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1. Introduction
1.1. Background

The concept of differential modular form (§-modular form for short) was introduced in [4] and further
developed and applied in subsequent work, in particular in [1,5-8]. The present work is a continuation
of this study; however, for the convenience of the reader, we will not assume here familiarity with
the above cited papers. Indeed, for the purpose of this Introduction we shall begin with an informal
discussion of the main concepts of this theory while later, in the body of the paper, we shall provide
a quick, yet formal, self-contained review of the necessary background.

We start by fixing a prime p > 5 and considering the ring R := Zl“,r obtained by completing the
maximum unramified extension of the ring of p-adic integers. Let ¢ : R — R be the unique lift of the
p-power Frobenius on k:= R/pR, and let §, =68 : R — R be the Fermat quotient operator defined by

() —xP
- p

8x: (11)
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which, following [3,6], we view as a substitute for a “derivative operator with respect to p”. Let V
be an affine smooth scheme over R and fix a closed embedding V c A™ into an affine space over R.
Then a map f: V(R) — R is called a §-function of order r [3] if there exists a restricted power series
@ in m(r + 1) variables, with R-coefficients such that

f@=ao(aéa,...,80),

for all a € V(R) C R™. (Recall that restricted means with coefficients converging p-adically to 0; also the
definition above does not depend on the embedding V c A™.)

Let X1(N) be the modular curve of level I'1(N) over R with N not divisible by p; cf. [13]. In [4]
we considered the level one situation N =1 but here (as in [5-7]) we will assume N > 3. Let X be
an affine open set of X1(N) disjoint from the cusps, let L be the line bundle on X, direct image of
the sheaf of relative differentials on the universal elliptic curve over X, and let

1% ZSpec<EBL®”> - X

nez

be the Gp,-torsor associated to L. Then a §-modular function of order r and level I (N) (holomorphic
on X) is, by definition, a §-function f : V(R) — R of order r.

Let W :=Z[¢] be the ring generated by ¢. For w = Zaiqbi € W (a; € Z) set deg(w) =) _a; € Z; for
A € R* we set AY :=[]¢'(A)%. A s-modular form of weight w is a §-modular function f: V(R) — R
such that

f-a)y=21"f(a),

for all A € R* and a € V(R), where (A, a) — A -a is the natural action R* x V(R) — V(R).

We will assume in this Introduction that the reduction mod p of X is contained in the ordinary
locus of the modular curve. We denote by M*° the ring of all §-modular functions and by S*° the
ring of modular forms of weight 0. There exists a natural §-Fourier expansion map

M*® — Sl%or,

where Sf’; is the ring of §-power series, direct limit of the rings R((q))[q,...,q™]", where q,¢/, ...
are variables and " means p-adic completion. We may also consider the composition

M°°—>s;§ri>§f;,

where S, := R((q)) and the map 7 sends q’,q", ... into 0; we refer to this composition as the Fourier
expansion map.

One of the main features of this theory [4-6] is that there exist §-modular forms which possess
a remarkable covariance property with respect to isogenies. These forms were called in [4-6] isogeny
covariant §-modular forms and have no analogue in the classical [13] or p-adic [16] theory of modular
forms. The ring spanned by the isogeny covariant forms is generated by two fundamental forms f?
and f! of weight ¢ —1 and —¢ — 1 respectively [1,6]; this ring can be viewed, in a sense explained
in [1,6], as the “projective coordinate ring” for the “quotient of the modular curve by the Hecke
correspondences”. This quotient does not exist, of course, in usual algebraic geometry but, rather, in
8-geometry; cf. [6].

As shown in [4-6], a fundamental role is played by the isogeny covariant §-modular forms of
weights w with deg(w) = —2. If §-modular forms are morally viewed as not necessarily linear “arith-
metic differential operators” (on certain line bundles over modular curves) then isogeny covariant
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§-modular forms of weight w of degree deg(w) = —2 should correspond to the linear “arithmetic
differential operators”. So, morally, for §-modular forms,

(isogeny covariance) + (weight of degree —2) <= (linearity).
Hence f! is “linear” whereas f? is not.
1.2. Aim of the paper

The aim of the paper is two-fold namely:

(1) For a fixed prime, we prove a series of results about the kernel and the image of the §-Fourier
(respectively Fourier) expansion map; these settle some central issues left open in [4] and will permit
us, in particular, to introduce and study the “ring of functions on the §-Igusa curve” and the ring of
“Igusa §-modular functions”.

(2) We develop a “partial differential” analogue of the above theory relative to a set of primes P =
{p1,..., pq}; this will allow us to introduce and determine all the “linear partial differential operators”
on (the appropriate bundles over) “§p-Igusa curves”. (No such operators exist on the appropriate
bundles over the modular curves themselves; this was indeed our main motivation for introducing
8-Igusa curves.)

1.3. The theory for one prime

Before explaining our main results let us recall from [14, p. 462], the classical picture of modular
forms mod p (of which the “§-picture” is an analogue). Let X be the ordinary locus of the modular
curve X1(N) ® k over the field k (= algebraic closure of Fp), let S be the affine ring of X, and let M
be the ring of modular functions on X (by which we mean here the k-algebra generated by all modular
forms over k together with the inverse of the Hasse invariant H). In particular, S ¢ M. Furthermore let
.% =k((g)) be the ring of Laurent power series over k. Consider the Fourier expansion map M — %
This map is not injective (although its restriction to S is injective); by a theorem of Swinnerton-Dyer
and Serre the kernel of this map is generated by H — 1. Let Sc be the image of M — % This is
the ring of Fourier expansions and it turns out to be a (Z/pZ)*-extension of S; the spectrum of So is
birationally equivalent to the Igusa curve. Moreover the ring Mo := So s M corresponds, birationally,
to the appropriate ring of modular functions on the Igusa curve.

Our main idea in the first part of the paper is to imitate the above construction with

S, M, S
replaced by the rings
S, M®*, Sﬁ)’},

where M is the ring of §-modular functions, S* is the ring of §-modular forms of weight 0, and
SJ?O"T is the ring of §-power series; cf. Section 1.1. Let S’ be the image of the §-Fourier expansion map
M*® — S}’;. This is the ring of §-Fourier expansions and will be viewed as playing the role of ring of
functions on a “$-Igusa curve”. Moreover a certain “partially completed version”, Mgy, of the ring
5& ®se M will play the role of ring of “Igusa §-modular functions”. (We will not introduce, in this
paper, an object called the §-Igusa curve; such an object can be formally introduced in the sense of
§-algebraic geometry [6] but we shall not pursue this here. All we shall be working with are certain
rings that play the roles of rings of functions, or rings of sections of bundles, on such a §-geometric
object.)

