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1. INTRODUCTION

The mathematical models of structured population dynamics give rise to
first order hyperbolic partial differential equations with nonlocal boundary
conditions. In these models one identifies one or more characteristics of
individuals which are important in the development of the population as a
whole. Such properties as age, size, DNA content, nutritional state, and
other physical quantities may be used as structure variables. If the influen-
ces of crowding and resource limitation are present, then those models
involve nonlinear equations. If the interactions of population subclasses are
present, then these models involve systems of equations. It is our purpose
here to investigate systems of nonlinear first order hyperbolic partial dif-
ferential equations with nonlocal boundary conditions applicable to such
models. In these models one seeks a density function for the population,
and it is therefore natural to recast the partial differential equations that
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model the population dynamics as integral equations: the integral problem
is obtained by integration along the characteristic curves of the differential
problem. Sufficiently regular solutions of the differential problem will
always be solutions of the integral problem. In [11, 12, 16] general models
of populations structured by a single internal variable have been studied
from the viewpoint of nonlinear integral equations. In our treatment here
we will formulate a general model of a population structured by several
internal variables as a nonlinear integral equation and study the existence,
uniqueness, and positivity of its solutions.

2. THE GENERAL PROBLEM

The general problem we study is motivated in the following way. Con-
sider a population of individuals structured by two internal variables a and
b. There is a density function n(a, b, t) (which may be vector-valued) whose
integral (& [ n(a, b, t) da db gives the total population at time ¢. For each
t>0 the density n(-, -, t) lies in a space X of R"-valued functions on
(0, 0}x (0, 0).

The density satisfies the so-called balance law of the population, which
accounts for such processes as mortality, migration, or movement into
population subclasses. If the density is sufficiently regular, then the balance
law may be written in differential form as

nl(a’ b’ t) + nu(a’ b’ t) +nh(a> b? t)
=H(n(, -, 0))a,b), a=0, =0, 120 (2.1)

where H is a (nonlinear) operator from X to X. The density also satisfies
the so-called birth laws of the population, which account for the input of
neonates. If the density is sufficiently regular, then the birth laws may be
written as the nonlocal boundary conditions

ma, 0, t)=F(n(-, -, 1))(a), az0, >0 (2.2)
n(0, b, t)=G(n(-, -, 1))(b)}, b=z0, 1>0, (2.3)
where F and G are (nonlinear) operators from X to a space of R"-valued

functions with independent variables a and b, respectively. Lastly, the den-
sity satisfies the initial condition of the population

n(a,b,0)=4¢(a, b), a20, b=0, (2.4)

where ¢ € X is prescribed.
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For both physical and mathematical reasons it is useful to choose the
space X = L'((0, o0) x (0, c0); RY) with norm

1oh=3 [ [ 10dab)dacs,  pex

In this setting the density n(a, b, t) makes sense only almost everywhere in
the variables a and . Consequently, it is necessary to make a more general
formulation of the balance and birth laws. In the formulation we employ,
the density is the solution of an integral equation in the three variables a, b,
and t. To see the connection of this integral equation to the differential
problem (2.1)-(2.4) we will integrate along the characteristic curves of
Eq. (2.1).
Let L' = LY({(0, 0 ); R") with norm
N e
I/1=3% | 1fka)ida, el

i=1

Let H: X > X, let F,G: X > L', and let ¢ € X. We suppose that n, H, F, G,
and ¢ are all sufficiently regular so that » satisfies (2.1)-(2.4) and the for-
mal calculations below are valid. Fix a, b,, and ¢, and define

w()=nlag+¢, bo+ ¢ 10+8), {20 (2.5)
From (2.1) we obtain
wi(&)=H(n(-, ", 1o+ )N ao+ &, bo+ &)

so that
W& =w(O)+ [ HOC, - 1o+ E)ao + & by &)

By using (2.5) and setting ¢, + & =t inside the integral we obtain

n(a0+§, b0+£’ t0+é)

0+¢
=@, by, o)+ | H(n(-, -, )@o—to+ 7, bo—to+ 1) dr.  (26)

