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In this paper we seek necessary and sufficient conditions for the permanence
and the global asymptotic stability of a positive equilibrium for a Lotka-Volterra
system with two delays. Q 1999 Academic Press

1. INTRODUCTION

We consider the following symmetrical Lotka]Volterra-type predator]
prey system with two delays t and t :1 2

Xx t s x t r q ax t q a x t y t y b y t y tŽ . Ž . Ž . Ž . Ž .1 1 2
1.1Ž .

Xy t s y t r q ay t q b x t y t q a y t y t .Ž . Ž . Ž . Ž . Ž .2 1 2

Ž .The initial condition of 1.1 is given as

x s s f s G 0, yt F s F 0; f 0 ) 0Ž . Ž . Ž .1
1.2Ž .

y s s c s G 0, yt F s F 0; c 0 ) 0.Ž . Ž . Ž .2

Here a, a , b , r , r , t , and t are constants with a - 0, t G 0, and1 2 1 2 1
t G 0, and f, c are continuous functions. Obviously, we can take b G 02

Ž .without loss of generality. We assume that 1.1 has a positive equilibrium
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Ž U U .x , y , that is,

y a q a r y b rŽ . 1 2Ux s ) 0,2 2a q a q bŽ .
b r y a q a rŽ .1 2Uy s ) 0.2 2a q a q bŽ .

Ž .We say that the system 1.1 is permanent if there exists some compact
2 Ž . Ž .set D in the interior of R such that any solution of 1.1 with 1.2 willq

Ž U U .ultimately stay in D. The positive equilibrium x , y is said to be
Ž U U .globally asymptotically stable if x , y is stable and attracts any solution

Ž . Ž .of 1.1 with 1.2 . Our purpose is to seek sharp conditions for the
Ž . Ž U U .permanence of 1.1 and the global asymptotic stability of x , y for all

Ž .t and t , making the best use of the symmetry of 1.1 . In this paper we1 2
first give the following necessary and sufficient condition for the perma-

Ž .nence of 1.1 for all delays t G 0 and t G 0:1 2

Ž .THEOREM 1.1. The system 1.1 is permanent for all t G 0 and t G 0 if1 2
and only if

a q a - 0
holds.

Then we also establish the following necessary and sufficient condition for
Ž U U .the global asymptotic stability of x , y for all t G 0 and t G 0:1 2

Ž U U . Ž .THEOREM 1.2. The positï e equilibrium x , y of 1.1 is globally
asymptotically stable for all t G 0 and t G 0 if and only if1 2

2 2'a q b F ya

holds.

Ž .When the system 1.1 has no delay, that is, t s t s 0, it is easy to see1 2
Ž U U . Žthat x , y is globally asymptotically stable if and only if a q a - 0 cf.

2 2. 'Appendix . So we can see that the condition a q b F ya in Theorem
1.2 reflects the delay effects.

Ž . ŽThe permanence of 1.1 with a F 0 has been well studied see, for
w x. w x Ž .example, 5 . Wang and Ma 10 showed that 1.1 is permanent for all

t G 0 and t G 0 under conditions a - 0 and a F 0. Thus, Theorem 1.11 2
Ž .generalizes their result for 1.1 .

In the case a ) 0, we notice that the positive delayed feedback terms
Ž . Ž . Ž .a x t y t and a y t y t on the right-hand side of 1.1 play a role of1 2

Ž . Ž .destabilizer of the system. Biologically, a x t y t and a y t y t with1 2
a ) 0 may be viewed as the recycling of population.
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w x < < < <Gopalsamy 2 showed that if a q b - ya holds, then the positive
Ž U U .equilibrium x , y is globally asymptotically stable for all t G 0 and1

t G 0. It is clear that Theorem 1.2 improves the Gopalsamy condition for2
Ž . w x1.1 . Recently, Lu and Wang 8 also considered the global asymptotic

Ž U U . Ž .stability of x , y for 1.1 with a s 0.
Ž .The proofs of the global existence of the solutions of 1.1 and Theorems

1.1 and 1.2 are given in Sections 2 and 3, based on the well-known
w xcomparison principle and the methods developed in 5, 6, 8, and 10 . To

w xprove Theorem 1.1, a similar method in 10 is used. However, we see that
w xour proof is simpler than that in 10 . In the proof of the sufficiency of

ŽTheorem 1.2, we use an extended LaSalle’s invariance principle also see
w x w x .9 and 11 for ODE , by which our proof is more complete than that

w xin 8 .

2. PERMANENCE

In this section, we first prepare the following elementary result.

Ž Ž . Ž .. Ž .LEMMA 2.1. If a q a - 0, then e¨ery solution x t , y t of 1.1 with
Ž . w .the initial condition 1.2 exists on 0, ` and is positï e.

Ž .Proof. We first show that x t ) 0 as long as it is defined. In fact, if
not, there exists some t ) 0 such that

<t s inf t x t s 0, t ) 0 .� 4Ž .

Ž .Clearly, x t s 0. Thus, we have

t
x t s x 0 exp r q ax s q a x s y t y b y s y t dsŽ . Ž . Ž . Ž . Ž .H 1 1 2½ 5

0

w . Ž .on 0, t . By the continuity of x t , we have

t
x t s x 0 exp r q ax s q a x s y t y b y s y t ds ) 0.Ž . Ž . Ž . Ž . Ž .H 1 1 2½ 5

0

Ž .This is a contradiction. For the same reason, we can also show that y t is
positive as long as it is defined.

