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This paper presents a method to predict the through-thickness moisture content distribution and asso-
ciated induced deformations of paper and cardboard sheets as they are subjected to relative humidity
changes. The transient moisture diffusion problem is solved using a ‘‘natural” analytic approach that
has previously been applied for solving transient heat conduction in multi-layer solids. The deformation
behaviour of the sheet during the moisture diffusion process is predicted using a semi-analytical
approach based on a Rayleigh–Ritz minimization of the total potential energy. Geometrically nonlinear
effects are taken into account. Curvatures of the originally flat sheet are predicted as a function of time,
as are the shapes of the sheet for steady-state condition. As multiple solutions exist, stability is studied.
The developed model was used to study the deformation behaviour of one paper and two cardboard
sheets. Comparisons with finite-element results demonstrate that the developed model provides accurate
results. The displacements obtained for steady-state conditions are within +6%. Comparisons with previ-
ous steady-state analyses reveal important differences in the shape of one cardboard sheet. This suggests
that the moisture diffusion process may influence the configuration assumed by the sheet at steady-state
equilibrium. Hence, it may be necessary to take the moisture diffusion into account in the analysis to
accurately predict the hygro-mechanical behaviour of paper or cardboard sheets.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction and background

During the last decade, dimensional instability and curl of paper
and cardboard have become an important issue for the pulp and
paper, and the printing industries. Curl can be defined as the out-
of-plane deformation of an initially flat sheet and is induced by
changes in the ambient humidity or temperature. Any paper or
cardboard with an unsymmetric layered construction will curl
and become cylindrical when subjected to humidity changes. In
addition, non-uniform drying conditions will lead to curl. Since
the curl problem has significant economic impact on the paper
industry, several studies have been conducted to better understand
the problem and propose strategies to increase the dimensional
stability of paper sheets. In this paper a study conducted to predict
the transient moisture-induced mechanical behaviour of paper and
cardboard sheets is presented.

The moisture-induced mechanical behaviour of paper has been
the subject of several studies. Carlsson (1981) used classical lami-
nation theory based on linear kinematics to predict curl of papers.
The analysis predicted that the paper sheet would assume a dou-
ble-curvature shape whereas experimental observations indicate
a single curvature. The reason for the difference can be explained
by the large displacement magnitude which invalidates the use
ll rights reserved.

o).
of linear kinematics. Hyer (1981a) observed a similar phenomenon
when he studied the cured shapes of unsymmetric carbon/epoxy
laminates. Later, Hyer (1981b) proposed a geometrically non linear
model based on a Rayleigh–Ritz minimization of the total potential
energy to predict the cured shape of cross-ply unsymmetric lami-
nates. Nordstrom et al. (1998) used Hyer’s model to study the
deformation behaviour of paper sheets subjected to humidity
change. They also performed geometrically non linear finite-ele-
ment analyses which correlated well with Hyer’s model. A few
studies have examined the viscoelastic influence on paper curl. In
particular, Lu and Carlsson (2001) investigated the effect of visco-
elastic stress relaxation on the curl response of paper subjected to
transient humidity change. The predicted curvature response ver-
sus time was in reasonable agreement with experimental measure-
ments although their predictions underestimated the curvature
change during the moisture content increase. The authors con-
cluded that a model which takes the moisture diffusion process
through the thickness of the sheet into account would lead to more
accurate predictions. However, this has not yet been achieved.

Similar work has also been detailed in the literature on card-
board curl. Gendron et al. (2004) studied the hygro-mechanical
behaviour of two cardboard layups. They used a model based on
the approach proposed by Hyer (1981b) and a steady-state geo-
metrically non linear finite-element model. The results showed
that both models provide very similar results and that different
equilibrium shapes can be obtained depending on the type of
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Nomenclature

a, b, c, d coefficients
Di effective diffusion of the ith layer
fa, fb, fc, fd equilibrium equations
H thickness of the N-layer sheet
h0, hN convective mass transfer coefficients at the outer

boundary surfaces
J number of intervals
ki effective diffusivity of the ith layer
Lx, Ly length of the sheet in the x-and y-directions
Mi moisture content for the ith layer
Mlin,i,j linear moisture distribution function for the jth interval

of the the ith layer
Mlin piecewise-linear moisture distribution function for the

N-layer sheet
M0 uniform initial moisture content of the N-layer sheet
M1 equilibrium moisture content of the N-layer sheet at

