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1. INTRODUCTION

In this paper we consider the problem of finding the optimal approximation
to a linear functional F in terms of a given set of other functionals, F, ,..., F, .
We shall assume that these functionals are defined on a class of real-valued
functions of two real variables having properties similar to the space of func-
tions B, (o, B) discussed by Sard [21, Chap. 4]. We shall call this class of
functions 779w, B). In Section 4, we give a precise definition of 77¢ («, )
and introduce an inner product which makes fa member of a Hilbert space
with a reproducing kernel. We shall only consider linear functionals which
are bounded with respect to the norm on the Hilbert space and for
which Sard’s kernel theorem [21, p. 175] holds. By the optimal approximation
we shall mean the linear combination of the F; which minimizes the norm of
the error functional R.

As we shall show in Section 2, the optimal approximation and error bounds
can be found if the representers of the functionals involved are known. The
representers can be determined if one knows the reproducing kernel for the
space. The principal result of this paper is the construction of the reproducing
kernel for a Hilbert space of functions in 77%«, 8). We then apply this result
to the problem of finding the optimal approximation to a definite integral
by a cubature sum. In Section 6 some numerical examples related to approxi-
mate multiple integration are given.

The results of this paper are related to the theory of bivariate spline

* This work forms an essential portion of the author’s thesis for the Ph.D. degree in
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E. Barnhill. The author was supported by a NASA Traineeship for the duration of this
research.
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functions in that the optimal approximations are splines, i.c., they are piece-
wise polynomials. These splines differ from the bivariate splines of Ahlberg,
Nilson, and Walsh [1, 3] in that the points of interpolation are not restricted
to a rectangular grid. Also the splines in this paper are of total degree 2m — 1
rather than being of odd degree in each variable.

For functions of one variable, the problem of optimal approximation
has been studied extensively. References are given below. Let F®¥[a, b] =
{f | f¥*V abs cont, f* e L?[q, b]}. If the functionals F;, i=1,...,n have
the property that k of them are linearly independent over 74 , the set of
polynomials of degree less than or equal to & — 1, F'®[q, b] is a Hilbert
space with respect to the norm

b k
lofe = | pOE@Fdx -+ %, FE)T

de Boor and Lynch [12] and Golomb and Weinberger [15] have calculated
the reproducing kernel for F%*![a, b] with respect to this norm. If F(f) = f(x;),
i=1,...,n, the optimal approximation is the natural polynomial spline
(type Il spline in the terminology of Ahlberg, Nilson, and Walsh) of degree
2k — 1 which interpolates f at the points x;, / = I,..., n. The connection
between splines and the optimal approximation of functionals was first
pointed out by Schoenberg [23]. Related results have been obtained by
Secrest [27-29], who pointed out the connection between splines and the
optimal approximations of Golomb and Weinberger [15], and by Ahlberg
and Nilson [2] and Schoenberg [25].

2. REPRESENTERS IN HILBERT SPACE AND
THE OPTIMAL APPROXIMATION OF LINEAR FUNCTIONALS

Let H be a real Hilbert space. Let F be a bounded linear functional on H.
We wish to approximate F by a sum Y';_, 4,F; where the F; are a given set
of bounded linear functionals with representers ¢; . Golomb and Weinberger
{15] and de Boor and Lynch [12] show that the optimal approximation
F(f) to F at f equals F(i1) where i is the element of the Hilbert space of
minimum norm among all elements interpolating f with respect to the
F;,i=1,.., n Then i can also be characterized [12] as the element of the
subspace § = <{¢;,i==1,..,n> which interpolates f with respect to the
Fi,i=1,..,n

Optimal error bounds can be obtained from the hypercircle inequality

|F(f) — FG@)| <[ Rl [r* — (& @], @1

where R is the optimal error functional and 2 > || f12. Let ¢ be the representer
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of the functional F. Then{ R || = || qS . A where the A% are the
optimal weights, Let ¢ = ¢ — Yo, A4;%¢;. It is shown in [12] that
F($) = 0,i = 1,...,n. Thus

IR = @8 = R) = F@). 2.2)
Therefore the optimal approximation and error bounds can be calcuiated
if the functions ¢ and & can be found. Assume # has the reproducing kernel
K(X, Y). If L is a bounded linear functional and # is its representer then
X)) = LyK(X, Y), where the subscript ¥ means that L operates on X(X, ¥}

as a fanction of Y. Thus ¢ and & can be calculated directly from the repn;—
ducing kernel,

3. CONSTRUCTION OF THE REPRODUCING KERNEL FOR THE HILBERT SPACE 70'%,

For p > 1, let F'®[a, bl = {g | g'»Vabs cont, g'? € L%[a, b]}. Let « be
an arbitrary point in [a, b] and let P; be the linear projection defined by

Pig = g(a) X b ==

L2
o

(3.1)
Then P, = ¥ ,«; P; is also a linear projection, i = 0, 1, 2,....
For all functions g € F'?[a, b] we have the Taylor series representation

»—1
gx) =Y _(Y_;_L g )_'_j (V___)}_ (o, 1, x) gP(2) dt
- _ 5.2
= Pyg(x) + (I — P,) g(x),
where
1 if a<<t<ux,
Hla, 1, x) = {—1 if x<i<aq,
0 otherwise.

