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0. Introduction

This paper is a sequel to [13] and the fulfillment of the hope expressed there that the main re-
sult of that paper can be used to compute initial ideals, with respect to certain ‘natural’ term orders,
of ideals of tangent cones (at torus fixed points) to Schubert varieties in orthogonal Grassmannians.
Any such initial ideal turns out to be generated by square-free monomials and therefore defines the
Stanley-Reisner face ring of a simplicial complex. We identify this complex (Theorem 1.8.1). The max-
imal faces of this complex encode a certain set of non-intersecting lattice paths (Remark 1.8.2).

The analogous problem for Grassmannians has been addressed in [10,7,8,11] and for symplectic
Grassmannians in [4]. Just as the ideals of tangent cones in those cases are generated respectively
by determinants of generic matrices and determinants of generic symmetric matrices, so the ideals
in the present case are generated by Pfaffians of generic skew symmetric matrices: see Section 1.5.
The ideal generated by all Pfaffians of a fixed degree of a generic skew-symmetric matrix occurs as a
special case: see Section 1.5.1. Initial ideals in the special case have been computed in [5,6], but the
term orders there are very different from ours: the Pfaffian generators are a Grobner basis for those
term orders but not for ours.

The present case of orthogonal Grassmannians features a novel difficulty not encountered with
either Grassmannians or symplectic Grassmannians. Namely, when one tries, following the analogy
with those cases, to compute the initial ideal from the knowledge of the Hilbert function (as obtained
in [13]), it becomes evident that, in contrast to those cases, the natural generators of the ideal of
a tangent cone—the Pfaffians mentioned above—do not form a Grébner basis in any ‘natural’ term
order: see Remark 1.9.1. Here what it means for a term order to be ‘natural’ is dictated by [13]: to
each Pfaffian there is naturally associated a monomial which is a term in it, and a term order is
natural if the initial term with respect to it of any Pfaffian is the associated monomial. This difficulty
is overcome by the main technical result Lemma 4.2.1.

There is another naturally related question that asks if something slightly weaker continues to
hold for orthogonal Grassmannians: namely, whether the initial ideals of a tangent cone with respect
to natural term orders are all the same. This too fails: see Remark 1.9.2. In other words, the nat-
uralness of a term order turns out not be a strong determiner, unlike for ordinary and symplectic
Grassmannians.

This paper is organized as follows: the result is stated in Section 1 and proved in Section 4 after
preparations in Sections 2, 3. There is heavy reliance on the combinatorial definitions and construc-
tions of [13]. Fortunately, however, only the statement and not the proof of the main theorem there
is used.

1. The theorem

The whole of this section (except for Sections 1.5.1, 1.9) is aimed towards the precise statement
of our result, which appears in Section 1.8, after preparations in Sections 1.1-1.6. For full details
about the set up described, see [13]. In Section 1.9 the difficulty peculiar to orthogonal Grassmannians
mentioned in the introduction is illustrated by means of an example.
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1.1. Initial statement of the problem

Fix once for all a base field ¢ that is algebraically closed and of characteristic not equal to 2. Fix
a natural number d, a vector space V of dimension 2d, and a non-degenerate symmetric bilinear
form (,) on V. For k any integer, let k* := 2d + 1 — k. Fix a basis eq, ..., eyq of V such that

1 if i =k*,
(ei,ex) = .
0 otherwise.

Denote by SO(V) the group of linear automorphisms of V that preserve the form (, ) and also the vol-
ume form. Denote by 93(V)’ the closed sub-variety of the Grassmannian of d-dimensional subspaces
consisting of the points corresponding to isotropic subspaces. The action of SO(V) on V induces an
action on My (V)'. There are two orbits for this action. These orbits are isomorphic: acting by a linear
automorphism that preserves the form but not the volume form gives an isomorphism. We denote by
M4(V) the orbit of the span of eq, ..., ey and call it the (even) orthogonal Grassmannian.

The Schubert varieties of 9t3(V) are defined to be the B-orbit closures in 2t;(V) (with canonical
reduced scheme structure), where B is a Borel subgroup of SO(V). The problem that is tackled in
this paper is this: given a point on a Schubert variety in 9t;(V), compute the initial ideal, with
respect to some convenient term order, of the ideal of functions vanishing on the tangent cone to the
Schubert variety at the given point. The term order is specified in Section 1.6, and the answer given
in Theorem 1.8.1.

Orthogonal Grassmannians and Schubert varieties in them can, of course, also be defined when
the dimension of the vector space V is odd. As is well known and recalled with proof in [13], such
Schubert varieties are isomorphic to those in even orthogonal Grassmannians. The results of this paper
would therefore apply also to them.

1.2. The problem restated

We take B to be the subgroup consisting of elements that are upper triangular with respect to the
basis e, ..., eyq. The subgroup T consisting of elements that are diagonal with respect to e, ..., exq
is @ maximal torus of SO(V). The B-orbits of 9t;(V) are naturally indexed by its T-fixed points: each
orbit contains one and only one such point. The T-fixed points of 9t;(V) are easily seen to be of the
form (e;,, ..., ej,) for {i1,...,ig} in I(d), where I(d) is the set of subsets of {1, ..., 2d} of cardinality d
satisfying the following two conditions:

e for each k, 1 <k <d, there does not exist j, 1 < j <d, such that i;: =ij—in other words, for
each ¢, 1 << 2d, exactly one of ¢ and ¢* appears in {i1,...,i4};
e the parity is even of the number of elements of the subset that are (strictly) greater than d.

Let I(d, 2d) denote the set of all subsets of cardinality d of {1,...,2d}. We use symbols v, w, ...
to denote elements of I(d, 2d) (in particular, those of I(d)). The members of v are denoted v, ..., vq,
with the convention that 1 < vy < --- < v4 < 2d. There is a natural partial order on I(d, 2d): v < w,
if vi<wy,...,vg<wy.

The point of the orthogonal Grassmannian i;(V) that is the span of ey ,... ey, for v e I(d)
is denoted ¢". The B-orbit closure of ¢' is denoted X(v). The point ¢¥ (and therefore the Schubert
variety X(v)) is contained in the Schubert variety X(w) if and only if v < w.

Our problem can now be stated thus: given elements v < w of I(d), find the initial ideal of func-
tions vanishing on the tangent cone at ¢” to the Schubert variety X(w). The tangent cone being a
subvariety of the tangent space at ¢¥ to 914(V), we first choose a convenient set of co-ordinates for
the tangent space. But for that we need to fix some notation.

1.3. Basic notation
Let an element v of I(d) remain fixed. We will be dealing extensively with ordered pairs (r, ¢),

1< r,c<2d, such that r is not and c is an entry of v. Let ‘R denote the set of all such ordered pairs,
and set



666 K.N. Raghavan, S. Upadhyay / Journal of Combinatorial Theory, Series A 116 (2009) 663-683

N:={r,0)eR|r>c},

boundary
ONR:={(r,c)eR|r<c*}, of M
ON={(r.0)eR|r>c, r<c*}=0RNN, i )
v:={r.0eR|r=c}, (T, ¢) e ,

The picture shows a drawing of fR. We think of r and c in (r,¢) as row index and column index,
respectively. The columns are indexed from left to right by the entries of v in ascending order, the
rows from top to bottom by the entries of {1,...,2d}\ v in ascending order. The points of o are those
on the diagonal, the points of DR are those that are (strictly) above the diagonal, and the points
of 91 are those that are to the South-West of the poly-line captioned ‘boundary of 9t'—we draw the
boundary so that points on the boundary belong to 9i. The reader can readily verify that d = 13
and v=(1,2,3,4,6,7,10,11,13, 15, 18,19, 22) for the particular picture drawn. The points of O
indicated by solid circles form a v-chain (see Section 1.7 below).

We will be considering monomials, also called multisets, in some of these sets. A monomial, as
usual, is a subset with each member being allowed a multiplicity (taking values in the non-negative
integers). The degree of a monomial has also the usual sense: it is the sum of the multiplicities in the
monomial over all elements of the set. The intersection of a monomial in a set with a subset of the
set has also the natural meaning: it is a monomial in the subset, the multiplicities being those in the
original monomial.