Here are (somewhat rough formulations of) our main results about the kernel and the image of the
8-Fourier (respectively Fourier) expansion map. For some of the terminology involved, and for more
precise formulations of the results we refer to the body of the paper, as we shall explain presently.
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The first two theorems below should be viewed as §-analogues of the Swinnerton-Dyer and Serre
Theorem about the kernel of the Fourier expansion map in positive characteristic.

Theorem 1.1. The kernel of the §-Fourier expansion map, M*° — Sj%‘;, is the p-adic closure of the ideal gener-
ated by the elements 8'(f? — 1), where i > 0.

Theorem 1.2. The kernel of the Fourier expansion map, M> — §f\or is the p-adic closure of the ideal generated
by the elements 8'(f? — 1) and 8! 1, where i > 0.

In the next statement, for any ring A, we denote by A the ring A/pA.

Theorem 1.3. The cokernel of the §-Fourier expansion map M — SJ?OOT is torsion free. In particular the ring
S& is an integral domain. Moreover S is an ind-étale Z -extension of .

The statement about the cokernel should be viewed as a §-expansion principle for Igusa §-modular
forms. The rest of the theorem shows that, morally, the “8-Igusa curve” is irreducible and is a pro-
étale “formal Z; -cover” of the “§-modular curve” (i.e. of the modular curve viewed as an object of
“8-geometry”). By the way, we will also show, in the body of the paper, that the ring S comes
equipped with a sequence of derivations naturally associated to the Serre derivation operator; these
derivations “topologically generate” the space of all derivations on S&. Theorems 1.3, 1.1, 1.2 are
consequences of the (more precisely formulated) Theorem 2.30 in the body of the paper.

In the following Theorem 1.4 we assume that the reduction mod p of X is the whole of the
ordinary locus of the modular curve. To state this theorem recall Katz’ rings

D C W C Spr = R((@))

where D is the ring of divided congruences and W is the ring of generalized p-adic modular forms,
both with coefficients in R, and both viewed as embedded into R((q))" via the Fourier expansion.
Cf. [15,17], and also the review in the present paper. Recall that D C R[q]; also, if A € R((q)) is the
discriminant then D + R[A™1] is p-adically dense in W.

Theorem 1.4. The image of the Fourier expansion map M*° — S/f; contains D and hence is p-adically dense
in W.

Morally Theorem 1.4 (which is Corollary 2.35 in the body of the paper) exhibits the “world of §-
modular functions” as a lift (with “huge” kernel described in Theorem 1.2) of the “world of generalized
p-adic modular functions” of Katz. One can then ask if some of the basic constructions with values
in Katz’' ring W (such as the U-operator, various measures, Galois representations, etc.) can be lifted
naturally to the world of §-modular functions.

Note that Theorem 1.4 has the following consequence that is independent of our theory. Let
80 : R((q))” — R((q))" be the operator

SO(Zanq”) — Z‘p(an)qnpp_ Q- anq™? ’

let K = R[1/p], let M(R,k,N) denote the space of modular forms over R of weight x and level
I't(N), let A € M(R, 12, N) be the discriminant form, and let E,_1 € M(R, p—1, N) be the normalized
Eisenstein form of weight p — 1. Then Theorem 1.4 implies that any series f(q) € D can be represented
in R((q))" as
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where f; = FjA“iEZj_1, Fje M(R,kj,N), kj, uj,vj € Z, fj(q) € R((q)) are the Fourier expansions
of fj, and @ is a restricted power series in n(r 4+ 1) variables with R-coefficients. So, morally, the
elements of Katz's ring D of divided congruences can be realized as limits of very special divided
congruences that arise by iterating the Fermat quotient operation. It is not clear to us if this statement
can be proved directly, independently of our theory.

1.4. The theory for several primes

As an application of the above one prime constructions we will introduce and study linear partial
differential operators in the setting of modular curves, with respect to d arithmetic directions; these
directions are represented by a set of primes P = {p,..., pg} (along which the “derivatives” will be
the corresponding Fermat quotient operators). Such a theory for algebraic groups (rather than mod-
ular curves) was developed in [9] where arithmetic analogues of Laplacians were constructed on the
additive group, the multiplicative group, and on elliptic curves over Q. The basic idea in [9] was, very
roughly speaking, to construct linear arithmetic partial differential operators along the “vertical divisors”
corresponding to each of the primes pq,..., pq and then to perform a sort of analytic continuation
between the various primes along a “horizontal divisor”. We will keep this point of view of analytic
continuation in the present paper. (For the convenience of the reader, we will make the present pa-
per essentially independent of [9]; but for an informal explanation of analytic continuation, the reader
may want to consult the Introduction to [9].) With this point of view we will be able to achieve our
program of constructing linear partial differential operators in the modular setting; but for this we
will have to pay the price of passing from modular curves to §p-Igusa curves (a several primes gen-
eralization of the §-Igusa curves). The main reason why passing from modular curves to §p-Igusa
curves is crucial is that, unlike the former, the latter carry a certain “tautological” weight one, order
zero form, which we shall call f0, and which will be the key to performing “analytic continuation”
between various primes; we will show that such an analytic continuation cannot be performed in the
context of the modular curves themselves.

Our main result here is, morally, a complete determination of all linear arithmetic partial differential
operators on the appropriate bundles over the “§p-Igusa curves”. The technical way to express this is
the following (roughly formulated):

Theorem 1.5. Let w be a weight of degree deg(w) = —2. Then the module of all weight w isogeny covariant
Igusa 8;p-modular forms of weight w and order r = (r1, ...,1q) is free of rank riro . .. 14.

Cf. Theorem 3.20 in the body of the paper (and the discussion preceding it) for a precise formula-

tion. We mention that, intuitively, “order r = (r1, ..., r4)” means “order r; with respect to py for each
k=1,....,d"

The forms in the above theorem are constructed using the tautological form f° and another basic
form f¢ of weight 0 and order e :=(1,...,1). The form f¢ itself is constructed using the forms f!

corresponding to the various primes and can be viewed as a modular analogue of the arithmetic
Laplacians in [9].

By the way we will also determine all isogeny covariant Igusa §p-modular forms of any order
and any weight w with deg(w) = 0; they are all obtained from f°. Finally we shall be able to ana-
lytically continue the differential eigenforms of [7]; the resulting form will be called f2¢, will have
weight 0 and order 2e = (2, ..., 2), will not be isogeny covariant, and will live on the modular curves
themselves (rather than on the “§p-Igusa curves”).

1.5. Variants

In all the discussion above, we considered the modular curves X1(N) parameterizing elliptic curves
with I'17(N) level structures; nevertheless a substantial part of the theory will be developed also in
the case of Shimura curves X2 (/) parameterizing false elliptic curves with level I structures [12]. The
role of Fourier expansions in the Shimura curve case will be played by Serre-Tate expansions, in the
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sense of [19,5,6]. We will also consider the theory over modular curves with respect to Serre-Tate
expansions.