Likewise for ¢ >> 1 and B an arbitrary point in [c, d] let O, be the linear
projection on F@[c, d] defined by

Q:h = h9(B) ~~—— (y By .

Then §; = ¥;<; Q; is also a linear projection, j = 0, 1, 2,... . For all functions
f1 € F?[c, d] we have the Taylor series representation

a—1 2 y q—1
h(y) = z B) @) + | C%W, i, ¥) hOG) dis
3.4

= Qqh(y) -+ (I - Qq) h(}‘)
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Let D be the rectangle [a, &] X [c, d]. We now wish to construct a Taylor
series expansion for real-valued functions defined on D. We initially assume
that f'e F"[a, b] ® F'"™[c, d], where m = p 4+ q. We expand the identity
operator as follows:

I:1®I:Pp®gq+13p®([_Qq)+(I_Pp)®Qq
_["(I”Pp)@(I_Qq) (34)
:Z ZPi®Qj+ZPi@(I_Qq)+(I_Pﬂ)®ZQj

i<pi<a i<p i<a
+T—=P)®U— Q.
We can write (I — Qy) as (I — On_) + Yo<icms Oy . Likewise
U—P)=U—-P, )+ Y P;.

r<inms
Therefore,

LHOU-0=F 3 AOO+TIREU- 0
and

U-P)@EO=% 3 FROO+YIU-P)Ool
Thus

[= 3 P@O+ F - Pu) @0+ X P ®U—Oni]

+{—P) ®@U— Q). (3.5)

This implies that f (x, y) € F™|a, b] ® F"[c, d] has the representation

sy = 3, oL OB

i+i<m

b (x _ t)-m—j—l

« (m—j—1)! P, 1, X) fons a8, B) dt

+ z (J’_:B)’

”Z” (Y — a)l C(y—wr 12)' BB, ty ¥) frmilor, 1) dut

e m—1i—

N f (7; — ,)11;1 ((yq - “1))' oy, 1, %) Y(B, 1, ¥) f.olt, u) dt d,
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where we use the notation f; ; to denote partial derivatives. This is just the
representation obtained by Sard [21, p. 163].
(3.5) gives a decomposition of F™[g, b] & F'™[¢, d] into a direct sum of
subspaces.
O T T P
(F:T)s = Ja Jc ool )P dx dy + j,,><_n bl P ax

v a

+ 3 [ Vo OPdr+ 3 isle OF

i<p “ € iti<m

=[£I+ X [fidsBP

i+i <m

o
LI
~J
-

is an inner product on F'™[a, b] @ F™]c, d]. We note that [f, f] is a semi-
norm with null-space 2 equal to the set of polynomials of degree less than
or equal to m — 1. The dimension of 2 is k = m(m + 1)/2.

It can easily be seen that F=[a, b] R F'™[c, d]is not the largest class of func-
tions for which (3.6) holds. Equivalently, F™[a, b] & F™[c, d]is not complete
under this norm. We complete this space by completing each subspace. The
completion of (I — P,_;) F'™[a,b]is (I — P,,_;)) F""?[a, b},j = 0,...,g — 1,
and the completion of ({-0,,_;) F™[c,d] is (I~ 0, ) Fmife, d], i =
0,...,  — 1. This makes all of the tensor product spaces in the summations
complete. We claim that the completion of (#— P,) F®[q, b] @
(I — Q,) F9c,d} is the set y of all functions with the property that

.fi,j(x5 y) € C[D]a Z < Pa] < %
Jo.0-1 (x, ¥) is abs cont, 1, , € L D]
F-pf: qu: 0.

(For a definition of absolute continuity as applied to functions of two
variables see Sard {21, p. 534].) To prove this let {f+} be a Cauchy sequence
in x. Then (/% .} is a Cauchy sequence in L2[D] which converges to an element
e € [?[D]. We must show that there exists an element f'€ y with the property
/qu = €.

Let

oy
Ly
Q0
Nt

e =Pt (p )t
f: fa ‘JB (pﬁl)! (q_l\,y e(*,ll)dtdll.