To obtain a representation formula for n(a, b,t) we shall consider
separately the three possible situations: (1) 0<¢t, t<a, t<b; (2) 0<5,
b<a, b<t;and (3) 0<a, a<b, a<t We substitute into (2.6) successively
(Nas=a—1t,bo=b—1t,1,=0,(=1t; 2Yas=a—b, by=0, to=t— b, E=b;
and (3) ag=0, by=b—a, ty=t—a, ¢=a, and then use (2.4), (2.2), and
(2.3), respectively, to obtain that » satisfies the integral equation
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¢(a—z,b—z)+j'1{(n(~, SO a1+, b—t+1)dr,
0

F(n(-, -, t—b))(awb)+j’ Hn(, -, a—t+1,b—t+1)dr,
nla, b, t)= (—b

t>0, 0<b<t, a=b

Gn(-. -, t—a))(b—a)+f' Hn(, o) a—t+1. b—1+1) d,

—a

t>0, 0<a<t, b>a

(2.7)

A solution of (2.7) on the interval [0, T] is a function ¢ — n(-, -, t) which
is continuous from [0, T] to X and which satisfies the conditions in (2.7)
almost everywhere. Under the assumptions that we make on A in Section 4
the integrals in (2.7) exist.

The integral equation (2.7) may be viewed as the general formulation of
a mathematical model of population growth structured by two internal
variables subject to renewal conditions. In Section 4 we will prove that
under simple continuity assumptions on F, G, and H, this equation has a
unique positive solution for every positive initial function ¢ € X.

3. EXAMPLES

Before presenting the general theory we provide some examples of
populations structured by internal variables. The first example is a single
species structured population model due to Sinko and Streifer [14]. The
density function p(a, m, t) depends on time ¢, age a, and a variable m
corresponding to mass or some other physical attribute of individuals. The
differential problem for this model is

pi+pat(gm)p),=—pula,m)p, a=0, m=20, 120 (3.1)
p(O,m,t)=rC jwﬁ(d,m,m)p(d,m, Hdidi, m=0, (>0 (3.2)

0 0
2a,0,1)=0, a>0, t>0 (3.3)

pla, m,0)=y(a, m), az0, m=0. (3.4)

The functions g, p, and f are the growth, mortality, and birth moduli,
respectively. The presence of the growth modulus in the balance law is



NONLINEAR HYPERBOLIC SYSTEMS 453

necessary when m does not increase at the same rate as a. The time
required for an individual to grow from m, to m, is mil’- g(rm) ! dn.

Under appropriate assumptions on g, i, and f, a change of variable con-
verts the balance law (2.1) to (3.1). That is, let z(m) = j'o" g(m)y 'dm, m=0
and let

H($)a b)= —[mla, z7' (b)) +&'(z" (b)) 1 d(a, b), ¢eX, a=0, b>0
F(¢)=0, ¢eX

Gyp) =" [ Bl z~"B), =7\ (b) gtz (6)) $(a, b) da db,
° geX, b>0

d(a, by=1y(a, z (b)), az0, =0

Suppose that a solution n(a, b, ¢) of (2.1)-(2.4) is obtained for these H,
F, G, and ¢. A simple calculation shows that if » is sufficiently regular, then
pla, m, t)=n(a, z(m), t) is a solution of (3.1)-(3.4).

The second example is a model of cell population growth due to Bell and
Anderson [1]. The density p(a, m, t) depends on time ¢, age a, and a struc-
ture variable m corresponding to mass, volume, or some other physically
conserved quantity. The differential problem for this model is

p.t+p.+(gm)p),=—[uam)+plam)]p, a=0, m>0, 120,

p(o,m,z)=4f:ﬁ(a,2m)p(a,2m,z)da, m=0, >0 (3.6)

p(a, 0,1)=0, a>0, >0 (3.7)

pla, m, 0)=y(a, m), az0, m=0. (3.8)

The functions g, u, and f§ are the rates at which cells grow, die, and divide,
respectively. The birth law (3.6) accounts for the fission of a mother cell
into two daughter cells of equal mass. As before the change of variable
b — z(m) transforms the problem (2.1)-(2.4) to the problem (3.5)-(3.8),
where F and ¢ are as above and