We will refer to 0 as the diagonal. For an element of o = (r, ¢) of R, we call (r,r*) and (c, c*) its
horizontal and vertical projections (on the diagonal); they are denoted by py(«) and p, (@), respectively.
For (r,c) in OMN, its vertical projection belongs to 9 but not always so its horizontal projection. The
term projection when not further qualified means either a vertical or horizontal projection.

1.4. The tangent space to My (V) at ¢

Let My(V) C G4(V) — IP’(/\d V) be the Pliicker embedding (where G4(V) denotes the Grassman-
nian of all d-dimensional subspaces of V). For 6 in I(d, 2d), where I(d, 2d) denotes the set of subsets
of cardinality d of {1,...,2d}, let pg denote the corresponding Pliicker coordinate. Consider the affine
patch A of P(/\d V) given by py # 0, where v is some fixed element of I(d) (C I(d, 2d)). The affine
patch AY :=90t;(V) N A of the orthogonal Grassmannian 9t;(V) is an affine space whose coordinate
ring can be taken to be the polynomial ring in variables of the form X ¢ with (r,c) € OfR. Taking
d=5and v=(1,3,4,6,9) for example, a general element of AV has a basis consisting of column
vectors of a matrix of the following form:

1 0 0 0 0
X1 X3 Xu Xz 0
0 1 0 0 0
0 0 1 0 0
Xs1 Xs3  Xsa 0 —Xo (141)
0 0 0 1 0
X X7 0 —Xsa —Xos
Xs1 0 —X73 —Xs3 —Xo3
0 0 0 0 1

0 —Xg1 —Xnn —Xs1 —Xn
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The origin of the affine space AY, namely the point at which all X ¢ vanish, corresponds clearly
to ¢'. The tangent space to My (V) at ¢¥ can therefore be identified with the affine space AV with
co-ordinate functions X c).

1.5. The ideal I of the tangent cone to X (w) at ¢¥

Fix elements v < w of I(d). Set Y(w) := X(w) N AY, where X(w) is the Schubert variety indexed
by w and AV is the affine patch around ¢" as in Section 1.4. From [14,12] we can deduce a set of
generators for the ideal I of functions on AY vanishing on Y(w) (see for example [13, §3.2.2]). We
recall this result now.

In the matrix (1.4.1), columns are numbered by the entries of v, the rows by 1, ..., 2d. For 6 € I(d),
consider the submatrix given by the rows numbered 6 \ v and columns numbered v \ 6. Such a
submatrix being of even size and skew-symmetric along the anti-diagonal, we can define its Pfaffian
(see Section 3). Let fs denote this Pfaffian. We have'

I=(fr|tel@, T £w). (1.5.1)

We are interested in the tangent cone to X(w) at ¢" or, what is the same, the tangent cone to
Y(w) C AV at the origin. Observe that fy is a homogeneous polynomial of degree the v-degree of 6,
where the v-degree of 6 is defined as one half of the cardinality of v \ 6. Because of this, Y (w) itself
is a cone and so equal to its tangent cone. The ideal of the tangent cone is therefore the ideal I
in (1.5.1).

1.5.1. A special case

The ideal generated by all Pfaffians of a given degree r of a generic skew-symmetric s x s matrix
occurs as a special case of the ideal I in (1.5.1): taked=s,v=(1,...,d),and w=2r—1,...,d,2d —
2r+3,...,2d) (w consists of two blocks of consecutive integers). The initial ideals in this special
case, with respect to certain term orders, have been computed in [5,6]. The Pfaffian generators are a
Grobner basis for those orders unlike for ours: see Section 1.9.

1.6. The term order

We now specify the term order(s) > on monomials in the co-ordinate functions (of the tangent
space at a torus fixed point) with respect to which the initial ideals in our theorem are to be taken.

Fix an element v of I(d). Let >1 and >, be total orders on O satisfying the following conditions.
For bothi=1 and i =2:

e a>;fifaeON, B OR\ON, and the row indices of & and B are equal;
e o> B if « € ON, B € ON, the row indices of o and B are equal, and the column index of «
exceeds that of 8.

In addition:

e o >1 f8 (respectively o <3 B) if @ € ON, B € OR and the row index of « is less than that of B.

Let > be one of the following term orders on monomials in R (terminology as in [3, pp. 329, 330]):

e the homogeneous lexicographic order with respect to >1;
e the reverse lexicographic order with respect to >;.

T A subset S of a poset P with relation < is an ideal if p > s with s€ S and p € P implies p € S (or, sometimes, dually,
if s < p with se S and p € P implies p € S). For an element p of a poset P the subset {s€ P |s ;{ p}, evidently an ideal in
this sense, is called the ideal cogenerated by p. With this convention, the ideal of (1.5.1) is cogenerated, for it is generated by
Pfaffians f; corresponding to elements t of the ideal co-generated by w of I(d). It is well known that cogenerated ideals arise
naturally in the theory of determinantal rings and varieties: see for example [1]; and [2] specifically for the case of Pfaffian
ideals.
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1.6.1. A non-standard possibility for the term order
Here is another (somewhat non-standard) possibility for the term order >. We prescribe it in
several steps. Let & and ¥ be distinct monomials in DR.

e If degS > deg¥ then G > %.

e Suppose that deg& = deg¥. Then look at the set of all projections (both vertical and horizontal,
including multiplicities) on the diagonal of elements of G and ¥—some of these projections may
be in 9 and not in M. Let r{ >--->ry and 1} >--- > r/Zk be respectively the row numbers of
these projections for & and ¥. If the two sequences are different, then S > T if rj > r; for the
least j such that rj #r’.

e Suppose that the projections on the diagonal of & and ¥ are the same. Consider the column
numbers of elements in both G and ¥ that give rise to the projection with the least row number
(namely ry, = r/Zk). Suppose ¢1 > --- > ¢ and ¢} > --- > ¢, are these numbers respectively for &
and T. If these sequences are different, then let j be the least integer j such that cj # c}. The
following three cases can arise:

(a) Both (ry, cj) and (ryk, cg,) are outside OM.
(b) Exactly one of (ry, c]) and (ry, C%) belongs to ON.
(c) Both (ry, cj) and (ry, C? are inside ON.

In case (a), we say that & > ¥ if c; < C; ie., (r2k,cj.) is more towards O91 than (r2,<,cg). In
case (b), we say that & > ¥ if (ry, c}.) € O and (ry, c%) ¢ OMN. In case (c), we say that & > T if

/
C: > C-.
S

If the sequences c¢; > --- > ¢; and c’1 > > C% are the same, then there is an equality of sub-
monomials of & and ¥ consisting of those elements with row numbers ry, = rék. We remove this
sub-monomial from both & and ¥ and then appeal to an induction on the degree.

This finishes the description of the term order r>.
1.7. v-Chains and ©-domination

The description of the initial ideal in our theorem is in terms of $D-domination of monomials. We
now recall this notion from [13]. An element v of I(d) remains fixed.

For elements a = (R, C), B = (r,c¢) of ON (or more generally of JR), we write o > 8 if R >r and
C <c. A sequence o1 > --- > o of elements of D (or of N) is called a v-chain. The points indicated
by solid circles in the picture in Section 1.3 form a v-chain. (For the statement of the theorem we
need only consider v-chains in O9t but for the proof we will also need v-chains in 9. The term
‘v-chain’ without further qualification means one in O91.)

To each v-chain C there is associated an element w¢ (or w(C)) of I(d): see [13, §2.2]. An ele-
ment w of I(d) OD-dominates a v-chain C if w > w(C); it O-dominates a monomial & in O if it
9-dominates every v-chain in & N ON.

1.8. The theorem

We are now ready to state our theorem. Let ¢ be a field, algebraically closed and of characteristic
not 2. Let d be a positive integer and 9t;(V) the (even) orthogonal Grassmannian over £ (Section 1.1).
Let v < w elements of I(d), X(w) the Schubert variety in 913(V) corresponding to w, and ¢" the
torus fixed point in Mig(V) corresponding to v (Section 1.2). Let P denote the polynomial ring £[Xg |
B € DR, the co-ordinate ring of the tangent space AV to Miy(V) at ¢ (Sections 1.3, 1.4). Let I denote
the ideal (1.5.1) in P of functions vanishing on the tangent cone to X(w) at ¢¥ (Section 1.5). Let iny I
denote the initial ideal of I with respect to the term order > (Section 1.6).
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Theorem 1.8.1. The initial ideal iny I has a vector space basis over ¢ consisting of monomials in DR not O-
dominated by w (Section 1.7). In other words, the quotient ring P/ iny I is the Stanley-Reisner face ring of the
simplicial complex with vertices OR and faces the square-free monomials O-dominated by w.

