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A definition of a completely bounded multilinear operator from one C*-algebra
into another is introduced. Each completely bounded multilinear operator from a
(*-algebra into the algebra of bounded linear operators on a Hilbert space is
shown to be representable in terms of *-representations of the C*-algebra and
interlacing operators. This result extends Wittstock’s Theorem that decomposes a
completely bounded linear operator from a C*-algebra into an injective C*-algebra
into completely positive linear operators.  © 1987 Academic Press, Inc.

INTRODUCTION

Stinespring’s Theorem gives a useful representation for a completely
positive linear operator from a C*-algebra into the algebra BL(H) for con-
tinuous linear operators on a Hilbert space H [12, 1]. Using this represen-
tation with Wittstock’s Theorem that decomposes a completely bounded
linear operator as a finite linear combination of completely positive linear
operators [14, 10], one obtains a representation of a completely bounded
linear operator from a C*-algebra into BL(H). Our main result is a
representation theorem for completely bounded multilinear operators from
a C*-algebra into BL(H), which generalizes this representation of com-
pletely bounded linear operators. Corollaries give multilinear
generalizations of several results known for completely bounded linear
operators. We shall briefly describe the type of representations to be
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studied here and state the main theorem before giving the detailed
definitions and further discussion.

If 8,,..., 6, are *-representations of a C*-algebra &/ on Hilbert spaces
H,,.,H, and if V,eBL(H,, , H,;) for j=0,...k, where Hy=H=H, , |,
then

b(ay,.., ap)=Vo0(a)) Vi0y(a)) Vy - Oila) Vy

is clearly an exceedingly nice k-linear operator from &/* into BL(H). Such
k-linear operators will be called representable and the infimum of ||V -
[Vl - - V.l over all representations of @ will be taken as the represen-
tation norm | @], of @. Extending the definition of completely bounded
in a suitable way from linear operators to k-linear operators
(Definition 1.1) between C*-algebras leads to the representability of com-
pletely bounded k-linear operators and the main result (Theorem 5.2) of
this paper.

Let of be a C*-algebra, and let H be a Hilbert space. A k-linear operator
& from /* into BL(H) is representable if and only if it is completely boun-
ded, when @ is completely bounded |®| ., = Pl p, and the representable
norm is attained.

From this representation theorem it follows that a completely bounded
k-linear operator from ./* into an injective C*-algebra 4 is a linear com-
bination of completely bounded completely positive k-linear operators
from /% into %. This generalizes to completely bounded multilinear
operators Wittstock’s decomposition theorem that each completely boun-
ded linear operator from a C*-algebra 7 into an injective C*-algebra # is
a linear combination of completely positive linear operators (see [14,
Satz 4.5; 10, Corollary 2.6; 7] for a detailed discussion of this). Because
*_representations lift from a C*-algebra to its enveloping von Neumann
algebra, completely bounded multilinear operators from a C*-algebra into
BL(H) lift to the enveloping von Neumann algebra (Corollary 5.5).

There are essentially three steps in our proof of the representation
theorem (5.2). First, a reduction to the case of a symmetric completely
bounded k-linear operator by a standard 2 x2 matrix corner technique
(proof of Theorem 5.2). Second, there is a Grothendieck-type domination
of a completely bounded k-linear operator by a completely positive linear
operator just on the outer two variables (Theorem 2.8). Third, there is the
representation given such domination combined with an inductive reduc-
tion argument on k that peels off the outer two variables of a completely
bounded symmetric k-linear operator leaving a completely bounded sym-
metric (k — 2)-linear operator (Lemma 3.1).

The remainder of this Introduction will be devoted to detailed
definitions, notation, motivation, and a discussion of the relationship with
previous results.
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If o/ is a C*-algebra, M, (/) denotes the C*-algebra of n x n matrices
over o/, which will be naturally identified with .o/ ® M,(C). Elements of
M (o) will often be written 4 = (a;) or A, = (a,;) with a;, a, ;€ /. Recall
that if .o/ and # are C*-algebras and if ¢: &/ — 4 is a linear operator, then
QM (A)—> M, (#) is defined by ¢,(a;)=(¢(a;)). The linear operator
o: of — B is called completely bounded if ||¢| o, = sup{|@,|: ne N} is finite,
and ||| is the completely bounded norm. If ¢,>0 for all n, then ¢ is
completely positive. Intuitively the completely bounded (positive) linear
operators look like generalizations of continuous (positive) linear
functionals. This analogy is reasonable when the image algebra is BL(H) or
an injective C*-algebra (see [14, 10, 7]). For our purposes the most con-
venient definition of an injective C*-algebra # is that for each C*-algebra
o/ containing 4 there is a completely positive projection from &/ onto #
(see [11, p.393]).

Multilinear definitions of completely bounded and completely positive
will now be introduced. The definitions and theorems are given only in the
case where all the domain algebras are the same. This is the most
interesting situation, the definitions may be trivially modified to cover the
general case, and the general case theorems follow from the particular ones
by the following well known technique. If «,,..., o, # are C*-algebras,
and if @ is a k-linear operator from o/ X 9% x - X & into 4, let of =
A DD - @ o with n; the projection from </ onto o annihilating =
(i#jyand let ¥=Po(n,® - ®mn,). Then ¥ is a k-linear operator from
o* into 4 that is essentially &.

1.1. Definitions

Let o and # be C*-algebras, and let @ be a k-linear operator from /%
into 4. The k-linear operator @, from M, (/)" into M,(#) is defined by

¢n(Ala"'7 Ak) =< z ¢(alir> A3pgsens aktj))

r,.8,.,0

for all A,=(a,;)e M, () (1</<k) and all neN. The k-linear operator
@ is said to be completely bounded with completely bounded norm ||®|, if

@] =sup{l®,l:neN}

is finite. Note that the definition of @, is intimately related to the definition
of matrix multiplication. This observation is intuitively and technically
crucial in motivating the definition and explaining why the results follow. A
completely bounded k-linear operator @ from «/* into 4 lifts naturally to a
bounded k-linear operator @, from (o ®, €)* into @, €, where € is
the C*-algebra of all compact operators on a separable infinite dimensional
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Hilbert space and ®, is the (unique for €) C*-tensor product. Further
@1 =®|.- Note that if a,,..., a, e and T,.., T, €€, then

O (a0, 7T,,..a, T )=D(a,...a )R (T, - -T,).

Since U® M, (C) is dense in ¥, where M, (C) is regarded as a subalgebra of
% by embedding it in the nx n top left corner of the matrix representation
of € acting on ¢,(N), it is enough to show that the equality holds for all
T,,.,T,e M (C). This follows directly from the definition of &, and the
observation that

a,@T,=(ast,y)

The form for @, again emphasises the product nature of the definition of
D,

n

The k-linear operator @* from .o/* into 4 is defined by

¢*(al EAd] ak) = ¢(a;(k’--" a;" a;k)*

for all a,..., a, € o/. The k-linear operator @ is said to be symmetric {(when
k = 1; selfadjoint [7] or real [10]) if @ = @*. If @ is symmetric, then @ is
completely symmetric in that @} = @, for all n (Lemma 2.1). The technical
proofs in Sections 2, 3, 4 are all given for completely bounded symmetric
k-linear operators, and the general result is deduced from these by a sym-
metrization argument in Section 5. Writing @ = (® + @*)/2 +i(P — &*)/2i
gives @ as a symmetric plus / times a symmetric operator. However, this
decomposition does not preserve norms so we use a 2 x 2 matrix technique
in 5.2,

When studying Hermitian forms F on a Hilbert space H a symmetric
norm | Fll,=sup{|F(x, x)|: xe H, |x|| <1} occurs as well as the standard
norm

IFI = sup{|F(x, p)l:x, ye H, x| <1, [yl < 1}.

