2 4
which are not direct sums of lines bundles. Schwarzenberg [14], found many such bundles
on P? and one of us [4] found quite a few on P? although already they seem to be * rarer .
In this paper, we construct one on P*. It seems quite plausible that there are none on P" if
n is large enough. The question is closely related to the existence of non-singular subvarieties
X""? < P" of dimension n — 2 which are not complete intersections:

X =H, .H,.

If # is an indecomposable rank 2 vector bundle and n > 3 then for £ » 0, a general section
s € I(#F(k)) will vanish on a non-singular X"~ which is not a complete intersection; con-
versely, if X"~? < P"is non-singular and n > 6, a recent result of Barth and Larsen ([1]
and [9]) shows that the line bundie Q% ? is isomorphic to @y (k) for some k, from which it
follows readily that X is the zero-set of a section of a rank 2 bundle #. And if X is not a
complete intersection, then # is indecomposable. Now interestingly enough, it seems as far
as we know that classical procedures and classical examples yield non-singular X"~ %’s in
P", which are not complete intersections, only if n < 3.

The vector bundle constructed here has a 4-dimensional space of sections almost all of
which vanish on a non-singular X, < P* which is an abelian surface. We first found the
bundle by establishing that such X’s had to exist and then constructing % from X, as an
extension. However by then applying the general “ Postnikov™ construction of [3], we
found a much more direct description of #. The theory of the bundle % and of the
surfaces X is united by the fact that both are acted on by the Heisenberg group H (an irre-
ducible 2-step nilpotent subgroup of SLs(C) of order 125: cf. §1) which is well known from
the theory of theta functions; & is acted on also by the normalizer N of H, of order 15,000.
We have developed all our results by keeping track of the action of N at every stage and
using the character table of N where necessary. This is a quick efficient method although
unfortunately not very illuminating. Our main results are as follows: we construct the bundle
& in §2 and note immediately by examining its Chern classes that it is indecomposable; in
§4 we find the cohomology of & (n) for every n; in §5, we prove that the zero-sets X of its
general sections are abelian and that conversely all abelian surfaces in P* arise in this way;
in §6, we show that as a corollary we get an explicit birational map between a certain
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moduli space of abelian surfaces and P°. We have put the character table of SL,(Z,) in an
appendix for easy reference.

§1. THE HEISENBERG GROUP IN DIMENSION FIVE

The purpose of this section is to review in a special case a configuration of groups
studied recently by Weil [16] (cf. also Igusa [7, Chap. 1]; Mumford [12, §1]) and closely
related to the theory of theta functions and abelian varieties. Weil’s construction starts
from an arbitrary locally compact abelian group 4. but we take 4 = 7, the cyclic group
of order 5, and proceed as follows:

Let
V' = Map(Zs, C),
be the vector-space of complex-valued functions on Z . Note that " has a natural Q-rational
structure given by the Q-subspace Map(Zs, Q). Let ¢ = ¢**/7 € s, the group of 5th roots
of 1. The Heisenberg group
H < SLi(C)
is the subgroup generated by ¢ and 1, given by
ox(i) =x(i + 1)
x(i) = &'x(i)
for all x € V. Explicitly, H is the set of matrices
Aij = (Eai“' 6i,/+c)
and has order 125. An an algebraic group, H is defined over @, but it only splits over Q(e).
The Galois group © of Q(e) over Q acts on /. Let 0 € © be the generator given by () = &’
(so that 0% = complex conjugation). We shall sometimes use the notation ’ to indicate the
action of ). The group H has center C equal to us- /, and is a central extension:
lsps>H—-ZsxZs5—> 1, (1.1)
where o, 7 in H are mapped to (1, 0), (0, 1). The action of © preserves this sequence and 0
acts on Zs x Zs by (n, m) - (n, 2m).

V is clearly an irreducible H-module, and it gives rise to three more by the action of
©: let V¥, be the representation obtained from ¥ by composing H — Aut " with §°. The trace
{h, V> of an element h € H on V; is given by:

T, V) =5 2", h,Vy=0 (heH-C). (1.2)
It follows that the four representations V; are inequivalent. These plus the 25 characters of
Zs % Zs exhaust the irreducible representations of H since the sum of squares of their
degrees is 125, the order of H.
Let ¢: Zs x Zs — H be the section of (1.1) given by:

o(m, n) = ™¢" ",
and define w: ps x (Zs x Z5) — H by:

wfa, z) = a- ¢(z).
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Then w is bijective and the group law on H goes over to the law of composition:
(a,2)- (@,z)=(aa'B(z,z'),z + =’
where
B(m, n;m', n’) = gm—mm
is a ps-valued skew-symmetric form on Z; x Z5. Note that all automorphisms of H pre-
serve the sequence (1.1) and since B(z, z')* - I, is the commutator of (g, z) and (&, '), they
preserve the form B.

Let N be the normalizer of H in SL;(C). Each element of N induces by conjugation an
automorphism of H, hence an automorphism of Zs x Z; preserving B. But the group of
such automorphisms is isomorphic to SL,(Z5), hence we get a homomorphism:

a: N — SLy(Zs).
The kernel of « is just H itself because (a) any automorphism of H which is the identity on
C and on H/C is in fact inner, and (b) since the representation V' is irreducible, C is the
centralizer of H in SL,(Zs). Moreover « is surjective. If x € SL,(Z;), define y,: H— H by
7x@(a, 2) = w(a, x(z)).
Since x preserves B, the mapping y, is an automorphism. The new representation of A on
V obtained by composing with y, is equivalent to ¥ since y, is the identity on C and so
leaves the character fixed. So x is induced by an element of N, in fact an element of N n SL,
(Q(g)). Thus « is surjective and N < SL;(Q(¢)), hence O acts on N and the action of N on V'
induces actions on each V;.