Ž Ž . Ž .. w .Next, let us show that x t , y t exists on 0, ` . If it is false, there
Ž . Ž .y yexists a positive number T such that lim x t or lim y t doest ª T t ª T

not exist. In the case t s 0, we have1

Xx t s x t r q a q a x t y b y t y tŽ . Ž . Ž . Ž . Ž .1 2

Xy t s y t r q ay t q b x t q a y t y tŽ . Ž . Ž . Ž . Ž .2 2
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w . Ž . Ž . w .for t g 0, T . Since x t ) 0 and y t ) 0 on 0, T , we have

t T
< <x t - x 0 exp r ds F x 0 exp r dsŽ . Ž . Ž .H H1 1½ 5 ½ 5

0 0

w . w .for t g 0, T . Hence for t g 0, T , we obtain

t T
< <y t - y 0 exp r q b x s ds F y 0 exp r q bK dsŽ . Ž . Ž . Ž .H H2 2 1½ 5 ½ 5

0 0

if t s 0 and2

T
< <y t - y 0 exp r q bK q a y s y t dsŽ . Ž . Ž .H 2 1 2½ 5

0

Ž . � T < < 4if t ) 0, where K s x 0 exp H r ds . Thus, there exist positive num-2 1 0 1
< XŽ . < < XŽ . < w .bers K and K such that x t - K and y t - K for t g 0, T .2 3 2 3

Hence, we have

t2 X < <x t y x t F x s ds - K t y t ,Ž . Ž . Ž .H1 2 2 1 2
t1

t2 X < <y t y y t F y s ds - K t y tŽ . Ž . Ž .H1 2 3 1 2
t1

w . Ž .yfor t , t g 0, T . The well-known Cauchy theorem shows that lim x t1 2 t ª T
Ž .yand lim y t exist, which is a contradiction.t ª T

w .In the case t ) 0, for t g 0, T , we have1

t
x t s x 0 exp r q ax s q a x s y t y b y s y t dsŽ . Ž . Ž . Ž . Ž .H 1 1 2½ 5

0

t
< <- x 0 exp r q a x s y t dsŽ . Ž .H 1 1½ 5

0

T
< <F x 0 exp r q a x s y t dsŽ . Ž .H 1 1½ 5

0

and

t
y t s y 0 exp r q ay s q b x s y t q a y s y t dsŽ . Ž . Ž . Ž . Ž .H 2 1 2½ 5

0

T
< <- y 0 exp r q b x s y t dsŽ . Ž .H 2 1½ 5

0
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if t s 0 and2

T
< <y t - y 0 exp r q b x s y t q a y s y t dsŽ . Ž . Ž . Ž .H 2 1 2½ 5

0

Ž . Ž . w .if t ) 0. This implies that x t and y t are bounded on 0, T , from2
which we can also get a contradiction as above. The proof of Lemma 2.1 is
complete.

Ž .To consider the permanence of 1.1 , we next prove the following:

Ž .LEMMA 2.2. If a q a - 0, then any solution of 1.1 with the initial
Ž .condition 1.2 is ultimately bounded, that is,

lim sup x t F B ,Ž . 1
tªq`

lim sup y t F B ,Ž . 2
tªq`

where

< < < < < < < <r r r q bB r q bB1 1 2 1 2 1
B s max , , B s max , .1 2½ 5 ½ 5< < < < < < < <a a q a a a q a

Proof. In the case a F 0, it is easy to see that

< <r1
lim sup x t F s B ,Ž . 1< <atªq`

< <r q bB2 1
lim sup y t F s B ,Ž . 2< <atªq`

by using the comparison theorem of ordinary differential equations.
Ž .Let us consider the case of a ) 0. From 1.1 , for any sufficiently small

« ) 0, we have1

X < <x t - x t r q « q ax t q a x t y t 2.1Ž . Ž . Ž . Ž . Ž .1 1 1

for t G 0. Now consider the following scalar delay differential equation:

X < <u t s u t r q « q au t q a u t y t 2.2Ž . Ž . Ž . Ž . Ž .1 1 1

Ž . Ž .for t G 0. Let u t be the solution of 2.2 with the initial condition
Ž . Ž . Ž .u u s f u q 1 yt F u F 0 . We will show that for t G 0,1

x t F u t . 2.3Ž . Ž . Ž .
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Otherwise, there exists some t ) 0 such that1

<t s inf t x t ) u t , t G 0 .� 4Ž . Ž .1

This implies that

x t F u t , t g yt , t , 2.4Ž . Ž . . Ž .1 1

x t s u t , 2.5Ž . Ž . Ž .1 1

� X 4 Xand there exists a decreasing sequence t such that t ª t as n ª ` andn n 1

x tX ) u tX . 2.6Ž . Ž . Ž .n n

Ž . Ž .2.5 and 2.6 yield

x tX y x t u tX y u tŽ . Ž . Ž . Ž .n 1 n 1
) .X Xt y t t y tn 1 n 1

XŽ . XŽ . Ž . Ž .Letting n ª `, we have x t G u t , which, together with 2.1 , 2.2 ,1 1
Ž .2.5 , and a ) 0, implies

x t y t ) u t y t .Ž . Ž .1 1 1 1

Ž . Ž .This contradicts 2.4 . Thus 2.3 is proved.
Ž . w xFor 2.2 , it is known from 5, pp. 218, 219 that

< <r q «1 1
lim u t sŽ .