Then £, , = e. We now show that f'e y. There exist constants M, N such that

—_ p—1—i
(y — upt

A A < i< g— 1.
GTop <N 0<i<g—i
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Since e € I2[D], there exists a sequence {e#} of continuous functions defined
on D such that

le — et|lpe—0as u— oo.

We let

o AL Y (x — t)p—l (y _ u)q_l _
= Ja '[B (p - 1)' (q - 1)! eu(t’ ll) dt du’ = 19 25

Then fori <p,j <gq

{ﬁ,i(xs y) - S;'L,J'(x, y)1

[ e==ora=1=p
(7,

(X __ t)il—l—i (_V _ u)q»l—j 2
< (b —a)Xd — ¢) MN|| e — e*[|;s—0

[e(t, u) — e(t, w)] dt du

N

1/2
dt du) e — enle

p=T=D@g—1—)'

uniformly as u— oo. Therefore f;;,7 <<p,j< g, are continuous since
they are the uniform limits of continuous functions. The function
Fov.a1(x,¥) =[5 [5 e(t, u) dt du is absolutely continuous since £, (x, y) =
e(x,y) is in L2[D] and thus is defined a.e. and is integrable on D. Clearly
[ satisfies the last property in (3.8). Thus we have a space which is the direct
sum of complete spaces and therefore is complete. We call this space
T7%a, B). It has the properties

fiseCIDL i <p,j <4,
Sfrnia.;(x, B) abs cont, f,, ; {(x, B) € L?[a, b],j = 0,...., g — 1,
Sr.m—s—(a, ¥) abs cont, f; (o, Y)Y € L¥c,d], i = 0,...,p — 1,
So-1.0-1(x, y) abs cont, f,, , € L2[D].

Since the derivatives fp.; (%, ¥),i = 0,...,g — j,j = 0,..., ¢ — 1, need only
exist along the line y = B, all partials with respect to y must be taken before
any partials with respect to x of order greater than p are taken. A similar
condition holds for f; ;. (%, ¥),j=0,...,p — ,i =0,...,p — L.

We now construct the reproducing kernel for T2%«, 8) with norm (3.7).
Let G, ,..., Gy , be the functionals defined by

G,u(f) = f;'.i(o"a B)n u = 19'"9 ka
and let ¢, ,-.., q;, be elements of £ with the property
GAq) = 85,1 < i,j <k

(3.9)
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Note that the g, ,..., g, are just the functions (x ~ «)¥/i! (y — BY[jL, i -+ j < w1
We also let X be the point (x, y) and let ¥ == (£, n).

THEOREM 1. The reproducing kernel K*(X, Y) for the space T?%«, B}
with norm given by (3.7) is

K¥(X, ¥) — 620-3(x, &) -3y, ) + Z =B OB grnsagy,
J'

it
(3.10)
n Y (x — a) ¢ — 0») rom—i=1( 31 N 1 Z g X) g{ ¥}
Z i1
where
By, §) = (— 1) g%;_f)l),_
8p-1-i (o i
-y [(2,,_"?_, ] & i?a)

(5 — P — oy
tEY =T I

and 0%y, n) is defined similarly.

Proof. The proof is based on the fact-that 77%«, 8) is the direct sum of
tensor products of single-variable spaces for which the reproducing kernels
are known. Let K,(X, Y) be the reproducing kernel of the i-th element in the
direct sum. Then (f, X; Ky = 2if; , K, = 2:fAX) = f(X), where f; is
the projection of f onto the i-th subspace. Thus K¥(X, ¥) = 3; K,(X, ¥).
Each subspace is the tensor product of two single-variable spaces. It can easily
be seen that the norms on each of these subspaces have the property that
(/. 8): = ((f, 81/, g2)7, where g is the product of elements g, and g, in the
component spaces and the primes are used to indicate the inner products on
these spaces. Thus each K(X, Y) is the product of the reproducing kernels
on the respective single-variable spaces.

de Boor and Lynch [12] have calculated the reproducing kernel for the
space F'? g, b] with norm given by

() = Z PO + [ 1 9COR d. 31D
Itis

il (x — a) (€ — )

il i!

)
+ | gn(x, 1) g7(€ 1) dh, (3.12)

i=0

where g?(x, 1) = (x — )*Y(p — D! Y(a, 1, x).
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Thus
K*(X, Y)

E a1 ), By _ By b
= Y a0a+y OB P i i g, 1y a
i=1 =0 . J: a

n Z (x — oc) (f - 0‘) J' gy, u) gmi(n, u) du

+[[ e nge na[[ g0 w gm, w dal. (3.13)

Evaluation of the integrals in (3.13) gives (3.10), which concludes the proof.

