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1. Introduction

The study of affine extension of isometries between specific sets of Banach spaces has continued on and off for over for
over 70 years since Mazur-Ulam’s theorem, which was established in the joint work of S. Mazur and S. Ulam [15] in 1932:
Every onto isometry between two Banach spaces is necessarily affine. In 1972, P. Mankiewicz [14] extended Mazur-Ulam’s
theorem in the following: Suppose X and Y are two normed spaces and A C X, BC Y. If both A and B are either two
connected open sets or two closed convex bodies, then every onto isometry from A to B is the restriction of an affine onto
isometry between the two spaces. D. Tingley [18] further proposed a generalized Mazur-Ulam’s question in 1987: Whether
every onto isometry between the spheres of two Banach spaces must be the restriction of a linear isometry between the
two spaces? While the study of the generalized Mazur-Ulam’s question has become an active area only recently, it has
appeared in literature in a variety of concrete classical Banach spaces since the beginning of this century. It is doubtless
that it is an interesting but difficult research area. Though we have known many concrete classical Banach spaces such as
C(£2), co(I') and (for p =1,00) £,(I") and L,(w) admitting the MUP, many elementary questions have left unknown in
general theory. For example, we do not know whether every finite dimensional space has the MUP; see Ding’s and Li-Liu’s
survey papers [5] and [11].

Our purpose in this paper is to give a general approach for the generalized Mazur-Ulam’s question. Because existence of
non-proper support points of maximal convex sets in unit spheres plays an important role in proof of the main results, we
begin with discussion regarding non-proper support points of closed convex sets of Banach spaces. After showing a natural
extension property of an onto isometry between two unit spheres, we proceed to prove the main lemma that “every onto
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isometry between two unit spheres maps each maximal convex set into a maximal convex set”; and making use of these
and the Mankiewicz-Mazur-Ulam theorem, we show then the main result of this paper, which entails that: Somewhere-flat
spaces admit the MUP. (A Banach space is somewhere-flat provided that there is a maximal convex set in its unit sphere
admitting non-empty relative interior with respect to some closed hyperplane.) As their applications, on the one hand we
give the generalized Mazur-Ulam’s question an affirmative answer in an approximation sense: For every & > 0 every Banach
space X has a (1 + ¢)-equivalent norm such that X admits the MUP with respect to the new norm. On the other hand,
we show that many classes of Banach spaces, including that of polyhedral spaces, CL-spaces admitting a smooth point
(in particular, separable CL-spaces) and of almost CL-spaces with the RNP, belong to the class of somewhere-flat spaces.
Combining results of this paper and known results of other mathematicians’ work in this topic, some further results about
some classical Banach spaces are presented in the last section.

In this paper, the letter X will always be a Banach space, and as usual, X* its dual. Bx(x,r) is the closed ball in X
centered at x with radius r, and Sx(x,r) the sphere of Bx(x,r). We simply use Sx and Bx to denote the unit sphere and
the closed unit ball of X, respectively. For a set A C X, La, X4, aff A and co A stand successively for span A, the closure of
span A, the affine hull of A and the convex hull of A. A represents the closure of A. If B C X is another set with A C B,
then intg A denotes the relative interior of A with respect to B.

2. Non-proper support points of maximal convex sets of unit spheres

Because non-proper support points, or in other words, relative non-support points of maximal convex sets in unit spheres
of Banach spaces play an important role in showing the main lemma and many other results, in this section, we review
briefly some concepts and known results about (relative) non-support points of closed convex sets in Banach spaces. We
shall begin with the following definition.

Definition 2.1. Suppose that C is a closed convex subset of a Banach space X, and x € C.

i) The point x is said to be a support point of C provided there is a non-zero functional x* € X* such that (x*,x) =
supyec(x*, y); the functional x* is called a support functional of C and support C at x, or simply, a support functional
of C at x;

ii) x is called a non-support point of C if it is not a support point of C;

iii) x is called a proper support point of C if there exists a support functional x* € X* of C, which is not identically a
constant on C and supports C at x;

iv) we say that x is a non-proper support point of C if it is not a proper support point of C. The subset of all non-proper
support points of C is denoted by N(C).

