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Abstract

Let R = 6B, eN, Rn be a Noetherian homogeneous ring with local base ring (R, m o) and irrelevant ideal R, let M be a
finitely generated graded R-module. In this paper we show that H&%R(HIIQ(M)) is Artinian and HrimR(HIIL, (M)) is Artinian
for each i in the case where R4 is principal. Moreover, for the case where ara(R4+) = 2, we prove that, for each i € Ny,
H\lﬂo R(lee+ (M)) is Artinian if and only if HQO%Q(H 11?+ (M)) is Artinian. We also prove that H{'@O(HICe+ (M)) is Artinian, where
d = dim(Rg) and c is the cohomological dimension of M with respect to R . Finally we present some examples which show that
Hﬁm R (H}Q+ (M)) and ng R(H}e+ (M)) need not be Artinian.
© 2007 Elsevier B.V. All rights reserved.

MSC: Primary: 13D45; 13E10

1. Introduction

Throughout this paper, let R = @neNo R, be a Noetherian homogeneous ring with local base ring (Rp, my).
So Ry is a Noetherian ring and there are finitely many elements [y, ...,[, € Ry such that R = Rg[ly, ...,/ ]. Let
Ry = P,y R denote the irrelevant ideal of R and let m := mo @ Ry denote the graded maximal ideal of R.
Moreover, let M = @,,.z M, be a finitely generated graded R-module.

The finiteness of the graded local cohomology module has an important role in studying the asymptotic behaviour
of the n-th graded component H 1i€+ (M),, of H I’Ih (M) for n — —o00. One of the parts of finiteness of graded local

cohomology is Artinianess. As Hqu (M), is a finitely generated Rp-module for each n € Z, the Artinianess of the

graded local cohomology allows us to draw conclusions on the multiplicity eq, (H £+ (M),) of H ;'e+ (M), where qq is
an mo-primary ideal of Ry. '
Brodmann, Fumasoli and Tajarod in [2] proved that for each i € Ny, the graded modules I'w g (H ll’?+ (M)) and

Hém r(H 1i?+ (M)) are Artinian when Ry is of dimension 1. Moreover Brodmann, Rohrer and Sazeedeh in [3] showed

* Corresponding address: Department of Mathematics, Urmia University, Urmia, Iran.
E-mail address: rsazeedeh@ipm.ir.

0022-4049/$ - see front matter (©) 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2007.05.023



https://core.ac.uk/display/82105565?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/jpaa
mailto:rsazeedeh@ipm.ir
http://dx.doi.org/10.1016/j.jpaa.2007.05.023

276 R. Sazeedeh / Journal of Pure and Applied Algebra 212 (2008) 275-280

that H‘Ino r(H A(M )) is Artinian for each i € Ny even if dim(Rgp) = 2. The authors in [2,3] have presented several
examples which showed that these results need not hold if we remove the condition on the dimension of Ry. Also,

the authors in [3,7] studied the Artinianess of I'm,g (H I§+ (M)) where f was the least non-negative integer i such that
H Ii?+ (M) is not finitely generated or is not R -cofinite.

In this paper we show that, without any condition on Ry, the module Hlfno R(H Ilhr (M)) is Artinian (cf. Theorem 2.2).
In addition, if R is principal, then Hr"no r(H Iliur (M)) is Artinian for each i (cf. Proposition 2.6). When ara(Ry) = 2,
we also show that, for each i € Ny, H";;;ZR(H}Lr (M)) is Artinian if and only if H&OR(HI%JM)) is Artinian (cf.
Theorem 2.3). This result allows us to draw a conclusion on I’ r (H12<‘+ (M)). In fact we deduce that I'm g (HI%+ (M))
is Artinian if and only if HrznO r(H Ile+ (M)) is Artinian. Finally we shall obtain a result on top local cohomology. We
show that if dim(Ryp) = d and c is the cohomological dimension of M with respect to R, then Ht‘fm R(H§+ (M))
is Artinian (cf. Proposition 2.8). In the last part we present two examples which show that H‘%IO r(H Ile+(M )) and
H&OR(H}€+ (M)) need not be Artinian even if ara(Ry) = 2 (cf. Examples 2.9 and 2.10).

