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1. Introduction

The rectilinear crossing number cr(G) of a graph G, is the minimum number of edge crossings in a geometric drawing of G
in the plane, that is, a drawing of G in the plane where the vertices are points in general position and the edges are straight
segments. Determining cr(K,), where K is the complete graph with n vertices, is a well-know open problem in combinatorial
geometry initiated by Guy [11].

The rectilinear crossing number problem is related with the concept of k-edges. A k-edge of an n-point set P, with
0 < k < n/2—1,isaline through two points of P leaving exactly k points on one side. A (<k)-edge is ani-edge with0 < i < k.
Let Ex(P) denote the number of k-edges of P and E<,(P) denote the number of (<k)-edges, that is, E<x(P) = Z};O E;(P).
Finally, E<(n) denotes the minimum of E,(P) taken over all n-point sets P.

The exact determination of E<,(n) is another notable open problem in combinatorial geometry. In 2005 [6], Aichholzer
et al. gave the following lower bound for E<4(n):

k+2 k+2—|n/3]
E<k(n) = 3 5 +3 9 —max{0, (k+1—[n/3])(n—3[n/3])}, (1)
later, in 2007 [7], Aichholzer et al. proved that this lower bound is tight for k < [5n/12] — 1.

The number of crossings in a geometric drawing of K,, and the number of k- and (<k)-edges in the underlying n-point
set P are closely related by the following equality, independently proved by Lévasz et al. [12] and Abrego and Fernandez-
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Merchant [3]. For any set P of n points

" ln/2]—1
cr(P) =3 (4) — Z k(n —k — 2)Ex(P), orequivalently,
k=0
_ it 3 /n neny 1 /M
ai(p) = ( k; (n—zk—a)Esk(m) -2 (5) a2 (5)- (2)

Another concept that plays a central role in this paper is 3-decomposability, which is a property shared by all
known crossing-minimizing geometric drawings of K, for n a multiple of 3. Formally, we say that a finite point set P is
3-decomposable if it can be partitioned into three equal sized sets A, B and C such that there exists a triangle T enclosing the
point set P and the orthogonal projection of P onto the three sides of T show A between B and C on one side, B between C
and A on the second side, and C between A and B on the third side. We say that a geometric drawing of K, is 3-decomposable
if its underlying point set is 3-decomposable.

In the following result we establish the relationship between 3-decomposability and the number of (<k)-edges.

Theorem 1 (Main Theorem). Let P be an n-point set, for n a multiple of 3, with exactly 3 ("‘;2) (<k)-edges forall0 < k < n/3,
then P is 3-decomposable.

In fact, in [2] Abrego et al. conjectured that for each positive integer n multiple of 3, all crossing-minimal geometric
drawings of K,, are 3-decomposable.

As an application of the Main Theorem we prove that a 30-point set that minimizes the crossing number is
3-decomposable. Aichholzer established 9726 as the upper bound for cr(K3p) [5], moreover we have the following theorem.

Theorem 2 (The Rectilinear Crossing Number of K3q). cr(K3p) is 9726.

All the results of this paper are proved in a more general context of generalized configuration of points. In this scope we
define by analogy the pseudolinear crossing number cr(K;,).

Our main tools are the allowable sequences which will be formally defined in Section 2, and we mention some preliminary
results due to Lévasz et al. in [ 12]. In Section 3 we prove the Main Theorem. In Section 4 we use the Main Theorem to establish
that a configuration with 30 points that minimize the crossing number is 3-decomposable and we give some implications
of 3-decomposability. Finally, in Section 5 is the formal proof of Theorem 2.

2. Allowable sequences

An allowable sequence II is a doubly infinite sequence ..., w_q, g, 71, ... of permutations of n elements, where
consecutive permutations differ by a transposition of neighboring elements, and ; is the reverse permutation of ; (1)

Thus IT has period 2 (;) and the hole information of IT is contained in any of its n-half-periods, which we call n-half-periods.
We usually denote by I7 an n-half-period of II.

It is know that if P is a set of n points in the plane in general position, then all the combinatorial information of P can
be encoded by an allowable sequence ITp on the set P, called circular sequence associated with P [10]. It is important to
note that most allowable sequences are not circular sequences, however there is a one-to-one correspondence between
allowable sequences and generalized configurations of points [10].

We have the following definitions and notations for allowable sequences. A transposition that occurs between elements
insitesiand i 4 1 is an i-transposition, and we say that it moves through the ith gate. In this new setting an i-transposition,
or (n — i)-transposition corresponds to an (i — 1)-edge. For i < n/2, an i-critical transposition is either an i-transposition or
an (n — i)-transposition, and a (<k)-critical transposition is a transposition that is i-critical for some 1 < i < k.If IT is an
n-half-period, then Ny (IT) and N<(IT) denote the number of k-critical transpositions and (<k)-critical transpositions in /7,
respectively. Therefore Ny (/7) = Ex_1(IT), N<x({T) = E<;_1(IT). When n is even an n/2-transposition is also called halving
and h(IT) denotes the number of halvings, and thus h(JT) = E,/,—1(IT).

Identity (2) relating k-edges to crossing number was originally proved for allowable sequences. All these definitions
and functions coincide with their original counterparts for P when I7 is the circular sequence of P. However, when cr(n),
and E(n) are minimized over all allowable sequences on n~points rather than over all sets of n points, tlle corresponding
quantities may change so we define the notation cr(n) and E<(n). But it is clear thatNéVr(n) < cr(n) and E<x(n) < E<,(n).
Abrego et al. [1] proved that the lower bound (1) on E_i(n) is also a lower bound on E<4(n) and use it to extend the lower
bound on ¢r(n) to cr(n).

Let IT = (mg, 71, ..., n(;)) be an n-half-period. For each k < n/2, define m = m(k, n) := n — 2k. In order to keep track
of (<k)-critical transpositions in I7, it is convenient to label the points so that the starting permutation is

o = (akvakf'ls ~"7a],b17b27 '-',bHI7C1,C27 "'sck)~

Sometimes it will be necessary to say when an element is moving, so we will say that an element x exits (respectively,
enters) through the ith A-gate if it moves from the position k — i + 1 to the position k — i + 2 (respectively, from the position
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k —i+2 to the position k—i+ 1) during a transposition with another element. Similarly, x exits (respectively, enters) through
the ith C-gate if it moves from the position m + k + i to the position m + k 4+ i — 1 (respectively, fromm + k 4+ i — 1 to
m + k + i) during a transposition.