Remark. For a closed convex set C, we also say that x € C is a relative support point of C if there is x* € X* such that
(x*, x) = maxc x* and it is not identically a constant on aff C. Therefore, a non-proper support point is essentially a relative
non-support point.

Proposition 2.2. If C is a non-empty closed separable convex set, then N(C) # @.

Proof. We choose any xg € C, and let A=C — xo and X4 = span A. Then X, is a separable Banach space and A cannot be
contained in any closed hyperplane of X4. Applying Exercise 2.18 of R.B. Holmes [9, p. 111] to X4, the set N(A) = N(C) — xg
of all non-support points of A is not empty. O

More related matters can be found in [3] and [17].

Assume that K is a closed subset of a Banach space X. We write ext K for the set of all extreme points of K. We call
s(x, K) ={y € K: [x,y] C K} the star-like subset of K around x for each x € K. Clearly, for every x € K there is (at least) a
maximal convex subset of K containing x, and s(x, K) is just the union of all such maximal convex sets of K. Consider next
an important particular case where the closed subset K is the unit sphere of a Banach space X, that is, K = Sx. For every
x € Sx, let o(x) be the set of norm-one support functionals of By at x; i.e., o (x) = {x* € Sx=: (x*,x) = 1}. Let us agree that
if x* € Sx+ then Cy+ denotes the set {u € Sx: (x*,u) = 1}; in this situation, we say also that Cy+ is determined by x*.

Lemma 2.3. Suppose X is a Banach space and x € Sx. Then

) s(x,Sxy)={yeSx: lIx+yl=2}= Ux*eexta(x) Cyrs
ii) if C is maximal convex set of Sx and x € N(C) then s(x, Sx) = C.

Proof. i) The first equality can be easily followed by definitions of star-like set and maximal convex sets. It is clear that
s(x, Sx) is just the union of all maximal convex sets of Sx containing x. To show s(x, Sx) = UX*EQ,{[O(,{) Cyx, let C Cs(x, Sx)
be a maximal convex set. Separation theorem and the Krein-Milman theorem (see, for instance, [4, p. 148], [16]) together
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assert that there exists an extreme point x* of o (x) such that C = Cy+ since o (x) is non-empty convex and w*-compact.
Therefore, s(x, Sx) C UX*EWU(X) Cx+. The converse inclusion follows from Cyx+ C {y € Sx: ||x+ y|| =2} for every x* € o (x).

ii) By i), it is sufficient to prove that there is only a unique maximal convex subset C of Sx containing x. Assume that
C; is another maximal convex subset of Sx containing x. Then, there exists an extreme point x* of o (x) such that C; = Cy+.
Since x is a non-proper support point of C, x* is identically 1 on C. Thus, C C C;. This and maximality of C together entail
that C=C;. O

Lemma 2.4. Suppose that X is a Banach space, and that C is a maximal convex set of Sx determined by an extreme point X* of Bxx.
Let xg € N(C), and X be the intersection of X¢ and the kernel of x*. Then

i) Uﬁil n(C — x9) = span(C — C) is a dense subspace of Xo;
ii) if, in addition, 0 € intx. co(C, —C), then 0 € intx, (C — Xo).

Proof. i) Since xg € C is a non-proper support point of C, by Proposition 2.2, span(C — C) = |72, n(C —C) = |J;2; n(C — xo).
Note spanC = Uﬁi] nco(C,—C) is dense in X¢ and note Xg is a closed hyperplane of X¢. span(C — C) =spanC N Xy is
necessarily dense in Xj.

ii) Since X¢ is a closed subspace of X, it is itself a Banach space. 0 € intx. co(C, —C) implies that 0 € intx,(co(C, —C) N
Xp). Note x € co(C, —C) N Xp if and only if x € %(C — 0). We see that 0 e intx,(C — C), and which further entails that
span(C — C) = Xp. Since Xp is again a Banach space and since C — xo is a closed convex absorbing set of Xg, by a simple
argument of category, C — xo is necessarily a 0-neighborhood of Xo. O

It should be remarked that Lemma 2.4ii) fails without the assumption that xy € N(C). This disappointment can be
illustrated by the following example: For any set I" and for every maximal convex set C of the unit sphere of £1(I") we
know that co(CU~—C) = B,1r,. But if I" is uncountable, then N(C) = ¢, and consequently, for every xo € C, intx,(C—xo) = ¥.