2. The results

Definition 2.1. Let a be an ideal of R. Following [1], the arithmetic rank of a, denoted by ara(a), is the least number
of elements of R required to generate an ideal which has the same radical as a. Thus

ara(a) = min{n € Ng : 3by,...,b, € R with/(by,...,b,)R = \/E}.
Note that ara(OR) = 0.

Theorem 2.2. The graded module Htlno r(H 11e+ (M) is Artinian.

Proof. Let ara(R;) = n. Then there exist some elements yi, ..., y, € R such that \/(y1,..., )R = VR4+. As

there exists an isomorphism H;e+(M) = H(’.y1 yn)R(M) for each i € Ny, we may assume that R, = (y1, ..., y»)R.

Moreover, for each i € Ny, there is an exact sequence of graded R-modules

n;‘n [
(M) - H(ly] ,---,yn—l)R(M))’n

i—1
i—1 yn i—1 i i
Hey M) = He o g(M)y, —> Hg (M) — H(, R

in which 775;1 and n;ﬂ are the natural homomorphisms (cf. [1, Exercise 13.1.12] or [2, Theorem 2.5]). Now it follows
from [1, Corollary 2.2.18] that Coker(n;n_l) = H\}nR(H(iy:,l... }'n—l)R(M)) and Ker (n;n) =T nR(H(iyl,... y’H)R(M))
and so we obtain an exact sequence ’ '

1 i—1 1 i
0= Hy, g(Hy, .y, yr(MD) = H (M) = Iy, g (Hiy, o (MD) = 0.

In particular, if we set i = 1, we will have the following exact sequence of graded R-modules:

1 1 1
0— Hy,,R(F(mw-quzfl)R(M)) — HR+(M) — F’nR(H(y|,...,yn_])R(M)) — 0.

Application of the functor Héxo (=) to this exact sequence gives the following exact sequence of R-modules:

.....

So, in order to get our assertion, it is enough to show that HéiOR(HylnR(F(y1 vyn_nDR(M))) and
Hélo Ry, R (H(ly1 et r(M))) are Artinian. We now prove Artinianess of the first term. By Grothendieck’s spectral

sequence, for each p, g € Ny, we have

Since Eé’ 1 =0, for all ¢ # 0, 1, the above spectral sequence gives the following long exact sequence of R-modules:

2 1,1 3,0 3
i H(‘m(),y,,)R(F(yl’---vYn—l)R(M)) — By — By — H(mo,y,L)R(F(YI,---,yn—|)R(M)) o

We note that there are the following isomorphisms H(zmo,yn)R(F(ylsnn)'n—l)R(M)) = HI%I(F(}’I,-M)’"—I)R(M)) and
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Therefore the previous exact sequence 1mp11es that £, L — gl

moR(H1 R(F(\l
to prove the Artinianess of Hmo rUYy, R(H(y1 D r(M))). According to [5, Corollary 11.44], there exists an exact
sequence of R-modules

1 1 1 1
0= Hygyg(Iy,r(H g, \rROMD) = Hig g r(HGy,y -y, r(M)) = oo

.....

,,,,,,,

Thus it is enough to show that H(
R-modules:

™0,y r(H (y Y1) r(M)) is Artinian. Consider the following exact sequence of

1 1
0— H Yn— 1R(F(YI ~~~~~ -2 R(M)) = H(yr ----- ynfr)R(M) - FYnflR(H()’l ,,,,, ynfz)R(M)) — 0.

Application of the functor H(]mo YR (—) to this exact sequence induces the following exact sequence:

R (M)

,,,,,

.....

