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Abstract

Let G be a graph. For u, v € V(G) with distg (1, v) =2, denote Jg (4, v) ={w € Ng(u) N Ng(v)|Ng(w) € Ngu)UNg@)U
{u, v}}. A graph G is called quasi claw-free if Jg(u,v) # ¢ for any u,v € V(G) with distg(u, v) = 2. In 1986, Thomassen
conjectured that every 4-connected line graph is hamiltonian. In this paper we show that every 4-connected line graph of a quasi
claw-free graph is hamiltonian connected.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

We use [1] for terminology and notations not defined here, and consider loopless finite simple graphs only. Let G
be a graph. The degree and neighborhood of a vertex x of G are, respectively, denoted by dg(x) and Ng(x). Denote
Nglx] = Ng(x) U {x}. A graph G is essentially k-edge-connected if |E(G)| >k + 1 and if for every Eg € E(G)
with |Eg| <k, G — E¢ has exactly one component H with E(H) # . For any two distinct vertices x and y in G,
denote distg(x, y) the distance in G from x to y. For u, v € V(G) with distg (u, v) = 2, denote Jg(u,v) = {w €
Ng(u) N Ng(v)|Ng(w) € Nglu] U Ng[v]}. A graph G is claw-free if it contains no induced subgraph isomorphic to
K1 3. A graph G is called quasi claw-free if Jg(u, v) # ¥ for any u, v € V(G) with distg (¢, v) = 2. Clearly, every
claw-free graph is quasi claw-free.

Let G be a graph and let X € E(G) be an edge subset. The contraction G/X is the graph obtained from G by
identifying the two ends of each edge in X and deleting the resulting loops. For convenience, if H is a subgraph of G,
we write G/H for G/E(H).

The line graph of a graph G, denoted by L(G), has E(G) as its vertex set, where two vertices in L(G) are adjacent
if and only if the corresponding edges in G are adjacent.

A graph G is hamiltonian connected if for every pair of vertices u, v € V(G), G has a spanning (u, v)-path (a path
starting from u and ending at v). In [12], Thomassen conjectured that every 4-connected line graph is hamiltonian.
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By [11], this conjecture is equivalent to the conjecture of Matthews and Sumner stating that every 4-connected claw-free
graph is hamiltonian [10].

So far it is known that every 7-connected line graph is hamiltonian connected [14], and that every line graph of a
4-edge-connected graph is hamiltonian connected [13], and that every 4-connected line graph of a claw-free graph is
hamiltonian connected [6]. Thomassen’s conjecture has also been proved to be true for 4-connected line graphs of planar
simple graphs [7]. Here we consider the hamiltonicity of the line graph of a quasi claw-free graph and have the following.

Theorem 1.1. Every 4-connected line graph of a quasi claw-free graph is hamiltonian connected.
2. Preliminaries

A subgraph H of a graph G is dominating if G — V (H) is edgeless. Let vg, vy € V(G). A (vo, vg)-trail of G is a
vertex-edge alternating sequence

V0, €1, V1, €2, ..., €k, Vk
such that all the ¢;’s are distinct and such that foreachi = 1,2, ..., k, ¢; is incident with both v;_; and v;. With the
notation above, this (vg, v)-trial is also called an (e, ex)-trail. All the vertices in vy, va, ..., Vr_1 are internal vertices

of trail. A dominating (e1, ey)-trail T of G is an (eq, ex)-trail such that every edge of G is incident with an internal vertex
of T. A spanning (e1, ex)-trail of G is a dominating (e1, e)-trail such that V(T') = V(G). There is a close relationship
between dominating eulerian subgraphs in graphs and hamiltonian cycles in L(G).

Theorem 2.1 (Harary and Nash-Williams [5]). Let G be a graph with |E(G)| > 3. Then L(G) is hamiltonian if and
only if G has a dominating eulerian subgraph.

With a similar argument in the proof of Theorem 2.1, one can obtain a theorem for hamiltonian connected line
graphs.