The two norms eventually turn out to be equal. A similar situation holds
for completely bounded symmetric k-linear operators in that there is a
symmetric completely bounded norm |- |, useful in calculations but even-
tually equal to ||| ., (Corollary 4.2). When considering symmetric k-linear
operators there is a slight difference between the odd and even cases caused
by the central variable in the odd case occuring only as a linear term
whereas the other variables occur as quadratic terms in the definition of the
symmetric norm. Throughout this paper we shall let m=[{k + 1)/2] be the
greatest integer less than or equal to (k +1)/2.
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IfA=(A,,., A)eM(A), let A*=(AF,., A¥). Let

1Pl =sup{||®,(A,..., A)|: A;€ M (/) with
4l <1forl<j<kand

A=(Ay,., A)=A%}
for all n. Then the symmetric completely bounded norm |||, is defined by
||¢Hscb = Sup{ ll¢n” s-NE N }

Clearly ||P|p < |Ple,. For symmetric completely bounded k-linear
operators equality holds (Corollary 4.2).

Subsequently we shall be concerned with decomposing a completely
bounded symmetric k-linear operator as a difference of completely bounded
completely positive k-linear operators in a similar way to the Wittstock
decomposition of a selfadjoint completely bounded linear operator [14,
Satz4.5]. A k-linear operator @ from /% into 4 is said to be completely
positive if

D(A,,.,A,)20

for all (A4,,.., A)=(A},.,A¥)e M () with 4,,>0 if k is odd, where
m=[(k+1)/2], and all ne N.

Each completely positive linear operator ¢ is completely bounded with
ol = ll@]l. This fails in the case of completely positive bilinear operators
{or even forms) as examples exist of such operators which are not com-
pletely bounded. Here is the general method.

If K is a Hilbert space, if  is a symmetric map (y(x*)=y(x)* for all x)
from « into BL(X), if V'€ BL(H, K}, and if W= W*eBL(K) with W >0,
let Y(a, b)=V*y(a) Wip(b) V for all a,be /. Then ¥ is a completely
positive bilinear operator from /> into BL(H) as may be easily seen by
adapting the proof of Lemma 5.1. By a suitable choice of y this ¥ cannot
be representable so is not completely bounded (Theorem 5.2). Similar
observations hold for completely positive k-linear operators (k = 2). Using
one of the classes of continuous bilinear forms other than RL of
Remark 5.3(b) of [9] (see also [4]) shows that there are examples of com-
pletely positive bilinear forms on suitably noncommutative C*-algebras
that are not completely bounded.

We now introduce the representability of completely bounded k-linear
operators and the representable norm. Let .o/ be a C*-algebra and let H be
a Hilbert space. If 6,,..., 8, are *-representations of o/ on Hilbert spaces
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H,,.H, and if V,eBL(H ,, H) for j=0,.,k where Hy=H, ., =H,
then define a k-linear operator @ from .«/* into BL(H) by

D(ay . ap)=Vobila)) V,05(ay) Vy- - 0ila) Vi

for all a,,..,a,es/. The representable norm |-|,., of a representable
k-linear operator @ is defined by

(Pl cep =IEL [ Vol - 1V1ll - - - 1Vil):
& has a representation in terms of

Vos Vige Vi, 01,5, 04}
The matrix multiplication nature of the definition of @, ensures that

d)n(Ah"" Ak) = VO,nel.n(A 1) Vl,n T ek.n(Ak) Vk,m

where V,,=V,®]I, is the n-fold amplification of V, and 6, ,(A4,)=
(0,(a,;)) for all A,=(a,;)e M, () (see Lemma 5.1). Thus @, is also
representable and [, ,., = P, because |V,,|=|V,]. Since |&,] <
D/l ep, it follows that each representable operator @ is completely
bounded and that |®||., < ||P|..,- The main result (Theorem 5.2) of this
paper is that each completely bounded k-linear operator @ from &* into
BL(H) is representable, that ||®||, = ||®|,,, and that the infimum in
the definition of |®| ., is attained. We have been influenced in interpreting
our results by Haagerup’s discussion of decomposability for completely
bounded selfadjoint operators [ 7, Sect. 1].

There is a definition of a symmetric representable norm for a suitable
class of symmetric representable completely bounded k-linear operators.
Once again there is a slight difference between the even and odd class;
these are written out separately.

kodd If 0,,.,0,_,, ¥,, ¢, are *-representations of & on Hilbert
spaces H,,.., H,,_, K\, K,, if V,eBL(H,, H,, ) for j=0,.., m—2 where
Hy,=H, and if W,eBL(H,,_,,K,)and W,eBL(H,,_,, K,), then let

D(a,,.., a,)=V§0,(a,) Vioy(ay) -0, _(a,_,)
x (W (a,) W, — Wia,) W,}
X0, ((@y)0x(ae_1) Vi0i(ar) Vo
for all a,,..,a,€ /. Then @ is a completely bounded symmetric k-linear

operator from &% into BL{H). The symmetric representable norm ||- | srep OF
a symmetrically representable k-linear operator of this type is defined by
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1D grep = I IVol17 - - Vol [ WEW, + WEW,):
@ has a symmetric representation
interms of V..., V,,_,, W, W,
01y 01, W1, W5 )

keven. If 8,,.,0, are *-representations of .o/ on Hilbert spaces
H..H,, if VeBL(H,H, ) for j=0,1,.,m—1, and if V,=V}e
BL(H,,), let

¢(al 30y ak)
=V30,(a) VI Vi 100m(a) Vin0,(@ps ) Vi1 Vi01(a) Vi
for all a,.., a,e /. Then & is a completely bounded symmetric k-linear

operator from .«/* into BL(H). The symmetric representable norm ||- | srep OF
a symmetrically representable k-linear operator of this type is defined by

[Pl srep =Inf{ VI - 1V 12 1Vl
@ has a symmetric representation in

terms of V,ey Vs 01500y 0,, ).

For a symmetrically representable operator the definitions yield directly
||¢“scb s ”¢|lcb < ”(p”rep < ||¢|| srep

except for a minor little twist in the case k odd for the inequality ||®| ., <
|@| sep- The other two inequalities have already been discussed. When
relating the representable and symmetrically representable norms for & odd
the central variable

{(Wii(a,) W, — W3yy(a,) W}

in the representation of @ has to be written V*y(a,,) W. Take K=K, @ K,
the direct sum of Hilbert spaces, ¥ =, @/, the *-representation of &/ on
K wW=w,®W,eBL(H,,_,,K), and V=W, ®(—W,)eBL(H,, ,,K).
The minus sign introduced in ¥ is what makes this representation give @
when the other V..., V,,_,, Oq,.., 0,,_, are introduced in the correct way.
Now

IWI2=VI?= |W*W| = |WEW, + WEW,|

so that ||@| ., < [|Pllsep as required. Theorem 4.1 shows that each sym-
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metric completely bounded k-linear operator from .o#* into BL(H) is sym-
metrically representable, that

”¢”scb= “(p“cbz H¢”rep= “¢|.srep’

and that the infimum in the definition of || ®|,., is attained.

The representable and symmetric representable norms may both be
shown to be norms by taking suitable direct sums of the Hilbert spaces,
representations, and operators involved. The methods are standard and are
omitted because the equalities || || = I | ;ep @nd || e = |- [l ssep €nSUTE that
[llep and [|* {lsrep are norms.