4. CONSTRUCTION OF THE REPRODUCING KERNEL FOR THE HILBERT SPACE H

In de Boor and Lynch [12] it was shown that the optimal approximation
F(f) to F at f is exact for the n-dimensional subspace spanned by the
representers of the F; , i = 1,..., n. We would like to have this approximation
also be exact for functions in 2, i.e., polynomials of degree less than or equal
to m — 1. We do this by considering a norm similar to (3.7) but involving
the approximating functionals F ...., F,, , rather than the G;,i=1,..., k.
This will force 2 to be contained in the subspace S = {¢, ,..., ¢,> where ¢,
is the representer of F; ,i=1,...,n

We shall assume that F, F] ,..., F,, are linearly independent and are of the
form

Lf = ¥ [[ fuste ») duiitx, y)

i<q (4.1)
+. z [ Frstx, By dii(x) + z [ fo ) ()

where the functions u? are of bounded variation. We also assume that the
functionals Fj ,..., F,, , have the property that there exists a set of weights
A;,i=1,.,n such that F(f) — X, AF(f) =0 for all fe2, the null
space of [f, f]. Let F; ,..., F; be a subset of the F; which is maximally linearly
independent over 2. If [ = k, then

(F.f) = z [Ff P+ [, f] @2)
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defines a norm on 7%%a, f8). If / < k, then there exists a subspace ¥, of dimen-
sion k — / with the property that Fi(f) = «- = F(f) = O for all fin V. By
our assumption, F{f) = Oferall fe V. Let @, ,..., ®,_, be £ — [ of the func-
tionals G;,i = l,..., k, chosen so that F ..., F;, @, ..., @,_,, are linearly
independent over 2. Let P be the linear projection defined by

k—1
Pf(X) = Z @z(f) pAX),
i=1
where p, ,..., pr_; are elements of ¥, with the property that

Dpy) =06y, 1 <i,j<k—1

Note that the p; are a subset of the ¢, ,i=1I,..., k. Our approximation
problem is not affected if we consider the problem on H = (I — P) T*«x, B).
H is a Hilbert space with respect to the norm

11
L =U71+ Zl [FA)P {4.3)
In many applications it will happen that & = /. As an example of when this
is not the case consider 7330, 0) with n = 7, F(f) = fil f_l fix, y) dx dy,
F(f) = flx;, y), i = 1,..., 7, where the (x,, y,) are the points of the Radon
7-point, fifth-degree cubature formula. (See Stroud [31].) In this case k& = 21.
This formula is exact for all elements in 2, the set of polynomials of degree

less than or equal to five, and thus we can construct a Hilbert space in the
manner described above.

We now construct the reproducing kernel function for the Hilbert Space H.
Let
k-1 )
P(X)P(Y)K*(Xz Y) = Kl*(Xa Y) = Z pz(X)p1(Y)a

and

(= P (1= Pl K (K, 1) = O, 1) = KA D)= 3 ) "
Let f'e T#%(a, B). Then o
(U= P(Y) = (f, K¥(CX, ¥) — KO0 100) = (A1) = (. e

- }f o) O
Therefore we have shown

640/5/1/8
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LemMa 1. The reproducing kernel function for the Hilbert space H with
norm given by

(ED = US1+ Y (G Gid (D Pici

is f(X, Y).
Let P be the projection operator from H onto (I — P)2 defined by

Pf(X) = ; F(f) $X)

where the ¢;, i = 1,..., ] are defined by ¢, € (I — P)2 and
F(¢p =985 1<ij<L

THEOREM 2. The reproducing kernel K(X,Y) for the Hilbert space H
with norm given by (4.3) is

(I~ P),(I—P),fX, )+ 2 $i(X) $(Y).
Proof. letve H.
Po(y) = (v, 3 4400 $41)).

We now must show that
(I— Py (Y) = (v, — P)x (I — P)yJ(X, Y))x.
(U:(I_ P)X(I"" P)yf_(X, Y))X = [U, (I_ P)X (I_ P)Yf(Xz Y)]X
= [v,(I = P)yf(X, Y)]
= (I_ P)Y [Uaf(X5 Y)]>
where the interchange of integration and the operator P is justified by Sard’s

kernel theorem [21, p. 175]. But [v, (X, )]y = (I — P)y (Y) where P is
the projection from H onto (I — P)2 defined by

Br(X) = z (N aX) G Dy, Do

Then (I — P)y (I — P)yv = (I — P)yv, which completes the proof.
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Remark 1. The proof of the preceding theorem is largely independent of
the particular Hilbert space ##. It in fact holds for any real Hilbert space 3#°
whose norm is obtained by adding a finite sum of squares of linear functionais
to a semi-norm [-, -] with a finite dimensional null space n of dimensiou /.
Assume that the reproducing kernel K*(X, Y} can be found for a particuiar
norm

i
(0, V)5 = [v, 0] + ), [GeP

=1

where G ,..., Gy, are any set of “sufficiently smooth™ linear functionals,
i.e., functionals which are bounded and for which the identity