Ana € {ay,...,a} (respectively, c € {cy,...,ck}) is confined until the first time it exits through the first A-gate
(respectively, C-gate); then it becomes free. A transposition is confined if both elements involved are confined.

The following results, from Proposition 3 to Proposition 7, are due to Lovasz et al. in paper [12]:

Proposition 3. Let 1y be an n-half-period, and let k < n/2. Then there is an n-half-period I1, with the same number of
(<k)-critical transpositions as Iy, and with no confined transpositions.

In view of this statement, for the rest of this section we assume that the n-half-period IT under consideration has no
confined transpositions.

The liberation sequence o (IT) (or simply o if no confusion arises) of IT contains all the a’s and all the c’s, in the order in
which they become free in I71. Since IT has no confined transpositions, the a’s appear in increasing order, as do the c’s. We
let T(a;) (respectively T(c;)) denote the set of all those c’s (respectively a’s) that appear after a; (respectively ¢;) in o.

A transposition that swaps elements in the positions i and i 4+ 1 occurs in the A-Zone (respectively, C-Zone) if i < k
(respectively, i > k-+ m). Such transpositions are of obvious relevance: a transposition is (<k)-critical if and only if it occurs
either in the A-Zone or in the C-Zone.

For1 <i < j < k, theith A-gateis a compulsory exit-gate for a;, and the ith C-gate is a compulsory entry-gate for g;: that is, a;
has to exit through the ith A-gate at least once, and enter the ith C-gate at least once. Analogous definitions and observations
hold for ¢;: the ith A-gate is a compulsory entry-gate for ¢;, and the ith C-gate is a compulsory exit-gate for c;. A transposition
in which an element enters (respectively, exits) one of its compulsory entry (respectively, exit) gate for the first time is a
discovery transposition for the element. A transposition is a discovery transposition if it is a discovery transposition for at least
one of the elements involved. If it is a discovery transposition for both elements, then it is a double-discovery transposition
(for the reader familiar with [12], what we call double-discovery transpositions are the transpositions represented by a
directed edge in the savings digraph of [12]).

Discovery and double-discovery transpositions play a central role in [12]. The key results are the following, which hold
for any n-half-period with no confined transpositions (the first statement is a straightforward counting, whereas the second
definitely requires a proof).

Observation 4. There are (exactly) 2 ("; 1

transpositions that are discovery transpositions for some c.

) transpositions that are discovery transpositions for some a, and (exactly) 2 (k?)

k+1

Proposition 5. There are at most ( 5

) double-discovery transpositions.

Since each discovery transposition is (<k)-critical, these statements immediately imply the following.

k+1

Proposition 6. There are at least 3 ( 5

) (<k)-critical transpositions.

An n-half-period IT with no confined transpositions is perfect if the following hold:

(a) Each transposition in /7 that occurs in the A-Zone or in the C-Zone is a discovery transposition.
(b) a; is involved in (exactly) min{i, | T (a;)|} double-discovery transpositions in the C-Zone.
(c) Each ¢; is involved in (exactly) min{i, |T (c;)|} double-discovery transpositions in the A-Zone.

The following result is implicit in the proof of Theorem 10 in [12].

Proposition 7. If IT is perfect, then it has exactly 3 ("er]) (<k)-critical transpositions for all k < m. Conversely, if IT has no

k+1

confined transpositions, and has exactly 3 ( 3

) (<k)-critical transpositions for all k < m, then it is perfect.

3. Proof of Main Theorem

The concept of 3-decomposability for n-point sets is also generalized in the setting of allowable sequences. An n-half-
period I7 of an allowable sequence IT is 3-decomposable if the elements in /T can be labeled A = {ay/3, an/3—1, ..., 01}, B =
{bl, bz, ey bn/3}, C = {C], Coyenny Cn/3} and if g = (a,,/3, an/3-1, - -+, 01, bl, bz, e, bn/3, C1,Cy o v vy Cn/3) is the first
permutation of I7, thus, all transpositions between an element of A and an element of B occur before the transpositions
between C and A U B, after occur all the transpositions between A and C prior that the transposition between B and C and
later occur all the transpositions between C and B. In particular, there are some indices0 < s < t < (;) such that 74
shows all the b-elements followed by all the a-elements followed by all the c-elements, and 7, shows all the b-elements
followed by all the c-elements followed by all the a-elements. An allowable sequence is 3-decomposable if it contains an
n-half-period 3-decomposable.

Before proving the Main Theorem, we must first state two propositions:
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Proposition 8. Suppose that IT is perfect. Then, in the liberation sequence o of I1, either all the a’s occur consecutively or all the
c’s occur consecutively.

Proof. The last entry in o is either gy or ¢, and by symmetry we may assume without any loss of generality that it is a;. Our
strategy is to suppose that a;_1¢yCp11 - - - Ca; - - - A is a suffix of o, where £ > 1and 2 < t < k, and derive a contradiction.

We claim that a,_; swaps with ¢, in the C-Zone. We start by noting that since I7 is perfect,and [T (a;_1)| = k—£+1 > 1,
it follows that a;_1 is involved in a double-discovery transposition in the C-Zone with at least one c. If this transposition
involves (a;_; and) ¢k, then our claim obviously holds. Thus suppose that it involves (a;_; and) ¢; for some i < k. Then, right
after a;_1 and ¢; swap, cy is to the right of a;_1, since no confined transpositions occur in I7. Note that all transpositions that
swap d;_; to the left involve an g; with j > t — 1. On the other hand, since a; (moreover, every a; with j > t) gets freed after
Ck, it follows that before any transposition can move a;_; left, ¢, must be freed (and before that it must transpose with a;_1).
This shows that the transposition p that swaps a;_1 with ¢, occurs in the C-Zone.

Thus, right after i occurs, a;_q is at position r, where r > k + m + 1. We claim that max{r,k+m+t — 1} < 2k + m.
Sincet — 1 < k,thenk +m+t — 1 < 2k + m, and so it suffices to show thatifr > k+m +t — 1, thenr < 2k + m. So
suppose thatr > k+ m + t — 1. Note that the final position in /7 (that is, the position in n(;)) ofa,_jisk+m+t—1,and
so by the time w occurs there has been a transposition 7 that moves a;_; to the right of its final position (we remark that
possibly T = ). Since T occurs in the C-Zone and clearly is not a discovery step for a;_1, and IT is perfect, it follows that
T is a discovery step for a c;. Moreover, |T(a;—1)| = k — € + 1 is greater than t — 1, as otherwise (by the perfectness of IT)
the transposition between a,_; and ¢; would have to be a double-discovery step. Thus |T(a;_1)| > t — 1, and again invoking
the perfectness of IT we get that a;_; is involved with (exactly) t — 1 double-discovery steps in the C-Zone, each with an
element in {c, ..., cx}. Therefore the number of possible transpositions that move a;_; to the right of its final position
k+m+t— lisatmostk — £ + 1 — (t — 1). Thus the rightmost position of a;_; throughout /7 (and consequently r) is at
mostk+m+t—1+k—£€4+1—(t—1)=2k4+m+1—4£ <2k+m.