RH1
Nm normalization integral (norm)
N number of layers
p number of eigenvalues
Qij transformed reduced stiffness coefficients of an individ-

ual layer
RH0 initial ambient relative humidity
RH1 ambient relative humidity

sm integration coefficients
t time
tp particular given time
u0, v0, w0 midplane displacements in the x-, y-, and z-directions
x, y, z space coordinates
z0, zN value of the space coordinate at the outer boundary sur-

faces
zi value of the space coordinate at the inner boundary sur-

faces (i = 1,. . ., N-1)eZi;m mth eigenfunction
DM change in moisture content
ex, ey total strains in the x-and y-directions
e0

x ; e0
y total midplane strains in the x-and y-directions

/i,m functions defined in de Monte (2002)
cxy total engineering shear strain in the x-y plane
c0

xy total midplane engineering shear strain in the x-y plane
jx,jy,jxy midplane curvatures
km mth eigenvalue
P total potential energy of the N-layer sheet
hi difference in moisture content for the ith layer: M1 �Mi

h0 difference in moisture content for the ith layer:
M1 �M0

qi density of the ith layer
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cardboard, moisture content change, and sheet dimension. Finally,
models have been proposed to predict moisture diffusion in cellu-
losic materials such as paper and wood. Traditionally, moisture dif-
fusion has been modelled using Fick’s second law (Skaar, 1958;
Chen et al., 1995; Baronas and Ivanauska, 2004) which assumes
that material is homogeneous and has a constant diffusivity. How-
ever, the diffusion process through paper is more complex since
moisture is transported within the fibers, along the fiber surfaces
or through the pores (Hägglund et al., 1999). To take these effects
into account, multiphase models have been proposed (Hägglund
et al., 1999; Bandyopadhyay et al., 2002). These models present
the drawback of using variables, such as pore diffusivity, which
are impossible to experimentally determine directly and an inverse
method has to be used for variable identification.

This study focuses on predicting the transient response of paper
or cardboard sheets subjected to through-thickness moisture diffu-
sion. The objective is to study the development of curl during the
moisture diffusion process. To achieve this objective, the
through-thickness moisture content distribution is predicted as a
function of time and, for each time increment, the moisture-
induced deformation is computed. As multiple equilibrium config-
urations were expected, a semi-analytical approach, such as the
one proposed by Hyer (1981b), was used as it would be more con-
venient and would give more insight into the curl response than
using a finite-element model. However, the finite-element soft-
ware ABAQUS is used to validate the predictions of the semi-ana-
lytical model.

The rest of the paper is organised as follows. First, a model is
developed to predict the moisture content distribution through
thickness as a function of time. This model is based on de Monte’s
(2002) work that proposed a ‘‘natural” analytic approach for solv-
ing one dimensional transient heat conduction in multi-layer com-
posites. Next, the predicted moisture content distribution is
applied to the sheet and the induced-deformation is calculated. A
model using Hyer’s (1981b) approach is then developed to perform
the calculations. The model that takes geometrically non linearities
and the through-thickness moisture content distribution into ac-
count is based on a Rayleigh–Ritz minimization of the total poten-
tial energy. By solving these equations, the deformations induced
by moisture diffusion in the paper or cardboard sheet are predicted
as a function of time. After the theory is presented, numerical re-
sults for different paper and cardboard sheets are discussed. Finally
the model predictions are compared with finite-element results
obtained with ABAQUS.

2. Model development

2.1. Moisture content distribution prediction

2.1.1. Transient moisture diffusion equations and analytical solution
The model is developed for a paper or a cardboard sheet made

of N-layers as shown in Fig. 1. The figure illustrates a cross-sec-
tional view in the x–z plane. The origin of the through-thickness
coordinate, noted z, is located at the geometric midplane of the
sheet. The z-coordinates indicated in the figure are the locations
of the top and bottom surfaces of each ply. Each layer is assumed
to have a constant density ri and an effective diffusion coefficient
Di (i = 1, . . . ,N). The sheet is initially (t = 0) in equilibrium with air
at a relative humidity RH0. The sheet has a uniform moisture con-
tent M0. Suddenly, at t = 0, the ambient relative humidity changes
to RH1 and the sheet is subjected to moisture flux through both
boundary surfaces, at z = z0 and z = zN. After the sheet reaches equi-
librium, the moisture content is equal to M1. Since the sheet thick-
ness is small relative to its length and width, it is reasonable to
assume that moisture movement occurs exclusively in the z-direc-
tion. The moisture transport process is treated as a diffusion prob-
lem based on Fick’s second law. The diffusion model may not be as
accurate as a multiphase model but is much simpler to implement.
The transient moisture movement based on Fick’s second law can
be expressed using the diffusion equation formulated in a one
dimensional space by

o2hi

oz2 ¼
1
Di

ohi

ot
; z 2 ½zi�1; zi�; i ¼ 1; . . . ;N; ð1Þ
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Fig. 1. Representation of a multi-layer paper or cardboard sheet.
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where hi = hi(z, t) = M1 �Mi(z, t) is the difference in moisture con-
tent between the equilibrium moisture content at RH1 and the
moisture content in the ith-layer, at position z and time t. The initial
condition (at t = 0) specifies that the initial moisture content is uni-
form and equal to M0. It can be expressed as

hiðz; t ¼ 0Þ ¼ h0; z 2 ½zi�1; zi�; i ¼ 1; . . . ;N; ð2Þ

where h0 = M1 �M0 is the difference in moisture content between
the equilibrium moisture content at RH1 and the initial moisture
content. For t > 0, both boundary surfaces of the sheet are subjected
to convective moisture flux. These outer boundary conditions can
be written as,