Finally note that our theory in d arithmetic dimensions can be viewed as a (0 + d)-dimensional
theory (where 0 indicates that we have no “geometric direction” on the base). On the other hand
we developed in [10,11] a (1 + 1)-dimensional theory (where the base has one geometric and one
arithmetic direction.) One can then ask if the (0 + d)-dimensional theory in the present paper and
the (1 + 1)-dimensional theory in [10,11] can be “unified” as parts of a (1 + d)-dimensional theory.
At this point it is not clear whether this is possible; cf. the last section of [9] for comments on the
difficulties arising from such an attempt at unification.

1.6. Analytic analogues

One can ask if the basic forms f€¢, f2¢ referred to in Section 1.4 have analogues in (real/complex)
analysis. The forms f2¢ are intimately related to the arithmetic Laplacians in [9] whose analytic ana-
logues are discussed in the Introduction of that paper. The form f¢, on the other hand, can be loosely
viewed as having an analytic analogue which we now describe.

Let D be a domain in the complex z-plane. Let H := {t € C; Im(t) > 0} be the upper half plane.
Let F C H be a domain containing none of the fixed points of the SL;(Z)-action, such that any two
SL,(Z)-conjugate points in F are conjugate under a translation by an integer. (E.g. one can take F =
{t €C; Im(r) > 1}.) Let j:H — C be the classical j-function, let G = j(F), and let j~!':G — F be
the (multivalued) inverse of j. For any C*°-function u € C*°(D, G) we denote by q, € C*°(D,C*) the
(well-defined !) function

qu(2) = 27T we),

Then our form f€ can be viewed as an arithmetic analogue of the Laplace-type operator
C*®(D,G)— C*®(D,C)

defined by

03 a
u+> 9,0;logqy = 82< un) = 32( un).
qu qu

The last equalities can be viewed as a Dirac decomposition for our operator and this decomposition
will have an arithmetic analogue in the case of f€. Cf. [9] for more on Dirac decompositions.

1.7. Plan of the paper

The paper has two parts. In the first part we develop the theory for one prime, first in an axiomatic
setting, for an arbitrary curve equipped with an arbitrary line bundle, and then in the concrete setting
of modular or Shimura curves equipped with their bundles of modular forms. The main result here
is Theorem 2.30 (which implies Theorems 1.3, 1.1, 1.2) and Corollary 2.35 (whose content is that of
Theorem 1.4).

Our one prime constructions will be used in the second part of the paper, where the theory for
at least two primes is developed. In this second part analytic continuation in the modular/Shimura
context is introduced and the main results on the space of isogeny covariant Igusa §-modular forms,
referred to in Section 14, are stated and proved. Cf. Theorems 3.20, 3.24.
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2. The theory for one prime
2.1. Review of concepts and terminology from [3,6]

Unless otherwise stated all rings and algebras will be commutative with unit element. For any
A-algebra ¢ : A — B and any element a € A we continue to denote by a the element ¢(a) =alp. We
fix, throughout this paper, a prime integer p > 5. For any Z-module M we set M" = ljm M/p"M, the
p-adic completion of M and M := M/pM = M ® Z/pZ, the reduction of M mod p. We say M is p-
adically complete if M — M" is an isomorphism. For m € M we let m € M be the image of m. For any
scheme X we set X := X ® Z/pZ. We denote by Zpy the local ring of Z at (p). We will repeatedly
use the fact that if M — N is a homomorphism of Z)-modules such that M — N is injective, p is
a non-zero divisor in N, and M is p-adically separated then M — N is injective and has torsion free
cokernel; and that, conversely, if M — N is a morphism of Z)-modules which is injective and has
torsion free cokernel then M — N is injective.

2.1.1. p-derivations
Let C,(X,Y) € Z[X, Y] be the polynomial with integer coefficients

XP4YP — (X +Y)P

Cp(X.Y) =
P p

A p-derivation from a ring A into an A-algebra ¢ : A— B is a map & : A — B such that §(1) =0 and

S(x+y)=68x+38y+Cpx, y),
Sxy)=xP-8y+yP -Sx+p-8x-8y,

for all x, y € A. Given a p-derivation we always denote by ¢ : A — B the map ¢ (x) = @(x)? + pdx;
then ¢ is a ring homomorphism. A prolongation sequence is a sequence S* = (S"),>o of rings S",
n > 0, together with ring homomorphisms ¢, : S* — S"*! and p-derivations &, : S" — $"™*1 such
that 8,41 o @n = @n41 o 8y for all n. We usually denote all ¢, by ¢ and all §, by § and we view
$™+1 as an S"-algebra via . A morphism of prolongation sequences, u* : S* — $* is a sequence
u" : S" — S" of ring homomorphisms such that § o u" = u™' 0§ and @ o u" = u"! o . Let W be
the ring of polynomials Z[#] in the indeterminate ¢. Then, for w =Y"i_, ai¢' € W, we set deg(w) :=
> aj. If ar # 0 we set ord(w) =r; we also set ord(0) = 0. For w as above (respectively for w e W :=
» bi¢' | b; > 0}), S* a prolongation sequence, and x € (5°)* (respectively x € S°) we can consider the
element X" := [[I_o ¢" "¢ (x)% € (S")* (respectively x" € S"). We let W (r) :={w € W |ord(w) <r}.

Let R:=Rp := Zgr be the completion of the maximum unramified extension of the ring of p-
adic integers Z, = (Zp))" and we denote by k its residue field, k = R/pR. Then R has a unique
p-derivation é : R — R given by

sx=(¢px) —xP)/p,

where ¢ : R — R is the unique lift of the p-power Frobenius map on k. One can consider the pro-
longation sequence R* where R" = R for all n. By a prolongation sequence over R we understand a
prolongation sequence S* equipped with a morphism R* — S*. From now on all our prolongation
sequences are assumed to be over R.

By a §-ring we mean a ring together with a p-derivation on it. A morphism of §-rings is a ring
homomorphism that commutes with the given p-derivations. In what follows all §-rings will be as-
sumed over R (i.e. equipped with §-ring homomorphisms from R). If a is an element of a §-ring we
will sometimes denote by a’,a”, ...,a®™ the sequence 8a, 2, ..., 58" a.
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2.1.2. Conjugate derivations

Let A be a §-ring in which p is a non-zero divisor and let u: A — A be a ring homomorphism.
Let : A — AC be an R-derivation and let j > 0 be an integer. An R-derivation 9j: A— A will be
called a j-conjugate of 9 if for any integer s > 0 we have

djop*ou=23js-pl - oucd: A’ — A,

where §;s is the Kronecker symbol. A sequence (93;) >0 where for each j, 9j: A— A is a j-conjugate
of 9, will be referred to as a complete sequence of conjugates of 9. Let us say that A is topologically
s-generated by A° if the smallest §-subring of A that contains u(A%) is p-adically dense in A. It is
then trivial to see that if A is p-adically separated and topologically §-generated by A° then (1) any
derivation 9 : A9 — A® has at most one j-conjugate dj: A— A for each j and (2) if (3j)j>0 is a
complete sequence of conjugates of d then, for all j >0,

djop=p-¢odj_1:A— A,
ajoasou:O:A0—>A, fors < j,
djoslou=ploucd:A”— A.
Here 0_1 =0.