< <a q atªq`

Ž .if a q a - 0. Hence, it follows from 2.3 and the arbitrariness of « that1

< <r1
lim sup x t F s B . 2.7Ž . Ž .1< <a q atªq`

For sufficiently small « ) 0, there is some t ) 0 such that for t G t ,2 2 2

x t - B q « .Ž . 1 2

Ž .Then, it follows from 1.1 that for t G t q t ,2 1

Xy t F y t r q b B q « q ay t q a y t y t .Ž . Ž . Ž . Ž . Ž .2 1 2 2

By using the same argument as above, we can show that

< <r q bB2 1
lim sup y t F s B .Ž . 2< <a q atªq`

The proof of Lemma 2.2 is complete.
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Ž .THEOREM 2.1. The system 1.1 is permanent for all t G 0 and t G 0 if1 2
and only if

a q a - 0
holds.

Ž . Ž . Ž Ž . Ž .. Ž .Proof Sufficiency . Let z t s x t , y t be any solution of 1.1 with
Ž . Ž .the initial condition 1.2 . Construct the two continuous functions V t1

Ž .and V t for t G 0 as follows:2

Ž . yby aqaV t s x t y tŽ . Ž . Ž .Ž . Ž .1

t t2= exp y a q a a q b x s ds q ba y s ds ,� 4Ž . Ž . Ž .H H
tyt tyt1 2

2.8Ž .
Ž .b y aqaV t s x t y tŽ . Ž . Ž .Ž . Ž .2

t t2= exp yba x s ds y a q a a q b y s ds .� 4Ž . Ž . Ž .H H
tyt tyt1 2

2.9Ž .

For any sufficiently small « ) 0, let

X X2 < <l s exp y a q a a q b B t y ba B t ,Ž .1 1 1 2 2

X X2< <l s exp y ba B t y a q a a q b B t ,Ž .2 1 1 2 2

X X2 < <L s exp a q a a q b B t q ba B t ,Ž .1 1 1 2 2

X X2< <L s exp ba B t q a q a a q b B t ,Ž .2 1 1 2 2

where BX s B q « and BX s B q « . B and B are defined as in Lemma1 1 2 2 1 2
Ž . Ž .2.2. Then, it follows from Lemmas 2.1 and 2.2, 2.8 , and 2.9 that there

exists some sufficiently large T ) 0 such that for t G T ,

0 - x t - BX , 0 - y t - BX , 2.10Ž . Ž . Ž .1 2

Ž . Ž .yb yby aqa y aqal x t y t F V t F L x t y t 2.11Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .1 1 1

Ž . Ž .b by aqa y aqal x t y t F V t F L x t y t . 2.12Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .2 2 2

Now calculating the derivative of V with respect to t, we have that for1
t G 0,

2X 2V t s y a q a r y b r y a q a q b x t V t .Ž . Ž . Ž . Ž . Ž .� 41 1 2 1
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Put

h s y a q a r y b r .Ž .1 1 2

Then h ) 0 by our assumptions. Choose an h : 0 - h - B small enough1 1 1 1
such that

V X t ) h r2 V t 2.13Ž . Ž . Ž . Ž .1 1 1

Ž .for 0 - x t F h . By arguments similar to those above, there exists an h :1 2
0 - h - B such that2 2

V X t ) h r2 V t 2.14Ž . Ž . Ž . Ž .2 2 2

Ž .for 0 - y t F h , where2

h s b r y a q a r ) 0.Ž .2 1 2

Now let us construct a region D as follows. First, define the curve G by1

ybXyŽaqa .l h BŽ .1 1 2yŽaqa . ybG : x y s .1 L1

Ž .Suppose that the intersection point of G with y s h is given by x, h ,1 2 2
and define the curve G by2

b yŽaqa .l x hŽ .2 2b yŽaqa .G : x y s .2 L2

X X Ž .Let D denote the region enclosed by G , G , x s B , and y s B Fig. 1 .1 2 1 2
Ž .In the following we prove that z t eventually enters and remains in the

region D. The proof is divided into four steps.
U Ž U .Step 1. We first show that, if there is a t ) T such that z t lies in0 0

Ž .the right side of x s h , then the z t will remain in the right side of G1 1
U Ž . Ufor all t G t . In fact, if z t meets G at t : t ) t , then there exists a t :0 1 2 2 0 1

U Ž . Ž .t - t - t such that x t s h and z t lies between x s h and G for0 1 2 1 1 1 1
Ž .all t - t - t . By the inequality 2.13 we have1 2

V t - V t . 2.15Ž . Ž . Ž .1 1 1 2

Ž . Ž .On the other hand, from 2.10 and 2.11 , we obtain

Ž . yby aqa ybXyŽaqa .V t F L x t y t s l h BŽ . Ž . Ž . Ž .Ž . Ž .1 2 1 2 2 1 1 2

Ž . yby aqaF l x t y t F V t .Ž . Ž . Ž .Ž . Ž .1 1 1 1 1

Ž .This contradicts 2.15 .
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FIG. 1. The region D.