� k1
oh1

oz

� �
z0

þ h0h1ðz0; tÞ ¼ 0; ð3Þ

kN
ohN

oz

� �
zN

þ hNhNðzN; tÞ ¼ 0; ð4Þ

where k1 = D1q1/100 and kN = DNqN/100 are the effective diffusivity
coefficients of the first and Nth-layers, respectively. Quantities h0

and hN are the convective mass transfer coefficients for the outer
surface at z = z0 and the outer surface at z = zN, respectively. They
are assumed to be uniform and constant. The contact between adja-
cent layers is assumed to be perfect. Therefore, the moisture con-
tent and the moisture flux are continuous at the surface of two
adjacent layers. These continuity conditions can be expressed as,

hiðzi; tÞ ¼ hiþ1ðzi; tÞ; i ¼ 1; . . . ;N � 1; ð5Þ

ki
ohi

oz

� �
zi

¼ kiþ1
ohiþ1

oz

� �
zi

; i ¼ 1; . . . ;N � 1; ð6Þ

where ki = Diqi/100 is the effective diffusivity coefficient of ith-
layer.

The set of Eqs. (1)–(6) can be solved using the ‘‘natural” analytic
technique proposed by de Monte (2002) for solving transient heat
conduction in a multi-layer composite laminate. The set of equa-
tions obtained by de Monte has exactly the same form as Eqs.
(1)–(6), in which moisture content, moisture diffusion, and mois-
ture diffusivity are replaced by temperature, thermal diffusivity
and thermal conductivity, respectively. The solution of the equa-
tions set is obtained using the method of separation of variables.
When separating the variables, the effective moisture diffusion
coefficient Di of each layer is retained on the side of the modified
moisture diffusion equation where the time-dependent functions
are collected. It results in a transcendental equation for the deter-
mination of the eigenvalues that are simpler than the ones ob-
tained when using traditional techniques. A new type of
orthogonality relationship was developed and used to obtain the fi-
nal complete series solution. It was felt that numerous derivations
of the equations that lead to the solution were not necessary as
they are all indicated in de Monte (2002). Using this approach,
the solution of the set of equations can be written as,

hiðz; tÞ ¼
X1
m¼1

sm/i;m
eZi;mðzÞe�k2

mD1t ; z 2 ½zi�1; zi�; i ¼ 1; . . . ;N; ð7Þ

where sm is given by,

sm ¼
h0

Nm

XN

i¼1

/i;m
ki

Di

� �
�

eZ 0i;mðzÞ
k2

mðD1=DiÞ

" #zi

zi�1

8<:
9=;; i ¼ 1; . . . ;N: ð8Þ

In Eqs. (7) and (8), /i,m are functions defined in de Monte (2002), km

is the mth eigenvalue, eZi;mðzÞ is the mth eigenfunction correspond-
ing to the mth eigenvalue km in the ith layer and Nm is the normal-
ization integral (norm) associated with the mth eigenvalue km.
Substituting the definitions of the moisture content difference
hi(z, t) = M1 �Mi(z, t) and h0 = M1 �M0 into Eqs. (7) and (8) and
rearranging the terms lead to

Miðz; tÞ ¼ M1 � ðM1 �M0Þ
X1
m¼1

1
Nm

XN

i¼1

/i;m
ki

Di

� � eZ 0i;mðzÞ
k2

mðD1=DiÞ

" #zi

zi�1

8<:
9=;

/i;m
eZi;mðzÞe�k2

mD1t; z 2 ½zi�1; zi�; i ¼ 1; . . . ;N ð9Þ

which gives the distribution of the moisture content through the
thickness of the N-layer sheet.

The software MATHEMATICA� (Wolfram, 1996) was used to
compute and solve the set of equations using de Monte’s,
(2002) technique. The developed model allows determining the
distribution of the moisture content in a paper or cardboard
sheet made of N layers as a function of time. The number p of
eigenvalues used in the series solution, Eq. (9), was set to 30.
This number was selected because it offered a good compromise
between accuracy of the approximate solution and reasonable
computation time.

2.1.2. Piecewise linearization of the moisture content distribution
solution

The obtained solution gives the moisture content as a function
of time and the z-coordinate for each layer. Since the expression
is quite complex, it will require lengthy computation if it is directly
used to compute moisture induced-deformations. Therefore, the
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solution obtained for each layer was approximated for given times
tp by a piecewise-linear function.