Proposition 2.2. Let G be a graph with |E(G)| > 3. Then L(G) is hamiltonian connected if and only if for any pair of
edges e1, ey € E(G), G has a dominating (ey, ep)-trail.

We say that an edge e € E(G) is subdivided when it is replaced by a path of length 2 whose internal vertex, denote
v(e), has degree 2 in the resulting graph. The process of taking an edge e and replacing it by the length 2 path is called
subdividing e. For a graph G and edges e, ez € E(G), let G(e1) denote the graph obtained from G by subdividing e,
and let G(eg, ep) denote the graph obtained from G by subdividing both e and e,. Thus

V(G(er, e2)) — V(G) ={v(e1), v(e2)}.

From the definitions, one immediately has the following observation.

Proposition 2.3. Let G be a graph and ey, ex € E(G). If G(ey, e2) has a dominating (v(ey), v(ez))-trail, then G has
a dominating (ey, e)-trail.

In [3] Catlin defined collapsible graphs. For R € V(G), a subgraph I" of G is called an R-subgraph if G — E(I')
is connected and R is the set of all vertices of I" with odd degrees. A graph is collapsible if G has an R-subgraph for
every even set R C V(G). A graph G is contracted to a graph G’ if G contains pairwise vertex-disjoint connected
subgraphs Hiy, Hy, ..., Hy with Ule V(H;) = V(G) such that G’ is obtained from G by successively contracting
H\, H,, ..., Hy.

Theorem 2.4. (i) Catlin [3]. Let H be a collapsible subgraph of G. Then G is collapsible if and only if G/H is
collapsible.

(i) Catlin [3]. Let Hy and Hj be subgraphs of H such that H1 U Hy = H and V(Hy) N V(H) # 0. If H; and H>
are collapsible, then so is H.

(iii) Lai et al. [9]. If G is collapsible, then for any pair of vertices u, v € V(G), G has a spanning (u, v)-trail.
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We define F(G) be the minimum number of additional edges that must be added to G so that the resulting graph
has two edge-disjoint spanning trees. The edge arboricity a;(G) of G is the minimum number of edge-disjoint forests
whose union equals G.

Theorem 2.5. Let G be a graph. Each of the following statements holds:

(1) Catlin [3]. If F(G) <1 and if G is connected, then G is collapsible if and only if G cannot be contracted to a K».
(i) Catlin et al. [4]. If F(G) <2 and if G is connected, then G is collapsible if and only if G cannot be contracted to
a K3 or a Ky ; for some integert > 1.
(iii) Catlin [2]. If a1(G) <2, then F(G) =2|V(G)| — |[E(G)| — 2.

Lets; >1 (i =1, 2, 3) be integers. Denote K4(s1, 52, 53), T (s1, 52), C3(s1, 52), S(s1, s2) and K2 3(s1, s2) to be the
graphs depicted in Fig. 1, where the s; (i = 1, 2, 3) vertices and the two vertices connected by the two lines shown in
each of the graphs forms a K 5, graph. Denote

F 1 ={K4(s1, 52, 83), T (51, 82), C3(s1, 52), S(s1, 52), K2,3(s1,52) | i =1 (i =1, 2, 3) is an integer}

and 7 =71 U{Kz; | t 22}.

Theorem 2.6 (Lai et al. [8]). Let G be a 2-edge-connected planar graph. If F(G) <3, then G is collapsible if and
only if G cannot be contracted to a graph in F .

Theorem 2.7 (Lai et al. [9]). Let G be a graph with k' (G) > 3. If every 3-edge-cut of G has at least one edge in a
2-cycle or 3-cycle of G, then the graph G(¢', €") is collapsible for any €', ' € E(G).

3. Proof of Theorem 1.1

In this section, we assume that G is a quasi claw-free graph with k(L (G)) >4. Note that then G is essentially 4-
edge-connected. The core of the graph G, denoted by Gy, is the graph obtained from G by deleting all degree 1 vertices
and contracting exactly one edge xy or yz for each path xyz with dg (y) = 2. Denote G7 the graph obtained from G by
deleting all degree 1 vertices.