Gy v, K¥X, Y]y = [, (G KXX, V)l
holds, which are linearly independent over 5. Let Ly ,..., L; be any other set

of “sufficiently smooth® linear functionals which are also linearly independent
over 7 and let P be the projection operator from J# onto v defined by

Py =

-

o,
I
-

Lfl/% >

where gy ,..., g, are elements of % with the property
L{g;) = & I<ij<li

Then proceeding in the same way as in the proof of Theorem 2, it can be
shown that the reproducing kernel for # with norm given by

4

@, 0) = [v, 0]+ ) [LoT

KX, Y) = (I — P), (I — P), K*(X, 1) + ¥, q:(X) a(Y).
i=1

Remark 2. The functions ¢,,i=1,...,/, in the reproducing kernel
K(X, Y) are the representers of the functionals F; ..., F, . To see this let v € H.
Then

(v, ‘]6:) = [o, sz] -+ Z Fi(v) Fa(‘#) == Fy(v).

Thus the optimal approximation F is exact for functions in (/ — P)4. Since
F is obviously exact for functions in ¥, it is exact for all functions in 2,
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5. APPLICATION TO CUBATURE

In this section we apply the results of the preceding section to obtain formu-
las for the optimal approximation and error bounds for the approximation of
the functional F(f) = [, [% f(x,») dx dy by a cubature sum Y;_; A,F(f) =
S Aif(x;,y). We shall also assume that the maximal number of the
functionals F; , i = 1,..., n which are linearly independent over 2, the set of
polynomials of degree less than or equal to m — 1, is k, the dimension of 2.
For this case the reproducing kernel is

KO Y) == 3, (0, 1) 44X)
T X) 4400~ 400 $(1)
FX Y TE ) SO BT, K= Gy) 6D

Since i is a linear combination of the representers ¢;, 7/ = 1,..., 5, we find
that & has the form

ii(x, y) = p(x, y) + }E NX, X)) plx,y)e 2. (5.2)

i=L

If the set of interpolation points includes the point (e, B), (5.2) becomes

i, 3) = p(x,3) + 3, AJCK X, 53)

'i=1

L
where X, = («, B). This simplification results from the fact that §2*-X(x, o) =
621y, B) = 0 and thus f(X, X,) = 0. We first assume that (x, f) is not one
of the interpolation points. We shall determine the n + k coefficients in (5.2)
by solving a linear system of equations. We obtain z of these equations from
the interpolation conditions. We obtain the remaining equations from the
fact that i | v for all ve F = {ve H| F{v)=0,i = 1,..,n}. In Lemma 2
we proved that f has the property that for any ve H

Lfs vl = v(€, ) — Z G{v) G{f)

— oy — ¥ (o C DB oy

ii<m J
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This implies that for all functions v € &

(fn U)X = U(S, 7]) - Z (“ 1)i+j (0‘ _l—' g) ‘\!8 —]—! i Ui.]'("x: 13}

i+j<m

Thus

7

(ﬁf U) = ((p(xo J’) + Zn, )\lf_(Xv Xl))7 U} = z hl(f(.xs /Yl)s U)
I=1

=1

A [U(Xz V) — Z (=1 (&:QXL)ZI ([3 — S04 vy, {2, ﬁ“?zi

§
i+j<m N A

I
M=

T
&

Ap(xy, 1) (5.4)

I
M=

T
[\

— Y (=D o, B) z A - ) (B 7!,'z)f -0

ij<m ‘ S

Since v € F, the first sum in (5.4) is zero. The second sum will be zero for
all v e # if and only if

n

Y Ma—x)B—py =0 it+j<m (

iy
L
-’

These # + k equations are linearly independent since the only function
which satisfies both (5.5) and the homogeneous interpolatory conditions
is the zero function.

We determine the n + k& — 1 coefficients in (5.3) in the same way. We
obtain » of the equations from the interpolatory conditions. Instead of (5.4}
we obtain

i . — X [ VI

3 AeGry) — Y AWmeZA R
=1 i+j <m 7
Lty l#u (56}

If («, B) is one of the interpolation points, v{c;, 8) = 0 since v € . Thus (5.6}
will be zero for all v € & if and only if

Y Mo —x) (B—y) = 0 <i+j<m. {5.7)

l#u
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Thus (5.7) provides the remaining k& — 1 equations to determine -the coeffi-
cients of (5.3).