Each layer was partitioned into J-intervals. The coordinates
(zi, j�1, zi, j) of the jth interval of the ith layer are given by

zi;j ¼ zi�1 þ j
ðzi � zi�1Þ

J
; i ¼ 1; . . . ;N; j ¼ 1; . . . ; J; ð10Þ

where zi represents the location of each layer. For a particular time
t = tp, the moisture content distribution obtained for the ith layer is
approximated for each interval by a linear function. The resulting
piecewise-linear function can be written for the ith layer as

Mlin;i;jðzÞ ¼ Mðzi;j�1; tpÞ þ
Mðzi;j; tpÞ �Mðzi;j�1; tpÞ

zi;j � zi;j�1

� �
z; j ¼ 1; . . . ; J:

ð11Þ

Hence, the moisture content distribution for a N-layer sheet at t = tp

can be expressed as:

MlinðzÞ ¼ Mlin;i;jðzÞ; zi;j�1 6 z 6 zi;j; i ¼ 1; . . . ;N; j ¼ 1; . . . ; J:

ð12Þ
2.2. Moisture-induced deformation prediction

Once the moisture content distribution can be predicted for a
particular time t = tp, the associated moisture-induced deforma-
tion may be calculated. The model developed to predict the re-
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Fig. 2. Transient moisture content distrib

Table 1
Properties of the three-layer paper sheet.

Layer 1 Layer 2 Layer 3

Thickness (mm)
h 0.100 0.132 0.115
Density (kg/m3)
q 448 343 535
Young’s moduli (GPa)
Ex 4.41 3.09 4.04
Ey 2.01 1.02 4.04
Shear modulus (GPa)
Gxy 1.04 0.59 1.46
Poisson’s ratio
myx 0.12 0.12 0.27
Moisture expansion coefficient (10�3/%)
bx 0.46 0.38 0.56
Moisture expansion coefficient (10�3/%)
by 1.38 1.57 0.56
Effective diffusion coefficient (10�11 m2/s)
D 6.90 13.92 7.73
sponse of a multi-layer paper or cardboard sheet to a through-
thickness moisture content distribution is based on Hyer’s
(1981b) approach. It is an extension of classical lamination the-
ory which accounts for geometrical nonlinearities. Polynomial
approximations of displacements are used in the expression of
the total potential energy and the Rayleigh–Ritz technique is
applied.

2.2.1. Computation of the total potential energy
Assuming a state of plane-stress, the total potential energy of

the multi-layer sheet, P, can be expressed as a function of material
and geometric properties of the sheet, moisture content change
DM, and the total strains by

P ¼ 1
2

Z Lx=2

�Lx=2

Z Ly=2

�Ly=2

Z H=2

�H=2

1
2

Q 11e2
x þ Q12eyex þ Q16cxyex

�

þ 1
2

Q 22e2
y þ Q 26cxyey þ

1
2

Q 66c2
xy

� Q 11ax þ Q 12ay þ Q16axyÞexDM
�
� Q 12ax þ Q 22ay þ Q26axyÞeyDM
�

�ðQ 16ax þ Q 26ay þ Q66axyÞcxyDM
�

dxdydz; ð13Þ

where Lx, Ly, and H are the lengths of the sheet in the x- and y-direc-
tions, and its thickness. The Qij terms are the transformed reduced
stiffness of the individual layer. Using the piecewise-linear function
defined by Eq. (12), the change in moisture content DM can be ex-
pressed at a particular time t = tp as

DMðzÞ ¼ MlinðzÞ �M0: ð14Þ

This equation applies the moisture content distribution determined
by the moisture diffusion model at time t = tp so that the deforma-
tion induced by the moisture content change can be calculated.

The total strains ex, ey, cxy are given by

ex

ey

cxy

8>>><>>>:
9>>>=>>>; ¼

e0
x

e0
y

c0
xy

8>>><>>>:
9>>>=>>>;þ z

jx

jy

jxy

8>>><>>>:
9>>>=>>>;: ð15Þ

The quantities e0
x ; e0

y ; c0
xy and jx, jy, jxy are the total midplane strains

and curvatures, respectively, defined by
0.1 0.2 0.3 0.4
mm)

t = 8.6 s 

t = 1.1 s

t = 0 s

Finite-element 
analysis 
 

Series solution (9) 

ution for a three-layer paper sheet.
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where the u0, v0, and w0 are the displacements of the midplane in
the x-, y-, and z-directions. Note that in the above equation the
geometric nonlinearities in the sense of von Karman are included.
The displacement components are approximated using the fol-
lowing polynomials:
11.4