Since y,* y, = 7., and y, is induced by a member of N determined up to multiplication
by elements of C, it follows that N/C is a semi-direct product (H/C)- SL,(Z;). Let X be the
inverse image in N of the factor SL,(Zs). Then X is a central extension of SL,(Z,) by C.
But the group of Schur muitipliers H?(SL,(Zs), C*) is zero [3, p. 645], hence X is a product
C- SL,(Zs) and the full group N is a semi-direct product H - SL,(Zs).

Next, look at the dual representation V;* of V;: since N acts on each V, by unitary
representations, V;* is isomorphic as N-module to the complex conjugate V;, i.e. to V,,,.

Finally, look at the representation of N in V; ® V;*. C acts trivially here so we have a
representation of N/C. For all xe V;, I € V;*, put

Fe o) = l(hx).
This gives a map
F:V,® V* > Map(H, C)
which is easily seen to be injective, with image the space W, of functions f on H such that
flah) =o* f(h), aepsly.
Moreover, for every n € N, let n induce by conjugation the automorphism n* of 4. Then
Fn(x®1)(h) = an@l‘n— 1(h)

= [ n"(hnx)

= l(n*(h)x)

= Frgi(n*h)
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so F transforms the cation of n on V; ® V. * to the cation /=~ /- n* on C-valued functions on
H. Now it is easy to check that if

Sflolx, 2) = 2*' flo(x, 22)).

then f+ f is an isomorphism of ¥/, and W,., commuting with the action of N: therefore
the four representations V; ® V;* are all equivalent, so we may as well work with V'@ V'*,
This space has a decomposition C @ Z where Z is the subspace of trace zero. One sees
immediately that as an A'C-module Z is the sum of the 24 non-trivial (linear) characters
of H/C. Since NV acts transitively on these, Z is irreducible as N/C-module. Its character {
has values in @ since Z is equivalent to all its conjugates.

To summarize our conclusions, we have found groups:

order 5 order 125 order 15,000

C < H < N < SL(Q(e)). (1.3)
—_—

A HIC 2

s Ul H- SL,(Zs)
Zs x Zs

It is not hard to work out the explicit matrices representing elements of N. They turn
out to be of two types:

ait+bij+cjitditejt+f

/5

€

(a....,.feds, b #0)

N

and
A

LX)

I

ail+bitcy g
te TS i (a....,eeZs,d+#0)

(the sign being adjusted to make the determinant + 1). It will be necessary to identify some
special elements of N of the second type for the purpose of computation. Look at the
elements 1, g, v € SLs(Q(g)) given by

1x(i) = x(—1)

ux(i) = —x(2i)

vx(i) = &7 x(i)
a, Vo =1
G, Vip= =1, V) =1 (1.4)
Vi =0 =), 2V =00 —n)

+ ¢*. Conjugating ¢ and 7, we find

2

wheren=¢+¢* n =¢

1Tler =071, 1Tl =7t
wlop = o, wWiltp =17
—_ el p—

v iov = ¢1? mod C, viloy =1,
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Thus 1, 4, ve N and their images i, i, v in SL.(Z;) are:

. =1 0

: ( 0 -1

2 0

i

o 1)

§2. THE BUNDLE #

i

v

Let P be the projective space representing the one-dimensional subspaces of V', Since
V is given an underlying rational vector space, P is to be regarded as the complexification
of a scheme over Q. In particular it is meaningful to speak of coherent sheaves and their
homomorphisms as being defined over specified subfields of C.

Write O for the sheaf of local rings of P and €(1) for the canonical positive invertible
sheaf on P. The general linear group acts on (1) and the space of sections I'(0(1)) is
canonically isomorphic to F* the dual of V. Regard V as a sheaf over Spec C. The external
tensor product §(1) ® ¢V is a sheaf on P and I'(€(1) ®¢ V) is isomorphic to Homg(V, V).
Let d in T(0(1) ®¢ V) correspond to /.. The Koszul complex 2 is the exterior algebra
A*(0(1) ® V) with multiplication by ¢ as differential:

02 0-0DRV >0 AV - O0B)Q AV - 0(d) @AY - C(5)® A’V —0.

The quotient (1) ® V/ & is isomorphic to the tangent sheaf.7” to P and the sheaf of cycles
Im(C()® A'V) < (i + 1) ® A"V is isomorphic to the ith exterior power A'T of 7.
For the construction of the bundle & the relevant part of 24 is:

rk 10 rk 6 rk 10
2 po e q0 T
02) R AV —— AT —— 03) @ APV 2.1

Note also that /" has a symmetric pairing
HE@ Ao 0(5) ®c AV 0(5),

given by x ® y — (x A y)s, and that this induces the natural pairing A'7 ® A*™'7 — 0(5)
and is compatible with the action of SL;(C). Note that with respect to these pairings
go =Po*(3).