Step 2. In this step we show that if there is a t ) T such that3
Ž . Ž . Ž .y t ) h and z t lies in the right side of G for all t G t , then z t3 2 1 3

Ž .cannot meet G for all t G t . In fact, if z t meets G at t , then there2 3 2 5
Ž . Ž .exists a t : t - t - t , such that y t s h and y t - h for t - t - t .4 3 4 5 4 2 2 4 5

Ž .By 2.14 we have

Ž .b y aqa b yŽaqa .V t - V t F L x t y t s l x h . 2.16Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .2 4 2 5 2 5 5 2 2

Ž . Ž .But since z t lies in the right side of G and y t s h , we have1 4 2

Ž .b y aqa b yŽaqa .V t G l x t y t G l x h .Ž . Ž . Ž . Ž .Ž . Ž .2 4 2 4 4 2 2

Ž .This contradicts 2.16 .

Step 3. In this step we show that if there is a t ) T such that6
Ž . Ž .y t F h , then there exists a t ) t such that y t ) h . Otherwise, we6 2 7 6 7 2

Ž . Ž . Ž .have y t F h for all t G t . Then 2.14 implies that V t tends to2 6 2
Ž . Ž . Ž .infinity, but 2.10 and 2.12 imply that V t is bounded, which is a2

contradiction.

Step 4. In this step we show that if there is a t ) T such that8
Ž . Ž .x t F h , then there exists a t ) t such that x t ) h . Otherwise, we8 1 9 8 9 1

Ž . Ž . Ž .have x t F h for all t G t . Then 2.13 implies that V t tends to1 8 1
Ž . Ž . Ž .infinity. But, in the case b s 0, 2.10 and 2.11 imply that V t is1

Ž . Ž .bounded, which is a contradiction. In the case b ) 0, 2.10 and 2.11
Ž .imply that y t tends to zero, which contradicts Step 3.
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Now we are in a position to conclude the proof of sufficiency. First, if
Ž .for some T ) T , z T lies in the right side of x s h and above y s h ,1 1 1 2

Ž . Ž .then 2.10 and Steps 1 and 2 imply that z t will remain in D for t G T .1
Ž .Next, if z T lies in the right side of x s h and below y s h for some2 1 2

Ž .T ) T , then Step 1 implies that z t will remain in the right side of G for2 1
t G T . It follows from Step 3 that there exists a T ) T such that2 3 2
Ž . Ž . Ž .y T ) h . Hence, we can show that from 2.10 and Step 2, z t will3 2

Ž .remain in D for t G T . Finally, if for some t ) T , z t lies in the left side3
Ž .of x s h , then Step 4 implies that z t will enter in the right side of1

x s h as t increases. By using the same arguments as above, we can show1
Ž .that z t eventually enters and remains in D.

Ž . Ž .Necessity . We can see easily if a q a G 0 holds, then 1.1 is not
Ž .permanent in the case t s t s 0 cf. Appendix . This completes the1 2

proof.

Ž .Remark 2.1. In the proof of necessity above, we showed that 1.1 is not
permanent in the case t s t s 0 if a q a G 0. However, computer1 2

Ž .simulation seems to suggest that 1.1 is not permanent for all t G 0 and1
t G 0 if a q a G 0 holds.2

3. GLOBAL STABILITY

To consider the global asymptotic stability of the positive equilibrium
Ž U U . Ž .x , y of 1.1 , we first introduce an extension of LaSalle’s invariance
principle.

n Žw x n.For some constant D ) 0, let C s C yD, 0 , R . Consider the delay
differential equations

zX t s f z , 3.1Ž . Ž . Ž .t

n Ž . Ž . n nwhere z g C is defined as z u s z t q u for yD F u F 0, f : C ª Rt t
Ž .is completely continuous, and solutions of 3.1 are continuously depen-

dent on the initial data in C n. The following lemma is actually a corollary
Žof the LaSalle invariance principle and the proof is omitted see, for

w x.example, 4, 5 .
nLEMMA 3.1. Assume that for a subset G of C such that G is positï ely

Ž .in¨ariant for 3.1 , and V: G ª R,

Ž .i V is continuous on G.
Ž . Ž . Ž .ii For any f g  G the boundary of G , the limit l f

l f s lim V cŽ . Ž .
cªf
cgG

exists or is q`.
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˙ ˙Ž .iii V F 0 on G, where V is the upper right-hand derï atï e of VŽ3.1. Ž3.1.
Ž .along the solution of 3.1 .

˙� Ž . Ž . 4Let E s f g G N l f - ` and V f s 0 . Here, for f g  G andŽ3.1.
Ž .l f - `, we define

V f s l f ,Ž . Ž .
1

V̇ f s lim sup V z f y V fŽ . Ž . Ž .Ž .Ž3.1. h
q hhª0

if l z f - ` .Ž .Ž .Ž .h

Ž .Let M denote the largest subset in E that is in¨ariant with respect to 3.1 .
Ž .Then e¨ery bounded solution of 3.1 that remains in G approaches M as

t ª q`.

The following is our main result.