Proof. The main theorem of [13] asserts that the dimension as a vector space of the graded piece
of P/I of degree d equals the cardinality of the monomials in OfR of degree d that are D-dominated
by w. Since P/I and P/iny I have the same Hilbert function, the same is true with P/I replaced by
P/iny I. It is therefore enough to show that every monomial in OfR that is not O-dominated by w
belongs to iny I, and this is proved in Section 4. O

Remark 1.8.2. The maximal faces of the simplicial complex, i.e., the square-free monomials in DR
maximal with respect to being ©D-dominated by w, encode a certain set of non-intersecting lattice
paths: see [13, Part IV].

1.9. An example

Let v in I(d) be fixed. To every element T > v of I(d) there is naturally associated a monomial
in ONM (S ONR). Namely, with terminology and notation as in [13], it is the result of the application of
the map D¢ to the standard monomial t. This monomial occurs as a term in the Pfaffian f; defined
in Section 1.5.2

Remark 1.9.1. Suppose we have a term order > on monomials in DR such that, for every 7 > v
in I(d), the initial term of the Pfaffian f; equals the monomial associated to t as above: the term
orders > of Section 1.6 are examples. It is natural to expect that, for w > v fixed, the generators f,
7 in I(d) such that T £ w, of the ideal I (1.5.1) form a Grébner basis with respect to >. The analogous
statements for Grassmannians and symplectic Grassmannians are true [7,4]. But this expectation fails
rather spectacularly (i.e., even in the simplest examples), as we now observe.

Take d =5 and v = (1, 2, 3,4, 5). Then the top half of the matrix (1.4.1) is the identity matrix and
the bottom half looks like this:

a b c d 0
e f g 0 —d
h i 0 —g ——c
i 0 —i —f —b
0 —j —h —e —a
Consider the ideal generated by all Pfaffians of degree 2 of the above matrix. As observed in Sec-

tion 1.5.1, this is the ideal I of (1.5.1) with w = (3,4,5,9, 10). There are 5 Pfaffians of degree 2
corresponding to the 5 values of T in I(d) such that T £ w:

1,6,7,8,9), (2,6,7,8,10), (3,6,7,9,10), (4,6,8,9,10), (5,7,8,9,10).

They are respectively (see Eq. (3.1.1))

di—cf +bg, dh—ce+ag, dj—be+af, cj—bh+ai, gj— fh+ei. (1.9.1)

The monomials of O attached to the 5 elements T above are respectively

2 It is quite likely (and would be nice to know) that the map D¢ is a kind of Knuth-Robinson-Schensted (KRS) correspon-
dence, for

1. the corresponding map in the case of the Grassmannian has been realized as ‘bounded’ KRS correspondence [9].
2. in [5] the passage from a Pfaffian to its initial term is via KRS correspondence (the term orders of [5] being different from
ours notwithstanding).
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di, dh, dj, cj, gj. (1.9.2)

The ideal generated by these monomials does not contain any of the terms in the following element
of I:

—h(di — cf +bg) +i(dh — ce +ag) = cfh — bgh — cei + agi. (1.9.3)

So the Pfaffians f; above are not a Grobner basis with respect to >.3
On the other hand, the initial terms of the Pfaffians f; above with respect to the term order in [5]
are respectively

bg, ag, af, ai, ei.

The Pfaffians f; above are a Grébner basis with respect to that term order [5].

Remark 1.9.2. The expectation in Remark 1.9.1 having failed, we could ask whether a weakening of
it—also very natural—holds: are the initial ideals of a tangent cone to X(w) with respect to various
natural term orders all the same (namely, generated by monomials not ©-dominated by w)? But this
too fails as we now observe.

Consider the example discussed above. Identify DR = O with the variables a, b, ..., j. Consider
the degree lexicographic order on monomials in these variables with respect to a total order on the
variables in which d is bigger than q, b, c, e, f, g; and j is bigger than q, b, e, f, h, i. It is readily
verified that this term order is natural in the sense that it satisfies the condition in Remark 1.9.1:
there are 16 elements of I(d): v, the 5 listed above, and 10 others the associated Pfaffians for which
are respectively the 10 variables.

Now take a total order that looks like d > j > a > --- (the rest can come in any order). The cor-
responding term order picks out agi as the initial term of the element of I’ in Eq. (1.9.3), but the
monomial agi is O-dominated by w as follows readily from the definitions.

2. New forms of a v-chain

In this section, we construct new v-chains, called new forms, from a given one. New forms play
a crucial role in the proof of the main Lemma 4.2.1. In fact, one may say that their construction,
given in Section 2.2 below, is the main idea in the proof. A key property of new forms is recorded
in Section 2.3. In Section 2.4 is described an association—not that of [13]—of an element y¢ of I(d) to
a v-chain C. The elements y¢ also play a crucial in the proof.

An element v of I(d) remains fixed throughout.

2.1. Some conventions

We will often have to compare diagonal elements of 2R (Section 1.3) with each other. With re-
gard to such elements, the phrases smaller than and greater than (and correspondingly the symbols <
and >) mean respectively ‘to the North-East of and ‘to the South-West of.” We use these phrases in
their strict sense only: ‘smaller than’ means in particular ‘not equal to.” This is consistent with the
definition of the relation > on fR in Section 1.7.

With regard to a v-chain (whether in O or in 91), such terms as ‘the first element,’ ‘the last ele-
ment,” ‘predecessor of a given element’ have the obvious meaning: in o > - -+ > @, the first element
is aq, the last oy, the immediate predecessor of « is 1, etc.

3 We claim, moreover, that there cannot exist a Grébner basis that is also a minimal set of generators. Indeed, any Grobner
basis must have elements whose initial terms are as in (1.9.2). These elements must be homogeneous of degree 2 (because
higher degree terms are more initial than lower degree terms) and linearly independent over the field (because their initial
terms are). This means that the Pfaffians (1.9.1) belong to the ideal generated by these elements, and therefore the elements
must generate the entire ideal.

On the other hand there must exist an element in the Grobner basis whose initial term is that of the element (1.9.3). But
such an element is redundant as a generator of the ideal.
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Two elements o > 8 of O are intertwined if their legs (see the picture in Section 1.3) intertwine,
or, more precisely, the vertical projection of 8 dominates the horizontal projection of «. An inter-
twined component of a v-chain aq > --- > apy has the obvious meaning: it is a block o > --- > «
of consecutive elements such that, o > 41 is intertwined for i <k < j, and o1 > o, o > ojqq
are not intertwined (in case i > 1, j < m, respectively). Clearly a v-chain C can be decomposed as
C1 > --- > Cy into its intertwined components. Observe that, in all intertwined components except
perhaps the last, projections of all elements belong to 9t. A v-chain is intertwined if it consists of a
single intertwined component.

Let F be an intertwined v-chain. We define Proj F to be the set (not multiset) of the projections
of all its elements on the diagonal. Let A be the smallest of all the projections. Set

Proj F if Proj F has even cardinality,
Proj€ F :=

Proj F \ {A} otherwise.

For a v-chain C with intertwined components C; > --- > Cy, set

Proj C :=Proj®C; U -- UProj® Cy_1 UProjCy,
Proj€ C := Proj¢ C; U - - - U Proj€ Cy_1 U Proj® Cy.

For elements (R, C), (r,c) in N, we say that (R, C) dominates (r,c) if R >r and C < c. If the
elements belong to the diagonal, to say (R, C) dominates (r, c) is equivalent to saying (R, C) > (r,¢)
(see the first paragraph above). Given v-chains C: @1 >---> Wy and D: vy > --- > v, in N, we say
that D dominates C if n >m and v; dominates w; for i, 1 <i<m.