The H-modules A®V and 2V, are isomorphic since {el,,, A*V) = 10¢? and by (1.2)

2V, is the only representation of degree 10 for which this is possible. In identifying A2V and
other such spaces as N-modules, the reader should use the general observation:

(2.2) Let Y, Z be representation spaces for a group G and let K be a normal subgroup of
G. Suppose that Y isirreducible as a K-module and that Z= nY as K-modules, then Homg(Y, Z)
is a G|K-module, the evaluation mapping Y® Homg(Y, ZY— Z is an isomorphism of
G-modules, and Z is irreducible as a G-module if and only if Homg(Y, Z) is irreducible as a
G/K-module.
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[n the present case. put W = Homg(¥,, A*V). It is a representation of N/H of degree 2,
and the trace of ¥ (the image of vin N/H) Is
Wy =G +e+eh)(l+2+2%) =7
[t follows that W has character y, (cf. character table in Appendix).
Since N/H is perfect, }V"is unimodular. So }}" has an invariant skew symmetric pairing
defined over Q and this form is unique up to a scale factor. Let
FiV - ATV W
be the N-homomorphism determined by this form, and let
g: NV W — Vy(=V,*)
be the dual of fcomposed with the canonical mapping A’V ® W = A*V® W*. Combining
these with (2.1) gives the sequence of sheaf homomorphisms

Po ® lw o + lw
———p _—

10® f Y 8
02V, —— QAN TV RW AT QW

. 10®g
CRRAVRW —s 03 V. (2.3)
This sequence is defined over Q.
Let
rk 5 rk 12 rk 12 rk 3
2:02)@V, - AT @ W, G AN T QW03 V;
be the composites of the first two and last two morphisms in 2.3. Note that g = p*(5). We

shall prove that gp = 0 and p, ¢ are locally split. From this it follows that # = Ker¢/Im p is
locally free of rank 2 and defined over Q. The bundle % is our goal.

To prove that gp = 0 it is sufficient, since 0 ® V| is generated by its sections, to show
that I'(gp(—2)) = 0 and to prove that p, g are locally split it is sufficient that p is — for then
q is locally split by duality. The first assertion follows immediately from

LEMMA 2.4. Let U be the symmetric square represeniation S*W of degree 3, and let W'
be the representation obtained by acting on W with the Galois automorphism .

() TNT (=2 AV V@ W, (AT (-2)@ W)= V@ (V,® U), and I(p(—2))
is equivalent to the inclusion Vi, — Vi & (V; ® U).

(i) T @ Vy) = (V,®@ U)® (V, ® W) and T'(g(—2)) is equivalent to the homomor-
phism Vi@ (V, @ U) - (¥, @U)® (V, ® W) induced by the identity on V, @ U.

Proof. (i) The first isomorphism follows from (2.1), and the second is just the evaluation
mapping. The third isomorphism now follows from the decomposition W® W =C@® U.
Finally, since T(A*7 (—2)) = A%V, the mapping I'(p(—2)) is equivalent to f which is just
the mapping induced by C-C & U.

(ii) First note that T{C(1) ® V;) = V* ® V;. The character of V* = V; as an H-module
is given by

L VEQ V) =0he H—C), (&1, V*® V) =25
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So V* @ V; = 5V, as an H-module. Put X = Homy(V;, V* ® V;). The formulas (1.4) show
that

<,L_lv 4’Y>= _19<.L_[lv X>= 1!<§: X>=’7 —'],-

The first of these shows that X must have an irreducible component X' of degree 3, the
second that the remaining component X? is irreducible of degree 2, and the third that
X!, X? have characters y;, y.'. Since y,2 = 5 - 7, and y,” = 0y, it follows that X' = U
and X2 = W

To prove the statement about I'q(—2) it is sufficient to show that T'q(—2) #0, for
Vi, Vi® U, ¥V, ® Wareirreducible. Butg = p*(5) and p # 0 by (i). Soq #£0,and I'q(—2) # 0
since T(O(1) ® V) generates O(1) ® V5. Q.E.D.

It remains to be proven that p(—2) and hence p splits locally. Let v be a non-zero element
of V and write § for the corresponding point of P. We must show that the induced map on
the vector bundle fibres:

(=2 ¥~ NT,® 0(=2), @ W
is injective (T, = tangent space to P at #). But via p,
NT,® 0(=2),=A** v AV,
so in view of (2.3), the injectivity of p(—2), is equivalent to:
LEMMA 2.5. For all nonzero ve V and te V,, the element f(1)E (v A V)R W.
Proof. Let v, be the element of V' defined by v,(j) = 0,; and put
o = Ay, T =y AU,z =oALy, 2 =g AL,z =0 AL,
Zo =V AU4,Z) =V Alg,Zy =U3 AUy, Zy =U4 AVy,24 =Ug AUs.

The linear mappings w™: ¥, —» A2V, w™: V, — A?V defined by w*(v) = z,;*, w™(v)) = z;~
are H-homomorphisms, and form a base for W. We wish to show that for non-zero ve V,
t € V,, the equations

w ) =v Ay, w (@) =vAy”
are contradictory. But these imply that
wr(t) Aw™ (1) =0,

and if r = Y a;v;, then one computes that
4
wr ) Aw ()= Y (—D'alvg A AB A ATy
i=0

hence 1= 0. Q.E.D.

This completes the proof that & is a locally free sheaf of rank 2. To show that & is
indecomposable it is sufficient to verify that its total Chern class ¢(%) is irreducible. By
definition

o(F) = c(A2T)? - c(OQ)™5- c(O(3))"°.
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Let & be the positive generator for the Chow ring of P. It follows that
(F) = (1 + 2000 + ™51 =201 +3k)7°

(where the first factor comes from the resolution of A*Z given by the Koszul complex).
Hence

o(F)=1+5h+ 104

Applying the Riemann-Roch theorem or directly from the definition of &, one also
computes the Hilbert polynomial:

W Fn—3)=L5n* — D —24).