Ž U U . Ž .THEOREM 3.1. The positï e equilibrium x , y of 1.1 is globally
asymptotically stable for all t G 0 and t G 0 if and only if1 2

2 2'a q b F ya

holds.

Ž .Proof Sufficiency . By using the transformation
U Ux s x y x , y s y y y ,

Ž .the system 1.1 is reduced to
X Ux t s x q x t ax t q a x t y t y b y t y tŽ . Ž . Ž . Ž . Ž .Ž . 1 2

3.2Ž .
X Uy t s y q y t ay t q b x t y t q a y t y t ,Ž . Ž . Ž . Ž . Ž .Ž . 1 2

Ž . Ž . Ž . Ž .where we used x t and y t again instead of x t and y t , respectively.
Ž .Using Lemma 3.1 we now prove that the trivial solution of 3.2 is globally

asymptotically stable for all t G 0 and t G 0. Define1 2

G s f s f , f g C 2 N f s q xU G 0, f 0 q xU ) 0, i s 1, 2 ,Ž . Ž . Ž .� 41 2 i i i i

2 Žw x 2 . � 4 Ž U U . Ž U U .where C s C yD, 0 , R , D s max t , t , and x , x s x , y .1 2 1 2
Ž .Clearly, G is positively invariant for 3.2 . We consider the functional V

defined on G:
2 Uf 0 q xŽ .i iUV f s y2 a f 0 y x logŽ . Ž .Ý i i U½ 5xiis1

2
02 2 2q a q b f u du . 3.3Ž . Ž .Ž . Ý H i

yt iis1
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It is clear that V is continuous on G and that

lim V c s q` or exists.Ž .
cªfg G

cgG

Furthermore,

V̇ f s y2 a af 0 q af yt y bf yt f 0Ž . Ž . Ž . Ž . Ž .Ž3.2. 1 1 1 2 2 1

y 2 a af 0 q bf yt q af yt f 0Ž . Ž . Ž . Ž .2 1 1 2 2 2

2 2 2 2 2 2q a q b f 0 y f yt q f 0 y f ytŽ . Ž . Ž . Ž .� 4Ž . 1 1 1 2 2 2

2s y af 0 q af yt y bf ytŽ . Ž . Ž .1 1 1 2 2

2y af 0 q bf yt q af ytŽ . Ž . Ž .2 1 1 2 2

2 2 2 2 2y a y a q b f 0 q f 0Ž . Ž .Ž . 1 2

F 0 3.4Ž .

Ž . Ž . Ž .on G. From 3.3 and 3.4 , we see that the trivial solution of 3.2 is stable
and that every solution is bounded.

Let

˙E s f g G N l f - ` and V f s 0 ,Ž . Ž .½ 5Ž3.2.

M : the largest subset in E that is invariant with respect to 3.2 .Ž .

Ž . Ž Ž . Ž .. Ž .For f g M, the solution z f s x t q u , y t q u yD F u F 0 oft
Ž . Ž .3.2 through 0, f remains in M for t G 0 and satisfies, for t G 0,

V̇ z f s 0.Ž .Ž .Ž3.2. t

Hence, for t G 0,

ax t q a x t y t y b y t y t s 0Ž . Ž . Ž .1 2
3.5Ž .

ay t q b x t y t q a y t y t s 0,Ž . Ž . Ž .1 2

which implies that for t G 0,

xX t s yX t s 0.Ž . Ž .

Thus, for t G 0,

x t s c , y t s c 3.6Ž . Ž . Ž .1 2



SAITO ET AL.546

Ž . Ž .for some constants c and c . From 3.5 and 3.6 , we have1 2

a q a yb c 01 s ,cb a q a 02

which implies that c s c s 0 by our assumptions, and thus we have1 2

x t s y t s 0 for t G 0.Ž . Ž .

Therefore, for any f g M, we have

f 0 s x 0 , y 0 s 0.Ž . Ž . Ž .Ž .
Ž Ž . Ž ..By Lemma 3.1, any solution z s x t q u , y t q u tends to M. Thust

lim x t s lim y t s 0.Ž . Ž .
tªq` tªq`

Ž U U .Hence, x , y is globally asymptotically stable for all t G 0 and t G 0.1 2
Ž .Necessity . The proof is by contradiction. Assume the assertion is

Ž U U .false. That is, let x , y be globally asymptotically stable for all t G 01
2 2'and t G 0 and a q b ) ya.2

Ž .Linearizing 3.2 , we have
X Ux t s x ax t q a x t y t y b y t y tŽ . Ž . Ž . Ž .1 2

3.7Ž .
X Uy t s y ay t q b x t y t q a y t y t .Ž . Ž . Ž . Ž .1 2

Ž .Now, we will show that there exists a characteristic root l of 3.7 such0
that

Re l ) 0 3.8Ž . Ž .0

Ž .for some t and t , which implies that the trivial solution of 3.2 is not1 2
Ž w x.stable see 1, pp. 160, 161 .

Ž U U .When a G ya, it is clear that x , y is not globally asymptotically
stable for all t G 0 and t G 0 by Theorem 2.1. Therefore, we have only1 2
to consider the case a - ya.