Let R be the set of the points that occupy the positionsr 4+ 1, r + 2, ..., 2k + m immediately after x occurs. Since at this
time every g; withj > t — 1is confined, it follows that each point in R is either a b, a free c (this follows easily since there
are no confined transpositions, and a;_; reached the position r by transposing with c), or an a; with j < t — 1. In particular,
each element in R still has to transpose with a;_1.

We claim that a;_; must move back to the B-Zone (after i occurs). Seeking a contradiction, suppose that a;_; does not
go back to the B-Zone. We then claim that there is a transposition p of a;_; with an element in R that is not a discovery
transposition. Then the key observation is that at most k + m + t — 1 — r transpositions of a;_; with elements of R can be
discovery transpositions. In order to prove this assertion, first we note that no transposition of a;_; with an element in R can
be discovery transposition for the element in R (recall that each element in R is either a b, a free ¢, or an g; withj < t — 1),
so if such a transposition is a discovery one, it is so for a;_; (recall that we assume that a;_; does not go back to the B-Zone).
But once a;_; has reached r, it has at most k+m+t — 1 — r discovery transpositions to do (since the rightmost compulsory
entry-gate for a,_ is the (t — 1)st C-gate). Now since R has 2k+m —r elements, and 2k+m—r > k+m+4t —1—r, it follows
that there is at least one transposition p of a,_; with an element of R that is not a discovery transposition, as claimed. But
the perfectness of IT implies that such a transposition must occur in the B-Zone, contradicting (precisely) our assumption
that a,_ did not move back to the B-Zone.

Thus, after u occurs, a;_; eventually re-enters the B-Zone, and since its final position is k +m 4t — 1, afterward it has to
re-enter the C-Zone via a transposition X that moves a;_; to the right and an element x € R to the left. Since A occurs in the
C-Zone, and [T is perfect, then A must be a discovery transposition. We complete the proof by arriving at a contradiction: A
cannot be a discovery transposition. Indeed, A cannot be discovery for a;_; (since it had already been in the C-Zone), so it
must be a discovery step for x. On the other hand, since each x € Ris either a b, a free ¢, or an g; withj < t — 1, A it follows
that A cannot be a discovery transposition for x either. O

Our next statement shows that we can actually go a bit further: there is a perfect n-half-period I7" whose liberation
sequence has all a’s followed by all ¢’s or vice versa.

Proposition 9. Suppose that IT is a perfect n-half-period of an allowable sequence I1. Then II contains a perfect n-half-period
/ : e : ! Al / / / ! A / . H H H YA ! A A /

17 ,/w1th /ln/ltlfll penzwtatlon aa,_,...ay by...by, cics ... ¢, and whose liberation sequence is either aja, ... aycic, ...c, or

cicy . ..qaid, ... a.

Proof. Let IT = (mg, 74, ..., yr(g)) be any perfect n-half-period, with initial permutation 79 = (axax_1...a1bq...byuc1C2
...Ccx), and let o be the liberation sequence associated with I7. Thus the last entry of o is either a; or ¢, and a
straightforward symmetry argument shows that we may assume without loss of generality that the last entry in o
is ai. If o is c1c3...cka10; . . . i, then we are done. Thus we may assume that there is a t,2 < t < k, such that
ar—1,€1,C2, .., Ck, G, Aty 1, - - ., Qg iS a suffix of o.

In order to define the n-half-period /7’ claimed by the proposition, we establish some facts regarding I7.

(A) Let miyq be the permutation where c; becomes free. Then m; is of the form (a, Gx—1, ..., a¢, di,dy, ..., dpC1, Coy o o0,y C)
wherep =t — 1+ mand each d; is either a b or a free a.



1650 M. Cetina et al. / Discrete Mathematics 311 (2011) 1646-1657

Proof of (A). The perfectness of IT readily implies that every transposition in the A-Zone that involves an element in
L= {a¢, Gt41, - .., ax} is a double-discovery transposition. In particular, the first element that moves an element in L must
involve a c. Therefore, as long as no ¢ becomes free, all the elements in L must stay in their original position. Finally, we
observe that when c; becomes free, aj, a, . . ., a,_; are already free, so each d; is either a b or a free g, as claimed.

(B) No elementin {axay_1...a.ds, ..., d._1} (these are the elements that are in the A-Zone, in the given order, in ;) leaves the
A-Zone before c, becomes free.

Proof of (B). Seeking a contradiction, let e be the first element in {aa,_1 ...a.d, ..., d,_1} that moves out of the A-Zone
before ¢, becomes free. The perfectness of /7T readily implies that the element that takes e out of the A-Zone is some ¢; (where
by assumption j # k). Now right after ¢; swaps with e, ¢; and ¢, are in the A- and C-Zones, respectively. In particular, at this
point ¢; and ¢, have not swapped. Now as we observed above, every transposition in the A-Zone involving an element in L
is double-discovery, and so it follows that ¢; never gets beyond (to the left of) the position k — j + 1. No matter where the
(¢, cx) = (cx, ¢;) transposition occurs, this implies that ¢; must at some point be in a position r, withk—j+1 < r < k,and
then move (right) to position r 4+ 1. Now in order to reach its final position, ¢; must eventually move back to the position r,
via some transposition ¢ = (x, ¢;) — (cj, X). Since IT is perfect, and & occurs in the A-Zone, ¢ is a discovery transposition.
But it clearly cannot be discovery for ¢;, since ¢ is re-visiting the position r. Now x € {ay, ax_1, ..., @, dq, ..., d;—1}, since
these were the elements to the left of ¢; when it first entered the A-Zone. Clearly x cannot be a d, since each d is either a b or
a free a, and € must be discovery for x. Thus x must be in L = {ay, a1, . . ., a;}. But this is also impossible, since (see Proof
of (A)) every transposition that involves an element in L must be a double-discovery transposition.

(C) Suppose that two elements that are in the A-Zone (respectively, C-Zone) in m; transpose with each other in the A-Zone
(respectively, C-Zone) after ;. Then at least one of these elements leaves the A-Zone (respectively, C-Zone) after m; and
before this transposition occurs.