3. On somewhere-flat spaces, polyhedral spaces and CL-spaces

In this section, we are going to exhibit a few examples of CL-spaces, polyhedral spaces and non-proper support points
of maximal convex sets of their spheres. They are also examples of somewhere-flat spaces.

Recall that a Banach space is said to be somewhere-flat provided there is a maximal convex set in its unit sphere such
that it has non-empty relative interior with respect to some closed hyperplane. If X is a somewhere-flat space, then we also
call the corresponding norm of X somewhere-flat norm. We should emphasize that every equivalent norm on a normed
space M is approximated by a somewhere-flat norm. Indeed, given € > 0 and any xg € Sy, let x* € Sy+ be a support
functional of By at xp, and let Hy be the support hyperplane of By at xo, and further let C = B(xg, &) N Hy. It is clear that
the Minkowski functional generated by D = co(By U +C) is a somewhere-flat norm and is (1 + &)-equivalent to the original
one. We sum up now the fact as follows.

Fact 3.1. Suppose that (X, || - ||) is a Banach space. Then for every ¢ > 0 there is an equivalent somewhere-flat norm || - ||¢
on X such that

A+&) x| < Ixlle <A +8)[x], VxeX.

A Banach space is polyhedral [10] if the unit ball of any of its finite dimensional subspaces is a polyhedron. A result of
Fonf [7, Theorem A] entails that every separable polyhedral space is somewhere-flat.

Recall that a Banach space is said to be a (an almost) CL-space [8,12] provided for each maximal convex set C of Sx we
have Bx = co(C U —C) (Bx = co(C U —C), respectively).

Proposition 3.2. (See [2].) Suppose that X is an almost CL space and that C is a maximal convex set of Sx. Then a point x € C is a
smooth point if and only if it is a non-proper support point of C.

The following result follows from Proposition 2.2, Lemma 2.4 and definition of CL-space directly.
Proposition 3.3. Every CL-space admitting a smooth point (in particular, every separable CL-space) is somewhere-flat.

We are now going to present several examples of classical CL-spaces and characterizations of non-proper support points
of maximal convex sets in their unit spheres.

Example 1. For any set I", the Banach space co(/") with the usual sup norm is a CL-space. Let e; (j € I') denote the
standard unit vectors of ¢1(I"), and let E = {#£e;: j e I'}. Then (1) each maximal convex set C of co(I") has the following
form: C = {x € S¢y(r): (x*,x) =1} for some x* € E; (2) a point in C is a non-proper support point if and only if it is a
smooth point, which is also a strongly smooth point [19].
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Example 2. For any compact Hausdorff space K the Banach space X = C(K) satisfies that every maximal convex set of Sx
admits a non-proper support point.

Example 3. Let (2, ¥, 1) be a o-finite measure space. Then L'(£2, ¥, i) is a separable CL-space. Therefore, each maximal
convex set of its unit sphere contains a non-proper support point.

Example 4. With the measure space (£2, X, ) as above, since L°°(£2, X', i) is an abstract M space with a strong unit e
(the function which is identically 1 on £2), it is isometric to C(K) for some compact Hausdorff space K [13, Th. 1.b.6]. Thus,

it is a CL-space satisfying that every maximal convex set of its unit sphere admits a non-proper support point.

4. Extension of Lipschitz embeddings between unit spheres

In this section we shall show an extension property of Lipschitz embedding between sets of unit spheres. For a general
discussion of property of Lipschitz mappings, we refer the reader to Y. Benyamini and ]. Lindenstrauss’ book [1].