H($)a, b)= —[u(a, z7'(0))+ Bla, z7 (b)) + &'(z'(h))] 4(a, b),
¢ecX, a=0, b=20

G(g)b)=4 -[Ow B(a, 2z (b)) ¢(4, z(2z '(b))) da, dpeX, a=0.
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The third example is a model of an epidemic population incorporating
both chronological and disease age. This model, which is similar to models
considered by Hoppensteadt [7, 8] and Waltman [15], is of S>I— R
type. The population is divided into subclasses of susceptibles, infectives,
and recovered individuals having density S(a, t), I(a, b, t), and R(a, t),
respectively. Here a represents chronological age and b represents disease
age of infectives. The total population of infectives at time ¢ is
[&feKa, b, 1)dbda (I(a, b, 1}y=0 for b> a, since disease age cannot exceed
chronological age).

The differential problem for this model is

S/(a, )+ S,(a,t)

0

— (@) S(a, 1) — (fx [* pla,a. by I, b, 1) b da') S(a, 1),
Q
az0, 120 (39)
L(a, b, 1)+ L(a, b, )+ I(a, b, 1) = —[u>(a, b) + ps(a, b)] (g, b, 1),
a»0, >0, (>0 (3.10)

Rfa, 1)+ Ry(a, 1)= —p,(a) R(a, )+ | pala, b) I(a, b, 1) db,
0

a=0, =0 (3.11)

S(0, 1) = j:c [6(a) R(a, 1) + Ba(a) S(a, 1)1 da,  t>0  (3.12)

Ia, 0, t)=<£)w j: ola, a', b') I, b, 1) db’ da’) S(a, 1), az0, t>0

(3.13)

10, b, t) =0, b>0, t>0 (3.14)

R0, 1)=0, t>0 (3.15)

S(a, 0) = Sy(a), I(a, b,0)=I,(a, b), R(a,0)=Ry(a), a=0, b=0.
(3.16)

The functions p,, p;, and p, are the age-specific mortality rates of the
susceptible, infective, and recovered classes, respectively, p, is the age-
specific rate at which infectives recover, f, and f, are the age-specific fer-
tility rates of the recovered and susceptible classes, respectively, p is the
age-specific infection rate, and the birth rates of the infective and recovered
classes are 0.

The problem (3.9)-(3.16) may be written as a nonlinear vector system in
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the form (2.1)-(24). Let X=L'"((0, 0)x (0, 0); R*) and define for
[¢1,¢,,¢3]eX and a,b>0:

H([$,, ¢2. $5]1)a, b)

—| —m@ita b ([ [ ptaa by gotar by b do) g e
[V
—(uala, by + ps(a, b)) dy(a, b), —pala) ¢s(a, b)
+e [ e b) dala, h’)db’] (3.17)
(g1, ¢1, ¢31)(a)
(o, (j“ j pla, a', b') dold's b') db’ da’) f" é.(a, b) db, 0} (3.18)

O

G([4:1, 92, ¢31)(b)

=|e? J"x‘. <ﬁl(a) ij' ¢3(a, b/) db’ + ﬁz(a)‘(l ‘/’1(0’ b/) dbl> da, 0, 0:|
L 0 0 0

(3.19)
¢(a, b)=[e "Sy(a), Io(a, b), e "Ro(a)]. (3.20)

Suppose that n(a, b, t) is a solution of (2.1)-(2.4) for this H, F, G and ¢
and let u(-, -, 0)=[sC-,-, ¢, I,-, 1), r(-,-,t}]. Define S(g t)=
& s(a, b, t)db and R(a, 1)= (¢ r(a, b, t)db. We will show that [S, 1, R]
satisfies (3.9)—(3.16) provided that n is of sufficient regularity so that the
calculations below are valid. From (2.1) and (3.17) we obtain

Sda 1)+ Sua =] (sa b, )+ s.a, b, 1)) db
0
= [ ssta.bo 0+ wtarsta. b

+ r’ j pla, a', b)) I, b, 1) db' da’ ) s(a, b, 1) | db
(4] 0

=5(a, 0, t)—~ blim s(a, b, t)— p,(a) S(a, t)