Sections 2, 3, and 4 are all concerned with symmetric k-linear operators.
Section 2 contains the definition of a matricial sublinear functional from
Wittstock’s paper [14] and the lemmas required to apply his matricial
Hahn-Banach Theorem to obtain Theorem 2.8. In the case k=2,
Theorem 2.8 is reminiscent of Grothendieck’s inequality in that here a com-
pletely bounded symmetric bilinear operator is dominated by a completely
positive linear operator. However Theorem 2.8 is not a generalization of
Grothendieck’s inequality, which essentially is that a continuous bilinear
form on a commutative C*-algebra is completely bounded (see
Corollary 5.6). Section 3 contains a result for representing a completely
bounded symmetric k-linear operator that is suitably dominated by a com-
pletely positive linear operator in terms of a completely bounded sym-
metric (k — 2)-linear operator. When k = 2 this is an operator theoretic ver-
sion of representation theorems for continuous bilinear operators on C*-
algebras (see [9] and [4]). This result (3.1) uses the Stinespring construc-
tion in the proof in an analogous way to that in which the Gelfand-
Naimark-Segal construction is used in the proof of [9, Remark 5.3(a}] (see
also [4]). The technical tools of Sections 2 and 3 are used in Section 4 to
prove the representation theorem (4.1) for a completely bounded sym-
metric k-linear operator from .«* into BL(H).

Theorem 5.2 is the main result of this paper and it is deduced from the
symmetric version Theorem 4.1. The decomposition and representability of
completely bounded k-linear operators in terms of completely bounded
(k —2)-linear operators are also discussed in Section 5. A bilinear form &
on a C*-algebra .o/ is completely bounded if and only if @ is continuous in
the norm |- ||, of Effros and Kishimoto {4, Theorem 2.1] and then | @, =
@] by Theorem 5.2. Finally in Corollary 5.6 there is a characterization of
Grothendieck’s constant in terms of the completely bounded norm of
bilinear forms on commutative C*-algebras.
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2. DoMINATION OF COMPLETELY BOUNDED
SYMMETRIC MULTILINEAR OPERATORS

The main result (Theorem 2.8) of this section may be viewed as a type of
Grothendieck inequality in that a suitable completely bounded multilinear
operator is dominated by a completely positive operator. Here the com-
pletely bounded multilinear operator would correspond to the continuous
bilinear form on the commutative C*-algebra, and the completely positive
operator would correspond to the state that is given by Grothendiecks’s
theorem. However, as is pointed out in the Introduction this result is not a
generalization of Grothendiecks’s inequality and the parallel must not be
carried too far. Theorem 2.8 depends on Wittstock’s matricial Hahn-
Banach Theorem [ 14, Kor. 2.2.47; this result is the crucial tool in our proof
together with his splitting of a completely bounded symmetric linear
operator into a difference of completely positive linear operators. Before
embarking on the proof we shall prove a couple of elementary little
technical lemmas and recall some notation from Wittstock’s papers
[14, 15]. Throughout this section @ will be a completely bounded k-linear
operator from /¥ into #, where .o/ and # are C*-algebras with % injec-
tive (k = 2). Recall that @* is defined by

(D*(al 300y ak) = (p(a;{ka'"’ a;k)*
for all a,,..,a,€.4.

2.1. LEMMA. (i) For allneN,
(@*),=(D,)*.
(i) If @ is symmetric, that is @ = ®*, then @ is completely symmetric
in that @Y=, for all n.
(iii) [ P*lleo = 1Pllco-
Proof. Parts (ii) and (iii) follow directly from (i); in the case of (iii)
using the result that the involution is an isometry on a C*-algebra.

Part (i) is an elementary direct calculation. Let 4,,..., 4, € M, (o). Then
the (i, /)th component is

(¢,1)*(A 19eees Ak),jz ((pn( I?w-’ A ;k)*):,
=@, (AL, AF)}

= 2 (b(a;:r/” al’:— Lsraeess aTir)*

rS,.nt

Z d)*(alin-“’ a, 1.5r2 akr/‘)

[

= ((p*)n(A 1300y Ak)ii’

which completes the proof.
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The next little lemma is well known; it is needed in the proof of
Lemma 2.6.

22. LEMMA. Let a, b be in a C*-algebra €. If a*a=b*h, then there
exists a sequence (z,) in € such that ||z, =1 for all n, and

lim ||z,a — b| = 0.

Proof. Let h*=a*a=b*bh with h>0, and let z,=b(h*+ 1/n) 'a* for
all ». Either by representing 4 as an algebra of operators on a Hilbert
space and operator theoretic calculations, or direct exploitation of
| W*W| = | W|?* gives the result.

To simplify the calculations and notation in the main lemmas we
introduce some notation unifying the liftings &,,.

2.3. DeFINITION. Let (/) denote the algebra of all infinite matrices
with entries from .o/ indexed by N x N for which only a finite number of
entries are nonzero. Thus F(.«/) 1s the algebraic tensor of ./ and the
algebra of finite rank continuous linear operators on an infinite dimen-
sional separable Hilbert space H. We shall regard F(s/) as a dense sub-
algebra of the C*-tensor product & ®, CL(H) of & and CL(H), the
algebra of compact operators on H. Let @, be the k-linear operator from
F(«/)* into F(#) defined by

¢1(A1’~"a Ak)[/‘: Z ¢(alir’ Aypgyeees aklj)

roS,nd
for all i, jeN, A4,,.., A, e F().
Note that the sum defining @, is finite because each A4, has finite sup-
port.
24. LemMa. If A,,.., A, are in () and y is in F(C), then
(boc(Al""a Ak) V= d)oo(A 1300 Akf 1 Ak')))’
ydsoc(Al""’ Ak) = ¢oo(’y"417 AZ,"'a Ak)
Proof. The (i, j)th component is
(¢w(Al""’ Ak)’y)lf/': Z ¢(alir’ Apgseees akru)yuj

r.s,...Lu

= Z @ (alir’ Aapgsenes Z aklu?uj)
u

= (Doo(Alr"’ Ak—l’ AkV)ij

as required.
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The following definition is [ 14, 2.1.2] and is used in applying Wittstock’s
matricial Hahn-Banach Theorem [ 14, 2.2.4].

2.5. DerintTioN, (i) If H and K are nonempty subsets of the selfad-
joint part 7, of a C*-algebra «/, then write H< K if and only if for each
a€ K there is a be H such that b<a.

(ii) A sequence (8,) of set valued mappings of M, (<), into M (%),
is said to be matricial sublinear if

(a) 0, X)# & forall neN and Xe M (),,

(b) 0,(X, +X,)<0,(X,)+0,(X,) for all neN and X, X,e
M, (L )y,

(c) 0<40,0)for all ne N, and

(d) 0,.(y*Xy)<y*0,(X)y for all mneN, yeM,,(C), and
XeM, (d),.

The following lemma contains the definition of the matricial sublinear
functional used in the proof of Theorem 2.8; it also contains the proof that
the (6,) defined are matricial sublinear.

2.6. LEMMA. Let of and 9B be C*-algebras with & injective, and let @ be
a completely bounded symmetric k-linear operator from /* into B with
1P, = 1. For each A in M, (), let

rA)={(X,Y,y;B): B=(B,,., B._,)
=(Bf_,,.,B¥)=B* X, Y, B,,.., B, eF(«)
with | X|| <1 and || B)|| <1
for2<j<k—1;yeHC);
PHX*X - Y*Y)y =4},
and let
0.,(A)={7*y~v*@(Y* B, ¥)y: (X, Y, y; B)e I'(4)}.
Then (8,) is matricial sublinear.