11.6

11.8

12

12.2

12.4

12.6

12.8

-0.2 -0.15 -0.1 -0.05

z (m

M
o

is
tu

re
 c

o
n

te
n

t
M

 (
%

)

Fig. 3. Piecewise linear approximation of the
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u0ðx; yÞ ¼ cx� a2 x3

6
� abx

y2

4
ð17aÞ

v0ðx; yÞ ¼ dy� b2 y3

6
� aby

x2

4
ð17bÞ

w0ðx; yÞ ¼ 1
2
ðax2 þ by2Þ ð17cÞ

where the coordinates x and y are measured from the geomet-
ric center of the initially flat sheet. In these equations, param-
eters a and b represent the negative of the curvatures in the
x- and y-directions, respectively. Parameters c and d represent
the portion of the strains in the x-and y-directions that are
0 0.05 0.1 0.15 0.2

m)

Series solution (9)
Piecewise linear solution (12)

moisture content distribution (t = 200 s).

2000 2500 3000 3500

Developed model

Finite-element analysis

2000 2500 3000 3500

e (s)

versus time (Lx = Ly = 0.1 m).
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constant. These four parameters completely define the shape of
the sheet.

Back-substituting the assumed displacements into the defini-
tion of the midplane strains and curvatures, Eq. (16), and into the
total potential energy expression, Eq. (13), the spatial integrations
over x and y can be carried out. Finally, the moisture content
change function, Eq. (14), can be substituted into Eq. (13) and
the spatial integration over z can be calculated. The final result is
an algebraic expression for the total potential energy of the form

P ¼ Pða; b; c; dÞ; ð18Þ

which is valid for a particular time t = tp. Obviously, P is also a func-
tion of the layer material and geometric properties and implicitly
depends on the initial and boundary conditions used in the diffu-
sion model.

2.2.2. Minimization of the total potential energy
To study the deformation of the sheet caused by the change in

moisture content the variation of the total potential energy is used.
This is done by allowing variations of the four displacement coef-
ficients a, b, c, and d in Eq. (18),

Pðaþ da; bþ db; c þ dc;dþ ddÞ ¼ Pða; b; c;dÞ þ DP; ð19Þ

where

DP ¼ dPþ 1
2

d2Pþ 1
6

d3Pþ 1
24

d4P: ð20Þ

The quantities dP, d2P, and d4P are the first through fourth
variations of P, respectively. The first variation can be expressed
as
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Table 2
Properties of the NPB cardboard.

Layer h (mm) q (kg/m3) Ex (GPa) Ey (GPa) Gxy

1 0.059 1034 7.1 1.3 2.19
2 0.405 548 1.8 0.6 0.98
3 0.042 857 7.5 1.7 1.58

Table 3
Properties of the PB cardboard.

Layer h (mm) q (kg/m3) Ex (GPa) Ey (GPa) Gxy

1 0.059 1373 5.9 1.5 2.36
2 0.405 578 1.9 0.8 1.17
3 0.042 833 4.2 1.4 1.46
dP ¼ faða; b; c;dÞdaþ fbða; b; c; dÞdbþ fcða; b; c;dÞdc

þ fdða; b; c;dÞdd: ð21Þ

Equating the first variation to zero results in four nonlinear equilib-
rium equations of the form

faða; b; c; dÞ ¼ 0
fbða; b; c; dÞ ¼ 0
fcða; b; c; dÞ ¼ 0
fdða; b; c; dÞ ¼ 0:

ð22Þ

Solving these equations for a particular time t = tp gives the config-
uration of the sheet as it is subjected to a transient change in mois-
ture content. The stability of the configuration is assessed by
examining the second variation of the total potential energy. The
overall procedure has been implemented using MATHEMATICA�.

2.3. Numerical results

In this section the developed model is used to study the re-
sponse of a paper sheet subjected to transient moisture diffusion.
The sheet has a square shape with a 0.1-m side-length
(Lx = Ly = 0.1 m) and is composed of three layers. The properties
of these layers are given in Table 1. All properties were determined
experimentally (Bourque, 2008). Since the layers have different
properties, the sheet is unsymmetric relative to its midplane. Ini-
tially, the sheet is flat and has a uniform moisture content (M0)
of 14% which corresponds to ambient air at 75% relative humidity
(RH0). Suddenly, a 10.8%-moisture content (M1) is applied to the
outer surfaces which corresponds to air at 50% relative humidity
2000 2500 3000 3500

e (s)

Developed model

Finite-element analysis

heet corner versus time (Lx = Ly = 0.1 m).