- ( f - f pla,a', b)) I(a, b, t)db’ da’) S(a, 1).
0 0

From (2.2) and (3.18) we see that s(a, 0, 1) = F(n(-, -, t)},(a) = 0. Since s is
assumed sufficiently regular, lim, , . s(a, b, 1)=0. Thus, (3.9) is satisfied,
and similar calculations show that (3.10) and (3.11) are satisfied. From
(2.3) and (3.19) we see that
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S0, 1) = jm 5(0, b, 1) db = jw Gn(-, -, 1)),(b) db
(0]

0

- f e? j: |:,81(a) jw r(a, b, 1) db’ + B,(a) jw s(a, b', 1) db’] da db

0 0
=] [Bi(@) R(a, 1)+ p2(a) S(a. )] da

so that (3.12) is satisfied. From (3.18) we obtain (3.13), from (3.19) we
obtain (3.14) and (3.15), and from (3.20) we obtain (3.16).

The general formulation of an epidemic population structured by
chronological and disease age is given by the integral equation (2.7) with
H, F, G, and ¢ defined as in (3.17), (3.18), (3.19), and (3.20), respectively.
Notice that if Iy(a, b)=0 for b > a, then I(a, b, t)=0 for b>a and all > 0.
To see this claim set

i(C)=Hag+ ¢ by+ &, 15+ 8)

and p =y, + p;. From (3.10) we obtain

(€)= it0)exp | — [ uta+ &1 by + )|

If t>aand b>aq, set ay=0, by=b—a, ty=t—a, and £ =a to obtain
Ia, b, t)=10, b—a, t—a)exp[—Juu(é’,b—a+f’)dé’}
(4]

Now use (3.14) to conclude that I(a, b, t} =0 in this case. If 1 <a < b, set
ag=a—1t bo=b—1 1,=0, and £ =1 to obtain

Ka, b, t)=1(a—t,b—t,O)exp[—f'u(a—t+é',b—t+f')d€'].
0

The assumption that /y(a, b) =0 for a < b implies that I(a, b, 1) =0 in this
case as well.

The three examples above, in differential form, provide applications of
the general theory we will develop for the integral equation (2.7). More
extensive investigations of these examples with emphasis upon applications
will be given in future works of the authors.

4. ExiSTENCE, UNIQUENESS, AND POSITIVITY OF SOLUTIONS

We require the following hypotheses on H, F, and G:
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H: X - X, H({0)=0, and there exists an increasing function
¢;:[0,00)—>[0,00) such  that  [H(¢,)— H(¢,)l <
¢i(r) ¢, — ¢all for all ¢, ¢, € X such that g, .l <r (4.1)

F:X— L', F(0)=0, and there exists an increasing function
¢;:[0,00) > [0,00)  such  that IF(4,) — F(¢,)ll <
¢x(r) 91— @ol for all ¢,, ¢, € X such that |ig, |, 4,1 <r (42)

G: X - L', G(0)=0, and there exists an increasing function
¢3:[0,00)>[0,00) such  that  [G(¢,)—G(g) <
¢3(r) ¢, — @l for all ¢,, ¢, € X such that |, [, 4.l <r. (4.3)

ProrPoSITION 4.1. Let (4.1), (4.2), (4.3) hold and let r>0. There exists
T >0 such that if € X and ||¢|| <r, then there exists a unique continuous
function t > n(-, -, t) from [0, T] to X such that n is a solution of (2.7) on
[o, 7.

Proof. Choose T>0 such that
T(c(2r) +c5(2r) +e5(2r)) + 1< 1L (4.4)
Let ¢ € X such that | ¢| < r. Define the closed subset M of C([0, T]); X) by
M={neC([0,T); X):n(-,,0)=dand sup |n(-, -, )] <2r}.

01T
Define a mapping K on M as follows: for ne M, te [0, T], (Kn)(a, b, t) is
given by the right-hand side of (2.7).

