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Abstract-A new method of construction of approximate. inertial manifolds (AIMS) is derived for 
a very general class of evolution partial differential equations. We construct a family (MN)N,=~ and 
show that when the spectral gap condition holds, it converges to an exact inertial manifold. When it 
does not hold, we prove that the attractor-when it exists-is contained in a thin neighborhood of the 
AIM MN and when N is large, the thinness decreases exponentially with respect to the dimension 
Of MN. 

1. INTRODUCTION 

Let & C E C F be three Banach spaces. We consider an abstract evolution equation in E: 

$+Au = f(u), 

u(0) = uc. 

Here, A is a densely defined linear unbounded operator in Z, it generates a strongly continuous 

semigroup (e-A’)lyo; and f denotes a nonlinear function from E to F. Under appropriate 

asumptions, (1) defines a continuous semigroup (S(t)),>0 in E. 
An inertial manifold (IM) for (S(t)) tic is a finite-dimensional Lipschitz manifold M that 

attracts exponentially all orbits and is positively invariant. 
The question of existence of IMs has been addressed in several articles (see [l] or also [2] for 

further references), and it is known that it exists under a restriction on A: the spectral gap 
condition. We shall give, in Section 2, a theorem that gathers all the results of existence. 

Also, C. Foias, 0. Manley and R. Temam [3] developed the notion of approximate inertial 
manifold (AIM). A set JU is an AIM of order q if it is a finite-dimensional smooth manifold such 
that for all us in E: 

W(t) uo, ~‘4 5 rl, for t 1 T(u0). 

Again, numerous works have been devoted to the existence of AIMS (see [2] for references), and 
for many equations, families of AIMS have been constructed. 

In [4] and [5], it is explained how to construct a family (MN)N~H such that the order of MN 
is: 

vN=$, (2) 
n 

where n is the dimension of MN and A,, is the nth eigenvalue of A. 
In [6], another type of family is given. The order of the Nth AIM is: 

(3) 

but unlike all the other constructions, these AIMS are not graphs. 
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A natural question is: what is the behaviour of MN when N increases. For the first type of 
family, the bound (2) is not fully satisfactory since KN is not known explicitly. The bound (3) 
is better, VN clearly goes to cie-6xn, which is very small. It shows that for large N, MN has an 
exponential order, i.e., its order decreases exponentially with its dimension N. (See [3] where it 
is shown that there exist AIMS with exponential order, but the proof there is not constuctive.) 
But it is not known if the family converges to an exact IM when it exists. 

Our aim in the following sections is to construct a family (MN)N,=N of AIMS such that: they 
are graphs; MN converges to an exact IM when it is known to exist; MN has an exponential 
order for large N otherwise. 

2. CONSTRUCTION OF THE FAMILY 

Let us first give the existence result for the existence of IMs. We assume that the function f 
is globally Lipschitz and that there exists a sequence of eigenprojectors (P,,)nEz of A associated 
to two sequences of numbers (A,,)nez and (&,)nez such that: 

for all n 2 0, 

and there exist KI, Kz positive, (Y in [0, 1): 

fortlO, 

k-A%& IqqE) I K2(&+Ki)eBAnty fort,O, 

(4) 

(5) 
IA-‘e-A’ Q~~Lc(F,E) 5 K&-le-An*, 

where we have written: Q,, = I - P,,. Then we have: 

THEOREM 1. There exists a constant Cc depending on f, KI, K2 such that, if A,, - X, 2 

C,(A;; + X:), th en the semigroup defined by (1) p ossesses an IM which is a graph of a C’ 
globally Lipschitz function from P,,E to Q,,E. 