(GPa) myx bx (10�3/%) by (10�3/%) D (10�11 m2/s)

0.16 0.14 1.72 5.7
0.09 0.30 1.34 5.7
0.15 0.28 1.94 5.7

(GPa) myx bx (10�3/%) by (10�3/%) D (10�11 m2/s)

0.17 0.16 1.30 5.7
0.11 0.32 1.04 5.7
0.16 0.34 1.92 5.7
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(RH1). The values for the different moisture contents were deter-
mined from an equilibrium moisture-sorption isotherm (Bourque,
2008). The convective mass transfer coefficient at the two outer
surfaces was evaluated at 5.39 � 10�6 kg/m2s% using equations gi-
ven in Siau (1995). During the moisture diffusion process the sheet
develops curvature. The objective is to demonstrate the ability of
the model to predict the moisture content distribution through
the thickness of the sheet and the induced deformation as a func-
tion of time during the diffusion process. The predictions will be
validated in the next section with finite-element analyses.

First, the developed model determines the distribution of the
moisture content in the three-layer paper sheet as a function of
time. Fig. 2 shows the through-thickness moisture content distri-
bution predicted by Eq. (9) at different times. The dashed lines
represented in the figure correspond to results from finite-ele-
ment analyses and will be discussed later. At t = 0, moisture con-
tent is supposed to be constant and equal to 14%. Some
deviations between the expected and approximate solution can
be observed since a very large number of terms in the series
solution is required to approximate a straight line. However,
for larger times the predicted moisture content distribution is
expected to be more accurate. As time increases, the moisture
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Fig. 6. Equilibrium configurations predicted by the steady-state analysis for the
NPB cardboard (obtained by Gendron et al. (2004)).
content in the sheet decreases. At t = 3600 s, steady state equilib-
rium is reached and the moisture content is constant and equal
to 10.8%.

Next, at different particular times the moisture content distri-
bution is approximated using the piecewise-linear function. An
example of the results obtained using the piecewise-linear func-
tion is shown in Fig. 3. The figure represents the moisture con-
tent distribution in the three-layer paper sheet at t = 200 s. The
dashed line corresponds to the series solution given by Eq. (9)
whereas the full line represents the piecewise linear function de-
fined by Eq. (12). The number of intervals used in the approxi-
mation is J = 6 (for each layer). As can be observed, the
correlation between the moisture content distribution predicted
by the series solution and the one predicted by the piecewise-
linear function is excellent. The selected interval number seems
to be sufficient and the value of J = 6 is kept for all subsequent
analyses.

Finally, the deformation induced by the moisture content
change predicted by the piecewise-linear function is computed.
The results are presented in Figs. 4 and 5, in the form of curvatures
in the x- and y-directions, i.e. (-a), (-b), and out-of-plane displace-
ment w0 at (x = Lx/2, y = Ly/2) versus time. The dashed lines repre-
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Fig. 7. Equilibrium configurations predicted by the steady-state analysis for the PB
cardboard (obtained by Gendron et al. (2004)).
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sented in the figures correspond to results from finite-element
analyses and will be discussed later. Referring to the figures, at
t = 0, the curvatures and the corner displacement are zero since
the sheet is initially flat. As soon as the moisture diffusion starts,
the curvature in the y-direction and the corner displacement sud-
denly increases. The curvature in the x-direction remains zero
through the diffusion process. Therefore, the sheet takes a cylindri-
cal shape with its generator parallel to the x-axis. As time in-
creases, the curvature and displacement keep increasing but at a
slower rate. They attained constant values when steady state equi-
librium is reached at t = 3600 s.

3. Finite-element analysis

To validate the numerical results obtained with the developed
model, finite-element analyses were performed using the com-
mercial software ABAQUS. The three-layer sheet was modelled
using a mesh of 100 8-node-shell elements (S8RT). The sheet
was free on the edges but clamped at the node at the geometric
center of the sheet. Initial moisture content was applied and
convective boundary conditions were specified at the outer sur-
faces. Geometric nonlinearities were taken into account and a
fully transient coupled moisture-displacement analysis was per-
formed. At each time increment, the moisture content distribu-
tion through the thickness was computed and the associated
induced displacements obtained. Average values for the curva-
-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

C
u

rv
at

u
re

 K
x
 (

m
-1

)

(1)

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0 500 1000 1500

0 500 1000 1500

Ti

C
u

rv
at

u
re

 K
y

(m
-1

)

(1)