To see that the integrals in (2.7) exist, let ne M and let 0 <¢< T. Since
T H(n(-, -, 1))e C([0, t]; X), Theorem 17, p. 198 in [4] implies there
exists a measurable function /4 from [0, oc)x [0, ) x [0, t] to R such
that h(a, b, 1)= H(n(-, -, 7)) (a, b), a.e. a=0, ae. b=0, and ae. 1[0, 1]
By the Fubini-Tonelli theorem (see Theorem 13, p. 193 and Corollary 15,
p- 194, in [4])

fo I, -, )|l do = L j: j:c \h(a, b, 7)| da db dr

:Llfoo foo |A(u+t,v+1, 1) dudvdr

o poo pt
:J j f |h(u+t, v+ 1, T)| dt du dv.
—1 Y —¢Ymax{—u, —v,0}

Thus, the inner-most integral exists for ae. u> —1, v> —t. Now set
u=a—1t and v=>b—1 in this integral to obtain the existence of the three
integrals in (2.7).
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We next show that for ne M, Kn(-, ', t)e X for each re[0, T] and
Sup,c ro.r] 1 Kn(:, +, 1) <2r. From (4.1), (4.2), and (4.3) we obtain that for
each te [0, T]:

j: fow |Kn(a, b, 1)) db da

=Ll

F(n(-, -, t—b))(a—b)

+

I
0

[Z3

Hn(-,,t)a—t+1,b—t+1)dt|dadb

G(n( s s a))(b_a)

-+

H(n )Na—t+1,b—t+1)dt| dbda

I
+'[OOJ' V(a—t b—1)
J,

+| Hn Wa—t+t,b—t+1)de

0

db da

jo f 1, t—b))a)| da db

+H f|H(n(-,-,r))(a—t+r,bat+1:)|dadbdr

+f0 f: \G(n(-, -, 1 —a))(b)| db da

]

r—1 vt ot

x |H(n(, .7T))(a'—t+f,b"—t+f)| da db dt

+] 7" 10(a.b)1 db da
+H f \H(n(-, -, ) a—t+1,b—1+71)| dadb dr
0 VY '
<L[ (c22r) +¢5(2r)) [In(-, - 1 =) dz + | 8|

+£jw Jf \H(n(-, -, 0))(a—t+1,b—t+1)| dadb de
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(e + @) [ 2rdet [ (@) In(-, )l der
0 0
S(T(c(2r) + ¢5(2r) + c5(2r) +3)) 2r < 2r. (4.5)

Thus, Kn(-, -, t)e X for each 1€ [0, T] and supg ., <+ 1Kn(:, -, 1)}l <2r.

It must be shown that the function 7— Kn(-, -, f) is continuous from
[0, T] to X. The proof of this fact follows from the continuity of F, G, and
H, the continuity of the mapping ¢ — n(-, -, ) from [0, T] to X, and the
continuity of translation in X. For example, let r(¢) be the function from
{0, T} to X defined by

Gn(-, -, t—a))(b—a) ae.0<a<t,ae.b>a
0, aztorb<a.

r(t)a, b)={

For0<1<igT

roy = <[ [ 160, i a))(b-a) db da

tYa

[ {160, L i-ab-a)

a

—G(n(:, -, i—a))(b—a)l db da
<JOHJ: \G(n(-, -, a))(b)| db da
+”® G(n(-, -, @)= G(n(-, -, i~ 1+a))|(b) db da
0 Y0

so that lim, _; ., [#(#)—r(f)|| = 0. Also, one can let g be the function from
[0, T to X defined by

g(t)(a,b)=f Hn(, 1)) a—t+1,b—t+71)de
max{f—«r—50}
ae.ag=>0,ae.b>=0
and show that lim,_; _,[lg(r)—g(?)| =0. Similar assertions yield the
claimed continuity of Kn(-, -, ¢} in ¢. In conclusion we have shown that K

maps M into M. We claim that (4.4) implies that K is a contraction in M.
As in (4.5), for n,ie M, 1€ [0, T], (4.4) yields

jw fo \Kn(a, b, 1) — Ki(a, b, 1)] db da
0 Q

<[ [ 1Pt b))a) = FC, - 1= b)) @) da db
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+[ [T160(-, -, 1= a)b) = G-, -, 1)) db da
00