Proposition 4.1. Suppose that X and Y are Banach spaces, such that A C Sx, B C Sy, and that f : A — B is a Lipschitz equivalence
with

M7 x =yl <[ fe0 = FO| <Mlx=yl, Vx,y€A. (41)
Then f has a positively homogeneous extension U : Rt A — R B such that U is a Lipschitz equivalence from Rt A to RT B with

GM)x—yI < U - U | <3Mlix—yl, Vx,yeRVA. (4.2)
Proof. Suppose that f: A — B is a Lipschitz equivalence satisfying (4.1). Now we define an extension f of U for x e R* by
x| f (F5r), X #0,
X) = (K] 43
ram = x#0 (43)
Clearly, f. is a positively homogeneous extension of f. For any fixed x, y € R* A, we can assume 0 < ||x]| < ||ly|| < 1.

1fuy — fuxll = H (f*y = ||x||f*i> ”
X

< IIXII‘

X
fry — f*mH + (1= 1xI) I fell
<M(|y =% — (1 =1x)y] + (1= lIxl))
<Mlly — x|l +2M(1 — [|Ix]]) < 3M|ly — x| (44)
The same argument to f~! and (4.4) yield (42). O

Remark 4.2. For the Lipschitz equivalence f : A — B in Proposition 4.1, the extension f, defined by (4.5) is called the natural
extension of f.

Corollary 4.3. Suppose that X and Y are two Banach spaces and f is a Lipschitz equivalence between Sx and Sy. The natural extension
of f is a positively homogeneous Lipschitz equivalence between X and Y.

Lemma 4.4. Suppose that X and Y are Banach spaces and C C X, D C Y are convex sets (linear subspaces). Suppose that f : C — D is
a Lipschitz equivalence. Then, for every separable subset (linear subspace) A C X there exist a convex separable subset (linear subspace)
U c C and a convex separable subset (linear subspace) V C D such that f(U) =V.

Proof. We can assume that both C and D are closed convex sets. Let Cg = A, and let C; = co Cg (span Cg), Cn1 =co f~1(Dp)
(span f~Y(Dy)) and D, = co f(Cy) (spanCy) for every n > 1. Let next U = Ur21Cn and V = J;2; Dp. Then U and V have
the desired property. O

5. Invariance of convexity and maximality of maximal convex sets in unit spheres under isometries
In this section we specialize the general notion of Lipschitz equivalence discussed in the proceeding section to that of

onto isometry between unit spheres of two Banach spaces. We shall see in the following sections that the next lemma is
powerful to enable us to link up the metric property with linearity.
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Lemma 5.1 (Main lemma). Suppose X and Y are Banach spaces and f : Sx — Sy is an isometry. Then

i) f maps every star-like set of Sx into a star-like set of Sy, more precisely, for each x € Sx we have

f(s(x,8x)) =—s(f(—x), Sy); (5.1)

ii) f maps every maximal convex set of Sx into a maximal convex set of Sy.

Proof. i) Let us agree again that f, denotes the natural extension of f. Note

zes(—x,Sx) < —ze€s(x Sx)

Ix—zl=2 < |[feo-f@|=2
—f(@ es(f®),Sy)

f@ es(—f®),Sy)=—s(f®).Sy).

¢ ¢ ¢

We have
f(=sx.Sx)) = f(s(=x. Sx)) € =s(f(x). Sy).

or equivalently,
f(sx, Sx)) € =s(f(=x), Sy).

Conversely, note f~1:Sy — Sx is again an isometry. Let u = f(—x). Then
s(x,Sx) € f71(=s(u, Sy)) € —s(f (), Sx) =s(x, Sx).

Thus, (5.1) holds.

ii) Suppose that C is a maximal convex set of Sx. We first claim that f(C) is a convex set of Sy. Otherwise, there are two
points x, y € C such that [f(x), f()]={Af(x)+ (1 —2)f(¥): 2 €[0,1]} € f(C). Applying Lemma 4.4, there are separable
subspaces E C X with x,y € E and F C Y such that fy|s, = fls; : S — Sf is an onto isometry. Let Cg = C N E. It is clear
that Cg is a maximal convex set of Sg containing x and y. According to Proposition 2.2, there is a non-proper support point
u of Cg. By Lemma 2.3ii) and the equality (5.1) we have just proven, we obtain that

f(Cp) = f(s(u, Sp)) =s(—f(~u), SF). (5.2)