Ž . < <I The case 0 - a - ya. Let t s t s t ; then the characteristic1 2
Ž .equation of 3.7 takes the form

l2 q pl q q q r q sl eylt q ¨ey2 lt s 0, 3.9Ž . Ž .
Ž U U . 2 U U U U Ž U U .where p s ya x q y , q s a x y , r s 2 aa x y , s s ya x q y ,

Ž 2 2 . U Uand ¨ s a q b x y .
U U Ž .When x s y , 3.9 can be factorized as

U Uylt yltl y x a q a q ib e l y x a q a y ib e s 0. 3.10� 4 � 4Ž . Ž . Ž .
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Let us consider the equation

l y xU a q a q ib eylt s 0. 3.11� 4Ž . Ž .

Set a s b cos u and b s b sin u , where b and u are constants with b G 0.
2 2'Then, we note that b ) 0 because of a - 0 and a q b ) ya. Substi-

Ž .tuting l s iy into 3.11 , we have

Uiy y x a q b cos yt y u y i sin yt y u s 0. 3.12� 4Ž . Ž . Ž .

Ž .By separating the real and imaginary parts of 3.12 , we obtain

bxU cos yt y u s yaxUŽ .
3.13Ž .

bxU sin yt y u s yy.Ž .

Ž .From 3.13 , we have

2 2U U 2bx s ax q y .Ž . Ž .

Ž .To solve y in 3.13 , define the following function:

2 2U Uf Y s Y q ax y bx , 3.14Ž . Ž . Ž . Ž .1

where Y s y2. Then f is an increasing linear function and1

f 0 s xU 2 a2 y a 2 q b 2 - 0.Ž . � 4Ž .1

Ž .Thus, it follows that there exists a positive simple root Y of f Y s 0.0 1
2 Ž .Substituting y , which satisfies Y s y , into 3.13 , we can get t such0 0 0 0

Ž .that 3.11 has a characteristic root iy when t s t .0 0
Ž .Furthermore, taking the derivative of l with t on 3.11 , we have

dl yxU beiuleylt

s .U iu yltdt 1 q x bt e e

Ž .Using 3.11 , we obtain

y1dl 1 t
s y .Už /dt yl l y x a lŽ .
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Hence,

y1dl dl
sign Re s sign Re ž /ž / ž /dt dtlsi y , tst lsi y , tst0 0 0 0

1 t 0s sign Re yUž /yiy iy y x a iyŽ .0 0 0

1
s sign Re ) 0,U2ž /y q iy x a0 0

Ž . Ž .which implies that 3.8 holds. Therefore, the trivial solution of 3.2 is not
Ž U U .stable, that is, x , y is not stable near t , which is a contradiction.0

U U Ž . Ž .When x / y , 3.9 cannot be factorized as 3.10 . Substituting l s iy
Ž .into 3.9 , we have

yy2 q piy q q ei yt q r q siy q ¨eyi yt s 0. 3.15Ž .Ž .

Ž .By separating the real and imaginary parts of 3.15 , we have

22 2 2 2 2yy q q y ¨ q p y cos yt s r y sp y y r q y ¨Ž . Ž . Ž .Ž .
3.16Ž .

22 2 2 2 3yy q q y ¨ q p y sin yt s sy q rp y s q q ¨ y ,Ž . Ž .Ž .

and thus

222 2 2 2yy q q y ¨ q p yŽ .
2 22 3s r y sp y y r q y ¨ q sy q rp y s q q ¨ y .Ž . Ž . Ž .

Define the following function:

2 22 2 2f Y s yY q q y ¨ q p Y y r y sp Y y r q y ¨Ž . Ž . Ž . Ž .2

2y Y sY q rp y s q q ¨ , 3.17Ž . Ž .

where Y s y2; then f is a quartic function such that f ª q` as2 2
< <Y ª q`. Since

2 2 2 4U U2 2 2 2 2f 0 s a y a q b a q a q b a y a q b x yŽ . Ž . Ž . Ž .Ž .2

) 0,



LOTKA]VOLTERRA SYSTEM WITH TWO DELAYS 549

Ž .we cannot immediately find positive zeros of 3.17 , and so we have to
investigate f in more detail. Define2

22 2 2F Y s yY q q y ¨ q p YŽ . Ž .
2G Y s y r y sp Y y r q y ¨Ž . Ž . Ž .

2H Y s yY sY q rp y s q q ¨ ;Ž . Ž .
then f s F q G q H. It is easy to see that positive zeroes of F, G, and H2
are mutually different as long as xU / yU. Hence, the value of f at the2

Ž .positive zero of F is negative, which, together with f 0 ) 0, implies that2
Ž .there exists a positive root of f Y s 0. It is also clear that there exists2

Ž .another positive root of f Y s 0 because f ª q` as Y ª q`. Thus,2 2
one of the two positive roots is a simple root at least.

Let Y be such a simple root. Substituting y , which satisfies Y s y2,0 0 0 0
Ž . Ž .into 3.16 , we can get some t such that 3.9 has a characteristic root iy0

Ž .at t . We note that iy is a simple root of 3.11 because Y is a simple root0 0
Ž .of f Y s 0.2

Ž .Furthermore, taking the derivative of l with t on 3.9 , we have

dl y2l l2 q pl q q y l r q sl eyltŽ .Ž .
s ,2 yltdt 2l q p q 2t l q pl q q q e s q t r q slŽ .Ž .

y1 yltdl 2l q p q se t
s y .2 yltž /dt ly2l l q pl q q y l r q sl eŽ .Ž .