2.1.3. p-jet spaces

Given a scheme X of finite type over R we introduced in [3] a sequence of formal (p-adic) schemes
over R, called the p-jet spaces of X, which we denoted by J"(X), r > 0. In case X is affine, X =
Spec R[x]/(f), with x a tuple of indeterminates and f a tuple of polynomials, we have

J'X) =SpfR[x, %, ... .xOT/(f.6f,....8f)

where x/,...,x" are new tuples of variables and R[x,x’,...,x®]" is a prolongation sequence via
Sx=x, ¥ =x", .... For X not necessarily affine we set O"(X) := O(J"(X)); these rings form a
prolongation sequence. If X is affine the prolongation sequence (O"(X));>o has the following univer-
sality property: if (S");>0 is any prolongation sequence over R of p-adically complete rings S and
u:O(X) — SO is any R-algebra homomorphism then there exists a unique morphism of prolongation
sequences over R, u”: O@"(X) — S", such that u® induces u. By this universality property, for X not
necessarily affine, each element of O"(X) naturally defines a function X(R) — R. Such functions are
called in [3,6] §-functions of order r. If X is smooth then any element of O"(X) is uniquely deter-
mined by the induced §-function X(R) — R. We set O%°(X) :=lim_, O"(X). If X/R is smooth with
X connected then the schemes J"(X) are smooth varieties over k. Moreover O"(X), O™®(X) are in-
tegral domains, and p is a prime element in these rings. In addition, O*°(X) is p-adically separated
and topologically §-generated by (O(X) (and hence also by O%(X) = O(X)"). If X — Y is an étale
morphism then J"(X) > J"(Y) X¢ X.

Recall from [6, Proposition 3.45], that if X/R is smooth then for any R-derivation 8 : O%(X) —
O%X) there exists a (necessarily unique) complete sequence of conjugates 9j : O®(X) = O%®(X)
of 3. Moreover 9;0°(X) C O%(X) for all j,s >0 and 9;0°(X) =0 for s < j.

2.2. The axiomatic theory

In this section we develop the one prime version of the theory of this paper in the axiomatic
setting of an arbitrary curve equipped with a line bundle. In the next section we will specialize
our discussion to the case of modular (respectively Shimura) curves and their natural bundles of
modular forms. The main result of this axiomatic section is Theorem 2.9. This Theorem will later be
strengthened, in the concrete setting of modular curves; cf. Theorem 2.30. The strengthened version
will morally say that the §-Igusa curve is a connected pro-étale Zy -cover of the modular curve.
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2.2.1. Framed curves
We start with the following data:

X, L, (2.1)

where X is a smooth affine curve over R with connected reduction mod p, X, and L is an invertible
sheaf on X which we identify with its module of global sections. Consider the scheme

V= Spec( GBL@’).

nez

For any R-algebra B the set of B-points V(B) naturally identifies with the set of pairs (P, &) where
P € X(B) and & is a basis of the pull back of L to Spec B by P. In particular V — X is a Gy,-torsor
with respect to the action B* x V(B) — V(B) given by

(b, (P,&)) > A~ (P, &) := (P,A71E). (2.2)
Set
S:=Sx:=0(X),
M:=My:=0(V)=L®" (2.3)
nez

We assume in what follows that we are given one more piece of data, namely either an R-point of X:
P € X(R) (2.4)

or an open embedding X C X* into a smooth curve X* over R, with connected reduction mod p, X*,
plus an R-point of the reduced closed subscheme X*\ X of X*,

P € (X*\X)(R). (2.5)

In the first case (2.4) we set Spr = R[t], where t is a variable. In the second case (2.5) we set
Sor := R((@)) := R[q] [q~'], where q is a variable. Assume we are given an isomorphism between
Spf R[t] (respectively R[q]) and the completion of X (respectively X*) along the image of P. Then, in
both cases we have an induced homomorphism E : S — Sg, which is injective, inducing an injective
map E: S — % We shall finally assume that we are given yet another piece of data, namely an
extension of E to a homomorphism

E:M — Spy. (2.6)
It is convenient to collect all the above data in one definition as follows:

Definition 2.1. A framed curve is a tuple X, L, P, E where X, L are as in (2.1), P is either as in (2.4)
or as in (2.5), and E is as in (2.6). For simplicity we also say that X is a framed curve with frame L,
P, E. We say that X is Serre-Tate-framed, respectively Fourier-framed, according as P is as in (2.4) or
as in (2.5). Accordingly E is referred to as a Serre-Tate expansion map respectively a Fourier expansion
map.
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2.2.2. Therings S, M"
Assume we are given a framed curve X = Spec S. We may consider the following rings:

S"i=Sh:=0"(X), r>0,
M =M :=0O"(V), r>0,

§*:=limS’,
M = lim M". 2.7)

An element f € M" is said to be of weight w € W if, and only if, the induced §-function f: V(R) — R
satisfies

f-a)=2"f(

for all A € R*, a € V(R), where (A,a) — A -a is the natural action R* x V(R) — V(R); cf. (2.2). We
denote by M"(w) = M (w) the R-module of all elements of M" = M’ of weight w.
If L is trivial on X and x is a basis of L then we have identifications

M=S[x,x7"],
M =S"[x,x "%, ... .x"T,
M'(w)=S"-x"cM.

We may also consider the element x~! ® x € M ®s M which we refer to as the tautological element
of M ®s M. Clearly x"! ® x do not depend on the choice of the basis x of L.
By [6, Proposition 3.14], the rings S™ are integral domains, and the maps S* — S™+1 are injective.
In particular the rings S™ are integral domains and the maps S™ — S™*1 are injective with torsion free
cokernels. The analogous statements hold for M". So, in particular, S® and M are integral domains.
Let t/,t”,... and ¢, q”, ... be new variables and consider the prolongation sequence (S}or)r>0,

Stor = RILD[E, ...t P,
respectively
Sty =R(@)[d’,....q"T.
We set
Spor = lim Sg,,.
Then the expansion maps induce, by universality, morphisms of prolongation sequences,
E':M — S;or; (2.8)
the maps E" will be referred to as §-expansion maps for M". They induce a §-expansion map
E®:M*® — S}f;. (2.9)

We have the following §-expansion principle for S':
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Proposition 2.2. The induced map

ET:S" — S}or

is injective. In particular, E" : ST — St

for and hence the §-expansion maps

E':M(w) — S}or
are injective, with torsion free cokernel.