Before giving the proof of this lemma perhaps some remarks will help to
clarify these messy definitions. The factors y e F(C) in the definitions are
required to ensure that property (d) of Definition 2.5 holds. The element B
will eventually provide the completely bounded (k — 2)-linear operator of
Section 3. The X and Y are to be thought of as the square roots of the
positive and negative parts of A. Though the X does not appear directly in
the definition of 6,(A) it controls the size of Y. With Lemma 2.2, the con-
dition || X|| <1 plays a vital role in checking Definition 2.5(ii)(c).
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Proof of Lemma2.6. Note that I'(4)# & for each AeM, (),
because
(x 'AY 0 A2 oL, BYe T(A)
for a> || A||"%, where A=A, — A with A, the positive part of 4 and 4 _.
the negative part, and B=B* with |B| < 1.
Let A, Be M, (), and let (X, Y,a;C)el(A) and (U, V, B; D)e I'(B).
We now proceed as in [15, p. 242, Proof of Theorem 3.1] by defining

((X 0) 0)
0 U
S= 0 0 e F{of),
Y 0O
0
9
T= ( 0 0 e (),
o 0)
0
= ((500 O)em:),
and
C, 0
(0/ 1)) 0
Ee 0’ 0 el ()

for 2< j<k— 1. The diagonal nature of the definition of S, 7, E=E*, and
the “block column” definition of y shows that (S, T, y; E)e I'(4 + B) and

P*p—y*® (T* E, T)y=a*a —a*P_(Y*, C, V)
+B*p—B*P . (V*, D, V) b.
This shows that the subadditivity condition (b) of Definition 2.5 holds.
Now let (X, Y, a; B) be in I'(0); then a*X*Xo=o*Y*Ya. By Lemma 2.2

there is a sequence (Z;) in F(.o/), regarded as a subalgebra of a C*-algebra
such that | Z;} <1 and ||Z,Xa — Yuf| > 0. Lemma 2.4 now gives

a*® (Y, B, Y)a=®, («*Y* B, Ya)
=lim & (x*X*Z}, B, Z, Xx)
J

=limo*®  (X*Z*, B, Z,X)a

J

<o

because | Z, X| <1, |B| <1, and [|®] s, < 1. Hence 0<6,(0).
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Let ye M, (C), Ae M, (H),, and (X, Y, a; B)e ['(A4); then
P*OMX*X = Y*Y)a)y=y*A4y
so that (X, Y, ay; B)e I'(y*Ay). Further
p¥(a*a—a*d  (Y* B, Y)a)y
= (ay)* oy — (ay)* D (Y*, B, Y)(ay) € 0, (y*Ay);

hence (iv) follows.

When k is even the application of Wittstock’s matricial Hahn-Banach
Theorem provides domination above only. To dominate the expression
below requires either a second completely positive linear operator, which
again eventually leads to an annoying factor 2 in certain estimates, or a
trick which reduces the even case to the odd one. The following lemma
contains the details of this and will be required in the subsequent proof.

2.7. LEMMA. Let of and B be C*-algebras. Let k =2m be even, let @ be
a symmetric completely bounded k-linear operator from o/* into #, and let
be a state on . If f®: 4* "' > R is defined by

JD(A ey Ay g 1 Ay 29005 Qi 40 1)

:f(am+l) (p(als"" Apys Ay 4 2500y Qe 1)5

then f® is a symmetric completely bounded k+ 1 linear operator with
Hf¢||scb = ||¢”scb'

Proof. Let A,,..., Ay, , be in M, (); then the (i, j)th component is

(fP) (A s Ar 1)y

= Z f(am+ ],.w) ¢(a,,-, 90y amr.s" am+2.lu""’ ak + l,vi)

TR NN N TR
= Z 4 (ali/"'w Z amrsf(am + l.st)r--)
(AR R RTNON ] s

=@ (Ayses Ap¥s Ay 2ses A s 1)igs

where y = (f(@,,,1,)) € M,(C). Because f is a state on ./, f is completely
bounded with || f|| ., =1 so that

[yl < AN IYE< 1A Ay il

From this and the relationship between (f®), and &, it follows that
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| f@lleer < || @]l . The reverse inequality may be obtained by letting 5
approximate the identity operator (or equal it if .o/ has an identity) by a
suitable choice of 4, , .

2.8. THEOREM. Let .o and % be C*-algebras with A injective, and let k
be a positive integer with k22. If @ is a completely bounded symmetric
k-linear operator from o* into B, then there is a completely positive linear
operator Y from o/ into B such that

_l//,,(X*X)S ¢n(X*7 AZa“‘» Akflv X)< lpn(/Y*/Y)

for all Xe M, (/) and A=A*=(A,,., A, | )eM ()" (not occuring
when k =2) with |A| <1 and for all n, and that

Wl = Irll o = 1 Dllsco-

This theorem is proved for & odd by an application of Lemma 2.6 and
Wittstock’s matricial Hahn-Banach Theorem. However, to prove the resuit
for k even we shall require Lemma 2.7. The reason for this is that the
technique initially provides a bound on one side only, the bound on the
other side being obtained by reversing the sign of 4,,, when k is odd and
m=[(k+1)/2]; then 4,, occurs only once as a linear variable.

Proof of Theorem2.8. Normalise @ so that [[@] =1 Apply
Wittstock’s matricial Hahn-Banach Theorem [14, Kor.2.24] to the
matricial sublinear (6,,) defined in Lemma 2.6, then there exists a symmetric
linear operator ¢: &/ — # such that

{on(4)} <6,(4)

for all neN and Ae M, (),. Now let Ae M, (f), with |4 =1, let A=
A, — A _ be the decomposition of 4 into positive and negative parts, and
let X=AY2 and Y=A"2 Then (X, Y,I,;B)el(A4) for B=B* |B|<]1.
Hence

(Pn(A)< 1— dsn( Y*’ B’ Y)9
Pa(A)< 1,

provided & =3 by choosing B=0. Replacing 4 by — A4 and the symmetry
of ¢ show that |¢|, <1 for k> 3. When k=2 this calculation just yields
lolle, <2, because there is no B term present; however we shall circum-
vent this difficulty later in the proof.

Let Ye M, (o), and let A = —Y*Y. If t>0, then

(0,177, tI,: B)e I'(4)
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with the same restrictions on B as before; thus
(pn( = & Y) < 2t21n - ¢oo( Y*’ B9 Y)
so that
D,(Y* B, Y)<o, (Y*Y)

By Wittstock’s decomposition of a symmetric completely bounded operator
as a difference of completely positive operators for # injective [14, 10]
there is a completely positive linear operator : .o/ — 4% such that Y — ¢ is
completely positive and

Wil =¥l <llelle< 1.

Thus @, (Y*, B, Y) <y, (Y*Y) for all Ye M, () and all B=B*, |B| <.
If k is odd, then we obtain

— Y (Y*Y)<P (Y% B, Y)

just by replacing the single linear term B,, by —B,,.

If k is even apply Lemma 2.7 to obtain a completely bounded symmetric
(k + 1)-linear operator f® from o/**! into # with || f®@|,, = | @ .- The
above working is now applied to f@, and the resulting y does for @ as well,
because the matrix (f(b;, . 1)) approximates 7, for suitable B, . This
completes the proof of the theorem.

3. A TECHNICAL STINESPRING CONSTRUCTION

The main theorem of the paper is proved by induction on k, the number
of variables on which the multilinear operator acts, reducing k£ by 2 at each
stage of the proof. The mathematical argument is a combination of the
following lemma and Theorem 2.8. Lemma 3.1 has hypotheses, which are
the conclusion of Theorem 2.8, and has a conclusion that are the
hypotheses of Theorem 2.8 with k reduced to k —2.

3.1. LeMMA. Let H be a Hilbert space, let s/ be a C*-algebra, and let @
be a completely bounded symmetric k-linear operator from s/* into BL(H)
with k2 2. Let ¢: o/ > BL(H) be a completely positive linear operator such
that

_(pn(X*X)<¢n(X*9 AZ’"" Ak719 X)Sq’n(X*X)

for all XeM () and all A*=A=(A,,.,A,_)eM (L)% with
A < 1. Then there is a Hilbert space K, a *-representation 0 of of on K, a
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continuous linear operator VeBL(H, K) with |[V|| = |o!|'?, and a com-
pletely bounded symmetric (k — 2)-linear operator ¥ from .o/* * into BL(K)
with | Pllen <1 (when k=2, ¥ is just a fixed selfadjoint element of BL(K))
such that

D(ay,... ap) = V*¥Na,) Y(ay,..,a, ) 0a)V

forall a,,.., a,€4.
In addition if @ is completely positive, so is ¥.