Proof of (C). First we note that the elements that are in the C-Zone in 7r; are ¢y, ¢, . . ., Cy, in this order, and that if two of them
transpose before at least one of them leaves the C-Zone, this transposition would be confined, contradicting the assumption
that I7 is perfect. That takes care of the C-Zone part of (C).

Now we recall that the elements that are in the A-Zone in =; are ai, ax_1, ..., a;, dq, d2, ..., d;_1, in this order. Suppose
that two such elements transpose in the A-Zone after 7;, and that between 77; and this transposition (call it A) none of them
leaves the A-Zone. It follows from the perfectness of IT that, for each g;, every move of g; until it leaves the A-Zone must
involve some c,. Thus none of the elements involved in A can be an g;, that is, both must be d;’s. But such a transposition
would clearly not be discovery (recall that each d is a free a or a b), contradicting the perfectness of I7. This completes the
proof of (C).

(D) After m;, the elements in the A-Zone leave it in the order d;_1, d;_5, ..., dy, a;, . .., Gx_1, Gy, and the elements in the C-Zone
leave it in the order cq, C3, . . ., Ck.
Proof of (D). This is an immediate corollary of (C).

Now define 17" = (7w, wit1, .- -, 71(3)) = (710_], 7'(]_], R 771:117 711._1). It is straightforward to check that /7" is an
n-half-period. Define the relabeling a; +— a} fori = t,t + 1,...,k dy — a;_ fors = 1,...,t — 1, dy —
b;ftﬂ fors = t,t+1,...,p;and ¢ — ¢/ fori = 1,...,k, so that the initial permutation of /7’ (namely 7; =
(@xAg—1 . .. acdrdy, ..., dpcicy ... ) is (@a_q ... aybib, .. bl cicy .. cp).

! Al A

To complete the proof, we check that (i) the liberation sequence of I7" is c;c} . .. ¢,a}d, . . . a;; and that (ii) [T’ is perfect.
We note that (i) follows immediately from (B) and (D). Now in view of Proposition 7, in order to prove that /7’ is perfect it

k+1
2

it follows that I7’ has no confined transpositions. On the other hand, an application of Proposition 7 to IT (which is perfect)

suffices to show that it has no confined transpositions, and that it has exactly 3 ( ) (<k)-critical transpositions. From (C)

yields that IT has 3 (k;] ) (<k)-critical transpositions. The construction of IT’ clearly reveals that IT and IT’ have the same

k+1

number of (<k)-critical transpositions, and so /7" has 3 ( )

) (<k)-critical transpositions, as required. O

Proof of Theorem 1. Let I7 be an n-half-period of Ip, for n a multiple of 3. By the hypothesis of the Main Theorem and

the fact that E<x_1(P) = N<(IT), we have N, (IT) = 3 (";1) for each 1 < k < n/3. This equality and Proposition 3

guarantee that ITp contains an n-half-period, say ITp, that satisfies the hypothesis of Proposition 7. Thus ITp is perfect, and
using Proposition 9 we get an n-half-period which behaves as we need for ITp to be 3-decomposable. O

4. On allowable sequences that minimize the crossing number of K3,

This section is devoted to the study of allowable sequences which come from configurations of 30 points that minimize
the crossing number. In particular, each result presented in this section is focused on establishing features of such sequences.
Later, in Section 5, each of these properties will be used in the proof of Theorem 2.

We begin by proving, with the help of Theorem 1, that all optimal sequence of K3q are 3-decomposable.
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We have the following bounds given by Abrego et al. [4] for any n-half-period IT of an allowable sequence.

1/n 1 e .
\‘2 (2> — 2N<[”/2J2(H)J y ifnis even,
Nipp (1) < 2 n 5 1 (3)
\‘5 (2> — §N§[n/2J72(n) + gJ s if nis odd.
and
(n) — Lin(n +30) — 3J , if nis even,
2 24

N<inj2)—1(UT) = (4)

n 1 1
(2) Lls(n 3)(n+45) + 9J , ifnisodd.

Now, if IT is a 30-half-period associated with a generalized configuration P of 30 points, then from (3) we know that
Nis(IT) < 72 and if we combine (1) and (4) we get that Ny4(/T) > 72. With these bounds in (2) we have 9723 as a
lower bound for cr(Kso). Moreover, if for some k = 0, ..., 12, (1) is not tight, then a simple calculation in (2) shows
that cr(P) > 9727 and therefore P will be worse than the best known configuration given implicitly by Aichholzer and
Krasser in [8], which establishes 9726 as an upper bound. Besides 72 < Nq4(I7) < 75 or cf(P) > 9727. So, in an optimal

configuration with 30 points, (1) must be tight for each k = 0, ..., 12 and so, by the Main Theorem, P is 3-decomposable.
For the remainder of this subsection, let us assume that IT = (mg, 71, ...,/ 3) is a 3-decomposable 30-half-

2
period, with initial permutation 7y = (aqo, do, ..., as, by, by, ..., b10,€1,C2,...,C10) and A = {ajp,a9,...,0a1},B =

{b], bz, ey b]o} and C = {C], Coyevny C]O}-

In order to count the number of (<k)-critical transposition in /7, we define two types of transpositions. A transposition
is monochromatic if it occurs between two elements of the same set A, B or C, otherwise it is called bichromatic. We denote
the number of monochromatic (respectively, bichromatic) (<k)-critical transpositions in IT by NT2"°(IT) (respectively,
N, (IT)). Note that N.(IT) = NT¢™ (IT) + N%, (7).

From [2] we get the next account for bichromatic transpositions on a 3-decomposable n-half-period I7':

k+1
3( er) ifk < n/3,

Nbi

<k

1) =
3 ("/32+ ]) F(k—n/3n ifn/3 <k <n/2.

As a consequence of (5) we have the next two corollaries:
Corollary 10. N}'(IT) = 3k for k= 1,2, ..., 10.
Corollary 11. N}'(IT) = 30 for k = 11, 12, 13, 14.

Lemma 12. N%.(IT) = 15.

Proof. The number of bichromatic transpositions between A and B is 100 because there is, exactly, one bichromatic
transposition for each element of A x B. For the same reason there are 100 bichromatic transpositions between A and C
and 100 between B and C. So Ngw (IT) = 300. The desired result follows from Corollaries 10 and 11 and the fact that

NY(IT) = 300 — Y2 NPI(IT). O

From the above discussion, Corollary 10 and Theorem 1 it follows that all monochromatic transpositions occur in the
middle third. Where the middle third is the space from the 11th position to 20th position.