Let K be a maximal convex subset of Sr containing — f(—u). Then K C s(—f(—u), Sg). Therefore, the equality (5.2) entails
that f~1(K) C s(u, Sg). Since K is separable, by Proposition 2.2 again there is a non-proper support point v of K and which
implies that K =s(v, Sf). Note f‘1 : S — Sg is again an isometry. We observe that

Ce=s,Sp)=f"(s(=f(-u).SF)) D fF1(K) =~ (s(v. Sp))
=s(—f7'(=v). Sg).
Since —s(f~1(—v), Sg) is the union of all maximal convex sets of Sg containing — f~!(—v), there must be a maximal
convex set C1 of Sg containing both x and —f*1 (=v) in s(—f*] (—v), Sg). We assert that C; = Cg. Suppose, to the contrary,
that there exists extreme point u* of Bg+ such that
Cr={ueSg: (u* u)=1} S Ce.

It is easy to see that u™* is a support functional of C; and supporting Cr at u. Since u is a non-proper support point of Cg,
we observe that Cg g C1. This contradicts to maximality of Cg. Therefore,

f©Ce)=f(s(f7(v), Sg)) =s(u, Sp) =K,

and which in turn implies that f(C) is convex.
Let D be a maximal convex set of Sy containing f(C). Then, by the fact we have just proven, f~1(D) is a convex set
of Sy containing C. Maximality of C says that C = f~1(D), and further, f(C)=D. O

We combine this lemma and Lemma 2.3 to obtain the following consequence.
Corollary 5.2. Suppose X and Y are Banach spaces and f : Sx — Sy is anisometry. Then f(s(x, Sx)) = s(f(x), Sy) forevery x € Sx.

Remark. We should mention here that Corollary 5.2 has been shown by Fang and Wang [6] in a different way. The proof
of the main lemma depends heavily on the hypothesis that f is an onto isometry. We do not know that whether f maps
every maximal convex set of Sy into a convex set, or into a set contained in a maximal convex set of Sy if the mapping f
is only an into isometry.
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6. Extension of isometries between unit spheres of somewhere-flat spaces

In this section we now establish one of the main results alluded to in the Introduction concerning linear extension of
onto isometries between maximal convex sets in unit spheres, which turns out further the main result mentioned in the
abstract: Every somewhere-flat space has the MUP.

Theorem 6.1. Suppose that X, Y are two Banach spaces, and f : Sx — Sy is an onto isometry. Suppose that C is a maximal convex
set of Sx such that inta. C # (. Then the natural extension f, of f on Xc = spanC is a linear isometry.

Proof. According to Lemma 5.1, f.(C) = f(C) = D is also a maximal convex set of Sy. Since inta. C # @, given any xg €
inta. C, f(xo) € inta, D. Therefore, 0 € intx. co(C, —C), and 0 € inty, co(D, —D). Let x; € Sx+ (y§ € Sy+, respectively) be a
functional supporting C at xo (supporting D at yo = f(xo), respectively). Denote by Xo (Yo, respectively) the intersection of
Xc =$panC and the kernel of x§ (Yp =span D and the kernel of y§, respectively). Then by Lemma 2.4ii),

oo
Xc=spanC = Un(C —Xx0) + Rxg = Xo + Rxg and

n=1

x
Yp =spanD = U n(D — yo) + Ryg = Yo + Ryg, respectively.

n=1

In the following, we claim that g:C —xp — D — f(Xp), defined by g(u) = f.(u 4+ x0) — f«(xo) for u € C — xp is an onto
isometry. Indeed, given u =cy —xp,v=c2 — X9 € C — Xp, ||gw) —gW)| = f(c1) — f(c2)|| = llc1 — c2]| = ||lu — v]|. Since both
C —xp and D — yq are convex bodies in Xy and Yy, respectively, by Mankiewicz’ theorem [14], g can be affinely extended
to the whole space Xy to become into an affine onto isometry to Yo, which is denoted by g,.. Note g(0) = 0. Mazur-Ulam’s
theorem [15] entails that g, is a linear isometry.