§3. THE INVARIANT QUINTICS

This section is preliminary to the computation of I'(#) and the proof of the non-
singularity of the zero set of a general section. The main results are the determination of the
N/H-module Ty (@(3)) of H-invariants of I'(€(5)) and the sheaf of ideals .% in O generated
by the subspace ['z(€(5)). In the next section we show that this subspace is isomorphic to
the second exterior power of I'(%), however the present section does not depend on this
fact.

Write a; for the character of A"V as an N-module, #, for the character of SV, and
a*, h* for the characters of the duals. Then

0
h* =1, =0%h, (3.1
since the representations are unitary. Also
a* =as_; (3.2)

since the representation is unimodular. As in §i, decompose V' ® V* into C @ Z and let
{ be the character of Z. It follows that /, - 82k, = 0h,- 0°h, =1 + (.

Lemya 3.3, (1) a, =Hn
(i) a, =y, 0,
(i) a3 =y, 8°h,
(iv) a, = 0%,
(V) hy=y5"- 0hy
(V) hy=(zs + 1) 0°hy
(Vi) Ay = (s + 2™+ s 2 000y
ill) s = (s + 13) + £ (03 + 10 — 1)
(iX) hyOhy = (43 + 1) 07y

Proof. (ii) follows from Lemma (2.4) and then (i), (1ii) and (1v) follows from (3.1) and
(3.2). To prove (v), note that (2.2) implies /7, = y- 6k, for some character y of N/H. A
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simple computation shows that x(i) = 3 and y(v) = —#. So since y nas degree 3, ¥ = x5'.
Now use the well-known formula:

hi=ah,_ —ash,_,+ - —(—Da;hy.
plus the identity (ix) proven in (2.4) and (vi), (vii) and (viii) follow by computing characters
via the character table in the Appendix. Q.E.D.

The first of the main results of this section follows at once from part (viii) of this
lemma:

THEOREM 3.5. The character of I'y(0(3)) is x5 + x5’ and its dimension is 6.

Let y; be the ith coordinate function on V, (y,(x) = x(i)). The monomials

Y0 Yo ¥1Ya, Yo V2 Vs, ¥o'V2 Y Yo'V s, ﬁ Vi
are invariants of 7, and the six forms =
S=Y 7% 0 0 R R, Y=5]]n
obtained by summing these monomials over the powers of ¢ are invariants of H. Since they
are linearly independent they form a base for I'y(0(5)).

Another natural basis of I'y(0(5)) is obtained as follows: the group H/C has six
proper subgroups and these subgroups are permuted triply transitively by N. The fixed
point set in P of the subgroup {C, tC, t>C, 1>C, 1*C} is just the simplex of reference. The
six simplexes determined in this way by the six subgroups we call the fundamental simplexes.
Each of them determines, up to a scalar multiple, the quintic whose zero set consists of five
three-dimensional faces of the simplex. The subspace of I'y(@(5)) that these quintics span is
invariant under both N and ©. So Theorem 3.5 shows that these six quintics also form a
base for T4(0(5)).

Now let L be the set of common zeros of the polynomials in I'y{(#(3)), and let L; be its
intersection with y, = 0. But

SO,y =30+ 937+
00, s -, ¥8) = y2 7302701 + ¥3°54)
00, y15 -, ¥a) = 1Y ys + v4°y2)
RO, 1, -3 ¥a) = y2 730 %y3 + ¥47y2)
RO, y5, - v4) = y10a(y27p0 + ¥5754).

These equations define the set L, and it is straightforward to check that it consists of
precisely the five lines
V2 ey =y 4y, =0 *)

plus the 20 points

n=y=0,y;=¢y,

N=y3=0,y,=¢y,

Ya=y,=0,y;=¢y,

Ya=y3=0,y, =&y,
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The set of points of L, is just ¢'L, . the same set with v, = 0 after a cyclic permutation of the
coordinates. Taking the union over all /, it follows that the set L consists of the 23 skew
lines:

Yi=Xisr =€V = Ezr}'iﬂ + Vv =10, 0=irsd). (3.6)
We claim that the scheme 0/ % is this set of 25 skew lines with reduced structure sheaf,

hence is a regular scheme. If x € L lies on only one face of each of the fundamental simplices,
then the ideal %, is defined by six linear forms in the »;’s, so \/E’; = %.. On the other
hand, say xe L lies on a 2-dimensional face of at least one fundamental simplex. Then x
1s necessarily on a l-dimensional face or edge of this simplex (as you see by intersecting the
line (3.6) with a typical 2-dimensional face 3o = ¥, = 0 on the simplex of reference). But
the edges of two distinct fundamental simplices do not intersect: in fact N permutes the
fundamental simplices triply transitively and one may readily calculate that the edges of
[Tivi=0 and J[; (o + &'y, + ¥y, + &*'y; +&*y,) = 0 do not intersect. Therefore x is
singular on at most one fundamental simplex. This shows that %, is generated by five
linear forms and one of higher degree. If these five linear forms met in a plane, L would
contain more than one line in this plane, i.e. L would have two components that met.

Since this is false, &, i1s generated by the five linear forms and x/fZ = ¥, again.

§4. THE SPACES H'Y(% (m)
Let '(n) be the character of H(F(n)) as a representation of N. To determine these
characters we write ¢ for the cokernel of p (cf. §2) and consider the exact sequences

05 02RV, - AN TRQW =% -0
0-F 5% - 03)® V;-0.