(In this paper the words “torsion free”, without the specification “as an A-module”, will always
mean “torsion free as a Z-module”.)

Proof. In case (2.4) this is [6, Proposition 4.43]. Case (2.5) follows easily from case (2.4) applied to
X* instead of X. O

2.2.3. Therings S,
Next, for a framed curve X = Spec S, we define

S i=1Im(E": M" — Sp,), (2.10)

§& :=lim S, = Im(E* : M — S3°).

The ring S will later morally play the role of “coordinate ring of the §-Igusa curve”.
The following is trivial to check (using the definitions and Proposition 2.2):

Proposition 2.3. . L
(1) The homomorphisms S" — Sg,, S — S& are injective. In particular the homomorphisms S" — S(,,
5% — S& are injective with torsion free cokernel.

(2) The homomorphisms S, — SgH are injective.

Remark 2.4. The ring ST;C is not a priori an integral domain and the map @ — % is not a priori
injective. The ring @, however, has a natural quotient which is an integral domain, namely:

& i=Im(M= — 57%). (2.11)

This ring is going to play a role in what follows. We will prove later that, in the concrete setting

of modular curves the map S& — Sj?oﬁ is injective (8-expansion principle) hence STQ,O is an integral

domain and the surjection S& — S& is an isomorphism. Cf. Theorem 2.30.

Definition 2.5. A framed curve is called ordinary if there exists an element f € M'(¢ — 1) which is
invertible in the ring M', such that E'(f) =1.

Note that if an f as above exists then, by Proposition 2.2, f is necessarily unique. The terminology
ordinary will be justified later in our applications to modular and Shimura curves.

In what follows we will analyze in some detail the structure of the rings S’ and the various rings
constructed from it.
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Definition 2.6. Let A be a k-algebra where k is a field. Let A C B a ring extension, and I" a profinite
abelian group acting on B by A-automorphisms. We say that B is a I'-extension of A if one can write
A and B as filtered unions of finitely generated k-subalgebras, A = A;, B =J Bi, indexed by some
partially ordered set, with A; C B;j, and one can write I" as an inverse limit of finite abelian groups,
I’ =1im I3, such that the I"-action on B is induced by a system of compatible Ij-actions on B; and

B = A

for all i. (Then, of course, we also have B/ = A.) If in addition one can choose the above data such
that each A; is smooth over k and each B; is étale over A; we say that B is an ind-étale I"-extension
of A.

Here are a couple of easy facts about this concept:

Lemma 2.7.
(1) Assume B is a I'-extension of A and C := B/ is a quotient of B by an ideal I. Then C is integral over A.
(2) Assume B is an ind-étale I"-extension of A and let I be a prime ideal of B such that I N A = 0. Then
C := B/I is an ind-étale I"'-extension of A where I'’ is a closed subgroup of I'.

Proof. Assertion (1) is clear. Let’s prove assertion (2). Using the notation in Definition 2.6 set Y; =
SpecBj, Vi :=SpecA;, Zi :=SpecC;, C; := Bj/B;iNI. Let I'/ :=={y € I}; yZ; =Z;}. By Lemma 2.8 below

C; is étale over A; and C,.F" = A; so one can take " :=ljm I'/ acting on C = limC;. O
We have used the following “well-known” lemma (whose proof will be “recalled” for convenience):

Lemma 2.8. Let V be a smooth affine variety over a field k, let Y — V be a finite étale map, and let G be
a finite abelian group acting on Y such that Y/G = V. Let Z C Y be a subvariety that dominates V and let
G ={y €G; yZ = Z}. Then Z is a connected component of Y (hence is étale over V)and Z/G' = V.

Proof. Since V is smooth the connected components Z1,...,Z, of Y are irreducible so Z is a con-
nected component of Y, say Z = Z;. Since V is connected G acts transitively on the set {Z1,..., Z,}
hence the stabilizers in G of the various Z;s are conjugate in G, hence they are equal, because G is
abelian. So

G/G'

OV) =O(Y)¢ = (O(Z1) x - x OZ)® = (0(2)¢ x --- x 0(2) ) (2.12)

where O(Z)¢ ~ O(2)¢ via any y € G such that yZ = Z; and G/G’ acts on the product via the
corresponding permutation repr/esentation. Since the last ring in (2.12) contains O(Z)¢ embedded
diagonally it follows that O(2)¢ = O(V). O

Here is the main result of this section.

Theorem 2.9. Let X = SpecS be an ordinary framed curve. Then the ring S_g," is a quotient of an ind-étale
7y -extension of S,

Recall the ring §B/°; cf. (2.11). By Proposition 2.7 we get:

Corollary 2.10.
(1) S is an integral extension of S.

(2) 5?’;0 is an ind-étale I"'-extension of S°°, where I'' is a closed subgroup of I := Z;.

For a refinement of this result in the setting of modular curves see Theorem 2.30.
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For the proof of Theorem 2.9 we need a series of Lemmas. For the first two lemmas we let A be
a 8-ring and we consider the prolongation sequence B = A[z,z"!,Z,...,z"]". We then denote by
0(r) any element of B'.

Lemma 2.11. Let ¢ € A. Then, for any n > 1, we have

@
z n n n
3”(—2 - (p) =z (zM)P =" 2" L o — 1)+ pO(n+1).
Proof. For ¢ =0 this is [6, Lemma 5.19]. Assume now ¢ arbitrary. One checks by induction that

Mz—@)=8"z+U+pV,

where U =0(n — 1), V= 0(n). Replacing z by % we get

5”(£ —go) :5”<£) + U<£,...,5"—1<£>> +pv<£,...,5”(£)>,
z z z z z z
and we conclude by the case f =0 of the lemma. O
Lemma 2.12. Let . =1+ p"a, a € Z. Then
8"(2) =z +az”" + po(n).
Proof. An easy exercise. See also [6, p. 79].

It is also convenient to formulate the following:

Lemma 2.13. Let Q be a ring of characteristic p and consider the Q -algebra Q' := Q [u]/(uP — u — G) where
G € Q. Consider the action of Z/pZ = {a; a=0,...,p — 1} on Q [u] defined by a - u = u + a and consider
the induced Z/ pZ-action on Q'. Then any 7/ pZ-invariant element of Q” isin Q.