Hence, we have

dl
sign Re ž /dt lsi y0

y1dl
s sign Re ž /ž /dt lsi y0

yi y t02 iy q p q se t0s sign Re y2 yi y t0ž /iyy2 iy yy q piy q q y iy r q siy eŽ .Ž . 00 0 0 0 0

y1yi y t02 iy q p q se0s sign Re 2 yi y t0½ 5ž /y2 iy yy q piy q q y iy r q siy eŽ .Ž .0 0 0 0 0

2U U2a q aa cos y t x y yŽ . Ž .Ž .0s sign 1 q . 3.18Ž .2 2
p q s cos y t q 2 y y s sin y tŽ . Ž .Ž . Ž .0 0 0
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Since

2 2U U U U2 < <a q aa cos y t x y y G a a q a x y y ) 0,Ž . Ž . Ž . Ž .Ž .0

Ž . Ž .the last expression in 3.18 is positive. This implies that 3.8 holds, which
is a contradiction.

Ž .II The case a s 0. Let t s t s t ; then the characteristic equation1 2
Ž .of 3.7 takes the form

l2 q pl q q q ¨ey2 lt s 0. 3.19Ž .

Ž .Substituting l s iy into 3.19 , we have

yy2 q piy q q q ¨ey2 i yt s 0. 3.20Ž .

Ž .By separating the real and imaginary parts of 3.20 , we have

¨ cos 2 yt s y2 y qŽ .
3.21Ž .

¨ sin 2 yt s pyŽ .

and

2 22 2¨ s y y q q py .Ž .Ž .

Define the following function:

2 2 2f Y s Y y q q p Y y ¨ , 3.22Ž . Ž . Ž .3

where Y s y2; then f is a downward convex quadratic function, and3

f 0 s a4 y b 4 x*2 yU 2 - 0.Ž . Ž .3

Ž .Thus, it follows that there exists a positive simple root Y of f Y s 0.0 3
2 Ž .Substituting y , which satisfies Y s y , into 3.21 , we can get some t0 0 0

Ž .such that 3.19 has a characteristic root iy at t . Here iy is a simple root0 0
Ž .of 3.19 , by the same reasoning as above.

Ž .Taking the derivative of l with t on 3.19 , we have

dl 2¨ley2 lt

s ,y2 ltdt 2l q p y 2¨t e

y1dl 2l q p t
s y .2ž /dt l2l yl y pl y qŽ .
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Hence,

y1dl dl
sign Re s sign Re ž /ž / ž /dt dtlsi y lsi y0 0

2 iy q p t0s sign Re y2ž /iy2 iy y y piy y qŽ . 00 0 0

2 iy q p0s sign Re 2ž /2 y py q i y y qŽ .0 0 0

U 2 U 22 2s sign 2 y q a x q y ) 0.Ž .0

Ž .This implies that 3.8 holds, which is a contradiction.
Ž .III The case a F a. Let t s t and t s 0; then the characteristic1 2

Ž .equation of 3.7 takes the form

l2 q pl q q q r q sl eylt s 0, 3.23Ž . Ž .˜ ˜ ˜ ˜
U U U UŽ . Ž . w Ž .where p s yax y a q a y , q s a a q a x y , r s a a q a q˜ ˜

2 x U U Ub x y , and s s ya x . Let us use p, q, r, and s again instead of p, q,˜ ˜ ˜
Ž .r, and s, respectively. Substituting l s iy into 3.23 , we have˜ ˜

yy2 q piy q q q r q siy eyi yt s 0. 3.24Ž . Ž .

Ž .By separating the real and imaginary parts of 3.24 , we have

r 2 q s2 y2 cos yt s r y2 y q y spy2Ž .Ž . Ž .
3.25Ž .

r 2 q s2 y2 sin yt s sy y2 y q q pryŽ .Ž . Ž .
and

2 222 2 2 2 2 2r q s y s r y y q y spy q sy y y q q pry .Ž . Ž .

Define the following function:

22 2 2 2w xf Y s Y s Y y q q pr q r Y y q y spY y r q s Y ,Ž . Ž . Ž .4

3.26Ž .

where Y s y2; then f is an upward cubic function to the right, and4

2 2 4U U2 2 2 2 2f 0 s a a q a q b a q a q b a y a q b x yŽ . Ž . Ž . Ž .Ž .4

- 0.
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Ž .Thus, there can exist some positive roots of f Y s 0. Now, let us show4
that there exists a simple root in such positive roots. We see that

X 2 2 2 2 2 2f Y s 3s Y q 2 s p y 2 q y s q r YŽ . Ž .4

q s2 q2 y 2 r 2 q r 2 p2 y 2 qŽ . Ž .
and

Y 2 2 2 2 2f Y s 6 s Y q 2 s p y 2 q y s q r .Ž . Ž .4

YŽ .Let f Y s 0; then4

2 2 2 2 23s Y q s p y 2 q y s q r s 0,Ž .

and thus we have

2X2 2 2 2 2y3s f Y s s p y 2 q y s q rŽ . Ž .4

2 2 2 2 2 2y 3s s q y 2 r q r p y 2 qŽ . Ž .
2U 4 U 2 U 2 U 22 2 2 2s x y a 4a y a x q a a q a q b y� 4Ž . Ž .