Fig. 8. Curvatures versus tim
tures were obtained by fitting the out-of-plane displacement
computed by ABAQUS with Eq. (17c). The moisture content dis-
tribution predicted by the finite-element analysis is represented
in Fig. 2 for different times. As can be observed in the figure, the
moisture content distributions computed by the present model
correlate well with the finite-element predictions once the first
second is passed. For 0 < t < 1 s, the number of terms used in
the series solution is not large enough to accurately predict
the moisture content near the outer surfaces of the sheet. How-
ever, the present model quite accurately predicts the moisture
content in the sheet away from the outer surfaces. The average
curvatures determined from the finite-element analysis are pre-
sented as a function of time in Fig. 4. As predicted by the pres-
ent model, the curvature in the x-direction remains zero.
Correlation for the curvature in the y-direction is also very good.
The curvature determined by the finite-element analysis is just
slightly lower than the one predicted by the present model. Fi-
nally, the out-of-plane displacement predicted by the finite-ele-
ment analysis at one of the sheet corners located at (x = Lx/2,
y = Ly/2) is presented in Fig. 5. Good correlation can be observed
at the beginning of the moisture diffusion process but as steady-
state equilibrium is reached, the out-of-plane displacement pre-
dicted by the finite-element model is about 2% lower than the
one predicted by the present model. From comparisons estab-
lished between the finite-element analysis results and the pre-
dictions from the present model, it is clear that the model can
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quite accurately predict the deformation induced by a transient
change of moisture content in a multi-layer sheet. In the next
section, the developed model is used to check the results of a
study conducted by Gendron et al. (2004) on the hygro-mechan-
ical deformation of two cardboard layups.

4. Case study

4.1. Steady-state response of the two cardboard layups

Gendron et al. (2004) studied the steady-state response of
two cardboard layups subjected to a uniform change in moisture
content. Each sheet had a three-layer unsymmetric construction.
The properties of the two cardboard layers are given in Tables 2
and 3. The properties were determined experimentally except for
the effective diffusion coefficient D which was assumed (Siau,
1995). One layup is designated PB and the other one NPB. The
cardboard pieces were square with a 0.3-m side-length. The
steady-state deformations induced by a 5%-moisture content
change were predicted using a finite-element model and a
semi-analytical model based on Hyer’s (1981b) theory. Both
models took non linear von Karman strain-displacement rela-
tionships into account. The finite-element model predicted that
the final configuration of the NPB layup was cylindrical with a
generator parallel to the x-axis. The maximum value for the
out-of-plane displacement was 17.5 mm. For the PB layup, the fi-
nal configuration predicted by the finite-element model was also
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Fig. 9. Curvatures versus tim
cylindrical but with a generator parallel to the y-axis. The max-
imum value for the out-of-plane displacement was in this case
42.6 mm. The semi-analytical model predicted that both card-
board layups would have three steady-state equilibrium configu-
rations as shown in Figs. 6 and 7. It was found that the two
cylindrical shapes (1 and 2) are stable and that the bowl shape
(3) is unstable. Among the two cylindrical shapes, configuration
1 presents the lowest energy and should be the actual equilib-
rium shape. It corresponds to the shape predicted by the fi-
nite-element analyses.

4.2. Transient response of the two cardboard layups

The model presented in this paper was used to predict the
transient behaviour of the two cardboard layups subjected to a
5%-moisture content change. Properties given in Tables 2 and 3
were used and the convective mass transfer coefficient was as-
sumed to be equal to 3.2 � 10�4 kg/m2s% at the two outer sur-
faces (Cloutier and Gendron, 2001). The objective of the
analyses is to study the ability of the developed model to predict
the occurrence of multiple equilibrium configurations as a func-
tion of time.

The results of the transient model are presented in Figs. 8 and
9. Finite-element results are also presented in the figures and
will be discussed later. Fig. 8 shows the curvatures in the x-
and y-directions as a function of time for the NPB cardboard.
At t = 0, the curvatures are zero and the sheet is flat. For
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0 < t < 0.28 s, curvature jx rapidly increases in magnitude
whereas curvature jy first increases and then decreases to ap-
proach zero. There is only one solution, denoted (1) in the figure.
From t = 0.28 s, two other solutions appear and remain present
until steady-state equilibrium is reached. These solutions are de-
noted (2) and (3) in the graphs. When steady-state equilibrium
is reached, solution (1) corresponds to a cylindrical shape with
a generator parallel to the y-axis (jx < 0, jy ffi 0) whereas solu-
tion (2) corresponds to a cylindrical shape with a generator par-
allel to the x-axis (jx ffi 0, jy < 0). Solution (3) corresponds to a
shallow bowl shape (jx < 0, jy < 0). A stability analysis shows
that the bowl shape (3) is unstable and that the two cylindrical
shapes (1) and (2) are stable. Shape (1) presents the lowest po-
tential energy and should correspond to the actual equilibrium
state.