+Hw foo |H(n(-, -, t))(a, b)— H(A(, -, T))(a, b)| da db dr
QY0 1]

(2ry+c(2r)+ ¢5(2r)) T ||n— Al cro.r1.5)
ln— Al ({0, T];:X)"

Thus, by the Contraction Mapping Theorem there exists a unique ne M
such that Kn=n, and, consequently, n is the unique solution of (2.7) on

(0,73 1

From the previous proposition one deduces by standard arguments the
existence and uniqueness of a maximally defined solution of (2.7) for each
#€ X. For each g€ X let [0, T,) be the maximal interval of existence of the
solution n(-, -, ) of (2.7) and let S(t)¢=n(-, -, t) for 0<r<T,. The
following proposition establishes that the solutions of (2.7) satisfy the
semigroup property.

PrOPOSITION 4.2. Let (4.1), (4.2), (43) hold, let ¢cX, and let
O0<s<T,. Then Tgys+s<T, and S(t)S(s)¢=S(t+s)¢ for
0< 1< T4

Proof. Define g(-,-,t)=S(t)¢ for 0<t<s and g(, )=
S(t—s)S(s)pfors<t<Tgyu+s Fors<t<Tg,,+s aeax=tae b=y,
(2.7), yields

gla, b, t)y=Ss)dla—t+s,b—1t+5)

+[ THS@ S6) $la—1+s+Tb—t+s+1)de

=¢(a—z,b~z)+fH(S(r)¢)(a—z+r,b—z+r)dr
0

+j'H(S(f—s)S(s)¢)(a—z+f,b-z+f)df

=¢(a—t,b—t)+f’H(g(', SO a—t41, b—1+1)d.
0

Thus g(a, b, t) satisfies (2.7), for 0<t< T,y +5 and ac. a>1t, ae b=t
In a similar fashion one shows that g satisfies (2.7), for a.e. 0< b <1, ae.
azb, and (2.7); for a.e. 0<a<t, ae. b>a. By the uniqueness of solutions
to (2.7) we have T, > T, +sand g(-, -, 1)=S{1) ¢ for 01 < T4+ 5,
that is, S(¢) S(s) ¢ =St +s) ¢ for 0< 1< T4 1
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The next proposition establishes that if the solution of (2.7) remains
bounded on its maximal interval of existence, then it exists globally.

PROPOSITION 4.3. Let (4.1), (4.2), (4.3) hold and let peX. If T,< o0,
then lim sup, _ - | S(1) ¢l =

Proof. Assume that T, < co and there exists >0 such that |.S(¢) gl <r
for 0<t<T,. By Proposition 4.1 there exists T e (0, T,) such that if deXx
and |@| <r, then T;2T. Let s=T,—T/2 and let ¢=S(s)¢. By
Proposition 4.2, T< T, < T4 —s=T/2, which yields a contradiction. |

The next proposition establishes that the solutions of (2.7) depend con-
tinuously on the initial values.

PROPOSITION 4.4. Let (4.1), (4.2), (4.3) hold, let ¢,deX, let T<
min{T,, T;}, andletr-maxo<,<r{|iS t) ll, 1S(t) @1 }. Then, for 0<t<T,
1S(2) ¢ — S(2) Il < ¢ — @Il exp(c,(r) + c(r) + e5(r)) 1],

Proof. As in (4.5)

ISt 8= <[ [ IS ~) p)a)~ AS(t—b) (e dadp
+” S(t—a) $)(b) — G(S(t — a) $)(b)| db da
+H f $)— H(S(x) §)| da db dr
+f f — @(a, b)| da db

< (cl(r)+62(r)+63(r))f IS(x) ¢ — S(z) Bll dz + ll$—4lI.
The conclusion then follows by Gronwall’s lemma. |

We next give sufficient criteria for the solutions of (2.7) to be positive-
valued. Let RY ={x=[x/,.,xy]eR":x,20, i=1,.,N}. Let L =
{peL" g(a)eRY for ae. a=0}. Let X, ={geX; d(a, b)eR" for ae.
a>0and ae. b>0}. We will require the following hypotheses:

There exists an increasing function c¢,: [0, co) — [0, o0) such
that if r>0 and ¢deX, with |¢| <r, then c,(r)¢d+
H(p)eX ., (4.6)

F(X,)cL' and G(X,)cL'. (4.7)
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PROPOSITION 4.5. Let (4.1), (4.2), (4.3), (4.6), (4.7) hold and let p X _ .
Then S(t)gpe X, for 0<t< T,

Proof. Let 0<T< T, and let r>0 such that |S(s) gl <r for 0<s<T.
Set a = c,(r), where ¢, is as in (4.6). Let 0<:<T. For ae. a>1t and ae.
b= 1, we obtain from (2.7), that

aJ.Ie’“"")S(r)¢(a~t+7:, b—t+1)dr
4]
=aj’e*°‘"*”¢(a—t,b—t)dr
0

+roze’°‘“’”Jr H(S(o)pNa—t+o,b—t+a)dodr
0 0
=(1—e *)Ygla—t,b—1)
+j' (1= e~ D) H(S(c) $)(a— 1+ 0, bt +0) do.
0

Again using (2.7), we obtain

j[e*““*”(a+H) S(t)dla—t+1, b—1+1)di+e dla—1,b—1)
0

=¢(a—t,b—t)+f’H(S(r)¢)(a—t+r,b—t+r)dr=S(t)¢(a,b).

]

In a similar way one uses (2.7), (for a.e. 0<b <t and ae. a=b) and (2.7),
(for ae. 0<a<t and a.e. b>a) to obtain

e Ypla—t,b—1)

+£e*““’”(a+H) S(t)dla—t+1,b—1t+1)dr,

t=0,ae.a=t,ae b=t

a *F(S(t—b) ¢)(a—b)

S(1) $(a, b) = +[ e Nt H) S(2) bla— 1+, b1+ 1) dr,
t—b

t>0,ae.0<b<tacazb

e *“G(S(t—a) $)(b—a)

+j’ e " Na+ H)S(t)pla—t+ 1, b—1t+1)dr,

t>0,ae.0<a<tae b>a. (4.8)
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Thus, S(¢) ¢ satisfies the integral equation (4.8) for 0 <7< T. Under the
hypotheses (4.6) and (4.7) an argument similar to the one used to prove
Proposition 4.1 establishes that this integral equation has a unique solution
in C([0,T,}; X.) for some T,e(0, T]. The uniquenes of the solution
means that S(¢) ¢ e X, for 0<+r< T,. Assume that there exists t < T, such
that S(r)p¢X,. Let s=inf{r<T,: S(t)¢¢ X, }. Since X, is closed,
S(s)peX,. By the argument above there exists 7,>0 such that
S(t)S(s)ge X, for 0<t<T,. But by Proposition4.2, S(¢)S(s)d=
S(t+s) ¢ for 0<t < Tg,),, which contradicts the definition of 5. ||

Our last proposition provides a sufficient condition for positive solutions
of (2.7) to be defined globally.

PROPOSITION 4.6. Let (4.1), (4.2), (4.3), (4.6), (4.7) hold and let there
exist ce R such that for all e X |

p <j Fg)(a)da+ [ Gp)bydb+ | [ H(¢),(a,b)dadb><ci|¢§|.
- 0 o Y0

Then, Ty= o0 and |S(t) ¢l <e“ |pl, t=0 for all pe X , .

Proof. Let ¢ X and define V(7)=|S(s) ¢l for 0<t < T,. For 0«1y,
t+h< T, we have, as in (4.5)

im A= '(V(t + h)— V(1))
h—-0

N

=limha 'Y JO L"' [(S(t+h) $)a, b)— (S(1) ¢){a, b)] da db

h—=0 i=1

N

—limh 'Y U'”’f F(S(t) ¢)a) da dr

h—=0

+j'”j:G(S( (bdbdmf jj H(S() ¢ ab)dadb]
gUm ) #)a)da+ | G(S(1) §)b) ab

+ F j% H(S(1) $)a, b) da db} <V,

Thus V'(¢) < cV(¢) and the conclusion follows by Proposition 4.3. |

409-121:2-11
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