2.2. The construction

Let E be a (non-empty) v-chain. The construction of a new form depends on two choices. The first
of these is a cut-off, the choice of an element of E. Let us write E as C > D, where C is the part of E
up-to and including the cut-off and D the rest of E. Of course, D can be empty—this happens if and
only if the cut-off is the last element of E—but C is never empty.

Suppose such a cut-off is chosen. Let us write the v-chain E as C; > --- > Cy_1 > C¢ > D1 >
Dy > ---, where C; > --- > C; is the decomposition of C into intertwined components, C; > D1 is
the intertwined component containing C; of C > D (with Dq possibly empty), and Dy > --- is the
decomposition of D \ Dy into intertwined components. We will assume in the sequel that C, has at
least two elements—one may also just say that there are no new forms of C obtained from the choice
of this cut-off in case this condition is not met. . o _

The new form E of E is defined* to be G >...>Cp_1>Cy>Dq>---, where a,...,Cg_l, and Cy
are as described below. Note that the part D of E beyond the cut-off does not undergo any change. It
will be obvious that (1) the vertical projection of the first element does not change in passing from C;
to Ej or 61 (2) the horizontal projection of the last element gets no smaller in passing from C; to 61;
and (3) the horizontal (respectively vertlcal) projection of the last element gets blgger (respectlvely
no smaller) in passing from C; to C;. We are therefore justified in writing E as C1 > > C[ 1>
C({ >Dqy>- - -

We first construct Cy. In fact, we construct F for an arbitrary intertwined v-chain F with at least 2
elements (subject to a certain further condition as will be specified shortly). There are two cases
according as the cardinality #Proj F of Proj F is odd or even. Suppose first that it is odd. In this case
no further choice is involved in the construction. Let (r1,17), ..., (rs, 1), ..., (re, 1f) be the elements
of Proj® F arranged in decreasing order, where (s, 1) is the vertical projection of the last element
of F. Then t is even; and, since there exists at least one horizontal projection that is also a vertical

4 The new form E may not alwaysNbe defined. As just remarked, if C; has only one element then @ is not defined and so
neither is E. As we will see shortly, C, is not defined more generally when ProjC; has evenly many elements and contains no
elements strictly in between the vertical and horizontal projections of the last element of C,.
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7

Fig. 2.2.1. Illustration of the construction of Fin the~ case when Proj F has odd cardinality: The solid circles indicate the points
of the original v-chain F, the open circles those of F.

projection (because #Proj F is assumed to be odd), we have

t — s+ 1 < number of horizontal projections that are not vertical projections
< number of horizontal projections
= number of vertical projections
<s

so that 2s —t is even and strictly positive. We define F to be the v-chain

(r2,17) > o> (ras—t.13g__1) > (rs41.156_iq) > -+ > (re. 17).

In case s =t, the ‘second half of F, namely, (Fs1,T55_ 1) > -+ > (1, 7¢) is understood to be empty.
Fig. 2.2.1 illustrates the construction.

In the case when #ProjF is even, the construction of F is similar. The only difference is that
(r1,17), ..., (re, 17) are now the elements in decreasing order of the set Proj F minus two elements,
the last element and another that is smaller than (rs,r})—if such an element does not exist, then
F is not defined. The choice of such an element is the second of the two choices involved in the
construction of the new form (the first being the cut-off). Observe that now t —s + 2 <'s, so that
2s —t is agam even and strlctly positive.

To define C],.. C[ 1, we define more generally F for an arbitrary intertwined v-chain F both
projections of all of whose elements belong to 0. Let (r1,r17), ..., (r¢,17) be the elements in decreas-
ing order of Proj® F. We define F to be the v-chain (2, ) > > (e, 1),

Proposition 2.2.1. With notation as above:

1. No two elements ofE share a projection.
2. Proj C has evenly many elements. It equals Proj€ C if Proj C has oddly many elements.
3. C has strictly fewer elements than C.

In particular, E has strictly fewer elements than E.
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Proof. (1) and (2) being clear from the definition of C, we indicate a proof of (3). Using # to denote
cardinality, we have

o~ #Proj® C if #Proj C is odd,
#ProjC = . . L
#Proj®C —2 if #ProjC is even.
= Pl‘O_]C #ProjC

Because of (1), #C =
#Pl‘o_] <#C. O

Thus #C equals the greatest integer smaller than —~=. But clearly

2.2.1. An auxiliary construction _

We now identify a certain sub-v-chain of the v-chain F constructed above. This auxiliary construc-
tion will be used in the proof of Lemma 2.3.5, the main ingredient in the proof of the key property
of new forms stated in Proposition 2.3.2.

Let F > D be an intertwined v-chain with F being defined. Let (r1,r}),..., (rs,13), ..., (e, 1))
be as in the construction of F in Section 2.2 above. Write F > D as F{ > F», where F;{ consists
of all elements of F whose vertical projections belong to {(r,17),..., (rs—¢,75,_,)} and F is the

complement in F > D of Fq. Denote by F; the part (r3, ) > > (ras—r, 15, _4) of F. Consider the
sub-v-chain S of F consisting of those elements (r;, r}_ [ﬂ) s+1<j<¢, such'that (Ts—t1jsTo_ t+1) is
the vertical projection of some element of F, (equivalently of F, \ D). We set F, to be S > D.

Lemma 2.2.2.

(1) F1 > Fy is a sub-v-chain off > D the inclusion being possibly strict.
(2) The projections of F1 are even in number and all in N.

(3) The legs of the elements of F1 do not intertwine with one another. Nor does the horizontal leg of the last
element of F1 intertwine with the vertical leg of the first element of F».

(4) The vertical projection of every element of F1 is a projection (vertical or horizontal) of an element of Fj.

(5) F, and F; are in bijective order preserving correspondence, where the corresponding elements have the
same vertical projections (the correspondence is identity on D). Every element of F» has row index no
smaller than that of the corresponding element of F: it is bigger for elements of F not corresponding to
elements of D (and of course equal for those corresponding to D).

Proof. (1) That F1 > Fz 15 a sub-v-chain is immediate from the construction. For an example when it
is contained properly in F, see Figure 2.2.1: the last but one open circle does not belong to F; > F».

(2) The number of projections of F; is 2s — t which is even since t is even. The horizontal pro-
jection of the last element of Fy is (r2s—t,15,_,) and this belongs to 9 because 2s —t < s (since
s<t).

§3) The first assertion is clear from the definition of Fy. The second too is clear: pp(last element
of F1) = (ras—t,15,_) > (r2s—t+1, r§s_t+1) > py(first element of F).

(4) Clear from construction.

(5) Let F be a1 > --- > oy and F be { {B1. .-, Bkl }, where «;, Bi have the same column index for

<i<k Then B1 > --- > f, for, F being part of F > D the B’s form a v-chain in some order, and,
their column indices bemg shared with the «’s, the order 81 > --- > By is forced.

For the second part of the assertion, let oy > --- > oy be Fz \ D, and let Rq,..., Ry be the re-
spective row indices of «q,...,a¢. Then rr > Ry, ..., 1:—i > Ry—; for 1 <i < £ (for the horizontal
projection of the last element of F and possibly one more horizontal projection have been discarded
from Proj F to obtain (r1,17y), ..., (r, 1{)). Also, if j be such that (r;, rj7t+j) = p; for some i, 1 <i <Y,
then j <t — (¢ — i) (strict inequality occurs when F > D properly contains F1 > F3). We thus have
rj 2 Te_—iy > Re—(e—iy = Rj, which is what we set out to prove. O
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2.3. A key property of new forms

The main result of this subsection is Proposition 2.3.2 below. Invoked in its proof is Lemma 2.3.5
which is really where all the action takes place.

To a v-chain C of elements in DN, there is, as explained in [13, §2.2.2], an associated element w¢
of I(d). There is also a corresponding monomial &G¢ in 91 associated to C [13, §5.3.3].

Remark 2.3.1. In the statements and proofs of this section we need to refer to v-chains in monomials
in 9 (typically in &¢ where C is a v-chain in O91). Such v-chains are understood to be in 91 (not
necessarily restricted to be in O91).

Proposition 2.3.2. Let E be a v-chain in O and Ea new form of E. Then wg > wE.