We show next that g, = f, on Xp. It suffices to show that h = f,.(- + xp) is affine on Xp. Given u,v € Xp and «, 8 € R
with @ + 8 =1, since C — xp is a (convex) neighborhood of the origin of Xp, and sine both g, and f, are positively
homogeneous, we can assume that 0 < |8| <« and +u, v, *ou, £8v € C — xp. Therefore

g«(au+ Bv) = glau + Bv) = fiu(au + Bv +x0) — f(x0). (6.1)
On the other hand,
glau+pv)y=agu)+ Bg(v)
= (fr(u+x0) — fu(x0)) + B(fx(v + X0) — fu(X0)). (6.2)
(6.1) and (6.2) together imply
h(ou + Bv) = fo(au + Bv + Xo)
= fi(u+X0) + B(f+(V +x0))

=ah(u) + Bh(v).
Thus, h is affine on a neighborhood of Xj. Since f, is positively homogeneous, then h is affine on Xp, and this implies that
h(u) = fi(u +x0) = fi(u) + fi(x0), Vu € Xo. (6.3)

Let H% and H§ denote the upper (lower) half-spaces {x € X¢: (xj,x) > (<) 0} and {y € Yp: (y§, y) = (<) 0}, respectively.
Positive homogeneity and (6.3) imply f, is additive on Hér. Indeed, Vu,v e HEL, let (o, hy), (B, h) € R x Xg such that
u=axg+h1, v=Bxp + hy. Then

feu+v) = fi((@ 4 B)xo + (h1 +h2)) = (@ + B) fi(x0) + fi(h1 +h2)
= (Olf*(xo) + f*(hl)) + (,Bf*(xo) + f*(hZ)) = fu) + fi(v).

We claim now that f,: Hf — H}) is an onto isometry. It is trivial that f.(H{) = f«(H}}), since f is additive and since
fx is a linear isometry from Xg to Yo. To show f, is an isometry on H, we consider again u = axg+hi, v = Bxo +hy with
(o, h1), (B, h2) e RT x Xo and with 8 > o > 0. Note

F2 (V) = fuu) = (Bfi(X0) + f(h1)) — (a fi(X0) + fx(h2))
= fi((B —o)xg + (hz — hy)) = fu(v —u).
We have
| fe) = fe@)| = [ fov —w)| = v —ul.
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We define finally A: X¢c — Yp by

f(x), xeHE,
—fx(=x), xeH;.

It is not difficult to observe that A is linear, and this entails further that A is a linear onto isometry.

It remains to prove that f, is linear on Xc. It is sufficient to show that f, is an onto isometry. Let us first note that f
also maps the maximal convex set —C of Sx into a maximal convex set f(—C) of Sy. It is easy to observe that f(—C) =
—f(C) = —D. By a similar argument, we know that there is another linear onto isometry B : X¢c — Xp such that f, =B
on H.. Given x, y € X¢, we want to show | fx(x) — f«(¥)|l =[x — y . We can assume without loss of generality x € Hé and
y € H¢. Therefore, there is z € Xg such that z=Ax+ (1 — 1)y, for some 0 <A < 1. Note f(z) € Yo.

Ax) = {

Ix=yl=lx=zll+llz=yl = [Ax=2)| + Bz )|
=[f0 = @ | + [ f@ = £ = [ fe® = fe )] (6.4)

Conversely, let u e Hf, v e Hp, such that x= f,"(u) and y = f(v). Let w=Au+ (1 —21)v, for some 0 < A < 1. Then

| fe@) = fe)|| = llu = wil + [lw — v]|
=[ATw—-w)|+||B" 1w -
=AW - AW |+ |B7 T (w) — BT ()|
=|frw = frw|+ [ frw = frm]
> | fe ) — fr | =lx—yl. (6.5)

Hence, f, is a linear onto isometry from X¢ to Yp. O
Corollary 6.2. Every polyhedral Banach space admits the MUP.

Proof. Suppose that X is a polyhedral space and Y is a Banach space. We want to prove that if f : X — Y is an onto
isometry, then it is linear. Lemma 4.4 and heredity of polyhedral spaces allow us to assume that X is separable. The proof
is complete by noting that every separable polyhedral space is somewhere-flat. O

The next result is an immediate consequence of Theorem 6.1, Propositions 3.2 and 3.3.
Corollary 6.3. Every CL-space admitting a smooth point (in particular, every separable CL-space) has the MUP.
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