To prove this theorem, we consider the mapping T defined on: 

]%)]E \Ir : P,,E + Q,,E/ sup - < b, Lip \k 5 1 
~EP,,E 1 + IYlE - 

, 

by: 

J 

0 

‘irWY0) = eAsQn f (y(s) + WY(S))) ds, (6) 
--oo 

where y is the solution of: 
d 9 t +AY = Pnf (Y + q(Y)), 

(7) 
Y(O) = yo; 

and we show that T is a strict contraction on 3t4. 
The idea to construct AIMS is to approximate ‘T by explicit mappings. We first use a numerical 

scheme to compute an approximation of the solution of (2): 

Yk+l = &Yk + S,Pnf(Yk + Q(Yk)). (8) 

We expect yk to be close to y(-kr), r being the time step, and y the solution of (2). To ensure 
stability, we assume certains bounds on the operators R, and S, that are similar to (2). Then, 
a quadrature formula is used to replace (6): 

7$\k(yo) = A-’ Nc ekA'Qnf (Yk + ‘@(yk)) + A-le-NArQn f (yN + @(yN)). (9) 
kc0 

We have a two parameter family 7;. 
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We choose a sequence (r~),vsx and define: 

@N+l = IsN(@N), 00 = 0. 

The Nth manifold MN is the graph of QN. 

3. APPROXIMATION RESULTS 

When equation (1) possesses a global attractor A, we can assume that the function f is bounded 
and that the projection on P,,E of a solution on A satisfies (8) with a consistency error equal at 
most to r times a constant that does not depend on k. This assumption enables us to prove: 

THEOREM 2. There exist Ci, Cz, C’s such that, if Cz 5 ~N(N + l)A,Q 5 Ci, then for all N, QN 

is bounded and Lipschitz and: 

d(d,MN) 5 c(N, TN) + C3h;-‘e-A~-o, 
where c(N, T) goes to zero when N -+ 00 and r + 0. 

We deduce that for N large, MN has exponential order. 
We now assume that the spectral condition holds, therefore, Theorem 1 provides an IM M. 

To have the convergence of the family to JU it is clear from (9), that we need: 

NTN 4 00, when N -00. (IO) 

Then under a consistency assumption on (8) that is easy to check, we show: 

THEOREM 3. There exists Cd depending on f, b, 1 such that if A, - A,, 2 Cq(A,Q + A:) then for 

all N, @N is in &,I, and @N + i[, in the Co topology. Moreover, if f has a compact support, 
then @N converges to (9 in the C’ topology. 

4. APPLICATIONS 

The first example is the case of a parabolic semilinear partial differential equation with a 
symmetric linear part. In this case, A is a selfadjoint operator in a Hilbert space C = H of 

the type (-A)’ and f is a nonlinear function from E = D(A@) to F = D(AP-“). Assump- 

tions (2),(2) are easily checked if P,, is the eigenprojector of A corresponding to the n first 

eigenvalues, and &., , A,, are the nth and (n + l)th eigenvalues. We assume that the equation has 
an attractor in E, then f can be truncated so that it is bounded, Lipschitz, and has a compact 
support. We consider a simple Euler scheme for (8): 

R, = I+rA, s, = 71. 

Theorem 2 always holds while Theorems 1 and 3 are true when the spectral gap condition is 
satisfied. 

Numerous equations enter in this setting; they include Cahn-Hilliard, Kuramoto-Sivashinsky, 
or Navier-Stokes equations. 

A second application is provided by the theory of slow manifolds in meteorology. The opera- 
tor A is the sum of a selfadjoint operator and a lower order perturbation. The same scheme as 

above is considered and similar results hold (see [7]). 
The last type of equations is a complex amplitude equation. Now A is the sum of a seladjoint 

operator and of a skewsymmetric operator. The approximation (8) is: 

R, = erA, S, = Awl(erA - I). 

This setting applies to the Ginzburg-Landau equation. It has a global attractor and its nonlin- 
earity can be truncated. All the results apply when the spectral gap condition holds. On the 
contrary, the Laser equation does not possess absorbing balls. Since the spectral gap condition is 
satisfied but the nonlinear term does not have a compact support, Theorem 1 and only the first 
part of Theorem 3 apply. 
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