Proof. By Lemmas 4.5 and 5.5 of [7], it is enough to show that every v-chain in G is dominated by
one in &%. Further, by [4, Lemma 5.15] (or, more precisely, its proof), it follows, from the symmetry
about the diagonal of monomials attached to v-chains in O, that it is enough to show that every
v-chain in & lying (weakly) above the diagonal (in other words, in D991 U 0) is dominated by one
in &z. We now make some observations after which it will only remain to invoke Lemmas 2.3.3
and 2.3.5 below.

Decompose E into intertwined components C1,...,C¢ —1,C¢ > D1q,... as in the description of
the construction of the new form E. __Let us call these the ‘parts’ of E (just for now). There is
the correspondmg decomposition of E into its ‘parts’ (this is the definition of the parts of E)
C1,.. C({ 1,C( > D1, D5, .... It is clear from the definitions of C] and C( that each part of E is
a union of intertwined components. In particular, as is immediate from the definition of connected-
ness in Section 5.3.2 of [13], each part (of E or E) is a union of connected components. Thus we
have

Gg=6¢ U---U6¢, ;US¢,~p, UGp, U
and
6 =6 U UG UG¢,.p, USp, U

Further, since there are no intertwinings between parts, the following follow easily from the definition
of the monomial attached to a v-chain:

e any v-chain G in & can be decomposed as: G; > --- > Gy—1 > G¢ > Hy > --- where Gq is a

v-chain in S&c¢,,..., G¢—1 is a v-chain in S¢,_,, G¢ is a v-chain in S¢,-.p,, Hz is a v-chain
in &p,,...;
e given v-chains G in &g --vy G- in 66:, G¢ in 6@>D1, H; in &p,,..., all lying weakly

above the diagonal, these can be put together as G; > --- > Gy_1 > Gy > Hy > --- to give a v-
chain G in &3.

The proposition now follows from Lemmas 2.3.3 and 2.3.5 below. O

Lemma 2.3.3. For an intertwined v-chain F both projections of all of whose elements belong to N, every
v-chain in &F is dominated by one in &¢. (Observe that both S and S consist of diagonal elements.)

Proof. G consists of the vertical projections elements of F in case #F is even, and of the vertical
projections and the horizontal projection of the last element in case #F is odd. In any case Gf
consists of evenly many elements.

S+ consists of all projections of all elements of F (in particular, &3 2 &F) in case the total number
of such projections (considered as a set, not multiset) is even; and, in case that number is odd, it
consists of all projections except the horizontal projection of the last element. In any case &3 consists
of evenly many elements.
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Suppose that &z 2 &f. Then #F is odd, the total number of projections is odd, and &f \ &3 =
{horizontal projection of the last element of F}; in particular, #6f = #F + 1. Since #& > #F and
#G% is even, it follows that #&4 > #F + 1, which means that & contains some projection not
in &F. Since any such projection is bigger than the horizontal projection of the last element of F, the
lemma follows. O

Lemma 2.3.4. Let F > D be an intertwined v-chain with F being defined. Let F1, F, F1, F» be as in Sec-
tion 2.2.1. Then:

(1) The elements in Fq are all of type H in F1 > F».
(2) Vertical projections of elements of F1 belong to &, _ ¢, .

Proof. Statement (1) follows from (2) and (3) of Lemma 2.2.2. Statement (2) from (1) and Lem-
ma 2.2.2(4). O

Lemma 2.3.5. Let F > D be an intertwined v-chain with F being defined. Given a v-chain (1 > o > ---
in S p, there exists a v-chain vi > v > - - - in &g p that dominates it. If ;11 > pp > - - - lies weakly above
the diagonal, then v{ > v, > - -- can be chosen also to be so.

Proof. Let F;, Fy, F1, Fo be as defined in Section 2.2.1. We will show that there exists_a v-
chain v{ > vy >---in 6F1>F2 with the desired property. Since F1 > Fz is a sub-v-chain of F > D
(Lemma 2.2.2(1)), this will suffice (by either the proof of [13, Proposition 6.1.1(1)] or [13, Corol-
lary 6.1.2] and [7, Lemmas 4.5, 5.5]). For the same reasons as noted in the proof of Proposition 2.3.2,
it is enough to assume that w1 > @y > --- lies weakly above the diagonal and find v; > v, > --- that
dominates it and lies weakly above the diagonal. Obviously, we may take without loss of generality
M1 > W2 > --- to be a maximal such v-chain.
The rest of the proof is divided into three parts:

e Enumerate the maximal v-chains @1 > > --- in G- p lying weakly above the diagonal. There
are two of these: see (%) and (x*) below.

e Identify a certain v-chain (see () below) in &, _, and lying weakly above the diagonal and list
its relevant properties.

e Show that the v-chain (f) dominates (x) in all cases and () in many cases. Find a v-chain ()
in 6 _, and lying weakly above the diagonal that dominates (xx) when () does not.

We start with the first part. Write F > D as «; > o > --- and let k be the integer such that
o is the last element of F > D whose horizontal projection belongs to 91: in other words, « is the
immediate predecessor of what is called the critical element in [13, §5.3.4]. Of course such an element
may not exist, and the proof below, interpreted properly, covers that case.

The v-chain F > D being intertwined, its connected components (in the sense of [13, §5.3.2])
are determined by whether or not oy is connected to its immediate successor: in either case, each
element o for j >k + 2 forms a component by itself, and the elements o1, ...,a, are all in a sin-
gle component. Consider the types of elements of F > D as in [13, §5.3.4]. The possibilities for the
sequence of these are listed in the following display. In these, the underlined type is that of the el-
ement oy, the overlined type is that of either oy or its immediate predecessor o1 according as
whether k is odd or even, and the vertical bar indicates where the first disconnection occurs (either
just after ay or just after ap,q):

Casel: V...VHISSS...,
Casell: V...VV V|SS...,
Caselll: V...VV V|SS...,
CaseIV: V...VV V §|S....

That these possibilities are all follows readily from the definition of type.
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For an element A of a v-chain C (in ON), let qc , denote p,(A) if A is of type V or H and A
itself if it is of type S. It is easy to see (and in any case explicitly stated in [13, Proposition 5.3.4(1)])
that ¢, > qc v for (not necessarily consecutive) elements A > A’ in C. It follows that, in Cases II, III,
and IV,

(%) qF>D,a; > qF>D,ay > **-

is the unique maximal v-chain in &f.p lying weakly above the diagonal; in Case I too it is a maximal
v-chain but there is also another one, namely,

(x*) pv(a1) > py(a2) > -+ > py(ar) > pplo)

(if pp(cx) dominated o for some j, k < j, it would contradict the disconnection between oy
and ojq: recall that o and a4 are intertwined). This finishes our first task of determining the
maximal v-chains in Gf.p that lie weakly above the diagonal.

Next we identify a certain v-chain (see (f) below) in 6F1>F2 that will have the desired property
in almost all cases. Let e be the integer such that F; is o1 > --- > e (and Fp is ®eqq > ---). Let
Bes1 > --- be the counterparts in F, respectively of ae 1 > - -+, the correspondence o <> 8 being as
in Lemma 2.2.2(5):

(a) The vertical projections of «; and g; are equal for j=e+1,e+42,.... And the row index of g;
is no less than that of «j (Lemma 2.2.2(5)).

Let f be the largest integer, f > e, such that gy is of type V or H in F1 > Fy: if either ae1q does
not exist or Be4q is of type S, then f:=e and B, is taken to be the last element of F; (this is not
to say that the cardinality of Fy is e). Consider the subset Z of &}, ., consisting of contributions
of elements up to and including By and only those contributions that are not smaller than p,(874+1)
(equivalently B¢1): if Bf4q does not exist, then this condition is vacuous. In other words, Z consists
of (1) the vertical projections of all elements of F1 > F, up to and including B: and (2) the horizontal
projections of all elements of F; > F, of type H except perhaps of By itself: the horizontal projection
of B5 does not belong to Z if it is smaller than py(B5,1) (even if 85 should be of type H). Letting
the elements of Z arranged in order be y; > --- > yg, we have the following v-chain in & _f,:

M y1>->Yg>Brr1>Brra >

We claim:

i) pv(a1),...,py(ay) belong to Z. (So g > f.)