Now, in view of the above exact sequence, it suffices to prove that the graded modules H (lmo’ R (H)}n_1 ROy 2)R
1 1 o« . . . .
(M))) and H(mo " )R(F)n \R(H Olroo Y 2)R(M))) are Artinian. By a proof similar to that mentioned for

R(H‘ rLor,ye_R(M))), we can conclude that H(mo )R( o IR(F()I ,,,,, yn_o)R(M))) is Artinian. Now, we
prove Artinianess of the second term. Using again [5, Corollary 11.44], there exists an exact sequence of R-modules

0— H(ﬂu),yn)R(FynflR(H(yr,..-,ynfz)R(M))) - H(mo,yn,ynq)R(H(yr,.-.,ynfz)R(M)) -

So it is enough to show that H ! ne2) r(M)) is Artinian. If we apply the above argument which

(moy Yn— I)R( O1s-

"""" n 1)R(M)) we shall deduce that H(mo . 1)R( O

(M)) is Artinian. Now, by repeating this argument, we finally conclude that

(M)) is Artinian if H(mo T yz)R( le(M)) is Artinian.

R(M )) is Artinian. By Grothendieck’s spectral sequence,

was mentioned for H " R(HY,

1
i Himg v yuetoyne 2)R( O 3n-9)R

the graded R-module H(moy e 1)R( OtoYn2) R

Therefore it suffices to prove that H(
for each p, g € Ny, we have

o 2)R(M)) is Artinian

mo, Y, Yn— yz)R(

Ep ‘] H[’

(Mo, yn, yn—1, yz)R(H R(M)) : H‘D+q (M)

Since Eg 1 = 0 forall ¢ # 0, 1, the above spectral sequence gives the following long exact sequence of R-modules:
= H2M) — Ey' — B0 — .

We note that H2(M) and E;‘O = H(gmo Yn Y-l

the previous long exact sequence implies that the graded R-module E;’l = H(lmo Vs Vnetseesy2) r(H y1 R
Artinian. [

}Z)R(Fle(M)) = H%(FMR(M)) are Artinian; and hence
(M)) is

Theorem 2.3. Let ara(Ry) = 2 and i € Ny. Then H R(H2 (M)) is Artinian if and only if H’Jr H11e (M)) is
Artinian.

Proof. As ara(R;) = 2, there exist x, y € R such that /Ry = /(x, y)R. So we have the following exact sequence:
0 — Hjp(Hp(M)) —> H (M) — Iyr(H(M)) — 0.

We note that HXZR(M ) = 0 and so the exact sequence above implies the isomorphism Hj 2 (M )= H ! r(H ! R(M)). At

first assume that anoR(lea+ (M)) is Artinian for some i € Ny and so we shall prove that HhL2 (H (M)) is Artinian.
Consider the following exact sequence:

00— H R(FXR(M)) — HR (M) — F}R(HIR(M)) — 0.
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Application of the functor HQOZR(—) to the above exact sequence induces the following exact sequence:
HU% (H) g (TR (M) — HEF % (Hy (M) — HE % (Tyr(H g (M) — Hi % (H) g (Ter(M))). (*)

Thus, it is enough to show that H;j;zR (H;R(FXR(M))) and H::)ZR(F},R(H;R (M))) are Artinian. We first prove that
H]’;Z 2R (Hy1 »(Ixr(M))) is Artinian. By Grothendieck’s spectral sequence we have

D = Hip p(HYp(Der(M))) = Hil o (TR (M)).

Since Eé’ 1 = 0 for all ¢ # 0, 1, this spectral sequence gives the following long exact sequence:

L git3

(mp, )R TxR(M)) — E;“’l _ pit40 _ pit+s

2 (mo,y)R(FXR(M))'

We note that H{h? o (Ier(M)) = HE(Deg(M)) and 30 = HIE (Dyr(Der(M))) = HIFS (Tr, (M) =
HiF4(I'g, (M)) are Artinian and so is E5T>! = HQ{')ZR (H, g (I'xr(M))). Now, we prove that Hrl:fR (I'yr(H{g(M)))

is Artinian. Using again Grothendieck’s spectral sequence, there is a spectral sequence

q . + 1
EYY = HP o (H}p(H/p(M))) = HO r(Hyp(M)).