4.1. Digraphs

Let IT be a 3-decomposable n-half-period of an allowable sequence II. A transposition between elements in the positions
iandi+ 1withk < i < n — kis called a (>k)-transposition. All these transpositions are said to occur in the k-center. Let
us denote the number of monochromatic transpositions that occur in the k-center and are of the kinds aa, bb, and cc by
N% (IT), N (IT), and N%, (IT), respectively. Since each monochromatic transposition is an aa- or bb- or cc-transposition,
then N%,(IT) + N (IT) + N%,(IT) is the total number of monochromatic transpositions that occur in the k-center.

Let Dy be the digraph with vertex set {n/3,n/3 — 1, ..., 1}, and such that there is a directed edge fromi toj if and only
ifi > j and the transposition a;a; occurs in the k-center. Note that the number of edges of Dy is exactly N2 (IT).

In order to count the edges in Dy, let D, , be the class of all digraphs on v vertices, say v, v — 1, ..., 1, satisfying that
[i1" <m-+[i]” forallv > i > 1, where [i]* and [i]~ denote the outdegree and the indegree of the vertex i, respectively, and
if we have an edge fromitoj, i — j, theni > j. Let Dy(v, m) be the graph in D, , with vertices v, v — 1, ..., 1 recursively
defined by



1652 M. Cetina et al. / Discrete Mathematics 311 (2011) 1646-1657

Ol oﬂxw/

Fig. 1. Digraphs Dy(10, 1).

e [v]" =0

e [i]" = min{[i]” +m,i— 1} foreachv >i> 1,and

o forallv >i>j>1,i— jifandonlyifi—1>j>i—1—[i]".

Balogh and Salazar prove in [9] that the maximum number of edges of a digraph in D, 1, is attained by Dy (v, m). We note that

Dy is in &y 3,n—2¢—1, and hence the number of edges in Dy, is bounded above by the number of edges in Dy(n/3, n — 2k — 1).
From the preceding information, we can deduce that the number of edges in D14 is at most 20 (Fig. 1). This means that

N{ET) < 20, N{’é’(ﬂ) < 20, and N{s(JT) < 20. Similarly, the number of edges in D;3 is at most 33 and we know that

(320> — N<13({T) = 144 because all the bounds for (<k)-sets, for k = 1, ..., 13, are tight. Thus N14(JT) + h(IT) = 144,

besides from Corollary 11and Lemma 12 we get that N2, (I7)+N{% (IT) = 45. This implies that N™5°(IT) = 99 and therefore
there are exactly 33-monochromatic transpositions in the 13-center per each set A, B and C.

Lemma 13. If D is a digraph in D19 3 with 33 edges, then for i,j = 10,9, 8,7 and i > j there is an edge from i to].

Proof. Clearly, the number of edges with tail in {10, 9, 8, 7} and head in {6, 5, ..., 1} is at most 12 and the number of edges
in the vertex set {6, 5, ..., 1} is at most 15 (this is attained by Dy (6, 3)). Then we need the 6 edges between the elements
in {10, 9, 8, 7} in order to get the 33 edgesinD. O

4.2. Restrictions in the monochromatic transpositions

From now on, we shall use IT = (mg, 7q,..., 71<30)) to denote a 3-decomposable 30-half-period of an optimal
2

configuration for K3p and 7o = (ayo, ag, ..., as, by, ..., by, €1, 2, .. ., C10) to denote its first permutation. Also we assume
thatA == {ay, az, ..., a10}, B:=={by, by, ..., by and C ;= {c1, ¢z ..., C10}.

As IT is 3-decomposable and all monochromatic transpositions occur in the middle third, it follows that there is a unique
element of B that reaches the position 1 (or 30). We shall denote by byg such element of B. For the same reasons, for

i =2,3,...,10, there is a unique element of B, which we denote by byo_;1, that reaches the position i (or 30 — i + 1)
but not the positioni — 1 (or 30 — i + 2). Clearly, B = {bq, by, ..., byo}.
In this subsection we use that in /T the lower bound given in (1) is tight for k = 0, ..., 12 in order to deduce some

restrictions about the monochromatic transpositions.

Remark 14. Because [T is 3-decomposable (A can interchange the role with B or C), everything that we say for A is also valid
forBorC.

Lemma 15. Each transposition of IT that contributes to N{°"°(IT) + N{°"°(IT) + NP"°(I1) involves some of ayo, do,
as, bio, be, bg, C10, Co O Cg.

Proof. Since we have exactly 33 monochromatic transpositions in the 13-center, then, by Lemma 13, the mandatory
transpositions between elements of {ayg, ag, as, a;} occur in the 13-center.

From Eq. (5) and the fact that (1) is tight for k = 0, ..., 12, we get that NJ}°"°([T) = 6,N3>"°(/I) = 12 and
N{3°"°(IT) = 18. Because no other a is behind aj, it is not p0551b1e to have more than one monochromatic transposition
per gate involving a;o. Furthermore, a9 should change with ag, ag, ..., a; in the 10-center (middle third). Thus a;o has
one monochromatic transposition in each gate of the middle third. By Remark 14 the same happens with bg and cyo. Thus,
the 2 - 3 monochromatic transpositions due to aqg, b1g and ¢y are all the monochromatic transpositions associated with
N;riono (H)

For the preceding, every monochromatic transposition involving ag occurs in 11-center. Since the swap between a;g and
ag occurs in the 13-center, ag contributes 2 to N{3°"°(IT). So we have 4 different monochromatic transpositions due to asq
and ag. By Remark 14, we get 2 - 3 4+ 2 - 3 monochromatic transpositions due to ayq, ag, b1g, bg and cyg, cg and they are all
the monochromatic transpositions associated with N{3°"° (/7).

So each monochromatic transposition involving ag occurs in the 12-center. Thus ag contributes 2 to N{3*"°(/T). a;o and ag
also have other 2 monochromatic transpositions there, and all the transpositions are different because alo, ag and ag change
in the 13-center. Hence the 2 - 3 4- 2 - 3 4+ 2 - 3 monochromatic transposition associated with NJ3°"°(/T) are generated by
aqp, dg, 4g, bm,bg,bg, C10, Cg and cg. O
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Let k € {10, 11, ..., 14}. Note that every element in a 3-decomposable 30-half-period IT" occupies each position of the
10-center at least once. From now on, if 7 is the first (respectively, last) transposition in which x € AUC enters (respectively,
leaves) the k-center, then we say that 7 is the swap in which x enters (respectively, leaves) the k-center of IT'.