(ii) The horizontal projection of of; 1 does not belong to 91. That is, f > k with k as defined earlier.

(iii) The types of af 3, fy3,... Iin F> D are all S.

(iv) The type of afiq in F > D is either V or S. If it is V, then f =k and we are in Case II (in the
enumeration of types listed above).

(v) The critical element of F; > F, (if it exists) is either Br or Bri1.

(vi) If g %2 f +1 (observe that g > f always by (i), then e is even.

(vii) If g # f+1 and f is odd, then B is of type H (in Fy > F) and a1 is of type S (in F > D, if
of4q exists).

Proof. (i) If j <e (ie, if aj belongs to Fq), then py () belongs to Z by Lemma 2.3.4(2); ife < j < f,
then py(a;j) = pv(B;) (see (a) above) and so belongs to Z.

(ii) On the one hand, pp(Bfy1) ¢ N, for Bryq is of type S. On the other hand, the row index
of Bfyq is at least that of oy (see (a) above).

(iii) and (iv) follow from combining (ii) with the enumeration of cases of types of elements
of F > D above (Cases I-IV).
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(v) This follows from the definition of type and the choice of f: an element of type S cannot
precede the critical element; an element of type V cannot succeed the critical element.

(vi) Suppose that e is odd. The contributions to 6F1>F2 of elements of F1 include py(oy),...,
pv(e) and are evenly many in number (Lemma 2.3.4(1)); Z contains all of these (Lemma 2.2.2(3)) in
addition to py(Bes1),..., pv(Bf), s0 g = (e + 1)+ (f —e) = f + 1. Thus e is even.

(vii) By (vi), e is even. Since f is odd, it follows that f >e + 1. We first show that h is odd,
where By, is the first element of the connected component of Fy > F, that contains By. Consider a
connected component of F, > D contained entirely within {Be+1, ..., Bf—1} (if any should exist) (if
f=e+1, then {Bet1,...,Br_1} is understood to be empty). If its cardinality is odd, then its last
element, say g;, has type H (this follows from the definition of type: by choice of f, the type can
only be V or H), and pj(8;) is bigger than p,(Bi+1) (for otherwise B;;1 will be forced to have type S
[13, Proposition 5.3.4(1) and (3)], a contradiction to the definition of f); and Z would contain py(5;)
in addition to the elements in (i), a contradiction. Thus all such components have even cardinality.
This implies that h — e is odd, and, since e is even (by (vi)), that h is odd.

Since B4 is of type S (by choice of f), it is the last element in its connected component and
the component has odd cardinality. Since h and f are odd, this component can only be {8f1}. This
means that B¢ is the last element in its connected component, and so of type H: its type is either V
or H by choice of f, and further because f —h+ 1 is odd its type is H.

If pr(B5) = pv(Bf+1), then g > f 4+ 1, for Z would contain py(By) in addition to the elements
in (i). So pr(Bf) < pv(Bf+1). Since Brq is not connected to By (as was just shown), it follows that
R’ < R* where R, R’ are the row indices of 8y, Bf1. Letting r, ' be the row indices of oy, ctpiq, we
have, by (a) above, I’ < R’ < R* <r*. This means that ;4 is not connected to oy and so is of type S
(see (ii) above). O

The second part of the proof (of the lemma) being over, we start on the third. We first show
that (f) dominates (x). From (a) above and (iii) of the claim, it follows that Afy > iy fray = Bf+2 >

Qfy>Ey ppys = Br3 > - dominates qp, g, o, =®f12 > qf o f, gp,, = %f+3 > -+ From (i) of the
claim it follows that y; > --- > yg > Qfy>Fp fran dominates qr>pq, > - > qF=D,aj if either
iy >Fy pra dominates qr-p,q;,, (Which fails by (a) only when a1 has type V) or g > f +1 (by the
definition of Z and (a)). Suppose that afq has type V. It follows from (iv) of the claim that f is odd,
and so, from (vii) of the claim, that g > f 4+ 1. Thus () dominates (x).

Now assume that the types of the elements of F > D are as in Case I and that w1 > up > ---
is (xx). If f >k+1, then (f) dominates (xx), for () contains py (o), ..., py(ak), pv(ctk+1) (see (i) of
the claim), and py (ctk+1) = pr(ay) (for F > D is intertwined); so assume that f =k (by (ii), we have
f >k always). If g=> f +1=k+ 1, then again (f) dominates (x*) for similar reasons: Z contains
pv(a1), ..., pyv(ag), and it also contains g elements that dominate pp(ak): pv(Bk+1) = Pv(tk+1) =
pn(ctg) for F > D is intertwined. So assume that g = f =k (g > f always by (i)). Since we are in
Case I, k is odd (and hence so is f). By (vii), By is of type H and the following v-chain is in & _,:

(D) pv(a1) > > pv(te) > pv(tet1) (=Pv(Bet1)) > -+ > py(ety) (=pv(Bf)) > Pr(By)-
This v-chain dominates (xx) by (a) above. O
2.4. The element yg attached to a v-chain E

Let E be a v-chain in O91. From Proj® E we can get an element yg of I(d,2d) by the following
natural process (see the proof of [7, Proposition 4.3]): the column indices of elements of Proj® E occur
as members of v; these are replaced by the row indices to obtain yg.

Proposition 2.4.1. yr > v and yf belongs to 1(d).

Proof. Think of yr as being the result of a series of operations done starting with v. Let x € I(d) be
such that x > v. Suppose (r,c) € ON is such that ¢ occurs and r does not in x. Let x’ be the result of
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replacing ¢ and r* in x by r and c*. Then, clearly, either r > r* in which case r* <d <d +1 < c* and
c<d<d+1<r, orr<r*in which case c <r<d<d+1<r* <c* In either case ¥ > x> v and
X' belongs to I(d).

The proposition follows easily, as we now show, from the observation just made. Consider the
elements of Proj® E that are not in 91. These can only be horizontal projections, each of some unique
element of E. Pair these up, each with the vertical projection of the corresponding element of E
(all vertical projections belong to Proj¢ E). Since Proj° E has even cardinality, there are evenly many
elements left (all in 91) after the elements not in 91 are paired up as prescribed. Pair these up in
some arbitrary way. If (r,r*) and (c*, c¢) are the horizontal and vertical projections of an element (r, ¢)
in OMN, we can think of replacing r* by r and c by c* as the single operation described in the previous
paragraph in going from x to x'. It should now be clear that yg is obtained from v by a series of
operations, each of which is like the one described in the above paragraph. O

In fact, we have
Proposition 2.4.2. yr > wg, where wg is the element of 1(d) attached as in [13, §2.2.2] to E.

Proof. The strategy is similar to that of the proof of Proposition 2.3.2. There corresponds to yg
[7, Proposition 4.3] a subset Gy, of 9 that is ‘distinguished’ in the sense of [7, §4]. (Furthermore,
the subset is symmetric about the diagonal and contains evenly many diagonal elements [13, Propo-
sition 5.2.1].)

We first give an explicit description of G,,. Let the elements of Proj® E arranged in decreasing
order be

(ri.ry)s oo (rusrs)s oo (e 1)
where u is such that (ry,rj;) but not (ry41,r;,,) belongs to 9%, or, equivalently, ry > rj but
Tu+1 < Iy, Throughout this proof, we use i and j consistently to denote integers in the range
1,...,uand u+1,...,t, respectively.

Clearly (rj,rjf) are all horizontal projections. Let p(j) be such that (rj,r;;(j)) belongs to E: all
the column indices of elements of E must appear as column indices also in Proj®E, for no vertical
prO]eCthIl is left out in Proj® E. Then (ry41, rp(uﬂ)) > > (rt,r;([)) is a v-chain and p(u + 1) <

- <p®).