Since Eé’ ' = 0 for all ¢ # 0, 1, this spectral sequence gives the following long exact sequence:

"‘—>Hi+l

(mo,y)R(Hle(M)) - HninoR(Hle(H;R(M)))

— Hy % (Dyr(H g (M))) — H{E G (HIg (M) — - (x%)

By the hypotheses and the first argument in the our proof, the graded R-module H&OR(H;R(H;R(M))) >
H]"110 R(leq (M)) is Artinian. On the other hand, consider Grothendieck’s spectral sequence

pP.q .__ P q p+q
EYY = Hig o) (YR (M) = HE™ (M),

Since Eé’ 4 = 0 for all ¢ # 0, 1, this spectral sequence gives the long exact sequence of R-modules
o HIEPB M) - EVPPN S BP0

We note that H::+3(M) and E§+4’0 = H(’:S »Ixr(M) = HIF4(Iyg(M)) are Artinian and so by the exact sequence

above Ey*P! = H{12 s r(H1p(M) is Artinian. Therefore, in view of (x+), the module Hi}% (I'g(H,)p(M)))

is Artinian. Conversely, suppose that H";:OZR(H 11?+ (M)) is Artinian and so we shall prove that Ht‘;m R(H%+(M )) is

Artinian. By (x%) and the first argument mentioned in this proof, it is enough to show that H(l:u]) » R(Hle (M))

and H[}% (Iyr(H)p(M))) is Artinian. A proof similar to that stated for the Artinianess of H(f2 . (H}z(M))
implies that the first term is Artinian. For the second term, by (x) and the hypotheses, it suffices to show

thE.lt H::;%(Hyl rUxr(M))) is Artinian. 'Now, by using again a proof similar to that stated for Artinianess of
Hite | p(HIp(M)), we can show that Hi % (H g (T'cg (M) is Artinian too. [
Corollary 2.4. Let ara(R;) = 2. Then FmOR(HI%,Jr (M)) is Artinian if and only if H72110R(H[1?+ (M) is Artinian.

Proof. The result follows immediately by the previous theorem if we consideri = 0. [

Remark 2.5. Any local flat morphism of local Noetherian rings is faithfully flat. So, if R{ is flat over Ry and
moR;, C my, then Ry, is faithfully flat over Ro. Moreover, it follows from [4, Theorem 1] that if (R(), m) is a faithfully
flat local Ro-algebra, then A is a graded Artinian R-module if and only if A" := R ®g, A is a graded Artinian module
over R’ := R ®r, R.

Proposition 2.6. Let R be a principal graded ideal of R. Then Hr"no r(H A (M)) is Artinian for all i, j € Ny.
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Proof. As R, is principal, we have H 1]e' (M) = 0 for each j > 1. So the assertion is obvious for each j > 1.
If j = 0, then I'g, (M) is a finitely generated graded R-torsion R-module, and hence for each i, there is an
isomorphism Hr"uo rU'R, (M) = H,"n(FR . (M)). We note that the last term is Artinian and so the result is clear in this
case. Now, consider j = 1. Let x be an indeterminate and let R(’) = Rol[X]lnyRo[x] m(’) =moR,, R = R6 ®r, R
and M’ := R ®p, M. Then by the flat base change property of local cohomology, for each i € Np we have
R} ®r, H"'“OR(HI]h (M)) = H;()R(Hlje; (M")). So, in view of Remark 2.5, we can assume that the residue field Ro/m
is infinite. Now, consider j = 1. Since there is an isomorphism H11€+ M) = H11e+ (M/I'r,(M)), we may assume that
I'r, (M) = 0. Thus there exists an element x € R; which is a non-zero-divisor with respect to M and so there is

the following exact sequence 0 — M (—1) SM->M /xM — 0. Application of the functor H A(—) to this exact
sequence induces the following exact sequence:

0— I'g,(M/xM) — H113+(M)(—1) = HIL(M) — 0.
Now, if we apply the functor Hrim (=) to this exact sequence, we get the following exact sequence:
Hiy g(Tr, (M/xM)) — Hi o (Hg (M))(=1) = H} p(Hp (M)).