Lemma 16. For x € {a, c}, the elements x1, xa, . . . , X1 enter (respectively, leave) the 13-center of IT in ascending (respectively,
descending) order. Moreover, fori =1,2,...,7;

(1) the swap between a; and b;_i1 occurs in the 13th gate and it is precisely the swap in which a; enters (and b;_;,1 leaves)
the 13-center of I1,

(2) the swap between a;_;1 and c; occurs in the 17th gate and it is precisely the swap in which a;_;, leaves (and c; enters)
the 13-center of IT and,

(3) the swap between b; and c;_;1 occurs in the 13th gate and it is precisely the swap in which c;_;,1 leaves (and b; enters)
the 13-center of I1.

It follows from (3) (respectively, (1)) that by, b, ..., by also enter (respectively, leave) the 13-center of IT in ascending
(respectively, descending) order.

Proof. By Lemma 13 and the fact that there are exactly 33 monochromatic transpositions in the 13-center of I7,
each transposition between elements of {x1o, X9, Xg, X;} occurs in the 13-center. Also, by Lemma 15, each transposition

between elements of {x7, xg, .. ., X1} occurs in the 13-center. Together, these two conclusions, imply that the elements of
{x10, X9, . .., X1} enter (respectively, leave) the 13-center of IT in ascending (respectively, descending) order.

We only show (1). The parts (2) and (3) are analogous.

Let w € {a, b}. Because all monochromatic transpositions of /T occur in the 10-center, the elements of {w1g, wg, ..., w1}

enter (respectively, leave) the 10-center of IT in ascending (respectively, descending) order.

Fort = 1, 2, 3 we know (Lemma 15) that every monochromatic transposition involving b1g_;+1 occurs in the (10+t —1)-
center. This and the fact that the b’s leave the 10-center in descending order imply that the swap between a; and byg_;11
occurs in the (10 4+ t — 1)th gate.

Since (Lemma 15) each transposition between elements of {b7, bg, ..., b1} occurs in the 13-center and they leave the
10-center in descending order, then the swap where g; enters the 13-center must be with b;_;, 1, wherej=1,2,...,7. O

Lemma 17. Let 7q,, be the permutation of IT where ayq enters in the 13-center. Then 74, looks like
(B, a4, a<s, d<s, G0, Gi, G}, G, <6, <5, A<4, C)
where a<p is an a, with 1 < u < p, further {i, j, k} = {7, 8, 9}.

Proof. Forj = 7,6, ..., 1let 7; be the transposition in which a; enters the 13-center. So, when 75 occurs there is at least
oner € {1, 2, 3, 4} such that q, is to the right hand side of the 13-center (without loss of generality, we assume that a, is the
rightmost a element). By Lemma 15, all the monochromatic transpositions between elements of {a;, gs, . . ., a;} or between
elements of {aq, ag, ag, a;} occur in the 13-center. Thus a, does not move to the left until after a,q exits of the 13-center.
On the other hand, since all monochromatic transpositions occur in the middle third, when aq enters the 13-center a, must
be at position 20. Using similar arguments with 75 and 7; we get the restriction on the right hand side.

Let a;, be the a that swaps with ayo in the (14 — j)th gate (where j = 3, 2, 1). Since each aa transposition that contributes
to Ni1(IT) + N1, (IT) 4+ N13(IT) involves aqg, ag or ag and the transpositions between elements of {ayg, ag, ag, a;} occur in
the 13-center, then ; < 6. Thus a;; needs j transpositions of kind a;.c in order to move to 13-center. Hence g;, will remain to
the left hand side of the 13-center until after ¢; enters the 13-center. But, by Lemma 16, when ¢; enters the 13-center all a,,’s
withn > 8 — j have left there. Hence |; <7 —j. O

Let hal(a;) denote the number of a; elements, i < j, such that a; changes with g; in the 15th gate. This means, the outdegree
of the vertex g; in the digraph Dy4 associated with N9, (IT).
Some facts are easier to see in IT*, the reverse half-period of IT. We define the reverse half-period of IT as IT* =

(g, 7}, ...,n,*,...,nE30)) = <n<3]0),n(30)_],...,n<310)_l,...,no]>. It is clear that /7 and IT* have the same

2 2 2 2
combinatorial properties.

Lemma 18. Let g, be the permutation of IT where a,q enters the 13-center. If a;, 1 < i < 5, is at position 10 + [ or at position
20—1+1,1<1<3 thenhal(aq) <L

Proof. We just prove the case when g; is at position 10 + [, otherwise we look at IT*. Let B(a;) be the set of | — 1 a’s
that are behind q; in 7r4,,. Let j be the number of elements in B(a;) with index smaller than i. This means that in 74, a;
has already changed with each element of B(q;) with index smaller than i. Note that these transpositions contribute at
most j to hal(a;). On the other hand, each element of B(a;) with index greater than i moves q; to the left one time, then q;
could make at most ((I — 1) — j) + 1 transpositions in the 15th gate which involve an a with index smaller than i. Thus
hal(a) <j+ (-1 —-H+D=L O
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Corollary 19. N%(IT) < 19, N%(IT) < 19 and N%(IT) < 19.

Proof. What we say for A also apply for B and C. By Lemmas 17 and 18, hal(as) + hal(as) < 5 and hence the digraph D4
associated with N%9 ,(/T) has at most 19 edges: at most 5 edges with tail in {a¢, aq, s, a7, ag} and head in {as, ay, a3, az, a1},
at most 6 edges between the elements of {aq, a9, ag, a7, ag}, at most 5 edges with tail in {as, a4}, and at most 3 edges between
the elements of {as, a;, a;}. O

Remark 20. In fact, if we want to have 19 halvings, hal(a;g) + hal(ag) + - - - + hal(ag) must be 11, hal(as) + hal(as4) must
be 5 and hal(as) + hal(a;) + hal(a;) must be 3. The latter means that as, a,, a; have to change in the 15th gate.

Corollary 21. If N{2(/1) = 19, then in the permutation m,,, of IT in which ayo enters the 13-center, a; and a, are at
positions 11 and 20, respectively, or vice versa.

Proof. From Lemma 18 and Remark 20 it follows that a4 is not at position 11 or 20 in 7,,,. On the other hand, by Lemma 17
we know that ag is at position 13 (position 18), then a4, as occupy the positions 18 and 19 (positions 12 and 13) or they
occupy the positions 12 and 18 (positions 13 and 19), not necessarily in that order. Because hal(as) must be 2, then, by
Lemma 18 and with the prior discussion, as must be at position 12 or 19. So we get that a;, a, are at positions 11 and 20,
not necessarily in that order. O

Before proceeding with the proof of Theorem 2, we need to establish two more lemmas.