2 22 2= a a q a q b y a a q a� 4Ž . Ž .
22U 4 U 2 U 24 2 2q a x a y a x y a q a y . 3.27Ž . Ž . Ž .

Ž .Since a F a - 0, 3.27 is positive. This proves that there exists no triple
Ž .root of f Y s 0, which implies that there exists at least a positive simple4

Ž .root Y of f Y s 0.0 4
2 Ž .Substituting y , which satisfies Y s y , into 3.25 , we can get some t0 0 0

Ž .such that 3.23 has a characteristic root iy at t . Here again iy is a simple0 0
Ž .root of 3.23 .

Ž .Taking the derivative of l with t on 3.23 , we have

dl l r q sl eyltŽ .
s ,yltdt 2l q p q e s y t r q slŽ .

y1 yltdl 2l q p q se t
s yyltž /dt ll r q sl eŽ .

2l q p s t
s q y .2 l r q sl lyl l q pl q q Ž .Ž .
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Hence, we have

dl
sign Re ž /dt lsi y0

y1dl
s sign Re ž /ž /dt lsi y0

2 iy q p s t0s sign Re q y2ž /iy r q siy iyyiy yy q piy q q Ž .Ž . 0 0 00 0 0

2 4 2 2 2 2 2 2 2s y q 2 r y y s q y 2 r q q p r0 0s sign . 3.28Ž .22 22 2py q y y q r q syŽ . Ž .Ž .0 0 0

Since

ys2q2 y 2 r 2q q p2 r 2

22U 2 U 2 U 2 U 22 2s a x q a q a y a a q a q b x yŽ . Ž .
2 U 4 U 22 2y a a a q a x yŽ .

2 2U 2 U 2 U 2 U 22 2G a x q a q a y a a q a x yŽ . Ž .
2 U 4 U 22 2y a a a q a x yŽ .

4 U 2 U 42s a a q a x y ) 0,Ž .

Ž . Ž .the last expression in 3.28 is positive. This implies that 3.8 holds, which
is a contradiction. This completes the proof.

Ž . Ž .Here, we give three portraits of the trajectory of 1.1 with 1.2 , drawn
by a computer using the Runge]Kutta method, to illustrate Theorem 3.1
Ž . Ž .r s 10, r s y10 Figs. 2]4 .1 2

4. APPENDIX

Ž .When t s t s 0, the system 1.1 becomes1 2

Xx t s x t r q a q a x t y b y tŽ . Ž . Ž . Ž . Ž .1
4.1Ž .

Xy t s y t r q b x t q a q a y t .Ž . Ž . Ž . Ž . Ž .2
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2 2Ž . Ž . Ž'FIG. 2. a s y5, a s 3, b s 3.99 a q b - ya , t s 1, t s 2, f, c s 3 q 0.8t,1 2
Ž ..3.5 q sin 8 t .

By using the transformation

U Ux s x y x , y s y y y ,

Ž .we have from 4.1 that

X Ux t s x q x t a q a x t y b y tŽ . Ž . Ž . Ž . Ž .Ž .
4.2Ž .

X Uy t s y q y t b x t q a q a y t ,Ž . Ž . Ž . Ž . Ž .Ž .

Ž . Ž . Ž . Ž .where we used x t and y t again instead of x t and y t , respectively.
Consider the following Liapunov function:

x q xU y q yU

U UV x , y s x y x log q y y y log , 4.3Ž . Ž .U Už / ž /x y
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2 2Ž . Ž . Ž'FIG. 3. a s y5, a s 3, b s 4 a q b s ya , t s 1, t s 2, f, c s 4 q t, 3.8 q1 2

Ž ..sin 30 t .

for x ) yxU and y ) yyU , then V is positive definite. Calculating the
Ž .derivative of V along the solution of 4.2 , we have that

˙ 2 2V x , y s a q a x q y .Ž . Ž . Ž .Ž4.2.

˙Clearly, V is negative definite if and only if a q a - 0 holds. TheŽ4.2.
Ž .well-known Liapunov theorem shows that the origin 0, 0 is globally

asymptotically stable if and only if a q a - 0 holds.
˙If a q a s 0 holds, V vanishes identically. So all solutions areŽ4.2.
Ž . Ž .periodic solutions. Thus, 4.1 is not permanent. If a q a ) 0 holds, 4.1

is also not permanent. In fact, otherwise, it follows that there exists some
�Ž . 2 Ucompact set D in the interior of the region x, y g R N x q x ) 0,0

U 4 Ž .y q y ) 0 such that any solution of 4.2 will ultimately stay in D . From0
Ž .4.3 , there exists some positive number k such that the closed curve
Ž .V x, y s k covers D . A solution through a point on the closed curve0

˙does not enter that curve because V ) 0 there, which is a contradiction.Ž4.2.
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2 2Ž . Ž . Ž'FIG. 4. a s y5, a s 3, b s 4.01 a q b ) ya , t s 2, t s 3, f, c s 2 q 0.5t,1 2
Ž ..3 q sin 7t .
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