Proof. The proof falls naturally into two distinct parts. First, the
Stinespring construction is given, which produces the Hilbert space K, the
*-representation 8, and the operator V. Though the Stinespring construc-
tion is well known we sketch it for completeness and to establish notation.
At the same time as the space K is constructed a sesquilinear form F, is
defined on K for a=(a,,.., a, ,)e.«/* % in terms of &. This form is shown
to be continuous, and so to arise from a continuous linear operator on K
denoted by ¥(a). In the second part of the proof this operator ¥ is shown
to be a completely bounded symmetric (k — 2)-linear operator from /% ~2
into BL(X).

We begin as in Stinespring [12] (see also Arveson [1]) by defining a
positive semidefinite inner product (-, - ) on the algebraic tensor product
o ® H of o/ and H. The sesquilinear forms {-, - > and F, are defined on
o ® H by

XQ& y®ny>=(o(y*x) &, n),
and
Fax®¢&, y®n)=(P(y*, ay,er, a1, X) 5, 1)

for all x, yesd, {,neH, and ae.«&/* ' Here (-, ) denotes the inner
product in the Hilbert space H.

Ifu=Y"1x,®@ed ®H, let £=(¢,,..,¢,)7, let Xe M, () have first
IOW Xy,.., x, and all other rows zeros, and let 4,=a,® 1 be the nxn
diagonal matrix in M, (/) with a, down the diagonal. From the definitions
of ¢,, ®,, (-, ), and F, it follows that

(u,u) =(9(X*X) ¢, &),
and (1)
Fa(u’ u): ((pn(X*’ A2a"" Ak¥la X) é’ é)n’

where (-, -), denotes the inner product in H*=H® --- @ H. One of the
reasons for the particular choice of definitions was so that these equalities
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would hold. The complete positivity of ¢ ensures immediately that (-, - ) is
positive semidefinite, and the hypothesis on ¢, and &, implies that

|Falt, )] < Cutyuy laoll - llag ol (2)

provided a=(ay,..,a, )=(af_,,.,a¥)=a* because |[4;|=]a,] for
2<j<k— 1. The remainder of this part of the proof is a routine Hilbert
space argument going back to the Gelfand—Naimark-Segal construction,
and to the standard representation of continuous sesquilinear forms on a

Hilbert space.
Using the polarization identity for sesquilinear forms yields

3
|Folu, v)| < %Z | Folt+ 170, u + i'0)]

3
<ilaoll - lla, ol Y <u+iv,u+tiv)

r=0

=llaxl - llae (< up + v, 05);

minimizing F,(tu, t 'v) over >0 implies that
|Falu, 0)| <2 Jlaa) -+ g - o[l Cuty ) 120, 012
for all u,ve o/ ®H, and all a=(a,,.., a,_,)=a* Holding the variables

(az,.... ap_>)=(af_,,..., a¥), u, v fixed and applying the polarization iden-
tity to the variables a,, a, _, yields as above that

|Fua(u, 0)] <4 Jlaz]l - llag 1 [I[<u, w20, 0> 172

for (as,...a,_»})=(a¥_,,...,a¥). Continuing this process repeatedly we
obtain

|Fa(u, )] <27 |lag] - llay - ol <oy ud ' 2w, 0D 2 (3)
for all a= (a,,..,a, ,)eo* 2 and u, ve H. Now let
N={ued ®H: {u,u)=0},

and let K be the Hilbert space completion of </ ® H/.A". We shall denote
the inner product in K by (-, - > and identify elements x® ¢ of 4/ @ H
with their images x® & + A4 in K, in an effort to simplify the notation. Let
6 be the *-representation of &/ on K defined by 8(a)(x® ¢)=ax® & If o
has an identity, the linear operator V: H — K is defined by VE=1® & If o7
has no identity, then the set o/, of positive elements in .o¢ of norm less

580/72/1-12
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than 1 forms a bounded approximate identity for .o7. If xe .o/ and &, ne H,
then

Im{{a®& x®ndae o)}
= lim{(p(x*a) & ) aet }
=(p(x*) ¢, n).
In particular it is possible to define V in BL(H, K) by
Vi=w*—lim{a®& ae o}
In both the unital and nonunital cases it follows that
p(la)=V*0(a)V  and a® &+ A =0(a) VE

for all ae &/ and ¢ e H, and that | V||?= | o]

Except for the introduction and properties of F, the above is the stan-
dard Stinespring construction. Now inequality (3) implies that F, lifts to K,
and that for each a e .o/*~? there is a unique

Y(a)=P(ay,.,a;_,)
in BL(K) such that
Fy(u,0)=<{¥(a)u, v)
for all u, ve K and
[P(a)l <27 layll -~ lag

for all a e .o/* 2 The multilinearity of the operator @ ensures that the map
a— F, is multilinear, and the uniqueness of ¥(a) then implies that ¥ is
(k — 2)-linear. Further ¥ is bounded with || ¥|| <2™ by (3). Now

(Plaf ... af) x®, y@n>
=F.(x®¢, y@n)
=(P(y* af_,..,af,x) ¢ n)
= (& D(x* ag,es a1, Y1)
=<x®¢&, Yay, ax 1) yON
so that
Y(ay,.. ar_)*=Y(af_,,.., a¥);

hence ¥ = ¥* is symmetric.
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To complete the proof we have to show that ¥ is completely bounded
with ||¥| <1. This requires the following elementary intuitively
reasonable equality whose proof depends on the definitions of @, F, and
V, and ¥, and the close link between the definition of @, and matrix mul-
tiplication. For A =(a,)e M (), let 0,(4)=(0(a;)) and let V,=V®I,
be the n-fold amplification of V. Then the equality

¢n(A1a'"s Ak)= V:gn(A l) q’n(AZ?"w Ak—— l) Bn(Ak} Vn (4)

holds for all 4,,.., A, e M, ().
Computing part of the expression on the right acting on ¢=
(&), &,) € H" yields

'{In(Ab'"’ Ak— l) Gn(Ak) V"é

= Wn(AZ""a Ak~ l) (Z B(ak(j) Vé])

= < Z Y(as s Qg 1) H(ak/j) V€j>§

so that
< VrTgn(A l) (IIn(AZ""’ Ak - l) On(Ak) Vnéa ’7>
= << Z V*(a,,) Play,,.., Al — 1yee) G(ak(j) Véj)y (’I:)>

ir. Ll j

I

Y (V*ar) Plaz,e G 1y1) 0ars,) VE, 10>

St o]
=Z (P(ay, Az seens Ak —1y¢> akt’j) f,'a 1s)

from the definition of ¥ in terms of F, and F, in terms of @ and (-, - ).
Finally the definition of @, ensures the last series is equal to

<¢M(A]""7 Ak) éa ’1>

as required.
To show that |¥|., <1 it is sufficient to show that

1Az Akl <1

for (Ay,.. Ax_)=(A4}_\,., AF) in M () "% with |4 <1, when
2<j<k—1. The equality of the norm and the numerical radius for a
selfadjoint element of BL(K) implies that it is sufficient to show that the
numerical radius of ¥,(4,,..., 4,_,) is less than or equal to 1. The set of
elements in K” of the form
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n=<2 .x,;,®5,.> (i=1,.,n) with |g]| <1

j=1

with me N, x;e o/ and ;e H is dense in the unit ball of K". Thus to show
that the numerical radius of ¥,(A4,,.., 4,) is less than or equal to I, we
have to show that

|<gln(A2""a Ak) H, ’7>! < 1

for all # in K" of the above form. Fix such an #; in general m will be much
greater than », and we may assume this by taking some of the ¢, to be zero
if necessary. Let £ =(&,,..., £,,) be in H™, which has inner product (-, *},,,
and let X be in M, (A4) with the first n (<m) rows equal to x, (1<i<n,
1 <j<m) and the last m —n rows zero. From the definitions (1) of (-, - >
and ¢, it follows that