Lemma 3.1 (Lai et al. [9]). Let G be a graph and G the core of G. If Gy(€’, €”) has a spanning (v(e'), v(e"))-trail
foranye', e’ € E(Gy), then G(e', €') has a dominating (v(e'), v(e"))-trail.

Lemma 3.2. Let G be a quasi claw-free graph. Then G7 is also quasi claw-free.

Proof. Let u,v € V(GT) with distGT(u, v) = 2. Then distg (u, v) = 2 and Jg(u, v) # @. For x € Jg(u, v), since
NGT (x) € Ng(x), we have x € JGT (u, v), and hence G’f is quasi claw-free. Il

Lemma 3.3. Let x € V(Go) with dg,(x) = 3. Then exactly one of the following holds.

(1) Go[NI[x]] contains a triangle.
(1) Go contains the graph B, or C, or D in Fig. 2 as the induced subgraph.
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Proof. Let Ng,(x) = {u1, uz, uz}. If u;u; € E(Go) for some {i, j} € {1,2, 3}, then (i) holds. So we may assume
that Go[{x, u1, uz, u3}] is a claw in Gg. Since G is essentially 4-edge-connected, x, u1, u>, uz € V(G), dg(x) =3
and dg(u;) =23(i =1,2,3). Thus x, uy,uz,uz € V(GY). So Gi[{x, uy, u2,u3}] is a claw in G. By Lemma 3.2,
there exists u;; € JGT (i, uj)in G*, where 1<i < j <3. By the definition of a quasi claw-free graph, NGT (uij) €
NGT[”i]UNG’l‘[Mj]- Since GT[{x, u1, uz, usz}]isaclawin G7, the vertices u1y, u12, un3 are different, x ¢ {u12, u13, uz3}
and uy ¢ NGT (u;j). Let H = GY[{xuy, xuz, xu3, uipuy, ujpuz, ui3u1, u13u3, uxsuz, u3uz}] (see Fig. 3).

Since dGT(x) =3, xu;j ¢ E(GY) for all {i, j} < {1,2,3}. Let t = |[E(G|[{u12, u13, u23}])|. If <1, without
loss of generality, we assume that uiou3, us3u13 ¢ E(G’f). Since distGT(x, u13) = 2, there exists a € JGT(x, ui13).
Since NG’{(X) = {uy,uz, u3} and usu3 ¢ E(GY), we have either a = uy or uz. But ujuin, uzu; € E(GY) and
Xui2, Xu3, u13U12, U323 ¢ E(GY), a contradiction. So t >2. Hence u12, u23, u13 € V(Go), and H is the subgraph of
Gy. So (i) holds. O

Letx € V(Go) with dg,,(x) = 3. By Lemma 3.3, denote H, the induced subgraph in G shown in Fig. 2. Clearly,
H, is a 2-edge-connected planar graph, and aj (H,) <2. By Theorem 2.5(iii),

2.3—-3-2=1 if H, is atriangle,
F(H,)=2|V(Hy)|— |[E(Hy)|—2=32-7—11—-2=1 if H, the graph B or C in Fig. 2,
2.7—12—-2=0 if H, the graph D in Fig. 2.

Denote # = {H, | dg,(x) =3}, # o = {H, € H#|H,is not a triangle}.

Lemma 3.4. Let H, € ' and Hf be the graph obtained from H by subdividing at most two edges of Hy. Then H;i
is collapsible.

Proof. Clearly, H, € #( is 3-edge-connected with F(H,) < 1. By Theorem 2.5(i), H, is collapsible.

Lete’ € E(H,). Thenaj(H,(¢")) <2.Note that F (H,) < 1. By Theorem 2.5(iii), F (Hy(¢')) = F (H,) +1<2. Since
H, is 3-edge-connected, and v(e’) is the only degree 2 vertex in H, (e’), Hy(¢') is collapsible by Theorem 2.5(ii).

