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Certain abstract polytopes are constructed from generalized combinatorial cubes by taking 
quotients with respect to elementary Abelian subgroups (linear codes) of the automorphism 
group. 

1. Iutroduction 

Abstract polytopes are special kinds of partially ordered sets which share many 
properties with convex polytopes. In recent years there has been some interest in 
combinatorial generalizations of the classical theory of regular polytopes (cf. [4]) 
leading to the concept of regular incidence-polytopes; cf. [7] but see also [ll] and 
[a]. This concept provides a suitable setting for the study of structures resembling 
the classical regular polytopes. At the same time it allows interactions with the 
theory of buildings and diagram geometries (cf. [15, 11). 

The purpose of this note is to construct abstract polytopes from binary codes. 
Generally these polytopes will not be regular but are derived from certain 
abstract regular polytopes .9 which are close analogues of the ordinary higher- 
dimensional cubes. The group of 9 is a wreath-product C, 7. A(X), with A(X) 
the group of the vertex-figure X of 9. By taking quotients P/C of 9 by suitable 
binary linear codes C interesting new abstract polytopes arise. This method is well 
known for the construction of thin C,-geometries; this is the case where 9 is the 
ordinary n-cube (cf. [17]). 

2. Polytopes and quotients 

An incidence-polytope 9 of dimension d, or briefly, an (abstract) d-polytope, 
is a poset with the following properties (cf. [7]); the elements of 9 are called the 
faces of 9. 

9 has a smallest face F_1 and a largest face F,; these are the improper faces of 
9 (of dimension -1 and d, respectively) while the other faces are called the 
proper faces. The maximal chains of 9 called the frcrgs of P contain exactly d + 2 
faces. Thus 9 has a rank function associating with each face F its dimension 
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dim(F), where dim(F) + 2 is the number of faces in the flags of the section 

{G 1 G s F}. By slight abuse of notation, this section will also be called the face 
F. We say that F is a vertex, an i-face or a facet if dim(F) = 0, i or d - 1, 
respectively. If F is a vertex, the section {G 1 G 2 F} will be called the 
vertex-figure of 9’ at F. 

Furthermore, ?? is (strongly flag-) connected (cf. [7]). Finally, 9’ is homoge- 
neous in the following sense: for any two faces F and G with F < G and 
dim(F) + 1 = i = dim(G) - 1 there are exactly two i-faces H of 9’ with F < H < G 

(i=O,..., d - 1). This last property is responsible for the close connection to 
ordinary polytope theory. 

A d-polytope 9 is regular if its (combinatorial) automorphism group A(9) is 
flag-transitive. See [13] for more information on the structure of the groups. 

The concept of abstract polytopes fits into the concept of diagram geometries as 
so-called thin geometries with a linear diagram (cf. [l, 151). A standard method 
for constructing new geometries is to take quotients of a given geometry r by 
some subgroup C of its automorphism group. Generally this will lead to 
‘collapses’ of the local structures (residues) of r unless r satisfies come further 
conditions. In [15] a simple criterion for C not to cause such collapses is given. 
For our purpose it seems suitable to translate the criterion into the concept of 
polytopes. 

Let $9 be a d-polytope, not necessarily regular, and let C be a subgroup of 
A(9). By 9,/C we denote the set of orbits of C in 9. On 9/C we define a partial 
order as follows: B, < B2 if and only if B, = CF and B2 = CC for some faces F 

and G in 9 with F s G. The quotient P/C has an obvious rank function given by 
dim(CF) = dim(F). The following two conditions guarantee that 9/C is again a 
d-polytope whose facets and vertex-figures are isomorphic to the facets and 
vertex-figures of 9, respectively. 

C acts freely on the faces of 9 of each dimension i (i = 0, . . . , d - 1). 

(1) 

If 3 denotes the order graph of 9, that is the graph whose vertices are 
the proper faces of 9 and whose edges join incident pairs of faces, then 
in $9 the distance between any two distinct vertices belonging to the 
same orbit of C is at least 4. (2) 

Note that (2) corresponds to (Q3) in [15, p. 5221. Also, condition (1) follows 
from (2) and implies that the structure of the facets and vertex-figures of 9 is 
preserved; see (Ql) in [15]. 

In all our applications ‘9 will be regular and C will satisfy (1) and (2). Then the 
group of .9,/C is given by 

A(P/‘C) = N,(,,(C)/C, (3) 

where N : = iVacw (C) is the normalizer of C in A(9). For the proof of (3) it is 
helpful to observe first that there is a one-to-one correspondence between flags of 
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P/C and orbits of flags of 9 under C. From this, one can see that the 
homomorphism @:N-A(S/C) defined by Q(#)(U) := C+(F) (with # E N, 
F E 9) has kernel C. The proof of the surjectivity of Qi uses the connectedness 
of 9 and P/C. For more details see the proof of Theorem 7.5 in [16] which deals 
with a similar situation for so-called combinatorial maps. 