It would be desirable to find other representations for certain configurations
of points since the systems of equations we have obtained are ill-conditioned
and therefore their use may result in inaccurate results if # is very large. The
use of the representations (5.2) and (5.3), however, does not require that the
representers ¢ ,..., ¢; , be explicitly known. In most cases it appears that these
functions would be quite difficult to find. ,

The function §(x, ¥) equals Ry (K(X, ¥)). We recall that R = F- Y, , A,F,,
where the 4; are the optimal weights. Also R(v) = 0 for all v € 2. Therefore

35.) = Ref = By 3, 007X, 1)

2

= FJ— ¥, AFX, X) — q(x, 7), (5.8)

where g(x, y) € 2. If (o, B) is one of the interpolation points, say X, , we obtain

F63) = Fef — 3 AF(X X — q(x, 9). (59)

i=1

gFu
We shall determine the n 4 k coefficients of (5.8), the Zz-_, i=1,..,n, and
the k coefficients of the polynomial g(x, y), by solving a linear system of
equations. We obtain # of these equations from the fact that ¢ € #. Thus

P, ) =0 i=l..,n (5.10)

We get the remaining equations from the fact that R(v) = 0 for all v € 2 and
thus R((« — x)* (B — y)) = 0, i + j < m. This implies that

M=

Ay — x)' (B — yiy

_ / (o — a)i+t — (a — b)itt )( B — ¢yt — (B — dyi+t
_( i+1 jt+1

i=1

i+j<m
(5.1D
If (o, B) is one of the interpolation points, we replace (5.11) by '

21 Zz(“ — X)) (ﬁ — Y
[==

T#u

_ (o=@t — (o — by \ (B — )t — (B —dy*t
)
( i1 )( T 1
0<itj<m. (5.12)



OPTIMAL APPROXIMATION 91

Egs. (5.10) and (5.11), and (5.10) and (5.12) are linearly independent
since the corresponding coefficient matrices are the same as those used to

find the coefficients in the formula for u.
The calculation of Fy(f) = fz _[j F(X, Y) d¢ dn is straightforward.

F(i) = z Aif (x5 3. (5.13)
i-1

If (x, B) is not one of the interpolation points, all of the weights, 4, i = i,..., n,
were obtained in the calculation of ¢. If («, 8) = X, , one of the interpolation
points, all of the weights except 4, were obtained in the calculation of é.
A, can be determined from the fact that R(1) = 0. Thus

S A = (b — a)d — o),
Oor

A,=G—afd—c)— Y 4. (5.14)
I=1

{0

The calculation of F($) = [\ [2$(x, y) dx dy is straightforward. Assume
| flil=r and [f,f]= M2 Since the function u# has the property that
F(i) = F(f), i = 1,..., n, we can rewrite the hypercircle inequality {2.1) to
get

|F(f) — F)| < || R [M? — [ii, u]].12 (5.15)

If (a, B) is not one of the interpolation points,

5,0 = 7. (pr3) + 3 W06 0)] = [, 3 A7 30

i=1 4

13
= Z Adi(x; , y3)
i=1

— Y (=D i, e B)% Z by (o —‘!Xz)i B —‘ yz)?g

i4g < — H H
J<m I=1

J

3

= Y NG, y) = Y Nf(x. 30 (5.16)
1 i=1

2
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using (5.5). If (o, B) = X, , one of the interpolation points, instead of (5.16),
we obtain

6,8 = ¥, MfCeen30) =@ B) 3 A (517)
i iz

The function i can be considered to be a bivariate spline function in that
it minimizes a pseudo-norm, namely, [-, -], subject to the constraint that it
interpolate the function f at the points X;, /= l,..,n. & is a piecewise
polynomial function of degree 2m — 1. If the point (a, ) is in the interior
of the rectangle D, all partial derivatives of order p in x have a jump at the
line x = «, and all partial derivatives of order ¢ in y have a jump at the line
y == 3. Regardless of where the point («, §) is in the rectangle D, the partial
derivatives of order 2p — 1 in x have jumps at the lines x = x;,i==1,..., &,
and the partial derivatives of order 29 — 1 in y have jumps at the lines
y=y;, = l.,n

6. NUMERICAL EXAMPLES

In this section we give several examples related to approximate multiple
integration on a rectangle. We choose as the functional F(f) to be approxi-
mated, the integral _[il fil dydx/x +y+ 4. Since f(x,y)=1/x+y+4)
is infinitely differentiable on D = [—1,1] x [—1, 1], it is a member of
T#%x, B) for all p and ¢ and all («, B) in D. We choose several values of p
and ¢ and two different points («, 8) and compute the corresponding optimal
approximations and error bounds. We use the two sets of points