Using the well-known values for the cohomology of €(n) and A*(F(n)) (which is just
Q*(5 + n), O being the shear of i-forms on P) we get

0-T(0n+2)®V, » T(A’T(n) ® W"— T(%(n)—0;
HY(%(m) = (0);
HY %) = (0)if n # =5, H}(%(—5) =~ W; (4.2)
0= T(FM) - TEm)=T(On +3))RV;, - H (F(n)—0;
WAy =0ifn# =5 y*(~35) = 7.
Now since A*F =~ €(3) = Q*(10), Serre duality asserts that H'(F(n)) and H* (#(— 10
— n)) are dual. We deduce using (4.2)
iy =0 if ng —4,
i) =0 if nz —6.
Since T'(A*Z(—3)) = (0) we further deduce from (4.2)
W (=3) = 0%h, Y3 (—T7) = Oh,. (4.4)
From Lemma 2.4 (ii) the image of I'(%(—2)) in I'(¢(1)) ® V3 has dimension 15. But the
first exact sequence of (4.2) shows that the dimension of I'%(—2) is 3. So from the second
exact sequence and Serre duality we deduce that

(4.1)

(4.3)



A RANK 2 VECTOR BUNDLE ON P* WITH 135,000 SYMMETRIES 73

Yom)y=0 if ng -2
W)y =0 if n= -8

We can now calculate ¥!(—2) from the exact sequences of (4.2) together with (4.5) and we
find

(4.5)

=2 = 1 Oy Y3 (=8) = 17 Ohy. (4.6)

Consider now the characters /(j) for i =0, 1 and j = 0, — 1. The exact sequences of
(4.2) together with Lemma 3.3 give

W=D =Y (=1 =~ .

@.7)
Wo0) — M 0) =1y — 15

and in particular it follows that

¥o0) = 14, Y10 Z 12, (4.8)
where the inequality means that the difference between the two sides is the character of a
representation. Also, since T(F(n)) is a subspace of I'(4(n)), the exact sequences show that

YO(=1) £ (1" + 1a + 2)hy,
YO0) S yy + 45 + (2a + x5 — 12D
Since A*# = (3) there are homomorphisms
=D AT(F(=D)) = T(003)), 1: N*T(F) - TO(5).

LemMA 4.10 Let & be a locally free sheaf of rank 2 on P such that T(¥(—1)) =0, let
v: A2T(&) —» TAX(SF) be the canonical homomorphism, and let A be any subspace of I'(¥).
Then

(4.9)

dim y(A*4) = 2dim 4 — 3.

Proof. Since the Grassman cone in A*4 has dimension 2 dim 4 — 3 it is sufficient to
show that the only element of this cone in Ker 7 is the zero.

Suppose that y(s A t) =0 for some s, ¢t in A. Assume s, t are not both zero, then they
generate a subsheaf & of & with rank 1. Since & is torsion-free its bidual is an invertible
sheaf. So s, r are contained in a subsheaf isomorphic to €(r) for some r. As I'(¥(—-1)) =0,
it follows that r £ 0. Hence s, ¢ are proportional and s A ¢t = 0. Q.E.D

First consider A(—1). Suppose that /°(—1) # 0. Since the terms of the first inequality
of (4.9) are irreducible characters with degrees at least 20, it follows that dim I'(F(—1))
= 20 and so by the lemma dim I'(¢(3)) = 37. Since dim I"0(3) = 35 it follows that

WO(=1) =0,y (=) =y"" Ay (4.11)

Now consider 4. Take A to be the subspace I'y(#) of H-invariant sections. From
Theorem 3.5, dim I';;(€¢(3)) = 6. So the lemma shows that dim A < 5. Together with (4.8)
and (4.9) this shows that the character of I';;(F) is x, . Applying the lemma again shows that

dim A(A) = 5. So since I',(0(5)) has character y5 + 3 it follows that 2 is an isomorphism
from A*Tyu(F) to Tx(€(3)).

We claim that in fact T;(%) = I'(&). If this is not true, then as a representation of
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H. the space I'(.#) must contain all the non-trivial characters of # C at least once (by
(4.9)). hence dim [(#) 2 28. Let 4, B = P* be two hyperplanes with homogeneous equa-
tions a. & and consider the exact sequence

(a, b) th,—ua»

0—F(=2) — F(-DHE A1) —0— F—-F,,—-0
We find, since T(F(-1) =0
dim [(F ;. p) 2 dim I'(F) — dim Ker{(a, ) on H{(F(—-2)].

But from (4.2). H(F(— 1) is generated by HO(C(IN ® H'(F(-2)). Note that h'(F(—2)) =
10, A{F (= 1) =10 (by (1.6), (4.11)). So if a, b are sufficiently generic the image a H'
(F(=2)+ b HY(F(=2)) in H(F(-1)) has dimension at least 4. Therefore dim [ F .,
=28 — 10 + 4 = 22. But let s be a non-zero section of Z. lts zero set X is a surface (since
[ #(—1) =0) and non-empty (since ¢,(.#) # 0), so we can choose A4, Bso that 4+ B- X
is a non-empty finite set of points. Then #, ,'s@ ., is a torsion-free rank | sheaf on
A - B, and hence isomorphic to # - @, z(n) for some sheat of ideals # defining 4+ B- X, .
Computing Chern classes we find » =3. So, since A- B- X, is non-empty, dim T
(F 4.55C,. 5) <21, and finally
21 €dim T(F 4.5 — L Sdim [(F , pisO,. 5 < 21,
which is a contradiction. So. taking account of (4.7), we have
Wo0) = 1., ' (0) = 1y (4.12)

Finally we claim '(n) =0 if n = |. By Castelnuovo’s lemma {11], it suffices to prove
that !(1) =0. By (4.2) the cup product »: ['(Q(1))® H'(F)— H'(F (1)) is surjective.
On the other hand N acts irreducibly on I'(¢(1)) ® H'(F) by (2.2). Therefore either y/'(1) =
0 or « is an isomorphism. But I'(¢(1)) ® H'(F(~1)) > H'(F) is also surjective so for
some a € L(0(1), o € HY(F(—1)), it follows that @ U ¢ # 0. Since dim T'(¢(1)) > dim H'
(&), it follows that b w ¢ = 0 for some other non-zero 5. Therefore «(h, a U 6) =0 and
2 1s not injective.