Fig. 9 presents the curvatures in the x- and y-directions as a
function of time predicted by the transient model for the PB
cardboard. At t = 0, the curvatures are zero and the sheet is flat.
For 0 < t < 0.7 s, curvature jx rapidly increases in magnitude
whereas curvature jy remains close to zero. There is only one
solution, denoted (1) in the figure. From t = 0.7 s, two other solu-
tions appear and remain present until the steady-state equilib-
rium is reached. These solutions are denoted (2) and (3) in the
graphs. When steady-state equilibrium is reached, solution (1)
corresponds to a cylindrical shape with a generator parallel to
0
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b- Configuration predicted by the t
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Fig. 10. Actual equilibrium configurations pre
the y-axis (jx < 0, jy ffi 0). Solution (2) also corresponds to a
cylindrical shape but with a generator parallel to the x-axis
(jx ffi 0, jy < 0). Finally, solution (3) corresponds to a shallow
bowl shape (jx < 0, jy < 0). A stability analysis shows that the
bowl shape (3) is unstable and that the two cylindrical shapes
(1) and (2) are stable. As for the NPB cardboard, shape (1) pre-
sents the lowest potential energy and should correspond to the
actual equilibrium state.

Additionally, transient finite-element analyses were per-
formed to validate the predictions obtained with the developed
model for the two cardboards. The average curvatures deter-
mined from the finite-element analyses are presented as a func-
tion of time in Figs. 8 and 9. As is observed in the figures, the
finite-element predictions follow solution (1) obtained with the
developed model quite closely. The major curvature is just
slightly lower than the one predicted by the developed model.
The major curvatures for the NPB and the PB cardboards are,
respectively, 11% and 6% lower than the ones predicted by
the developed model. Finally, the out-of-plane displacement
predicted for steady state condition by the finite-element anal-
yses for the NPB and PB cardboards are presented in Figs. 10
and 11, respectively. For the purpose of comparison, the actual
equilibrium shapes predicted by the developed model are indi-
cated. As observed in the two figures, the shapes predicted by
the finite-element analysis are identical to the ones predicted
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by the developed model. For the NPB cardboard, the maximum
displacement predicted by the developed model is 26.4 mm
which is very close to the value of 24.8 mm predicted by the
finite-element analysis. For the PB cardboard, the maximum
displacement predicted by the developed model is 44.4 mm
compared to the value of 42.5 mm obtained with the finite-ele-
ment model.

4.3. Discussion

The predictions obtained with the transient analyses can be
compared to the ones obtained with the steady-state analyses
by Gendron et al. (2004). First, considering the PB cardboard,
the equilibrium shapes predicted by the transient analyses
shown in Fig. 11 are similar to the one predicted by the stea-
dy-state analysis shown in Fig. 7a. However, for the NPB card-
board the shapes are not the same. The steady state analysis
predicted that the shape was cylindrical with a generator paral-
lel to the x-axis as shown in Fig. 6a. Curiously, the transient
analyses predicted that the shape was cylindrical but with a
generator parallel to the y-axis as shown in Fig. 10. The maxi-
mum displacement is also larger for the transient analysis than
for the steady-state analysis (26.4 mm against 17.5 mm).
Although surprising, this result is very interesting. It indicates
that to adequately predict the hygro-mechanical deformation
in a multi-layer paper or cardboard sheet the transient diffusion
of moisture through the sheet thickness needs to be taken into
account.
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5. Summary and conclusions

This paper has presented the transient response of multi-layer
sheets made of paper or cardboard subjected to moisture diffusion
through the thickness. A model using de Monte’s (2002) technique
to solve the moisture diffusion equations and based on Hyer’s
(1981b) approach to predict the moisture-induced deformation
has been developed. The model predicts the through-thickness
moisture content distribution as a function of time. From these re-
sults, the moisture-induced deformation can be determined for dif-
ferent time values. The model was used to study the behaviour of a
three-layer paper sheet and two three-layer cardboard sheets.
Depending on the sheet type and the time values, the model pre-
dicts one or three equilibrium configurations. One of the three
equilibrium configurations is always unstable. Among the two sta-
ble ones, the one which presents the lowest strain energy is consid-
ered as the actual equilibrium state. Finite-element analyses were
also performed to validate the model predictions. Comparison be-
tween the predictions from the present model and the finite-ele-
ment analyses demonstrate that the model can quite accurately
predict the deformation behaviour of sheets subjected to transient
moisture diffusion.

The predictions obtained for the two cardboard sheets were
compared to predictions previously obtained using steady-state
analyses. The comparison revealed important differences in the
shapes predicted for one cardboard sheet. This result suggests that
the moisture diffusion process may influence the configuration as-
sumed by a sheet at steady-state equilibrium. Therefore, it is nec-
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essary to take the moisture diffusion in the analysis into account to
accurately predict the hygro-mechanical behaviour of paper or
cardboard sheets.

Being able to predict the different equilibrium configurations as
a function of time is important for studying and understanding the
hygro-mechanical behaviour of paper or cardboard. It provides
very valuable insight on whether a sheet may have a tendency to
snap and change shape from one equilibrium configuration to an-
other as relative humidity changes. The developed model also pre-
sents other advantages. It is simple to use, can perform
computations quickly, and can be used for parametric studies.
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