Let o denote the function {u+1,...,t} — {1,...,u} defined inductively as follows:

e o (t) is largest possible such that r; > ra(t),

e o(t —1) is largest possible in {1,...,t}\ {o(t)} such that r;_1 > ra(t 1

e 0 (j) is largest possible in {1,...,t}\{o(t),0(t —1),...,0(j + 1)} such that rj > rG(J)

Such a choice of o is possible. Indeed,

Lo =p®),....0()=2pQ),....cu+1) =2pu+1);

2. Ifa(])>p(]), then a(]—l) p(j) (forrj_q >7r; >rp<]))

We have

Sy ={(rj.15)> (rociy-15) [u+ 1< j <t} U{(ri,rf) [1<i<u, Fj withi=o()}.
Next we draw some conclusions from the above description of Gy, :
(a) If Eq > --- > E¢ be the decomposition of E into intertwined components, then &, = Proj® E; U

UPI‘O_] Ec1UGy,,.
(b) Vertlcal projections of all elements preceding the critical element belong to &,.
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(c) If there exists an element « in E, of type H (there is at most one such element) and pp(w)
belongs to Proj° E, then p,(a) € GyE[.

(d) For each « in E there exists a unique element 8 in &y, that shares its column index with c.
This element lies on or above the diagonal and its row index is no smaller than that of «. If E
is a1 > ap > - - -, then the corresponding elements form a v-chain g1 > f2 > --- in Gy,.

(e) Suppose that « is the critical element of E and B8 # py () where B is the corresponding element
in &, (see (d)). Then p(j) =0 (j) Vj and ProjE = Proj®E.

(f) Let o be the critical element of E. If o has type V, its horizontal projection pp(a) belongs
to Proj® E (in other words pp(a) = (ru+1,r;’;+1)), and o (j) = p(j) Vj, then the only elements
of Proj® EN 9 smaller than py () are the vertical projections of elements of E (evidently of those
beyond the critical element).

Proof. (a) Observe that the critical element (Tu+1vr;;(u+1)) belongs to E, (for the critical element
is intertwined with all its successors). Since o (j) > p(j) for all j and p(u +1) < --- < p(t), the
conclusion follows.

(b) This is because {o (t),...,ocu+1D}{pu+1),pu+1)+1,...,t}.

(c) Let pp(a) = (15, 1¥). Since « is not connected to (but is intertwined with) any of its successors,
we have rj 21} Vj,sos¢{ou+1),...,0()}. And clearly s <u, so the conclusion follows.

(d) Since py(c) € Proj® E, the existence and uniqueness of g is clear from the description of G,
above. Also clear from the description is that the only elements below the diagonal in &y, are those
with column indices r}‘, but py(a) = (r;, rf) for some i (py (@) € N surely), so B lies on or above the
diagonal.

To see that the row index of 8 is no smaller than that of «, first note that this is clear if 8 = py (o).
If a precedes the critical element, then g = py(«) by (b). So suppose that a = (rj,r};)) and further
that p(j) = o (j) for some j', u+ 1< j <t (if no such j' exists, then again 8 = p,(«) by the
description of &y,). Then p(j) > p(j’) (for o (j') = p(j’)). so j > j (for p(u+1) <--- < p(t)). Since
B=_(y, rj;(j,)), it follows that rj >rj, i.e, 8 has no smaller row index than that of «.

Finally, that 1, B2, ... form a v-chain follows readily by combining the assertion just proved with
the distinguishedness of Gy, .

(e) The assumption that S8 # p,(«) implies that p, (@) (= (rp(u+1),r;(u+1))) does not belong
to &y,, which means p(u + 1) = o(j) for some j. If j > u+ 1, we have o(j) > p(j) > pu+1)
(see (1) above), a contradiction, so p(u + 1) = o (u + 1). By (2) above, it follows that p(j) = o (j) for
all j.

Suppose that Proj E has oddly many elements. Let i be such that (rj, r}) is the vertical projection
of the last element, say 2, of E. Since py(2) ¢ Proj® E, it follows that i > p(t) (note that (rp(). r;(t)) is
the vertical projection of the element of E with horizontal projection (r¢, r{)). Since ry > r > r}, where
r denotes the row index of A, we have o (t) >i > p(t) contradicting the previous assertion.

(f) Note that (rpu+1), r;(uﬂ)) is the vertical projection of « (by the definition of p). Suppose that
there exists (rj, ) with i > p(u + 1) that is not the vertical projection of any element of E, i.e., there
does not exist j with i = p(j). Then (r;, 1) is a horizontal projection, evidently of some predecessor
of . If ry11 <1y, then « is not connected with that predecessor, therefore neither to its immediate
predecessor, and so of type S (rather than V as assumed). We may therefore assume that ry;1 > .
Now, if i = o (j) for some j > u+1, then o (j) # p(j), a contradiction; if not, then it follows from the
definition of o that o(u + 1) >i > p(u + 1), again a contradiction. (It is easy to construct counter-
examples to the assertion with the critical element being the last element of E and its horizontal
projection being not in Proj® E, in which case the hypothesis that o (j) = p(j) for all j is vacuously
satisfied.) O

We are finally ready for the proof of the proposition. By [7, Lemmas 4.5, 5.5], it is enough to show
that every v-chain in &g is dominated by one in &,. Let E; > --- > E, be the decomposition of E
into intertwined components. Take a v-chain C in &g. As observed in the proof of Proposition 2.3.2,
C is just a concatenation of v-chains Cy,...,Cy with C; being a v-chain in GEj. We have already
seen in Lemma 2.3.3 that there exist v-chains D1,..., D,_1 in Proj®Eq,..., Proj® E,_1 respectively
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dominating Cq,...,C¢—1. In the light of (a) above, we would be done if we can find D, in GYEz
dominating Cy, for then the concatenation Dy > ---> Dy_q > D, would be a v-chain in &,, dom-
inating C. As in the proof of Lemma 2.3.5, we may reduce to the case when C, lies weakly above
the diagonal (this follows from the proof of [4, Lemma 5.15] and the symmetry about the diagonal of
monomials attached to v-chains).

We now show that such a chain D, exists. In fact, let us show: for an intertwined v-chain F and
M1 > [z > --- a maximal v-chain in & lying weakly above the diagonal, there exists v{ > vy > ---
in &y, lying weakly above the diagonal that dominates w1 > pp > ---. The goal being analogous to
that of Lemma 2.3.5, we adopt the notation and arguments from the first of the three parts of that
proof. There are two possibilities for g1 > 2 > ---, namely (%) and (*%) as in the proof of that
lemma.

First consider (sx). If pp(ct;) belongs to Proj¢ F, then (x%) is contained in Sy, by (b) and (c)
above. If not, then ¢y is the last element of F, so that all projections of F belong to 91. In this case,
&y, =Proj° F = G, and we are done by invoking Lemma 2.3.3.

Now consider the v-chain (x). Because of (b) and (d) above, it follows that the v-chain g1 >
B2 > --- as in (d) dominates (x) except in the following situation: the critical element o1 has
type V and Byy1 # pv(ak+1)- So assume that we are in this situation (which means that the types of
elements of F are as in Case Il on p. 675 and in particular that k is odd). Assertions (e) and (f) above
apply.

The elements py(o1),..., pyv(c) belong to Sy, (by (b)). If there is one other element in &,
that dominates py(ak+1), then these elements together form a v-chain y; > -+ > Y41 in &, that
dominates py (1) > -+ > py(@%) > Py (@k+1), and Y1 > -+ > Vi1 > B2 > P43 > --- dominates (),
and we are done. So assume that this is not the case. From (e) and (f) above it follows that ProjF
consists precisely of py(c1),..., pv(ax) and both projections of ayi1, ®ky2,..., and so of an odd
number (because k is odd), contradicting (e). O

3. Pfaffians: Recall

In this section we recall the definition of Pfaffians and those of their elementary properties that
we need in the proof of the main Lemma 4.2.1 in Section 4.

3.1. Definition and some elementary properties

Let n be a non-negative integer. For k an integer, define k* =2n+1 —k. Let A = (a;;) be a 2n x 2n
matrix that is skew-symmetric along the anti-diagonal, meaning that a;j = —a;«+ for 1 <i, j <2n. Let
Ay, denote the submatrix obtained by deleting the row numbered r and the column numbered c;
Ariry.cic, the submatrix obtained by deleting rows numbered rq, r, and column numbers c1, ¢2; and
so forth. Let D, Dy ¢, Dyyry.cqcy5 - - - denote respectively the determinants of A, Ar ¢, Ariry cicos -+

We define the Pfaffian Q of the matrix A by induction on n: for n=0, set Q :=1; for n > 1, set

2n
Q= Z(—l)m+]* sgn(mj)am,j* Qmj,j*m* (3.1.1)
=1

where m is a fixed integer, 1 <m < 2n; Qpj jsm+ is the Pfaffian of the submatrix Ap;j jm+; and, for
natural numbers i and j,

1 ifi<j,
sgn(ij) =4 —1 ifi>j,
0 ifi=j.