We summarize our calculations as follows:

TasLE oF dim H'(F(n— 3))

" HO H' H' P H*
2 E B ¥,
nz6 (Jll)l(f—“@ o0 0 0
5 4 >0 0 0
4 0 o 0 0 0
3 0 00 0 0
2 0 50 0 0
1 0 o0 0 0
0 0 0o 2 0 0
-1 0 o 0 0 0
-2 0 0o 0 5 0
-3 0 o 0 10 0
—4 0 o 0 10 0
-5 0 o 0 2 4
2 2 _ 7,
n<s —6 0 0 0 0 (”__.1)("—'4)

12
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§5. THE ZERO SETS X, sz ['(¥#)

THEOREM 5.1. For almost all s € T (), the zero set of s is a non-singular surface X, = P
of degree 10; when X, is nonsingular, it is an abelian surface.

Proof. Let Q be the projective space associated to I'(F), and let Z be the subvariety of
O x P represented by pairs (s, x) (se [(F), xe P) such that s(x) = 0. Since A*'T(F) =
[4(C(5)) the sheaf F is generated by ['(#) except at points of the set of 25 skew lines L
whose ideal is generated by ', (€(3)) (see §3). It follows that Z is a fibre-bundle over P — L,
in particular it is non-singular over P — L. Applying Sard’s theorem [13] to the projection
Z — Q shows that the zero variety X, = {x|s(x) = 0} of a general section s is a surface that
is non-singular except possibly at points of L.

Let x e L and let e,, e, be a basis of the free rank two ¢ ,-module # . Eachs e (%)
can be written

S=35e +5,€,, s;€ 0.
so thatifs, t € T(F),
SALt=(St; —5,t)e Ae,.

If for every s € I'( %), 5,(x) = 5,(x) = 0, then for every s and ¢, s A ¢ would vanish to second
order at x. Using again the fact that A’T(F) = T,(€(3)) and that T;(€(5)) generates the
ideal of L, this is impossible. We may therefore choose e,, e, so that e, is an element of
['(F). Write out a basis of T'(F) locally:

s=e
t =fe, + ue,
t'=fe, +u'e; where f f,f" uu . u"ed,.
t"=f"e, +u'e,
Then
SAL=1u e Ae,
sAt =u-e Ae
sAt'=u""c¢; Ae,
and t At vanishes at x to 2nd order.

Therefore u, ', 1" must generate the ideal of L at x, i.e. their differentials are indepen-
dent at x. But if Is + ur + p't" + p"t” is a general section in [(F), so that (4, u, i/, u") are
homogeneous coordinates in Q, then Z is described above points near x by the equations:

A= —(uf +pf + 1'f")
0=pu+p'v' + u'u”
which are easily seen to define a non-singular subvariety of Q x P. Thus Z is everywhere
non-singular, hence by Sard’s theorem so is the set X; of zeros of a generic section s of .

To prove that X(=JX,) is abelian of degree 10 note that its normal bundle N in P is
isomorphic to & ® 0Oy. So the Chern class ¢(N) of N (in the Chow ring of X) is just the
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restriction to X of 1 + 34 -+ 10A*. Since P has Chern class 1 + 34 + 10A% = - - - the Chern
class of X'is 1. So the canonical class K is zero and the Euler characteristic ¢,{X) is zero.
This characterizes abelian surfaces [8, §6]. Since ¢,(IV) is just the self intersection of X, the
degree of X is 10. Q.ED

THEOREM 5.2. Every abelian surface Z < P is projectively equivalent 1o the zero set of
some section s of F.

Proof. Let @ = (1) ® O. Since the Chern class of Z is 1 that of its normal bundle
is the restriction of 1 + 54 + 10A%. As above it follows that Z has degree 10. Choose an
origin on Z and let H(Z) be the subgroup

(zeZ|T*T = &}

where T, is just the translation by z (cf. [13, §13]). Since H( <) has order (deg Z/2)* and
carries a non-degenerate alternating form,

H(D) =17, x Z5.

Further the Riemann-Roch theorem for abelian varieties (ibid.) shows that dim I'(Z) =5,
and Lefschetz’s theorem implies that Z cannot lie in a subspace of P (otherwise Z would be
simply-connected). So the mapping

$: TO() - I(2)

is necessarily an isomorphism. Applying the results of [12, §1] it follows that when Z is
embedded in P* by the complete linear system I'(%#) and a suitable isomorphism is chosen
between P* of §2 then Z is invariant under the action of the Heisenberg group introduced
in §1. But since ¢ is an isomorphism this is just the composition of our given embedding
and a projective transformation, i.e. after a projective transformation we may assume that Z
is invariant under &. Actually we can go a bit further: if we choose an origin O in Z with
respect to which % is symmetric then the map x+ — x for this origin extends to a projec-
tive transformation 1, of P, leaving Z fixed, normalizing the action of H/C and so that
1o 7" 1o ' =n"" for ne H/C. Therefore 1, must be induced by the element : of N intro-
duced in §l, and Z is invariant under # and:.