Note that (3) implies that P/C is regular if and only if C is normal in A(P). In 
fact, 9/C is regular if and only if for some fixed flag f of 9 and each W in A(B) 
there exists a # in N such that the orbits of r+(f) and #(f) coincide, or what is 
the same, 1c, E C - @ c N. 

3. Quotients of the generalized cube 

The following construction of the regular d-polytope 2” is described in [6,14]; 
and see also [12] for a more detailed analysis in terms of twisting operations on 
Coxeter groups. 

Let % be a finite regular (d - 1)-polytope such that the underlying poset is a 
lattice. Then we may identify each face of .X with its vertex set. Let 
v:= (0, 1, . . . ) v - 1) be the vertex set of X of cardinality u. 

The vertex set of 9 := 2” will be 2” = (0, l}“, that is, the vertex set of an 
ordinary v-cube. As j-faces of 9 we take, for any (j - 1)-face F of X and any 
a := (a,,, . . . , CI,,_~) E 2”, the subsets 

F(a):= {(b,, . . . , b,_,) 16, = ai for any non-vertex i of F}, 

or, by an abuse of notation, 

F(a) := (ir to, 1)) X (XF {&,) . 

Then, if F, F’ are faces of X and a := (a,, . . . , u~-~), a’ = (a& . . . , a:_,) E 2”, 
we have F(a) c F’(a’) if and only if F s F’ in .X and ui = a] for each non-vertex i 

of F’. Then it is easy to check that 9 is again a lattice. Note that the j-polytope 
F(u) can be identified with 2F, with F regarded as a (j - 1)-polytope. The 
vertex-figures of 9 are isomorphic to X. 

For our purpose it is important to observe that A(P) = C, j_ A(X), the 
wreath-product of Cz and A(X), with A(X) acting on the Y vertices of X. Hence, 
A(.?%‘) = C; . A(X), a semi-direct product of an elementary Abelian group of 
order 2” by A(X). We assume d Z= 3 from now on. 

Now, let IF,” be the v-dimensional vector space over [Fz, and let Cc (F; be a 
linear code (cf. [lo]). Identifying [F; and C,U the code C becomes a group of 
automorphisms of P sitting inside C,V. Hence the quotient construction applies, 
giving 9/C. For C to satisfy (1) and (2) the following condition on the minimum 
weight w(C) of C and the number t of vertices of the facets of X turns out to be 
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sufficient: 

w(C)at+ 1. (4) 

To check that (4) implies (1) and (2) observe that each non-zero codeword of 

C(cA(g)) h g c an es each vertex of 9 in at least I + 1 coordinates. Hence, for any 
proper face of 9 no two of its vertices are equivalent (with respect to C). This 
proves (1). Also it shows that no two equivalent proper faces of 8 can lie in a 
common proper face or share a common vertex; this corresponds to the case of 
distance two in (2). The case of distance three is dealt with similarly. 

Assume (4) is satisfied. Then 9/C is a d-polytope with the same kind of facets 
and vertex-figures as 9. By (3) its group is 

A(PIC) = G/C * X,&C), 

with N A(X)(C) the normalizer of C in A(X). But NA&C) = A(X) rl Aut(C), 
with Aut(C) the automorphism group of the code C. Hence we have 

A(PP/C) = C;-dim(C) + (A(X) fl Aut(C)). (5) 

By construction the vertices of 9/C are the 2v-dim(C) cosets of C in [Fy. If F(a) 
is a face of 9, then the face W(a) of 9/C can be identified with its vertex set 
{b + C 1 b is a vertex of F(a) in P}. Note also that A(P/C) acts transitively on 
the vertices of 9/C but the only automorphisms of the vertex-figure X of 9 which 
are preserved for 9/C are the elements of A(X) n Aut(C). 

As a trivial example, if C = (0, l} is the repetition code, then C is normal in 
A(??) and P/C is just the canonical elliptic contraction of Pi’ with a group 
C;-’ . A(X). 

In general the structure of 9/C will depend not only on the equivalence class of 
the code C but also on C itself. 

4. Examples 

(a) Let X be 2-dimensional, X = {p}, (V =) p 3 3. Then 9’ = 2% is Coxeter’s 
regular map Jt$, := (4, p ( 4[P’21-1} of genus 2p-3(p - 4) + 1 (cf. [3,12]). Here, (4) 
becomes w(C) 2 3. If C is a cyclic code, then A(X) r7 Aut(C) contains a subgroup 
C, and A(.M,/C) is also transitive on the edges of J&,/C. 