(Qmj, j*m* is not defined when j=m but this does not matter since sgn(mj) =0 then.) The facts
collected in the following proposition are elementary to prove, and we skip their proofs.



K.N. Raghavan, S. Upadhyay / Journal of Combinatorial Theory, Series A 116 (2009) 663-683 681

Proposition 3.1.1.

1. The expression (3.1.1) is independent of the choice of m.

2. The number of terms in the expression (3.1.1)is 2n — 1) - 2n —3) - --- - 3 - 1. By convention we take
this number to be 1 when n =0 (in analogy with the convention 0! =1).
3. D=(-1)"Q2
4. The proof

We are now ready to prove our result (Theorem 1.8.1). Lemma 4.2.1 is the technical result that
enables the proof. Its proof uses the results of Sections 2, 3.
Notation is fixed as in Section 1.8.

4.1. Setting it up
Our goal is to prove:

Every monomial in O%R that is not O-dominated by w occurs as an initial term with respect to the term
order t> of an element of the ideal I of the tangent cone.

As explained in Section 1.8, putting this assertion together with the main result of [13] yields Theo-
rem 1.8.1.

Let I’ be the ideal generated by f;, 7 € I(d), v < T &£ w. Since I’ C I, and since a monomial in OR
that is not D-dominated by w contains, by the definition of O-domination (Section 1.7), a v-chain
in ON that is not OD-dominated by w, it suffices to prove the following (after which it will follow
that I' =1):

Every v-chain that is not O-dominated by w occurs as the initial term of an element of I'.
Putting j =1 in Lemma 4.2.1 below yields this, so it suffices to prove that lemma.
4.2. The main lemma
Fix a v-chain A: a7 > --- > oy that is not O-dominated by w. Let j be an integer, 1 < j < m.
Define A; to be the sub-v-chain o1 > --- > ;. Set
[ Proj® A;j if #ProjA; is odd,
7 | Proj® A\ {pv (@), pu(aj)} if #ProjAj is even.
See Section 2.1 for the definition of Proj and Proj®. Observe that

() if #ProjAj_; is even (equivalently ProjAj_; = Proj®Aj_1), then I'j = Proj®A;_;, no matter
whether #ProjAj; is even or odd.

I'; being a subset of even cardinality, say 2q;, of the diagonal elements of O, it defines an element
of I(d). The corresponding Pfaffian we denote by f;. The degree of f; is q; and the number of terms
in fj is, by Proposition 3.1.1(2), nj := (2q; —1)- (2q; —3)----- 3-1. By convention, nj =1 when g =0.

Lemma 4.2.1. Let A: a1 > --- > &y be a v-chain not O -dominated by w. For every integer j, 1 < j <m,
there exists a homogeneous element Fj of the ideal I’ such that:

1. For a monomial occurring with non-zero coefficient in F j, consider the set (counted with multiplicities) of
the projections on the diagonal of the elements of %R that occur in the monomial. This set is the same for
every such monomial.

2. The sum of the initial nj terms (with respect to the term order t>) of Fj is fiXq; -+ X,

m*
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Consider any fixed monomial (occurring with non-zero coefficient) in F; other than one in fjXq; -+ Xay,-
From (1) and (2) it follows that, given an integer b, j < b < m, there exists precisely one Xs, occurring in the
monomial with the row index of 8y, being that of «,.

3. There exists b for which 8, # «y, and, for the largest b of this kind, either &, ¢ OO or the column index
of 8y is less than that of ap.

Proof. Proceed by an induction on m and then another (in reverse) on j. Let us suppose that we know
the result for j and prove it for j — 1. The proof below covers also the base cases for the induction.
Consider ProjA;_j.

Suppose first that its cardinality #ProjA;_; is odd. Write A as C > D with C=A;_; and D be-
ing oj > .-+ > am. Observe that the last intertwined component of C has at least two elements. Let
A be the new form of A constructed as in Section 2.2. Since A has fewer elements than A (Proposi-
tion 2.2.1) and is not O-dominated by w (Proposition 2.3.2), the induction hypothesis applies to A.
Apply it with k =#C + 1 in place of j in the statement of the lemma. If F is the element in I’ as in
its conclusion, set Fj_1 = Xoj 4, F.

We claim that Fj_; has the desired properties. That it satisfies (1) is clear. We now observe that
it satisfies (2). Since Proj Ak 1= Pl‘O]C has evenly many elements (Proposmon 2.2.1), it follows (ob-
servation (f) above) that I (calculated for A:C> D) equals Proj® C= Proj C. On the other hand,
Ij—1 = Proj®*C = ProjC (since ProjAj_q is odd, by Proposition 2.2.1). So F;_; satisfies (2). That it
satisfies (3) is readily verified.

Now suppose that #ProjA;_ is even. Apply the induction hypothesis with j and let F; be as in
its conclusion. The base case j — 1 =m needs to be treated separately here, as follows. Let y4 be
the element of I(d) defined as in Section 2.4. We take F; to be the Pfaffian f,, attached to ya
(see Section 1.5). That F; belongs to I’ follows from Propositions 2.4.1 and 2.4.2. The rest of the proof
is the same for the induction step as well as the base case.

From the observation (f) above, it follows that I';j = ProjA;_;. Here is a picture of I'j (the solid
circles denote elements of I7):

Q1
=0 B Bk Bo e

® o) e ®

k such that 8, € O but Bx,_1 € ON

P

Applying to f; the Laplace-like expansion formula (3.1.1) for Pfaffians, we see that the sum of its
initial n;_; terms, the next n;_; terms, ... are (up to sign factors) g, Xg,, Sk+1XBer1r - 8e—1Xp,_1,
8¢Xaj_y,--., where g; is the Pfaffian associated to I'j \ {pv(Bi), pn(Bi)}, so that the corresponding
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initial terms of F; are 8 Xpe Xaj  Xoms 8e+1Xpesr Xaj -+ Xays -+ - Be—1Xpy 1 Xaj =+ Ko e Xarj_y Xarj -

- Xam - - - We will now modify F; (by subtracting from it elements of I’) so as to kill the terms
8 Xp Xaj - Xy -+ 8e-1Xpy 1 Xaj - Xay- But of course this needs to be done carefully in order
that the resulting element of I’ has the desired properties.

Write A as C > D where C =Aj_1 and D is o > --- > a. We may assume that the last in-
tertwined component of C consists of at least two elements, for otherwise F; itself without further
modification has the desired properties (we can take Fj_; to be F;). We may further assume that
there is some element of ProjA;_; that is strictly in between the vertical and horizontal projections
of aj_q, for otherwise again we can take Fj_; to be F;. Consider the new forms of A as in Sec-
tion 2.2. In their construction there is the choice involved of a diagonal element strictly in between
the vertical and horizontal projections of the last element of C. We can choose this element to be
the vertical projection of g; where x <i < ¢ — 1. Corresponding to each choice we get a new form
which let us denote A(l) (= C(l) > D). Since A(l) has fewer elements than A (Proposition 2.2.1) and
is not D-dominated by w (Proposition 2.3.2), the induction hypothesis applies to AG). Apply it with
k= #E(i) + 1 in place of j in the statement of the lemma. Let F(i) in I’ be as in its conclusion.
Set Fj_1=F; — Y \Z} F(i)Xg,.

It remains only to verify that Fj_; has the desired properties. Since Pron\(i),< 1= Projf(i) has
evenly many elements (Proposition 2.2.1), it follows (observation (f) above) that [} (calculated for
AG): C(l) > D) equals Proj® C(i) = Proj C (i). From the definition of C(i) and observation (D), it follows
that Proj C(l) is I'j \ {pv(Bi), pn(Bi)}. So the sum of the initial n;_; terms of F(i) is giXa;-- X
That Fj_; has the desired properties can now be readily verified. O

am+
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