Next, look at the natural map:
'*//: F}I(pa @(5)) g I—H(Z, .@5)

The group H(Z) acts on the line bundle 27, hence there is a line bundle ./ on Y =
Z/H(9) such that n*.# = @° (n: Z— Y the natural homomorphism). Then I(Y, .#) =
Tu(Z, 9°) and deg A =deg %°jdeg n =35, so dim I'(Y, .#)=25. In fact, under the
symmetry x+ —x, the space I(Y, .#) breaks up into the sum of an eigenspace of
dimension 3 and one of dimension 2 (cf. [12, §2]; note that the action of x—= —x on I'(Y, .#)
is only well determined up to sign, so we have no obvious way of labelling one eigenspace
“even” and the other ““odd”). Since 1 is the identity on I'y(P, ¢(5)), the image of ¢ is con-
tained in one of these eigenspaces. Therefore dim ker(y) = 3, i.e. at least three independent
quintics of §3 contain Z.

Consider the map
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N T(F) ———  Tu(605).

We have proven that there is a subspace K = A’T(F) of dim = 3 consisting of elements that
are mapped to zeroin ['(A*(F ® 0,)). It follows with a little linear algebra that there are
two possibilities:

for some basis s,, 55, 53, 54 of I'(F), either
(a) s, AS2, 53 ASy, 5 ASy—S; AS4eK, or
(b) 5, A $5, 5, A 53 (and a 3rd independent elt.) € K.

Now if s A t€ K, and §, I are the restrictions of s, ¢ to Z, then § = /- i for some fe C(Z).
Therefore in case (a),

Si=/"3; Sa=/"35.
Let D be the divisors of poles of fand let .4 = @,(D). Define
MM F RO, by (9,9)—9,5; +g235;3.

Then all four sections §; of & ® 0 are images by « of sections of J + .# (i.e. 2(1, 0),
a(0, 1), a(f, 0) and «(0, f)). But the 5, generate & everywhere except at the 25 lines L. Since
Z is abelian, none of these lines is contained in Z, hence the §; generate & ® 0, at all buta
finite set of points. But « is a homomorphism of rank 2 bundles, so the support of its co-
kernel is defined by the principal ideal (det «), and has codimension {. Therefore « must be
an isomorphism. But then #°= A’F ® 0, = 2°, hence

4D =25 ¢(D)* =25 deg Z = 250,
contradiction.
In case (b), either §, =/ 5,, 53, =g- §(, f, g € C(Z) or 5; = 0. In the Ist case, as above,
we get a homomorphism:
M- FR0,,
with three out of the four §;’s in the image xT' (). Then 5, generates the cokernel except at
a finite set of points:

050, — FQUjall—> 4  —0.

finite support

By elementary homological algebra, extensions of ¢ by a line bundle split. Using this twice
we find 4 must be zero, and we have
0> M5 FQO,— 0,0,

hence ¢,(F ® 0;) =Z- ¢,(%¥) =0, which is absurd. Thus §, =0, i.e. Z < zeroes of s,.
Since deg Z = 10 = deg X, , it follows that Z = X, . Q.E.D.

§6. CONNECTIONS WITH MODULI

The bundle # can be used to give an explicit representation of a certain moduli space
for 2-dimensional abelian varieties. We first recall some standard results in the theory of
moduli of abelian varieties:
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(a) Let g > 1| be the dimension;
(b) Let $, = Siegel upper 4-space of g x g symmetric matrices , Im Q > 0,
~Sp(2¢, R)/maximum compact K;
(¢) Fix a sequence o of positive integers 0, .... J, such that ¢, divides J,. ,;
(d)y Sp (29, Q) acts on Q?, fixing the form
Ale e, ;) =0y, Ale;, ) = Ale, 4. e,4;) =0, 1<ij<g;
(e) Let L; = the sublattice 79 x [[;2, 0,Z of Z%,
L;* = the lattice [[;2,(1/6)Z x Z¢, characterized as the set of x € Q% such that
Alx, ) eZ, all ye Ly;
(f) On L;*/Ly, put the multiplicative symplectic form
ey(x, y) = e?ridl=n,
(8) Let TS, ... 6,)0 = (X € Sp(2g, B)| X(L,) = L,};
I(d,,...,0,) ={XeSp2g, Q| X(L;) = L;and X =1id. on Ly~ /L;};
(h) Then the analytic quotient spaces have the significance
moduli space of pairs (X, A), X a
g-dimensional abelian variety, Z:

X — X a polarization such that
ker(A) = [ 14, (Z/5,2).

u.s(o) = S:’gcfr((jl’ ces ‘59)0 =
def

moduli space of triples (X, 4, «),
(X, A) as above, and
U; = 9,/T(6,....8) = 2 ker(2) — LtL
def . . . .
a symplectic 1somorphism with
respect to e, and e;.

(i) U; and 2U,® have natural structures of quasi-projective varieties;

(j) Note that the finite “symplectic” group I'(8),/T(d) acts on 1, and UL is the
quotient ,/[T'(0),/T(5)].

Now if A : X — X is a polarization, let L, denote one of the corresponding invertible
sheaves——all such are isomorphic after a translation. The result can now be stated:

THEOREM 6.1. Let

the Zariski-open set of points of W5 1,

W* 5 1y = {corresponding to triples (X, A, «) such;.

that L, is very ample

Let
the Zariski-open subset of P(I(F)) of spaces)
P(T(F))* = {of sections C- s, whose zero sets X, are non-.
singular }
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Then U* 5 1, = P(I(F))*, the action of T'(3, 1)o/T'(3. 1) = SL,(Zs) on Us 1, corresponding to
the action of N/H = SL,(Zs) on P(I'(¥)).