Proof. Lep c € Q' be the class of u. Then Q' is a free Q-module with basis 1,c,...,cP~!. Assume
f;ol Aict € Q' is Z/pZ-invariant, where A; € Q. We want to show that A; =0 for i > 1. We may

assume Ao = 0. Assume there is a s > 1 such that A; #0 and let s be maximal with this property.
Then

AsCH+1) + A 1(c+ 1) T4 =S+ A1 -
Picking out the coefficient of c*~! we get sis =0 hence A; =0, a contradiction. O

Proof of Theorem 2.9. For r > 1 set

N := il
T =18 -1, (-1

Note that

ENS N (f—-1))=8"1E(fF-1) =610 =0.
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So there are surjective homomorphisms N — S{,, hence surjective homomorphisms N — S&» hence
a surjective homomorphism

SH=

limN™ — lim

- —

[95)
a3

(213)

Now let X = J, Xa. Xa = Spec Sy, be an affine open covering such that L is trivial on each X,. Let
Xy be a basis of L on Xy and let zy =x;,!. Set

Sy =Sk, = (5" ®s Sa)",

My, :=MYy = (M" ®s Sq)"

Then we have an identification

M., = S;[za,zgl,z&,...,zg)]f
Write f = (paxﬁfl, with ¢y € S}x. Since f and x, are invertible in M, it follows that ¢, is invertible
in M}, hence in S}. Set N”, = (N" ®s S¢)"; hence

v S za. 25" 2o 20T
T z4 r—1(% '
(Z_(pa,ﬁ(z—goa),...,& (E—(Poz))

o

0
For i >1 set ujq = % Also, for r > 1, set
ZC(

ro._ S_Q[Za,lo_ll] _ S_&[Zot]

@A -t @' -gn)

(2.14)

(The latter equality is true because ¢y € (S}l)x.) Then, by Lemma 2.11 we have N_& = Q&‘O[m_a] and

r,0
IW_ Qo( [ul,a,n-vur,a] )
&= "F 5 . 22,
Wy — e —Go,..osUp g 4 —Ur—1,0 — Gr—2)
r,0
where Gg € Q4 , and
r,0
r,i QO[ [ULas-w,ui,a] .
GieQy = i i , 1z
Uy 4 —Ut,w —Gos ooy Uj o, — Uig — Gi1)

Clearly the schemes Spec Q&’i, for various «s naturally glue to give a scheme Spec Q™i; so Q" ®3 Sy =
Q' for all ar. Note that we have

Q5 i gl

Uig —Gi—1)

ri_
Q(){ - p

215
Wl (215)

and natural inclusions

POcQilc...cQl e N, =QL urgl (2.16)
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So we have natural homomorphisms
o> QLTS NI QUL 5 N

which shows that, for each ¢,

These isomorphisms glue together to give an isomorphism

limNT =1lim Q""" 1.

We are left to proving that lim Q™" is an ind-étale ZX-extension of S =lim S'.
- p —

&= Q4" are injective. Also ST, — Q4" are injective and
o

Start by noting that the maps Q
étale; cf. (2.14) and (2.15). Now the group I" = Z; acts on MJ, via the rule y ~zg) =8i(yzy) for
y € I'. This induces a I'-action on N’, and hence a I'-action on N7,. The latter factors through an
action of I := (Z/p"+1Z)*. Moreover, for i <r—1, Q' is I;-stable and the I}-action on Q' factors
through a Ij-action. For a fixed r we will prove by induction on 0 <i <r —1 that

Qi) =3r. (2.17)

This will end the proof of the theorem; indeed from the above we trivially get that the maps
Q"1 — Q"7 are injective, the maps ST — Q"' are injective and étale, and, with respect to
the induced action,

(QT,T*])rr—l _ ﬁ,

showing that lim Q"' is an ind-étale 7 -extension of §% =lim S'.

Let us check (2.17). For i =0 we proceed as follows. Let b € QL’O be the class of z, and let
Iy =F; =(¢), ¢ a primitive root. Then QL° is a free ST-module with basis 1,b,b2,...,bP=2, If
Y P2 ubl is Ip-invariant (where 4 € ST) then Y72 3¢!b! = Y°P" % 3b'. Since ¢ is primitive we get
A =---=Ap 2=0, and the case i =0 is proved.

Now assume (Q4'~')7i-1 =57, and let us prove (2.17). Recall Eq. (2.15) and consider the subgroup

Ai={yo,...,¥p}C i, Ya=1+pla+p*'z;

so A; is isomorphic to Z/pZ via y, — a. Note that A; acts trivially on Q&’iq. By Lemma 2.12 the
Aj-action on QJ' corresponds to the Z/pZ-action induced by @-u; = u; +d, so we are in the situation

described in Lemma 2.13 and we may conclude by that Lemma plus the equality (Q&’iq)ﬂ*l =5r.
This ends the proof of (2.17) and hence of the theorem. O

Remark 2.14. Assume that the following conditions are satisfied. (This is the case, as we shall see, in
the applications to modular curves.)

(1) The element ¢ € st belongs to SO o
(2) The polynomial zP~! — @ is irreducible in Frac(S%)[z].
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(Here Frac means field of fractions.) Then the field

Frac(S%)[z
(7)[_] (2.18)
1 - o)

is embedded into the ring S¥ ® Frac(S9).

2.2.4. The rings Mg,

For our applications to Igusa modular forms we need one more general construction. Given a
framed curve X = Spec S we define

M = (5h @5 MY,
Mg := lim M(,.

The inclusion Si, C S}Or and the homomorphism E" : M" — S}Dr induce a homomorphism (still
denoted by E" and still referred to as §-expansion map),

E":M{ — S}Or.
Assume now L is trivial on X; if x is a basis of L then
Mb = S5[x, x7 1, X, .. xOT.
Define, in case L is trivial,
MG (w) := SHXY C MG;

the latter definition is independent of the choice of the basis x. (We will not need and hence we will
not define the space M{,(w) in case L is not trivial.) Note also that the element

fO=E(x ") @x=E(x xe M), (2.19)

image of the tautological element x~! ® x € M ®s M, does not depend on the choice of the basis x
of L and has the property that

E°(f%) =1.
We may refer to fO as the tautological element of MZ,(1).
Lemma 2.15. For any g € M"(w) we have (f°)~%g = E"(g) in ME,(0) = S,

Proof. If g=yx", y €S", then the image of g in M{, equals E"(y)x" hence the image of (fOwg
in M{, equals

(EG %) "E'()x" = E'(x")x E"(y)x" =E"(yx") =E'(g). O
The following is trivial to check:

Proposition 2.16. Assume L is trivial on X. Then:
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(1) The homomorphisms M" — ML, M® — M are inective. In particular the homomorphisms
M" — M, M® — M are injective with torsion free cokernel.

(2) The homomorphisms M,(w) — S _ are injective.

(3) The homomorphisms Mg, — M@'l are injective.

2.3. Application to §-modular forms

In what follows we shall apply the previous construction to certain framed curves arising from
modular (respectively Shimura) curves.

2.3.1. Review of modular curves

Our reference here is [13, p. 112]. The discussion there involves the modular curve parameterizing
elliptic curves with an embedding of py rather than Z/NZ as here. But, the two modular curves are
isomorphic over Z[1/N, ¢n]: see [13, p. 113].