It should be noted that Hr"nOR(FM(M/xM)) = H‘in(FM(M/xM)) is Artinian. So this fact implies that

O :HinOR(Hllhr (M))(—1) x) is Artinian. Now, since H'

moR (H 11e+ (M)) is x-torsion, using Melkersson’s Lemma this module

is Artinian.  [J
Remark 2.7. (i) We denote by ¢ := cg, (M) the cohomological dimension of M with respect to R, which is
¢ = cr, (M) = sup{i € No|Hg (M) # O}.

One can easily show that cg, (M) = dimg(M/m M) (see [6, 1.2]).

(i) If cr, (M) > O and I'g, (M) = 0, following [6, 1.3.7], there exists a homogeneous element x € R, whichis a
non-zero-divisor with respect to M and cg, (M/xM) = cg, (M) — 1. In fact this follows by choosing x to avoid all
the minimal primes of (moM :g M).

Proposition 2.8. Let dim(Ry) = d and let ¢ = cr (M) be the cohomological dimension of M with respect to Ry.
Then H“TIIOR (Hfe+ (M)) is Artinian.

Proof. We proceed the assertion by induction on c. If ¢ = 0, then ngo rRU R, (M) = H&(FR +(M)) and the last
module is Artinian. Now, suppose inductively that the result has been proved for all values smaller than ¢ and so we
prove it for c. As usual we may assume that the residue field Ro/mg is infinite. Since there is an isomorphism
H1i€+(M) o~ H§+(M/FR+(M)) for each i, we may assume that I'r, (M) = 0. In view of Remark 2.7, there
exists a homogeneous element x € Ry with deg(x) = a which is a non-zero-divisor with respect to M and

cry, (M /xM) = cg, (M)—1 = c—1. On the other hand the usual exact sequence 0 — M (—a) 5M— M/xM — 0O
gives the following exact sequence:

Hy '(M/xM) — Hg (M)(—a) = Hg (M) — 0.
Application of the right exact functor H]if10 & (—) to the above exact sequence induces the following exact sequence:
Hiy r(Hy ' (M/xM)) — Hy, 2 (Hg (M))(=a) = Hip p(Hg, (M) — 0.
Using induction hypothesis, the module Hglo R(HIQII(M /xM)) is Artinian and so is (0: Hilnoze( H (M)(-a) x). Now,
since H“fm R(HI‘éJr (M)) is x-torsion, by using Melkersson’s Lemma, it is Artinian. [

In the rest of this section we present some examples which show that HrznO r(H 11€+ (M)) and Hgm r(H Ilh (M)) need
not be Artinian.

In the following example which has already been presented in [2] we show that ano r(H 11e+(R)) is not Artinian
even if Ry is a regular local ring of dimension 2 and ara(Ry) = 2.
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Example 2.9. Let K be a field, let x, y, # be indeterminates, let Ry := K[x, y](x,y) and mg = (x, y) Ro. Moreover let
R = Ro[mot] be the (truncated) Rees ring of m. One can easily see that Ry = (x7, y¢)R; and hence ara(Ry) = 2.
On the other hand, it follows from [2, Example 4.2] that Iy, R(leeJr(R)) is not Artinian. Now, using Corollary 2.4,

we deduce that Hﬁm r(H lle+ (R)) is not Artinian.

The following example which has already been presented in [3] shows that ngo r(H 11?+ (R)) is not Artinian even if
ara(Ry) = 2.

Example 2.10. Let K be a field, let x,y, z,u, v, t be indeterminates and let Ry := KI[X,y,Z]xyz and mo :=
(X,y,z)Ro. Furnish the polynomial ring S = Rp[u, v] with its standard grading and consider the Noetherian
homogeneous Ry-algebra R := S/(xv—yu)S, which is canonically isomorphic to the Rees ring Ro[(Xx, y)t] of Ry with
respect to the ideal (x,y) € Rp. One can easily see that Ry is generated by two elements; and hence ara(R;) = 2.
On the other hand, it follows from [3, Example 5.11] that H]fnﬂ R(lehr (R)) is not Artinian. Now, using Theorem 2.3,

we deduce that ng r(H 11e+ (R)) is not Artinian.
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