El = {(0> O)s (1’ I)’ (ﬂla I)a (1’ Ml)a (—ls I)}>
and

Ey = {(0,0), (—1,0), (1,0), (—1/2, 1/2), (1/2, 1/2), (1/2, = 1/2),
(_'1/27 _1/2)5 (“1’ _1)’ (05 —'1)5 (1, .....1)’ ("19 1)5 (02 1)» (15 1)}

In the first example we consider f{x, y) to be a member of the class of
functions 71(x, B) in the Hilbert space H. We carry out the calculations for
two different points («, 8). In each case (v, ) is one of the points of the
cubature sum. Therefore to calculate ii we use the equations i(x;, y;) =
Fx;,¥), i = l,...,n, and (5.7). To calculate ¢ we use equations (5.10) and
(5.12). We solve the linear systems of equations by inversion of the coefficient
matrices using a maximal pivot method. Since the coefficient matrices for
the calculation of both i and ¢ are the same, only one matrix inversion is
necessary.
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TABLE 1
(,B8) = (0,0
Set of points E, £,
F(@) 0.105357(01) 0.104628(01)
LR 0.280159 6.120729
M2 0.171642(—01) 0.171642(—01)
[z, ] 0.992063(—02) 0.137910(--01)
B 0.450482(—01) 0.201802(—01)
F(f)— F@) —0.707544(—02) 0.220431(—03)
TABLE 2
(.p)=(0,1
Set of points E, E,
F(@) 0.108654(01) 0.105251(01)
IR 0.123803(01) 0.23814%
M? 0.124486(—01) 0.124486(—01}
[z, a} 0.854701(—02) 0.107326(—01}
B 0.695000(—01) 0.202149(—01}
F(f)— F@) —0.400425(—013 —0.€010506(—02)

To calculate the optimal approximation, F(ii), we use Eq. (5.13) where
the weights A; are obtained as coefficients in the formula for ¢ (5.9). Te
calculate || R ||, the function-independent part of the error bound

| F(f) — F@)| < || R [M*— [a, @]},

we integrate ¢. In practice the calculation of A2, the square of the pseudonorm
Lf, f1, is quite difficult. An upper bound for M2 can always be found, however,
by replacing each integral by the product of the maximum of the square of
the appropriate derivative times the measure of the domain of integration.
The pseudo-norm [if, if] is calculated by (5.17) where the A, are coefficients
in the formula for #. Table 1 lists the optimal approximation and error
bounds obtained when we let (o, 8} = (0, 0). Table 2 lists the optimal
approximation and error bounds when («, 8) = (1, 1). The numbers in
parentheses indicate the exponents and B denotes the error bound,
§ R [M2— [a, u]]'2
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TABLE 3
(o, B) = (0,0)
Set of points E;
F(@) 0.104190(01)
R 0.284981(—02)
M? 0.420252(—01)
[, @] 0.122915(—01)
B 0.920517(—02)
F(f) — F@) 0.459631(—02)
TABLE 4
@B =11
Set of points E,
F(@) 0.104731(01)
IR 0.106450(—02)
M? 0.293879(—01)
[z, 4] 0.359353(—02)
B 0.524005(—02)
F(f) — F@) —0.810142(—03)

In the second example we consider f(x, y) = 1/(x -+ y -+ 4) to be a member
of T%%(«a, §). Table 3 lists the optimal approximation and error bounds
obtained when («, ) = (0, 0). Table 4 lists the optimal approximation and
error bounds when («, 8) = (1. 1).

All of the preceding calculations were carried out in double precision
floating point arithmetic on the Univac 1108 Computer at the University
of Utah Computer Center.

Much of the work on error analysis of cubature formulas has dealt with
cross-product formulas in contrast to the results of this paper. References
can be found in Stroud and Secrest [32]. If two single variable formulas are
used, one of which is exact for polynomials of degree < p — 1, and the other
is exact for polynomials of degree <{ g — 1, the cross-product formula
obtained from them is exact for polynomials in two variables of degree less
than or equal to p — 1 in one variable and less than or equal to ¢ — 1 in
the other. Thus the optimal cubature formulas discussed in this paper differ
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from cross-product formulas even if a cross-product set of points is used
since the optimal formulas are exact for all polynomials of total degree less

th

an or equal tom — 1, where m = p + q.

ACKNOWLEDGMENT

The author wishes to thank Professor Carl de Boor for suggestions which have resulted

in

10.
il

12,

13.
14,

Is.

7.

18,

a clearer presentation of many of the results in this paper.

REFERENCES

. J. H. AHLBERG, E. N. NiLsoN, anD J. L. WaLsH, Extremal, orthogonality, and con-
vergence properties of multidimensional splines, J. Math. Anal. Appl. 12 (1963), 27-48.