Proof. The idea is to set up a set-theoretic map from P(I'(F))* to U ,,; verify that
it is a morphism and is bijective; and apply Zariski's Main Theorem. To define the map,
start with a one-dimensional subspace C- s < I'(#). This determines uniquely its zero-set
X, . This variety carries a line bundle, 0y (1), and is invariant under the group H;C. Strictly
speaking, X is not yet an abelian variety, since it has no distinguished origin. We can either
choose any point x € X, as origin, or if we wish to be canonical, replace X, by its ““double
dual”:

X,' = Pic®(Pic® X)),
(Pic® = connected component of Grothendieck’s Picard scheme).

In this case, X, is canonically a principal homogeneous space over X;. In both cases,
0y,(1) induces a polarization 4 on X (or X'). And the automorphisms induced by H/C are
the translations by the points of ker(4), so we get an isomorphism

o ker(4) — HIC = Zs x Zs =Lz y/Ls,1)-
def

This is a point of U ;,. The fact that this is a morphism comes from checking that the
above construction can be carried out universally leading to an abelian scheme X over
P(I'(#))*, plus a polarization A: X — X plus an isomorphism of ker(A) with the constant
group scheme Zs x Zs. This induces a morphism from P(I'(F#))* to U ,, by the universal
property characterizing coarse moduli spaces (cf. [10, p. 96]). To check that this map is
injective, say C- s, and C- s, lead to isomorphic triples (X, 4, «). It follows that there is an
1somorphism

P X, — X,

such that ¢* 0y (1) is algebraically equivalent to Oy, (1) and such that for allo € H/C, if
¢ induces on X, translation by x;€ X, then ¢T, = T,,¢. But then changing ¢ by a
translation, we can assume that ¢*(0y (1)) = Oy, (1), hence ¢ is the restriction to X of a
projective transformation 1. Moreover t satisfies 6t = 1o on X, all 0 € H/C, hence 16 = o1

in PGLs(C). But H/C is its own centralizer so te H/C. Therefore X, = t(X,) = X,
hence C- 5, = C- s,. Finally surjectivity follows from (5.2). Q.E.D.

A natural question is to analyze how the isomorphism above goes wrong outside the
open sets *. We have not worked this out completely, but we state without proof two pretty
facts about this:

(a) If the abelian variety X tends to £, x E,, E; an elliptic curve, so that the polariza-
tion tends to A =51, + 4, (4;: E; — E, the canonical isomorphism), then 4 is not
very ample. In fact L, has a fixed component F and defines the morphism

P é1

X—F E, -~ p*

where ¢, is the morphism defined by L, . Let C; = ¢,(£}), an elliptic quintic curve. Then
while X approaches E, x E,, the corresponding section s of # has a well-defined limit s,
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and X, is the singular ruled surface with C, as cuspidal double curve equal to the union
of the tangent lines to C,. It follows that at the points (£, x £,, 3}, + /.. x) e Ui ) the
correspondence with P(I'(#)) given in (6.1) is still regular, but not biregular. since the image
does not depend on £, .

(b) Suppose we compactify U, following Igusa [6] {i.e. take his compactification of
U,y and normalize it in C( s )) via any of the canonicalmorphisms . , — TN
Then at some of the points at « lying even on the O-dimensional piece of Satake's compac-
tification, the correspondence remains biregular. The corresponding X,’s depend on one
parameter « € C — (0) and are unions of five non-singular quadric surfaces as follows:

X;=000 0 v Qv 0500,

Q;=(ocus Yi=uYy; Vi + Vi oy =0)
The 10 lines Y;=Y; =Y, =0 (0 < i</ <k <4) are double lines on X,, and the five
points P; given by Y,(P;) = J;; are 4-fold points of X,. The whole configuration is readily
visualized if you form a CH-complex £ as follows:

(a) take a point ¢,!°’ for each point P;;

b) joint ¢, and ¢(® by a I-simplex ¢, corresponding to the double line P, P,
.] i J p 14 p = Lo
for each i < j;

¢) glue in a square ¢, corresponding to Q, filling in the loop
q 13 -y}

a)
S

tel (e}
i+3 it+a

for each 0 =7 < 4 (read the subscripts mod 3).

Then a point or line is on a line or a quadric in P if and only if the corresponding O-simplex
or l-simplex is on the corresponding i-simplex or square in T. The nice thing is that the
X you get is homeomorphic to a 2-dimensional real torus:

2 P, Py 2, Py >,

Q3

e
)
y—————————
o
4
[
"J
o
o
e

%

Giue top and bottom witn rerizontal sritt

U S—

Side
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APPENDIX
The character table of SL1(Z5) (2, p. 160}
Put e =exp2nV —1/5, n=e+¢*, 7n' =¢+¢ and let w be a primitive root of x® = | over Zs.
Symbols
i v used in text
for these

ot) (To—1) (03 (7o) (o) 1) o) (To i) (7o i) o™

| 1 I | 1 1 { 1 l !
5 5 l —1 —1 0 0 0 0

6 —6 0 0 0 | I -1 —1

4 4 0 1 1 —1 —1 —1 —1

4 -4 0 | —1 -1 —1 { 1

3 3 —1 0 0 -7 —n’ -7 -7 U
3 3 -1 0 0 -7’ -7 -7 - U
2 -2 0 -1 1 n n’ -7 -7 w
2 -2 0 —1 1 7 0 -7’ -7 W