(P (X*X)E, &), = <Z xi/’®€j’ Z X, ® €,>
=<1,

where (-, -, is the inner product in K. From the Stinespring construc-
tion we have

0,(X) V,,£);=((0(x;)) V,,,&);
=Z B(x;) V¢,

:inf®5,/

for1<ig<nm and Oforn+1<i<m

The hypotheses of the theorem that link @, and ¢,, and equation (4)
imply that for (A4,,..., A, )= (A¥_,,... AF) in M (/)2 with |4, <1,
when 2< <k —1,

‘<'1[n(A2""’ Ak‘ l) n, ">n|

= ‘< llln(A2,"" Ak —l) (Z xij®€j)’ (Z Xg®6j>>

= (P Ags Ay 1) O(X) V&, 0,(X) VD]
= (@ X*, Ay Ay, X) &, E),l

S(@u(X*X) &, 8)

={n N,
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Here the nx n matrices A; are sometimes regarded as being in M,,(=/) by
placing them in the top left hand corner and filling out the matrix with
zeros; the standard embedding of M, (&) in M,(«/). This shows
1P s < 1.

When k=2, ¥ is just a fixed selfadjoint element of BL(K).

If & is completely positive then the complete positivity of ¥ follows
directly from the definition of completely positive and equality (4). This
completes the proof.

3.2. Remark. Let € be the commutant of &(s¢, o,..., /) in BL(H) in
the situation of Lemma 3.1. The symmetry of & ensures that € is a von
Neumann subalgebra of BL(H). Then in addition to the other conclusions
of Lemma 3.1 there is a faithful normal representation p of ¢ on K such
that p(x) V="Vx for all xe¥ and p(¥)c ¥(«,..., ). Further the
representation 6, the map V, the representation p of €, and the completely
bounded (k — 2)-linear operator ¥ are unique upto unitary equivalence in
a similar way to that which holds in Stinespring’s Theorem (see [12,
Theorem 3.6]). The techniques are standard.

4. REPRESENTATION THEOREMS

The detailed representation of a completely bounded symmetric k-linear
operator @ from «/* into BL(H) turns out to be slightly different in the &
odd and & even cases. This is because of the special linear role the central
variable has in the k-odd case, as compared with the quadratic type role of
the other variables.

4.1. THEOREM. Let of be a C*-algebra, let H be a Hilbert space, and let

@ be a completely bounded symmetric k-linear operator from * into
BL(H). Let m=[(k +1)/2].

(i) kodd. There are *-representations 8,,.,0, |, Y, ¥, on
Hilbert spaces H,,.., H,, |, K, K;, linear operators V,e BL(H;, H, , |) for
0<j<m—2 where Hy=H with

IVoll - IV il = - 1V 2 = 1Pl

scb

and W,eBL(H,,_,,K,) and W,eBL(H, _,,K,) with |W¥W,+
WHW,| =1 such that

D(ay,.., )= VF0,(a,) Viby(ar) -0, _(a, )
x {W¥p(a,) W, — W3,(a,) W,}
X0, (@) Vi0i(a) Vy
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for all a\,..,a,es. If in addition & is completely positive, then the W,
expression Is zero.

(ii) keven. There are *-representations 6,,.., 8, of o on Hilbert
spaces H,..., H,,, continuous linear operators V,e BL(H;, H, ,) for 0<j <
m—2, where Hy=H, and W=W*cBL(H,, ;) with |W|=1 and
IV oll - MV il X=X [V, ol = 1PN such that

Dla,,..a;)=VE0(a) V- VE .0, (a, ) W0, (a)}V, 5
x o x V,0{ag) Vo

for all a,,..,a,e .
If in addition @ is completely positive, then W =0.
Proof. The proof is by induction on k with step length 2.

(i) kodd. The case k=1 is just the Wittstock decomposition
theorem for a completely bounded symmetric linear operator from a C*-
algebra into an injective C*-algebra (see [ 14, Satz 4.5; 10, Corollary 2.6; 7,
Theorem 2.1]) followed by an application of Stinespring’s Theorem [12, 1]
to represent each of the two completely positive operators involved in the
decomposition of @. Note that though Wittstock’s results are stated for
completely bounded symmetric operators ¢ with the completely bounded
norm ||¢|| ., the results hold with the symmetric completely bounded norm
@l because all calculations are done with elements of M, (<),.

Let @ be a completely bounded symmetric k-linear operator from /%
into BL(H) (k >3). By Theorem 2.8 there is a completely positive linear
operator y: ./ - BL(H) such that

=Y XX Al Al
<P, (X* A4,,.., 4,1, X)
SYX*X) [ Aol - 14kl
forall X, A4,,..., A,_, e M, (o) with (A4,,.., A, _,)=(AF_,,.., A¥), and that
W) <||®P|lsp- Lemma 3.1 now implies that there is a Hilbert space H,, a
*-representation 6, of o/ on H,, a continuous linear operator

Voe BL(H, H,;), and a completely bounded symmetric (k —2)-linear
operator ¥ from /%2 into BL(H,) such that

P(ay,... ay)=Vo0,(a,) P(az,.... ar ) 0(a,) Vs

for all a,.,a,esl, Vo> <||Pllsp, and ||¥|<1. Equality (4) of
Lemma 3.1, which is just the same matrix calculation as Lemma 5.1, shows
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that || @], < [Pl 1Voll* s0 that [[Voll>= @] and [|¥] =1. The
inductive assumption completes the proof of (i).

(ii)) keven. If @ is a completely bounded symmetric 2-linear
operator from /2 into BL(H), then Theorem 2.8 provides a completely
positive linear operator from .« into BL(H) dominating & and from this
domination Lemma 3.1 produces a suitable representation of &. Thus
®(a, b)=V*B(a) WB(b) V, where W= W*ecBL(K) and Ve BL(H, K) with
(W] <1and | V]*<|[®|,s. The equalities of the norms and the induction
proceed as in (i).

The following result shows that the completely bounded and symmetric
completely bounded norms coincide for completely bounded symmetric
k-linear operators; this corresponds to the result that the norm of a her-
mitian operator on a Hilbert space is its numerical radius, which was used
in the proof of Lemma 3.1.

4.2. COROLLARY. Let o be a C*-algebra, and let H be a Hilbert space.
If & is a completely bounded symmetric k-linear operator from * into
BL(H), then @ is symmetrically representable and

”¢“cb = ”‘p”scb = ”qj”rep = ”¢”srep;

Surther || D] ., is attained.

Proof. The inequalities
I|¢H scb s ”(D”cb < I|¢” rep < ”¢||srep

are all elementary and have been discussed in the Introduction.
Theorem 4.1 shows that the symmetric representation norm is attained and
that ”¢” srep < |l¢”scb‘

The following result is motivated by Haagerup’s discussion [7] of
Wittstock’s decomposition theorem [ 14, Satz 4.57.