Lete',¢” € E(H,). Thena;(H, (€', ¢”)) <2. Note that F (H,) < 1. By Theorem 2.5(iii), F(H,(¢’, ")) = F(H,) +
2<3. Since H, is a 3-edge-connected planar graph, and v(e’), v(e”) are only two degree 2 vertices in H,(¢', e”),
H, (¢, €") is collapsible by Theorem 2.6. |
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Lemma 3.5. Let Eg = UHXE_%,OE(HX), and Hy = Gy[Ep]. Let Héj be the graph obtained from Hy by subdividing at
most two edges of Hy. Then Héj is the union of vertex-disjoint collapsible subgraphs.

Proof. It holds directly by Lemma 3.4 and Theorem 2.4(ii). g

Lemma 3.6. Let G’ be the graph obtained from G by contracting each Hy in A . Then every 3-edge-cut of G’ has
at least one edge in a 2-cycle or 3-cycle of G'.

Proof. Let vy, va, ..., vy be the new vertices in G’ by contracting all H, € # in G. Since G is essentially 4-edge-
connected, dg/(v;) =>4 (i =1,2,...,s), and every 3-edge-cut of G’ must be the 3-edge-cut of Gg. Therefore these
three edges are adjacent to some vertex xo in G with dg, (xo) = 3. Let Hy, be the subgraph induced by Ng,[x¢]. Since
Hy, & # o, Ng'[xo] contains a triangle by Lemma 3.3. Hence every 3-edge-cut of G’ has at least one edge in a 2-cycle
or 3-cycle of G'. O

Theorem 3.7. For every pair of edges é', ¢” of Gy, Go(e', €") is collapsible.

Proof. Let Eg = Heen o E (Hy), and Hy = Go[Ep]. Then Hy is the union of some collapsible subgraphs of G by
Lemma 3.4.

Ife', ¢” ¢ Ey, let G* be the graph obtained from G by contracting Hy. By Lemma 3.6, every 3-edge-cut of G* has
at least one edge in a 2-cycle or 3-cycle of G2. Thus G*(¢’, ¢”) is collapsible by Theorem 2.7. By Lemma 3.5, Hy is
the union of vertex-disjoint collapsible subgraphs. Thus Go(¢’, €”) is collapsible by Theorem 2.4(i).

If exactly one of {e/, ¢”} is in E, without loss of generality, we assume that ¢’ € Eq and ¢” ¢ Ey. Let G* be the
graph obtained from G by contracting Hy(¢'). Note that Go/Hy = Go/Hp(e'). By Lemma 3.6, every 3-edge-cut of
G has at least one edge in a 2-cycle or 3-cycle of G*. Thus G*(e”) is collapsible by Theorem 2.7. By Lemma 3.5,
Hy(¢') is the union of vertex-disjoint collapsible subgraphs. Thus Gg(¢’, ¢”) is collapsible by Theorem 2.4(i).

If e/, ¢’ € Ep, let G® be the graph obtained from G by contracting Hy (¢, ¢”’). Note that Go/ Hy = Go/Hy (€', ¢”).
By Lemma 3.6, every 3-edge-cut of G* has at least one edge in a 2-cycle or 3-cycle of G2. Thus G* is collapsible
by Theorem 2.7. By Lemma 3.5, Hy(¢’, ¢”) is the union of vertex-disjoint collapsible subgraphs. Thus Go(e’, €’ is
collapsible by Theorem 2.4(i). (]

Proof of Theorem 1.1. Let G be a quasi claw-free graph with k(L (G)) > 4. By Theorem 3.7, G (€', ¢”) is collapsible
for any €', ¢’ € E(Gg). By Theorem 2.4(iii), Go(¢’, ") has a spanning (v(e’), v(e”))-trail . By Lemma 3.1, G(¢', ¢”)
has a dominating (v(e’), v(e”))-trail for any ¢’, ¢” € E(G). By Propositions 2.2 and 2.3, Theorem 1.1 holds. O
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