Letp:=2”-l(n 2 2), and let C := &(2) be the binary Hamming-code; then 
w(C) = 3 and dim(C) =p -II (cf. [lo]). Then 4/C is a map of type (4,~) with 
2” =p + 1 vertices. Since C is perfect, the cosets of C in IF{ can be represented by 
the vectors in F$ of weight at most [w(C)/21 = 1; that is, each vertex of A/C can 
be represented by the zero-vector or one of the p canonical base vectors of lF3. 
This shows that 4/C is neighborly in the sense that any two vertices are joined 
by an edge. 

If C = 9&(2) is cyclic (which can always be arranged), then A(.h&IC) = C;t. C,. 
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In fact, for each choice of C we have D,, C Aut(C), since otherwise a codeword of 
weight 3 and its image under a suitable reflection in Dp sum up to a codeword of 
weight 2. This proves that &/C cannot be regular. 

Among the many further possibilities let us consider binary quadratic residue 
(QR-) codes (cf. [lo, Ch. 161). Let p be a prime, p = fl (mod8), and let Q 
denote the set of (non-zero) quadratic residues modp. Let cy be a primitive pth 
root of unity in an extension field of IFz, and let C be the binary QR-code of 
length p with generator polynomial 

g(x) : = g (x - 4. 

From the form of the idempotents of C (cf. [lo, p. 4951) we see that C is 
generated by the following codeword c = co and its images cl, c*, . . . , cp-’ under 
a cyclic shift: if c = (co, cl, . . . , c,-J and 

P= I 

-1 (mod 8), then ci = 1 if and only if i E Q; 

1(mod8),thenci=1ifandonlyifieQU{O}. 

Then C is a cyclic code of dimension i(p + 1) and has minimum weight 
w(C) 5 G. If b = 7, then C = X3(2); if g = 23, then 
Golay-code of minimum weight 7. 

Now, J&/C is a map of type (4, p} with 2(p-‘)” vertices. 

A(&JC)=[~p:::;:; ;;,“:;;m;;)8)’ 

C = %&, the binary 

Its group is 

(6) 

In fact, if p = 1 (mod 8), then -1 E Q and thus Q = -Q. But the mapping 
i H -i (modp) for the coordinate indices just corresponds to a reflexion in Dp; 

this reflexion permutes the codewords co, cl, . . . , cpM1 and thus leaves C 
invariant. If p = -1 (mod 8) then -1 $ Q, so that i H -i maps C onto the 
(equivalent) QR-code with generator polynomial 

(cf. [lo, p. 4951). 
For p = 1 (mod 8) we see from (6) that &/C is regular. In fact, a polytope 

must be regular if the order of its group equals the number of its flags. (Consider 
the transforms of a fixed flag under the group.) 

(b) Let X be a regular map of type {p, q} (cf. [5]). Then, (4) becomes 
w(C) >p + 1. As an example we consider the famous regular map X = {3,7}* 
discovered by Klein (cf. [5,9]). Its group is PGL(2,7) of order 336, containing 
PSL(2,7) as a subgroup of index 2. For C we take the extended binary 
Golay-code Y&, of minimum weight 8 (cf. [lo]). 

The automorphism group of Y&, is the Mathieu-group Mz4. Among the 
maximal subgroups of M24 are subgroups PSL(2,7), which act transitively on the 
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indices 0, 1, . . . ,23 but with imprimitivity sets of size 3 (cf. [2, p. 2821). By 
picking one of these subgroups and suitably labeling the 24 vertices of (3, 7}8 we 
observe that the action of this subgroup on 0, 1, . . . ,23 is precisely the action of 
the rotation subgroup of {3,7}* on the vertices of (3, 7}8. This proves that we can 
achieve A(X) rl Aut(q,) = PSL(2,7). 

Now, factoring out by Y&, we get the 4-polytope 29c/$, with 7 - 212 cubical 
facets {4,3} and 212 vertices, each with a vertex-figure isomorphic to {3,7}s. Its 
group is C.i* - PSL(2,7); that means, there is only a factor 2 missing for regularity. 
The 212 vertices can be represented by the elements of IFg4 of weight at most 3 and 
a of the elements of weight 4, the latter splitting in blocks of 6 equivalent 
elements modulo g4, or, what is the same, modulo the Steiner system S(5, 8, 24) 
(cf. [2, p. 2781). 

Remarks. There are several variants of our method. 
(a) If we allow the facets and vertex-figures to collapse to quotients, then in 

general (4) can be replaced by a weaker condition. 
(b) The method works equally well for the more general regular incidence- 

complexes nX, with 12 prime power (cf. [6,14]). However, the binary codes have 
to be replaced by linear codes over [F,. For example, if .X is a regular 3-polytope 
(or incidence-complex) with 12 vertices, then the ternary Golay-code gives 
interesting quotients of 3” (cf. [lo]). 
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