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ABSTRACT

We consider the linear matrix equation AX +YB =C where A, B, and C are
given matrices of dimensions (r +1)Xr, s X(s + 1), and (r + 1) X(s + 1), respectively,
and rank A = r, rank B=s. We give a connection between the least-squares solution
and the solution which minimizes an arbitrary norm of the residual matrix C — AX —
YB.

1. INTRODUCTION

Let .#,,, denote the space of real m X n matrices. We consider the
linear matrix equation

AX +YB=C, (1.1)

where A€ #,,,, BE M, and C=(c;;)e A,
the equation (1.1) in the form

are given. We may write

n

Dx=d (1.2)

with D=(I,®A,B'®l,), D€ #,,, ... and appropriate definitions of
the vectors x and d, x € R"™"*™, d € R™", where ® denotes the Kronecker
product and I, is the identity matrix of order n. The equation (1.1) has a
solution X and Y if and only if [1]

(I-AA-)C(I-B B)=0, (1.3)
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where A~ and B~ are any g-inverses of A and B, respectively, i.e.,
AA~"A = A and BB~ B = B. We denote

If the condition (1.3) is satisfied, then the general solution of (1.1) has the
form [1]

X=A"C-AZB+(I-AA)W,
Y=(I-AA")CB  +Z—(I- AA")ZBB~ (1.4)
with We #,, and Z€ 4, arbitrary.
In the paper we assume that the condition (1.3) is not satisfied and we

find a solution of (1.1) which minimizes an arbitrary norm of the residual
matrix

R(X;Y)=C— AX - YB.

In particular, we may choose the I -norm for 1< p <co. Then the matrices
X, and Y, are the [-solution of (1.1) if

P>

HC—AXP—Y,,BHP=SP=x}(ﬁ?HC—AX—YB

where

» 1/p
e, ) (1<p<o).

™3
N g E

|ICI|,,=(

i 1

1y
We denote
Rp = (ri(jp)) = R(Xp; Yp)'

The least-squares solution and the Chebyshev solution correspond to the
values p=2 and p=co, respectively. The properties of the Chebyshev
solution and the [ -solution for 1 <p < o0 and for m > r, n > s were investi-
gated in [10] and [9], respectively.

We may reduce the number of unknowns in (1.1) imposing additional
conditions on some of the unknowns in (1.1) which do not change the residual
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matrix R(X;Y). Thus, for m > r and n > s the number of single equations in
(1.1) is greater than the number of the remaining unknowns (see [101). In this
paper, however, we impose no additional conditions to reduce the number of
unknowns in (1.1).

The main purpose of this paper is to present the relations between the
least-squares solution and the solution which minimizes an arbitrary norm of
the residual matrix under the assumptions

m=r+1, n=s+1, rankA=r, rankB=s. (1.5)

This special case of (1.1) plays an important role in studying the properties of
Chebyshev solution of (1.1) with arbitrary m and n (see [10]).

2. MAIN RESULT

The matrix C may be interpreted as an element ¢ of the vector space
R

_ T
C=(Cy1se +»ClpsevesCmlse-+sCmn) -

Let the space #™" be equipped with an arbitrary vector norm ||- ||, and let
|IC|| be equal to the norm of the vector c¢. Together with the norm |[|-|, we
consider also the dual norm ||-||* determined in the following way:

ICII*= max (C,W),
w
IWil=1
where W= (w,;), W e #,,,, and

mn?

(C,W)= Z Z CijWw;;.

i=1j=1

If 1/p+1/q=1, then the [ norm is the dual norm of the [ norm (1< p <
o0). The matrix C*, C* € .# ,, such that [C*||=1and (C*,C) =||C|* is
called a dual matrix to C # 0.

We consider the following problem. For the given matrices A, B, and C
and for a given vector norm |- ||, find matrices X and Y such that

mn?

HR(X;Y)H=3=r§li§lIR(X;Y)II- (2.1)
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Since we assume that the condition (1.3) is not satisfied, the error & is
nonzero: 8 > 0. The solution of (2.1) is not unique.

The problem (2.1) is related to the discrete approximation of a function
(&, ) in two variables over a discrete point set

{(éi,n,»)zi=1,‘..,m; j=1,...,n}

by functions of the form

r

Y a@)xdm)+ L wlE)bi(n),

k= =1

where a,(£) and by(7n) are given functions. When m=r+1 and n=s+1
we have the simplest case of such approximation.
We define the following set of matrices (the subdifferential of ||R(X; Y)||):

V(IR Y))= {W:Wed,,, (WI*<L [RXY)[=(R(X;Y),W)}.