Lemma 22. Let 7q,,, 7, and my,, be the permutations of IT where aq, c1o and byg enter the 13-center, respectively. If as is at
position 12 or 19 in 74,y then N¥2(IT) < 19, N®2(IT) < 19 and N (IT) < 19.

Proof. Suppose that as is at position 12 in 7,,, (the case when as is at position 19 is the same if we see IT*). So 74, looks
like

Tayy = (B7 ai15 as, ai2|a10 - |ai3a ai49 ai57 C)~ (6)

Since there are no aa-transpositions after r,,, on the left hand side of the 13-center, as moves to the 13-center by means
of two ac-transpositions. By Lemma 16, the swap between as and c3 occurs in the 17th gate, and hence, as is moved from the
positions 12-13-center by c¢; and c,. On the other hand, because all the transpositions between elements of {cy, c3, ..., ¢7}
or between elements of {c;, cg, cg, C19} Occur in the 13-center, when c;o enters the 13-center, c; and ¢, are at positions 11
and 12, not necessarily in that order. So r¢,, looks like

Ty = (B7 Clor2;Cor 1, C]1| - - = C]O|Cj27 Cj35 Cj47A)a (7)

and by Lemma 17, j, € {3, 4}.

Now we deduce some restrictions on 7y, ,. As before, since there are no cc-transpositions after r¢,, on the right hand side
of the 13-center, ¢;, moves to the 13-center by means of three bc-transpositions. By Lemma 16, the swap between ¢;, and
b7_j,+1 occurs in the 13th gate, and hence, ¢;, is moved from the positions 20-13-center by three b’s, say by, by,, and by,
such that kq, kz, k3 < 7 — j4 + 1 < 5. Thus, when my,, occurs, by, , by, and by, are at positions 18, 19 and 20. So 7, looks
like (C, by, by, br,|b1o — — — |bs, by, bk, , A). Thus, by Lemma 17, k4 = 6 and ks = 5 and mp,, looks like

Thyy = (C, big, bs, bslb1g — — — by, biys biy s A). (8)

In a similar way as (7) was obtained from (6), it is possible to obtain (9) (respectively, (11)) from (8) (respectively, (10));
(10) can be obtained from (9) as (8) was obtained from (7).

ndw+(32°) = (C,a10r2, G2 0r 1, G5 | — — — ayolay,, a5, a;, B). 9
N510+(320) = (A, Cj,» Cs, CelCio — — — |Cj17 C2or 1, Cior2, B). (10)
7Tb10+(320) = (A, b1or2, baor1, bpl — — — biolbs, bs, by, C). (11)

The desired result is immediate from (9)-(11) and Corollary 21. O

Lemma 23. Let 7, 7c,, and my,, as in Lemma 22. If NS¢(IT) = 19 and for x = a, b, c; x; occupies the 11th or 20th position
in 7y, thenj € {1, 2}.

Proof. We only prove the case x = ¢ (the cases x = a and x = b are analogous). Suppose that ¢; occupies the 11th or 20th
position in 7.

CasE 1. ¢j occupies the 11th position in 7. Suppose that a; occupies the 13th position in 74,,. By Lemma 22 we know that
t € {5, 6}.
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By Lemma 16, the swap between a; and c¢;_,; occurs in the 17th gate, and hence, a; is moved from the positions
13-13-centerbyac, suchthatr < 7—t < 2.0nthe other hand, by Lemma 15 we know that ¢, does not have monochromatic
transpositions on the left hand side of the 13-center until after 7r.,, occurs. Thus ¢, = ¢;.

CasE 2. ¢; occupies the 20th position in 7¢,,. Seeking a contradiction, suppose that j ¢ {1, 2}. So by Lemma 17, € {3, 4}.
Again, by Lemma 16, the swap between ¢; and b;_j;¢ occurs in the 13th gate, and hence, ¢; is moved from the position
20-13-center by three b’s, say bj,, bj,, and bj,, such that jy, j»,j3 < 7 —j 4+ 1 < 5. It follows from Lemma 15 that none of

12 72 30
b;,, bj,, and b;, moves until after 7, occurs. This implies that b;,, b;,, and bj, occupy the positions 18, 19 and 20 in 7p,,,. By

J27
Lemma 17, bs is in the 12th position and by Remark 14 and Lemma 22, N{2(/T) < 19. O

5. The rectilinear crossing number of K3¢: proof of Theorem 2
Let 74y, 7p,, and 7, as in Lemma 22. By Lemmas 22 and 23, if N{Z (IT) = 19 then, without loss of generality, 774,, looks
like
Tayg = (B5 ai17 ai27 a6|a10 - 0 |(157 aiga ai45 C)5 (]2)

with {iq, i} = {1, 2}, otherwise we look for IT*, besides in the 13-center are agq, ag, a; in some order.
By Lemma 16, ag leaves the 13-center with c,, so ag re-enters the 13-center with the transposition with c;. Thus c;
occupies the 11th position of 7,,. So by Lemma 23, 7, looks like

Tey = (B, €1, Gy, G| — — — €10l Gy s €2, A)- (13)
Again, since bg enters the 13-center with the swap with ¢,, my,, looks like (C, by, b, , bi;|b1o — — — |bx,, bks, bk, A) with
ks, ks, ks < 5.Thus, by Lemmas 17 and 22, 7, looks like

T[bl() = (Ca b’(]a bk27 b6|b10 - - - |b57 bks’ bksaA)' (14)

In a similar way as (13) was obtained from (12), it is possible to obtain (15) (respectively, (17)) from (14) (respectively,
(16)); (16) can be obtained from (15) as (14) was obtained from (13).

na1o+(320) = (C, ay, a3, as| — — — ayolGs, a;,, Az, B). (15)
T[cm+(32°) = (A, &, G, CslC10 — — — [¢s, G5y, €1, B). (16)
T = (A, by, by., bs| — — — byg|bs, by, , bz, C). 17
b10+(320> (A, by, by, bs| 10lbs, biy, b2, C) (17)
So we have only two cases, when i, equals to 3 or 4.

CASE i; = 4. The permutation my,, is (B, az, a4, dgla;p — — — |as, a3, a1, C). By Lemma 16, a4 leaves the 13-center with c4,
then a4 must re-enter the 13-center with ¢; and therefore r,, is (B, ¢1, ¢3, ¢5| ———C10lCs, Cs, C2, A), and for similar reasons,

the permutation 7y, is (C, by, bg, bg|b1g — — — |bs, b3, by, A).