. J. H. AHLBFRG AND E. N. NiLsoN, The approximation of linear functionals, SI4M
J. Numer. Anal. 3 (1966), 173-182.

. J. H. AnceerG, E. N. NiLsoNn, anD J. L. WarsH, “The Theory of Splines and their
Appilications,” Academic Press, New York, 1967,

. R. E. BArNHILL, An error analysis for numerical multiple integration I, Marh. Comg.
22 (1968), 98-109.

. R. E. BARNHILL, An error analysis for numerical multiple integration I, Marth. Comp.
22 (1968), 286-292.

. G. BiRkHOFF AND C. DE Boor, Error bounds for spline interpolation, J. Math. Mech.
13 (1964), 827-835.

. G. BirgHOFF AND C. DE BOOR, Piecewise polynomial interpolation and approximation,
ir “Approximation of Functions,” H. L. Garabedian (Ed.), pp. 164-190, Elsevier,
Amsterdam, 1965,

. G. BrkHOFF AND H. L. GARABEDIAN, Smooth surface interpolation, J. Math. and Phys.
39 (1960), 258-268.

. G. BirkaOFF, M. H. ScuuLTz, AND R. S. VARGA, Piecewise Hermite interpolation in

one and two variables with applications to partial differential equations, Numer,

Marh. 11 (1968), 232-256.

C. pE Boor, Bicubic spline interpolation. J. Math. and Phys. 41 (1962), 212-218.

C. pe Boor, Best approximation properties of spline functions of odd degree, J. Marh.

Mech. 12 (1963), 747-749.

C. pE Boor anD R. E. LyNcH, On splines and their minimum properties, J. Mazh.

Mech. 15 (1966), 953-969.

P. J. Davis, “Interpolation and Approximation,” Blaisdell, New York, 1963.

M. Gorowms, Lectures on the theory of approximation (Mimeographed notes), Argonne

National Laboratory, University of Chicago, Chicago, IL, 1962,

M. GoromB anD H. F. WEINBERGER, Optimal approximation and error bounds, in

“On Numerical Approximation,” R. E. Langer (Ed.), pp. 117-190, University of

Wisconsin Press, Madison, WI, 1959.

. W. J. GorpoON, Spline-blended surface interpolation through curve networks, J. Mash.

Mech. 18 (1969), 931-952.

W. J. GorpoN, Blending-function methods of bivariate and multivariate interpcla-

tion and approximation, SIAM J. Numer. Anal. 8 {1971), 158-177.

T. N. E. GreviLLE, Numerical procedures for interpolation by spline functions,

SIAM J. Numer. Anal. 1 (1964), 53-68.



96 MANSFIELD

19
20

21

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

. V. I. KryLov, “Approximate Calculation of Integrals,” Macmillan, New York, 1962.
. J. MEINGUET, Optimal approximation and error bounds in seminormed spaces, Numer.
Math. 10 (1967), 370-388.

A. SarD, “Linear Approximation,” American Mathematical Society, Providence,
RT, 1963.

A. SarDp, Optimal approximation. J. Functional Anal. 1 (1967), 222-244.

I. J. SCHOENBERG, Spline interpolation and best quadrature formulae, Bull. Amer.
Math. Soc. 70 (1964), 143-148.

1. J. SCHOENBERG, On monosplines of least deviation and best quadrature formulae I.
SIAM J. Numer. Anal. 2 (1965), 144-170; ibid. 3 (1966), 321-328.

1. J. ScHOENBERG, On the Ahlberg—Nilson extension of spline interpolation: the
g-splines and their optimal properties, J. Math. Anal. Appl. 21 (1968), 207-231.

1. J. SCHOENBERG, On spline functions, in “Inequalities,” O. Shisha (Ed.), pp. 255-91,
Academic Press, New York, 1967.

D. SECREST, Best approximate integration formulas and best error bounds, Math.
Comp. 19 (1965), 79-83.

D. SecresT, Numerical integration of arbitrarily spaced data and estimation of errors,
SIAM J. Numer. Anal. 2 (1965), 52-68.

D. Secrest, Error bounds for interpolation and differentiation by the use of spline
functions, SIAM J. Numer. Anal. 2 (1963), 440-447.

D.D.Stancu, The remainder of certain linear approximation formulas in two variables.
SIAM J. Numer. Anal. 1 (1964), 137-163.

A. H. StrOUD, Integration formulas and orthogonal polynomials, SIAM J. Numer.
Anal. 4 (1967), 381-389.

A. H. STROUD AND D. SECREST, “Gaussian Quadrature Formulas,” Prentice-Hall,
Englewood Cliffs, NJ, 1966.