Now we formulate the theorem which states the characterization of the
solution of the problem (2.1).

TrEOREM 2.1. The matrices X and Y are a solution of the problem (2.1)
if and only if there exists a matrix U € ¥"(||R(X; Y)||) such that

UTA=0, UB"=0. (2.2)

We omit the proof of the theorem because it follows immediately from
Theorem 1.7 given in [8, p. 16] and applied to the equation (1.2). Theorem
2.1 generalizes the characterizations of the Chebyshev solution and the
L-solution (1 < p < 00) of the equation (1.1), which were given in [10] and (9],
respectively.

For arbitrary m and n the [ -solution of (1.1) is given explicitly only for
p = 2. The matrices X, and Y, are the least-squares solution of (1.1) if and
only if (see [9]; compare [6])

R,=(I-P)C(I-0Q), (2.3)

where P= AA~, Q=B"(B")" and A~ (B”)™ are symmetric g-inverses of
A and BT, respectively. This means that P and Q are symmetric and

A(I-P)=0, B(I-Q)=0. (2.4)
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LemMa 2.1, Let the assumptions (1.5) be satisfied, and let the vectors w
and u satisfy

whw=1, ulu=1, (2.5)
Alw =0, Bu=0. (2.6)
Then
I - P=ww, [-Q=ud, (2.7)
R,=ywu’, (2.8)
8y =1vl, (2.9)
where
vy =w"Cu,

and there exist nonzero vectors v and z such that

- — T
[-P=vw’, I-Q,=uz". (2.10)

Proof. Since rank A =r and rank B=s, it follows that ker(AT) and
ker(B) are one-dimensional and are spanned by the vectors w and u,
respectively [see (2.6)]. Moreover, we have (see [2, p. 16])

rank P = rank P =r,
rank Q =rank Q, = s,
and consequently

rank(! — P) = rank(I — Q) = rank(I — P,) = rank(I — Q,) = 1.

Therefore the expressions (2.7) are true, because P and Q are symmetric and
the relations (2.4) and (2.5) hold.

The formula (2.8) follows immediately from (2.3) and (2.7). From (2.5)
and (2.8) we obtain

8, =1Rylly = [ y2(wu") wu? | =y,

50 (2.9) holds.
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Now, by the definitions of P, and Qg we have
(I-P)A=0, B(I-Q,)=0.

Thus the rows of I ~ P, belong to ker( AT) and the columns of I — Q, belong
to ker(B). Since the matrices I — P, and I — Q, have rank 1, there exist
vectors v and z such that (2.10}) holds, which completes the proof. ]

From Lemma 2.1 we obtain that if the assumptions (1.5) are satisfied then

(R(X;Y),Ry) =(C, R,). (2.11)

Lemma 2.2. Let F=(f;)€#,,, and let the assumptions (1.5) be
satisfied. If the condition (1.3) is not satisfied and

(F,Ry) =0, (2.12)

then the equation AX +YB = F has a solution.

Proof. Let the vectors w, u, v, and z satisfy (2.5), (2.6), and (2.10).
Then

(I-P)F(I-Q,)=0vw Fuz" = avz’, (2.13)
where a = w!Fu. From (2.8) we obtain
(F,R,) =yw'Fu=ya. (2.14)

Because the condition (1.3) is not satisfied, we have R, # 0 and consequently
v # 0 [see (2.9)]. From (2.12) and (2.14) it follows that a= 0. Therefore for
the equation AX + YB = F the condition (1.3) is satisfied [see (2.13)], which
completes the proof. [ ]

Now we prove the theorem which determines the connection between the
solution of the problem (2.1) for an arbitrary vector norm and the least-squares
solution under the assumption (1.5). This theorem is an extension of
Sreedharan’s theorem concerning an overdetermined system of n +1 linear
equations in n unknowns (see [7], [5]).
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THEOREM 2.2. Let the assumptions (1.5) be satisfied, and assume that
the condition (1.3) does not hold. Then the equation

(C.Ry) R% (2.15)

1Ryl

AX+YB=C-—

has a solution, and any solution of (2.15) is a solution of the problem (2.1).
Moreover, the error 8 is equal to

(C,Ry)

§= .
1Rl

(2.16)

Remark. If the condition (1.3) holds, then the equation AX +YB=C
has a solution which is also a solution of (2.1).

Proof.  Since the condition (1.3) is not satisfied, we have R, # 0. First we
show that the equation (2.15) has a solution. For this purpose we apply
Lemma 2.2. From the definition of the dual matrix we have

1nn 1ok 7 OTY e n \ h ] nn* -1
[[Higf] ™ = (fg, fig) and  [fAg)|= 1.