Claim 24. If hal(as) + hal(ay) + hal(a;) = 3, then hal(cs) < 2. Hence N{c(IT) < 18.

Proof of Claim 24. Since N{Z(/T) = 19, by Remark 20, hal(a3)+hal(a,)+hal(a;) = 3.By Lemma 16, a; leaves the 13-center
swapping with cs, and the permutation is

(B, c1, {c3, az}l{ca, €4, a1}cslas, . . ),
where the notation { } means that c,, ¢4, a; occupy those positions, but not necessarily in that order, similarly for a; and cs.
Because a, must change with a; in the 15th gate, this is only possible if cs changes with a; in the 15th gate, but then ¢5 does

not change with neither c, or ¢4 in the 15th gate, and therefore hal(cs) < 2. N{Z(J/T) < 18 is a consequence of Remark 20.
This completes the proof of Claim 24. O

If N{:(IT) = 18 and with the fact that hal(cs) < 2, by Remark 20, we conclude that hal(c3) + hal(c;) + hal(c;) = 3.
Since m¢,, has the same configuration as rr4,,, named (B, ¢, ¢3, ¢s| — — — C10lCs, €4, C2, A) and also satisfies the hypotheses
of Claim 24, we conclude that N®2(I7) < 18. Now if N?2(IT) = 18, B satisfies Claim 24 too and implies that N%(/T) < 18,
which is a contradiction. Then N$¢(7) = 19, N$$(17) = 18 and N2 (1T) < 17.

So we suppose that N5 (IT) < 17. The only case we have to worry about is when Nfg (IT) = 19, but recall that when bqg
enters the 13-center, the permutation 7, is

TThyy = (C, bz, b4, b6|b10 - - — |b5’ b37 b2» A)

and B holds the hypotheses of Claim 24, which implies that N{2(/7) < 18, and this is a contradiction. Thus N{£(IT) =
19, NS (IT) < 17 and N22(17) < 18.

CAsEiy = 3.50,7q,, = (B, a2, a3, ag|aio———|as, as, a;, C). By Lemma 16, a3 leaves the 13-center with ¢s, then as re-enters
13-center with c3 or cg.
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Suppose that as re-enter with c3, then 7, looks like
Tee = (B, €1, €3, Cs| — — — C10Cs, €45 €2, A),
but ¢4 leaves the 13-center with by, then ¢4 must re-enter with b3, so we have
7y, = (C, b, by, bg|b1g — — — |bs, b3, by, A),
but again, b4 leaves the 13-center with a4, so b4 re-enters with as, and then we get

T = (C, ay, a3, as| — — — ayglag, a4, az, B),
ao+(%) (C, ay, a3, as| 10/as, a4, a2, B)
which is a contradiction. Thus as re-enters the 13-center with c4.
Here, just for convenience we work in IT*. Let n;m be the permutation of IT7* where ao enters the 13-center. So,
* —

0o = (€, a1, a4, aslaso — — — [ae, a3, a2, B).

TT

Claim 25. b, does not change with by or, if hal(as) = 3 then bs does not change with b, in the 15th gate. Moreover, in both
cases NP2 (IT) < 18.

Proof of Claim 25. If b, does not change with by in the 15th gate, by Remark 20, N?2(I7) < 18.
So we assume that b, changes with b; in the 15th gate. Like N{2(/T) = 19, by Remark 20 and Lemma 18, hal(as) is 3.
When ag leaves the 13-center, this swap is with b,, so in that moment we have the following situation

(... |{az, as, bi}bs|a, .. .).
When b, changes with b; in the 15th gate, we have the following

(...laz0r3,b2,b1,030r2]...),

as re-enters the 13-center with b, and must change with either a, or as in the 15th gate to complete 3 halvings because
at most as has changed in the 15th gate with a; and ay, this implies that there must be an a in the 16th position and that
is only possible if b; swaps with the leftmost a of the 13-center, and so when as leaves the 13-center and b; enters it, the
permutation is

(... b1, {az or 3, Gz or 2}, b3las . . .),

but a4 re-enters the 13-center with b3, and there are no more b’s in the 13-center until after a4 leaves it, thus no one moves
b, from the 13th position and therefore b; does not change with b, in the 15th gate. This and Remark 20 imply Nfé’(]’[ ) < 18.
This completes the proof of Claim 25.

If N?2(IT) is 18 and knowing that hal(bs) + hal(b,) + hal(b;) < 2, by Remark 20 we get that hal(bs) is 3 and also we have
the same configuration (C, b,, b3, bs| ———b10|bs, b4, b1, A). Then the hypotheses of Claim 25 are satisfied and consequently
NSE(IT) < 18.

15]i("ut)again, if N{s(IT) = 18 and hal(cs) + hal(c;) + hal(c;) < 2 then hal(cs) is equal to 3 and, by Claim 25, N{2(IT) < 18,
and this is a contradiction. So N%(IT) = 19, N®2(IT) = 18 and N (IT) < 17.

Now we suppose that fo.j (IT) < 17.The only case we are concerned about is when N{¢(/T) = 19. Since C satisfies
Claim 25, in the moment that C changes with A we will get N{¢(J/T) < 18, which is a contradiction. Thus N{¢(JT) =
19, NP2(IT) < 17 and N%(IT) < 18.

So, Nis(IT) = N{°"(JT) + NP (1T) = 69. This implies that Ni4(/T) = 75, and by (2) we are done. [

6. Concluding remarks

In this paper we have presented a result that relates the number of (<k)-edges with 3-decomposability. That is, every
set of points in the plane which has a certain number of (<k)-edges, can be grouped into three independent equal sized
sets. Theorem 1 goes a step forward to the understanding of the structure of sets minimizing the number of (<k)-edges.
Aichholzer et al. [6] established that such sets always have a triangular convex hull. Here we show that these sets also are
3-decomposable.

As an application of Theorem 1, we give a free computer-assisted proof that the rectilinear crossing number of K3 is
9726. This closes the gap between 9723 and 9726, the best lower and upper bounds previously known.

In view of Theorem 1, we now give a more precise version of Conjecture 1in [2]:

Conjecture 26. For each positive integer n multiple of 3, all crossing-minimal geometric drawings of K, have exactly
3 (";2> (<k)-edges forall0 < k < n/3.

We believe that Conjecture 26 is one of the main problems to be solved in order to understand the basic structure of the
crossing-minimal geometric drawings of K;,.
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