Let N > 3 be an integer. Consider the Z[1/N, ¢{y]-scheme

YziNent = Y1(N)z[1/N,on)

representing the functor taking a Z[1/N, ¢y]-algebra B to the set of isomorphism classes of pairs
(E, ) where E is an elliptic curve over B and « is a level I'1(N)-structure (i.e. a: (Z/NZ)g C E[N] is
an inclusion). Inclusions as above are the same as inclusions py g C E[N] because we have fixed an
Nth root of unity. Denote by Lzj1/n, ¢y the invertible sheaf on Yz1/n ¢y Obtained by taking the di-
rect image of the sheaf of relative 1-forms on the universal elliptic curve over Yz[1/n ¢y]. Furthermore
consider the Z[1/N, ¢{y]-scheme X1 (N)z[1/n,¢y) defined by taking the Deligne-Rapoport compactifi-
cation of Yzj1/n ¢y): see [13, pp. 78-81] and still denote by Lz 1/n,¢y) the natural extension to X1(N)
with the property that for any Z[1/N, ¢y]-algebra B the B-module M (B, x, N) of modular forms over
B of level I'1(N) and weight x (in the sense of [13, p. 111]), identifies with the space of sections
HO(X1(N)g, L%’K), where L is the corresponding sheaf obtained by pull-back. In particular the nor-
malized Eisenstein forms E4, Eg.Ep_1 belong to the spaces M(Zyp, 4, N), M(Zy, 6, N), M(Zp,p—1,N)
respectively. The cusp oo on X1(N)z1/n,¢y) s @ Z[1/N, ¢n]-point

Pzi1/n,en) € X1(N)zi /N1 (ZI1/N, N ]).

Furthermore, for p not dividing N, we choose a homomorphism Z[1/N,¢{n] = R=Rp = Zgr and
we denote by Yg, Lg, Pg (or simply by Y, L, P) the objects over R obtained from Yz 1,ny, Lz[1/n1,
Pz11/n,¢y1 by base change. We denote by

Yora CY =Yr=Y1(N)g

the ordinary locus of Y i.e. the locus in Y where E,_; is invertible. Finally we let X = X be an
arbitrary affine open set of Y = Yg. (We will often assume in what follows that X C Y, but at this
stage we do not make this assumption.)

This provides us with data (2.1), (2.5), where X* = X1(N)g. By [16] we also have at our dis-
posal an expansion map E : M — S, as in (2.6), the Fourier expansion map; recall from [16] that this
map is obtained by interpreting sections of powers of L as modular forms and evaluating modular
forms on the Tate curve Tate(q)/R((q)) equipped with its standard 1-form and its standard immer-
sion of N r = (Z/NZ)g. A tuple X, L, P, E as above is a Fourier-framed curve and X will be referred
to as a modular Fourier-framed curve.

Alternatively we may keep the data X, L above as our data (2.1) but instead of P above we may
choose a point P € X(R) represented by an elliptic curve E which is a canonical lift of an ordinary
elliptic curve E over k. This provides us with data (2.4). Fix a Zp-basis of the Tate module TP(E). This
basis defines an isomorphism between Spf R[t] and the completion of X along the image of P. The
Serre-Tate parameter q corresponds to the value of 1 +¢t. As in [19] (cf. also [6, p. 252]), we have at



A. Buium, A. Saha / Journal of Number Theory 132 (2012) 896-937 913

our disposal an expansion map E : M — Sg, (2.6). A tuple X, L, P, E as above is a Serre-Tate-framed
curve and X will be referred to as a modular Serre-Tate-framed curve.
In either case (Fourier and Serre-Tate) we have a natural homomorphism

EBM(R,K, N) — M = My.
k>0

2.3.2. Review of Shimura curves

The references here are [5,6,12].

Let D be a non-split indefinite quaternion algebra over Q. Fix a maximal order Op once and
for all. Let XD(L{)Z[l/m] be the Shimura curve attached to the pair (D, ), where U/ is a sufficiently
small compact subgroup of (Op ® (IimZ/nZ))* such that XP @) is connected and m € Z. is an
appropriate integer; see [12]. If D and U/ satisfy the conditions in [12]; then for some m the Shimura
curve XD(Z/{)Z“/m] is a Z[1/m]-scheme with geometrically integral fibers, such that for any Z[1/m]-
algebra B the set XD(L{)ZU/W](B) is in bijection with the set of isomorphism classes of triples (E, i, o)
where (E, i) is a false elliptic curve over B (i.e. E/B is an abelian scheme of relative dimension 2 and
i: Op — End(E/B) is an injective ring homomorphism) and « is a level U structure. Let Yz1/m be
an affine open subscheme of XD(L[)Z[1/m]. For any p not dividing m denote by Y = Y the R-scheme

obtained by base change from Yz[1/m), where R=Rp = Zgr. We denote by L = Ly the invertible sheaf
on Yg of false 1-forms; cf. [6, p. 230]. Finally let X = Xg C Yy be an arbitrary affine open set. The pair
X, L provides us with the data (2.1).

Next, by the proof of Lemma 2.6 in [5], for any p sufficiently big, there exist infinitely many k-
points P € X2 @) (k) whose associated triple (E, i, &) is such that

(1) E is ordinary, and ) o
(2) if 6 is the unique principal polarization compatible with i, then (E, 0) is isomorphic to the
polarized Jacobian of a genus-2 curve.

Choose a p and a point P € X(k) as above. Let E be the canonical lift of E. Since End(E) ~ End(E),
the embedding i: ©Op — End(E) induces an embedding i : Op — End(E). Also the level U structure
o lifts to a level U structure on (E,i). Let P := (E,i,a) € X(R); this provides us with the data (2.4).
Let E¥ be the dual of E. By Lemma 2.5 in [5], there exist Zp-bases of the Tate modules T,(E) and
TP(EV), corresponding to each other under 6, such that any false elliptic curve over R lifting (E, i) has
a diagonal Serre-Tate matrix diag(q, g*¢®)) with respect to these bases. Fix such bases. They define
an isomorphism between Spf R[t] and the completion of X along the image of P. The Serre-Tate
parameter q corresponds to the value of 14 t. As in [6, p. 252], we have at our disposal an expansion
map as in (2.6) (referred to in [6] as a Serre-Tate expansion map). A tuple X, L, P, E as above is a
Serre-Tate-framed curve and X will be referred to as a Shimura Serre-Tate-framed curve or simply as a
Shimura framed curve (for there is no Fourier side of the story in the Shimura curve case).

2.3.3. §-modular functions and forms

In what follows we assume X is either a modular (Fourier or Serre-Tate) framed curve (cf. Sec-
tion 2.3.1) or a Shimura framed curve (cf. Section 2.3.2).