Therefore

C.R
C— —<—2>R’5, 32 =0.
IR]1*

Thus the condition (2.12) is satisfied for

C,R
o (CRa) g,
IR]*

which means that the equation (2.15) has a solution.
Now, we verify that each solution of (2.15) is a solution of the problem
(2.1). Let

_(C.Ry)
IRq)1*
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From (2.8) we obtain that p > 0, because (C, R,) =y Let X and Y be
arbitrary, X € A4, ., and Y € 4, .. Then from (2.11) and by the defini-
tion of the dual norm (we recall that [|R%]| = 1) we have

(R(X:Y),Ry) _ (C,Ry) _
|Roll* IRl *

IR(X;Y)|> (2.17)

Therefore

5 = min||R(X;Y)|| > p.
X, Y

For the matrices X and Y, which are the solution of (2.15), we obtain equality
in (2.17). So they are the solution of the problem (2.1), and the error ¢ is
equal to p, which completes the proof. |

In Sreedharan’s theorem, the matrix of an overdetermined system of n + 1
linear equations in n unknowns is assumed to have rank n. In Theorem 2.2,
however, we only assume that A and B have full rank.

Let the assumptions of Theorem 2.2 be satisfied. Then for the solution X
and Y of the problem (2.1) we obtain [see (2.16) and (2.11)]

- (C,Ry) _ (R(X';l?),R2>

R(X;Y
IRCE) IRl iRl

Therefore the following corollary is valid.

CoroLLARY 2.1.  Let the assumptions of Theorem 2.2 be satisfied. Then
the matrix
1

U= R
IR,

belongs to ¥ (J|R(X;Y)|), where the matrices X and Y are the solution of
(2.1).

3. CONCLUSIONS

Now, we consider the I_-norm. Then the I,-norm is the dual norm. Let
x=(x,,....x,) € R" Then the vector x*=(x},...,x})" defined by x} =
sign x, is the dual vector to the vector x. From Theorem 2.2 we have the
following corollary for the [_-norm, i.e. for the Chebyshev norm.
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CoRoLLARY 3.1.  Let the assumptions of Theorem 2.2 be satisfied. Then
the equation

AX +YB=C — S, (3.1)

where S=(s;;), s;;= sign(ri(;"’), 0 ={C,R,)/|IR,|l,, has a solution, and
any solution of (3.1) is a Chebyshev solution of AX + YB=C and §_ = p.

A similar corollary may be formulated for the I -norm for 1 <p <oc. We
can compute the Chebyshev solution of AX + YB = C under the assumptions
(1.5) by means of the formulae (1.4) applied to the equation (3.1).

We introduce auxiliary vectors @ = (..., H,, ;)7 and @ =
(fiy,..., 4, )" with
w,=(—1)'detA,,  o;=(—1)detB,,

where A; and B; are obtained from A and B by deletion of the ith row and
the jth column, respectively. Then there exist scalars @ and 8 such that (see

(4D
w = aw, u=Ba, (3.2)

where w and u are determined as in Lemma 2.1. Let the assumptions of
Theorem 2.2 be satisfied. Let § = (C, @a")/||wa’|l,. We know (see [10])
that §_ = |¥] and the matrices X and Y_ are a Chebyshev solution of (1.1) if
and only if

r(oo'd-Slgn( )”R(Xoc’ oo)”oc (33)

for all pairs (i, j) such that o,# ;j # 0. The expression on the right side of (3.3)
is equal [see (3.2) and Lemma 2.1] to

31gn( ‘2)) D,
where p is determined as in (3.1). Hence, we have the following corollary.

Cororrary 3.2. Let the assumptions of Theorem 2.2 be satisfied. Then
for each Chebyshev solution of AX + YB = C we have

o = sinl ),

for (i, j) such that Ti(jm;& 0.
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The solution of (3.1) is a strict Chebyshev solution of (1.1) under the
assumption (1.5) (see e.g. [3] for the definition of the strict Chebyshev
solution). We can obtain the other Chebyshev solutions of (1.1) modifying the
definition of S in (3.1) in the following way:

sign(r®)  for r@=#0,
§,. = ( ! ) ! (3.4)

1
J h;; for r,.(?) =0,

where |h;;| < 1. The matrix S determined as in (3.4) is the dual matrix to R,.
Therefore each solution of (3.1) in this case is a Chebyshev solution of (1.1)
(see Theorem 2.2).

The author is indebted to Professor P. Lancaster from the University of
Calgary for his comments and suggestions, which improved the presentation.
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