4.3. COROLLARY. Let o and # be C*-algebras with # injective, and let
& be a completely bounded symmetric k-linear operator from s£* into 8.
Then there are completely bounded, completely positive k-linear operators
@, and D from oA~ into B such that

P=0, - and |Plop=1P,+P |-

Proof. Represent # on a Hilbert space H so that there is a completely
positive projection E from BL(H) onto #. Regard & as being a completely
bounded k-linear operator from /* into BL(H), and represent & as in
Theorem 4.1. When k is odd take &, to be E acting on that part of the
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representation of @ given by placing the W, term to zero;let @ _ =@, — @
be E acting on the negative of that part of the representation obtained by
placing W, to be zero. Then a straightforward calculation yields the result
Plo= 1P, +P |l using [P, =[Pl e, and the observation on
Wb (a) W, + WXy ,(a) W, that the norm and completely bounded norm
coincide for a completely positive linear operator. When k is even the
operator W= W* in the representation of Theorem 4.1 is split into its
positive W, and negative W_ parts, W=W_, — W_. Using W, and W_
in place of W in the representation of @ leads via E to the representations
of ®, and & _ with ®=&  — & _ . Further |®| 2 |P, +DP_|, follows
as before. On the other hand — (@, +® )<, @<, (P, +P ) so
1Plleo =1Psco NP + P _llsep < [ Pllco-

5. REPRESENTABILITY OF COMPLETELY BOUNDED OPERATORS

This section begins with the elementary lemma showing that if @: .o/ —
BL(H) is representable, then so is @,: M ()¢ - M (BL(H)). This lemma
leads to the complete boundedness of representable operators.

5.1. LEMMA. Let of be a C*-algebra, let H, H,,..., H, be Hilbert spaces,
let 0,,.,0, be *-representations of o on H,,. H, and let Ve
BL(H,,,, H)) for j=0,.., k, where Hy=H, ., = H. If

D(ay,...,a,)=Vy0i(ay) V,05(ay)- Vi 0a) Vy
for all a,,..,a, €5, then
D, (A, Ay)= VO,nOI,n(Al) Vl,n Ve 1,n9k,n(Ak) Vk,n

Jorall Ay,..,Aye M () and all neN, where V,,=V,® 1, is the diagonal
operator with V, down the diagonal, and

ef.n(aij) = (0/((1;;))-

Proof. The matrix multiplication nature of the definition of @, implies
that the (i, j)th component is

D (A, Ak),-j

= Z Vogl(am) V- Vk—lgk(aktj) Vi
[N §

= (VO,nol,n(Al) Vl,n"'ek,n(Ak) Vk,n)ij

as required.
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The main result is

5.2. THEOREM. Let o be a C*-algebra, and let H be a Hilbert space. A
k-linear operator ® from of* into BL(H) is representable if and only if it is
completely bounded; when @ is completely bounded, || ®|| ., = | Pl . and the
representable norm is attained.

A fairly standard 2 x 2 matrix symmetrization trick combined with the
results of Section 4 provides the proof of Theorem 5.2 and Corollary 5.4. In
the proof of Theorem 5.2 we could use the decomposition & =@, + i®,
with @, and @, symmetric except then equality of the norms would not
follow.

5.3. Proof of TheoremS.2. 1If & is a representable k-linear operator
from /% into BL(H), then so is @,, by Lemma 5.1, and || ®,|| < |®,|l ., =
D], because |V,,[=V;| for all j, n. Hence & is completely bounded
with || @], < [P ep-

If & is completely bounded, let S@ be the k-linear operator from .o/* into
M,(BL(H))~ BL(H® H) defined by

So 0 &*

_ (qb f )

Note that S® is k-linear symmetric and that (S®),= S(®,) for all ne N.
Because the norm of the symmetrization operator S from the space of con-
tinuous k-linear maps from /% into BL(H) into the space of continuous
symmetric k-linear maps from &* into BL(H@® H) is 1, S® is completely
bounded and ||S®|., = ||®|l. By Corollary 4.2 the completely bounded
symmetric k-linear operator S® is symmetrically representable attaining
ISPl o = ISPl rep = | SPll rep- Restricting attention to the lower left corner

of the 2x2 matrix defining S® gives the result (see the proof of
Corollary 5.4 for further details).

The following result is a corollary of representability and a 2 x 2 matrix
trick as above. However, it seems desirable to deduce it directly from
Theorem 2.8 and Lemma 3.1. The result is intuitively reasonable as regards
symmetry once the representability and the 2 x 2 matrix trick are known. It
brings out yet again the vital importance of the outer two variables in a
completely bounded k-linear operator.

5.4. COROLLARY. Let o be a C*-algebra, let H be a Hilbert space, and
let k >3 be a positive integer. If @ is a completely bounded k-linear operator
Sfrom 7% into BL(H), then there is a *-representation 0 of o/ on a Hilbert
space K, a completely bounded symmetric (k — 2)-linear operator ¥ from
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/* = into BL(K), and continuous linear operators V: K — H and W: H - K
such that

Play,..., a,)=V0(a,) Y(a,,..., a, ) 0a,) W
for all a,,..., a, € o and that
1Pl =1V T 1] cb-

Proof. Using the symmetrization

0 o
so=(, %)

of the operator @ gives a completely bounded symmetric k-linear operator
S® from o/* into BL(H@® H) with |S®| ., = | ®||.; we apply Theorem 2.8
and Lemma 3.1 as in the proof of Theorem 4.1. By Theorem 2.8 there is a
completely positive linear operator ¢ from .« into BL{(H @ H) dominating
S as in 2.8. Then Lemma 3.1 implies that there is a *-representation 8 of
o/ on a Hilbert space K, a completely bounded symmetric (k — 2)-linear
operator ¥ from .&/* 2 into BL(K), and a continuous linear operator
V: H— K such that

Sd(a,,.... a;) = V*0(a,) Vlay,.., ar ) Oa) V

for all a,,.,a,eo, and that |S®| ., =V|?|¥Pl«,. Let P be the
orthogonal projection from H @ H onto H@O0. Letting V= (I— P) U* and
W=U|H®O0 proves the result.

The following corollary of Theorem 5.2 is a consequence of being able to
lift *-representations to the enveloping von Neumann algebra of a C*-
algebra, so ensuring that representable k-linear operators lift without
change of norm.

5.5. COROLLARY. Let o be a C*-algebra with enveloping von Neumann
algebra sf**. If @ is a completely bounded k-linear operator from o* into
BL(H), then there is a completely bounded k-linear operator ¥ from (o **)k
into BL(H) such that ¥|_,=® and |¥| = |P| -

The study in this paper was partly motivated by Grothendieck’s
inequality and its relationship to the representation of continuous bilinear
forms on a C*-algebra [9, Theorem 5.2 and on a commutative C*-algebra
[2,6,9], and an attempt to obtain corresponding results for suitable
bilinear operators. It seems worth noting yet one more equivalent version
of Grothendieck’s inequality.
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5.6. COROLLARY. Let o/ be a commutative C*-algebra. Each continuous
bilinear form @ on o is completely bounded as a bilinear operator from sf*
into C and

2] <Pl < Kg 1P,
where Kg is Grothendieck’s constant; further K is the least such constant.

Proof. The “folklore” representation theorem for continuous bilinear
forms on commutative C*-algebras, gives for @ a *-representation 8 of &
on a Hilbert space H, vectors &, ne H, and a continuous linear operator
T e BL(H) such that

®(x, y) = 0(x) TO(y) &, >

for all x, yesf and |T|-|IE|- ]l € KgllP|, see [9, Remark 4.5(c)].
Further K is the least such constant. Regarding C as BL(C), this shows
that & is representable with

[P <[ Plleb = 1Pllrep < Kg 2.

The condition that a multilinear form is completely bounded from «/*
into C leads to a representation (Theorem 5.2) that is related to Grothen-
dieck’s inequality. There is a vague relationship between this result and the
multilinear versions of Grothendieck-like inequalities (see [2] and [5] for
these results).

If @ is a continuous bilinear form on a C*-algebra .o/, then & may be
written as a sum of four continuous bilinear forms,

D=+ P g+ Pr + Prr

where the four forms &,;, @y, Pg., DPrr are of restricted type by [9,
Remark 5.3(b)]. These forms may each be characterized by being com-
pletely bounded for the algebra o/ or the algebra /° with reversed
product; for example, the class RL corresponds to the completely bounded
bilinear forms on /. Note that a bilinear form @ on a C*-algebra &/ is
completely bounded if and only if it satisfies one of the equivalent con-
ditions of [4, Theorem 2.1], and that then ||®@| ., = | @], in the notation of
[4].

A continuous k-linear operator @ from a von Neumann algebra .# into
a von Neumann algebra A" is called normal if @ is separately o-weakly
continuous in each variable (see [8, Proposition 2.3; 13, Definition 2.15]).
If .# is a von Neumann algebra on a Hilbert space K, let K= be the coun-
table infinite direct sum of K and let n be the amplification of the natural
representation of .4 from K to X*. The following result corresponds to [8,
Proposition 2.3; 4, Corollary 2.37.
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5.7. COROLLARY. Let .# be a von Neumann algebra and let @ be a nor-
mal completely bounded k-linear operator from .# into BL(H). Then there
are continuous linear operators W: H—» K™, W; K* - K* (1 <j<k~1),
and Wy: K* — H such that

D(ay,.., ap) = Wonla)) W W, n(a,) W,
for all a,,..,a, e #, and that
IWoll - Wl = D] -

Proof. Let 0,,.., 0, be *-representations of .# on H,,.., H,, and let V,
(0 <j<k) be continuous linear operators representing & with

Vol -~ IVl = 1@l -

By standard theory (see [13, p.127]) each representation 6, may be
decomposed into a normal part n; and a singular part ; with 0, =7, @y .
Let K;=n/(1) H;, and let U,= P,V,|K;, |, where P, is the orthogonal pro-
jection from H; onto K;. The proof proceeds by induction on j replacing 0,
by n; one by one eventually obtaining the representation

&(ay,..,a;)=Ugni(a)) Uy~ Uy myla) Uy

for all a,,..., a, € #. The first replacement of §, by =, will be done here; the
rest are similar. Let f be a g-weakly continuous linear functional on BL(H).
The linear functional g on .# defined by g(x) = fd(x, a,,..., a,} is o-weakly
continuous. The uniqueness of the decomposition of a continuous linear
functional into its normal and singular parts [13, Proposition I11.2.14,
p. 127, Eq. (10)] ensures that the singular part

SVoi(x) Vi0y(ay) - 8(ar) Vi)
of g is zero. Thus

D(ay,..., a)=Ugm((a)) U,0y(ay) - 0, (ay) V,

for all a,,.., a,. Replacing 6, by n; one by one leads to
b(ay,.... ar)=Usnila,) Uiny(ay) - mlay) Uy,

where a slight change of domain and range of the U, has been ignored.
Each of the representations 7, is a subrepresentation of n. Now W,_, is
taken as the projection from K™ onto the domain space of ; followed by
U;. This completes the proof.

Corollary 5.7 may be used to give a multilinear generalization of an
unpublished result of Uffe Haagerup [Stinespring type decompositions of
completely bounded maps]; for a discussion of this result of Haagerup’s
and related results see [4]. Haagerup proves that if R is a von Neumann
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algebra on a Hilbert space H and if ¢: BL(H) — BL(H) is a normal com-
pletely bounded R’ module mapping, then there are x,, y, € R such that
D(by=Y x,by, for all be BL(H).

5.8. DEFINITION. A k-linear mapping @ from BL(H) into BL(H) is
called an A" module mapping, where 4" < BL(H), if

ad(b,, b,,..., b,)=P(ab,, b,,..., b,),
(bl’ ’b/ +l’ ’bk)_ ( 19 ’b abj+13""bk)’
and
Dby, by_1,b)a=D(b,...b,_\, ba)
for all b,,..,b,€ BL(H), all ae A", and j=1,2,. ., k—1
5.9. COROLLARY. Let R be a von Neumann algebra and let @ be a com-
pletely bounded R-module normal k-linear operator on BL(K). Let n be the
amplification of the natural representation of BL(K) to the representation of
BL(K) on K*=K®~¢% Then there are continuous linear operators

Vo, Vieeo Ve with Vo: K* > K, V;K*—>K* (1<j<k—1), and
Vi K— K* such that

Pay,...a)=Vor(a) ViV mla) V
forall a,,.., a.€ BL(K),'
[@heo=1Voll* - - IVell,

and all the entries in V, are in R, where V, is regarded as an operator matrix
with respect to the natural direct sum decomposztlon of K=,

Proof. By Corollary 5.7 there exist continuous linear operators
Wy K* - K,

W: K*-K* (I<j<gk—-1),
and W,: K — K* such that
D(a,,...,a,)=Wonrla,)) W, W, _ n(a,) W,
for all a,,..., a, € BL(K) and that
[Pl =[1Woll - = IWill.

We shall show that each W, can be replaced by a V; in n(R) starting with
Vo and V. For a,,..,, a, in BL(K), let e(a,,..., a,) denote the range projec-
tion of n(a) W, - W,_,n(a,) W,. Because & is an R-module operator,
we have

rWyea,,..., a, )= Wyn(r)e(a,,..., a;)
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for all re R. If e is the least projection in BL(K*) majorizing all the
ela,,.., a;) for a,.., a, in BL(K), then this equation shows that ri e =
Won(r) e for all re R. By construction eK™ is a n(BL(K)) invariant closed
linear subspace of K™ and so e is in n(R)". Hence rWye = Wen(r) for all
re R, and

D(a,,..., a,)= Woerla,) W, rla,) W,

for all a,,.., a, in BL(K). Defining Vy= W,e carries out the replacement
for the index j=0.

A similar argument applies to W,. If f is the least projection majorizing
the support projections for all operators of the form Vyn(a,) W, -
W, _(nla,), then I—f is the projection onto the intersection of
Ker Von(a,) W, W, _,n(a,) for all a,,..,a,e BL(K), fis in n(R)’, and
n(r) fW, = fa(r) W, = fW,r because @ is an R-module map. Now defining
V.= fW, replaces the last operator W, by an operator V, intertwining
with R and satisfying

Dy, ar)=Vomla)) Wy Wy mlag) V.
Now suppose 1 <j<k—1and that V..., V;, | have been found in n(R)’
such that
d(a,,..,a,)=Von(a,) - Vjvln(ai) Wj' Wy _ym(a,) Vi
for all a,,..., a, in BL(K). Then the projection e is defined to be the least
projection majorizing the range projections of all operators
mwa ) Wi W _ymla) Vi

and the projection f is the least projection majorizing the support projec-
tions of all the operators Vyn(a,) - V,_,n(a;). As above e and f belong to
7(R)’, and

n(r) eW,f = en(r) W,f = eW,n(r) f = eW, ful(r)
for all r e R, where the middle inequality holds because
Vom(ay) Vi Vo mla; ) {n(r) W;— W;n(r)}
xmla; )W, W _mla) V, =0
for a,,..., a, e BL(K).
Letting V,=eW, f, we obtain V,en(R)" and
D(ay,..a,)=Vorla) V- Vinla; ) Wi wla) V,

so the required inequality follows by induction. Finally note that ||V | <
| Wl for 0<j<k so that [Vl - [[V,| <| D, and the reverse inequality
is the easy part of 5.2 following from Lemma 5.1.
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5.10. Remark. 1If the von Neumann algebra R contains an infinite
dimensional hyperfinite factor say N, then & is automatically completely
bounded. Let n be in N and let F be a copy of the n xn matrices in N
which contains /, then BL(H)~ F'® F~BL(H)® M,. The N-module
property of @ shows that @ is isomorphic to @ ® id on (BL(H)® M,)* and
we see that || @], = |P|.
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