Following [6] the elements of M" will be called §-modular functions (holomorphic on X) and the
elements of M"(w) will be called §-modular forms of weight w (holomorphic on X). The §-expansion
maps are called §-Fourier respectively §-Serre-Tate expansion maps.

Remark 2.17.
(1) Assume X =Y = Y;(N)g and consider “test objects” of the form (E, «, w, S*) where S* = (")
is a prolongation sequence over R of p-adically complete rings, E/S? is an elliptic curve, & is a I'; (N)-
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level structure on E, and w is an invertible 1-form on E. Then giving an element of M’ is the same
as giving a rule f that attaches to any test object as above an element

f(E,a,w,5%) e S"

which only depends on the isomorphism class of (E,«,w) and is functorial in S*. Moreover the
elements of M’ (w) correspond to rules f such that

f(E.a, i, S*)=2"" f(E,a, @, S*) (2.20)

for 1 € (§%)*. So the space M, (w) identifies with the space M"(I'1(N), R, w) in [7].

(2) Assume X =Yyq C Y is the locus in Y = Y{(N)g where E,_y is invertible. Then giving an
element in MY is the same as giving a rule f as above but only defined on test objects (E, o, , $*)
such that E has ordinary reduction mod p. Then the elements of M} (w) correspond to the rules (de-
fined for elliptic curves with ordinary reduction) satisfying Eq. (2.20). So the space M (w) identifies,
in this case, with the space M" (I'1(N), R, w) in [7].

ord

Going back to the case of a general modular or Shimura framed curve we have, under certain
additional assumptions, some remarkable forms f1, f?, f¥, respectively f°, % which we now review
(respectively introduce).

2.3.4. Review of the forms f1, f?
The references here are [4,1,5,6].
In the Fourier expansion case we set

1 . w1194\ NS
W.:Elogq—p.: Z{(—l) n'p o € Spr = R((@) [q] (2.21)
nz

In the Serre-Tate expansion case we still denote by
ve s}or =R[t][¢'] (2.22)
the image of ¥ in (2.21) via the homomorphism
R(@)[a'] = RID['] (2.23)

given by gt +1, ¢~ 8(t+1). So ¥ in (2.22) is given by
1
¥ = E(¢> —p)log(1 +1t). (2.24)

In the next two propositions X = SpecS is either a modular framed curve or a Shimura framed
curve; recall the §-expansion maps E" : M" — S}Or, cf. (2.8).

Proposition 2.18. (See [4,5].) There exists a unique form f' € M'(—1 — ¢) such that

E'(f)=w
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Proposition 2.19. (See [1,5,6].) Assume the reduction mod p of X, X, is contained in the ordinary locus of the
modular (respectively Shimura) curve. Then there exists a unique form f% € M (¢ — 1) which is invertible in
the ring M such that

E'(f)=1.

Furthermore its reduction mod p, f_3 e M1(¢ — 1), coincides with the image of the Hasse invariant H €
MO(p — 1). In particular X is an ordinary framed curve in the sense of Definition 2.5.

So Theorem 2.9 and Corollary 2.10 hold for any X as in Proposition 2.19. For the definition of the
Hasse invariant in the modular curve case see [16]. For the definition in the Shimura curve case see [6,
p. 236]. Proposition 2.19 justifies the use of the terminology “ordinary” introduced in Definition 2.5.
The condition that X be contained in the ordinary locus of the modular (respectively Shimura) curve
is satisfied if we assume that a lift H € M%(p — 1) of the Hasse invariant is invertible on X; in the
case of modular curves (cf. Section 2.3.1) this is so if we assume that the Eisenstein form E,_; €
M(R, p — 1, N) is invertible on X, i.e. if X C Yy4.

2.3.5. Igusa §-modular functions and forms

Let X be either modular framed curve (cf. Section 2.3.1) or a Shimura framed curve (cf. Sec-
tion 2.3.2). Assume X is contained in the ordinary locus of the modular (respectively Shimura) curve
and assume L is trivial on X. The elements of M{, (respectively M{,(w)) will be called Igusa §-modular
functions (respectively Igusa §-modular forms of weight w). The “Igusa” terminology is justified by the
fact that, due to Proposition 2.19, the assumptions in Remark 2.14 are satisfied in the modular curve
case (of Section 2.3.1) and, in this case, the field (2.18) identifies with the field of rational functions
on the Igusa curve [14, pp. 460-461].

2.3.6. The forms f° and f*
Assume L is trivial on X. We may consider the Igusa §-modular form f0 e M%(l), cf. (2.19). So, by

Proposition 2.16, f7 = (f9)¢~1 in MJ,.
Corollary 2.20. (f9)P~1 = H in M_g?.

Proof. We have

—g\p—1 -1 5 o
(O = =P =H o
Also let us note that we have, at our disposal, a remarkable Igusa §-modular form of weight 0:
+1
Fi=(FO)"" F e ML) =SL. (2.25)
This form will play a key role in the several primes theory; cf. (3.12) below.
2.3.7. Review of the forms f*
The references here are [7,8].
First recall some standard definitions in the classical theory of complex modular forms [13]. Con-
sider the space

Sm(I1(N),C) C M(C,m, N)

of (classical) cusp forms > anq" of weight m on I'1(N) over the complex field C. On this space one
has Hecke operators T, (n) acting, n > 1. An eigenform is a nonzero simultaneous eigenvector for all
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Tm(n), n > 1. An eigenform f = Zn>1 anq" is normalized if a; = 1; in this case Tp(n)f = a, f for
all n > 1. One associates to any eigenform f its system of eigenvalues | — q;, (I, N) = 1. A newform is
a normalized eigenform whose system of eigenvalues does not come from a system of eigenvalues
associated to an eigenform of level M with M | N, M £ N. We denote by Sy, (I(N), C) the subspace
of S (I'1(N), C) of all cusp forms of weight m on I'h(N). By Eichler-Shimura theory to each newform
f =Y anq" € S2(Io(N), C) with Z-Fourier coefficients there corresponds an elliptic curve E over Q.
We say that f is of CM type if E; has CM.
Now we place ourselves in the context of a modular Fourier-framed curve.

Theorem 2.21. (See [7].) Let f =) anq" € S2(I'v(N), C) be a newform with Z-Fourier coefficients. Assume
that f is not of CM type and p is sufficiently big. Then there is a unique form f* e M?(0) with §-Fourier
expansion:

i 1 n/ n n n AT A AT
E2(f) =~ 3 (g — apq™ + pa") € R(@)[d q"T- (2.26)

n
p n>1

There is a corresponding result for the case when f is of CM type; cf. [7].

2.3.8. Canonical derivations on S

In this section we let X = SpecS be either a modular framed curve or a Shimura framed curve
and we assume X is contained in the ordinary locus; we show that S& (and other rings related to
it) carry a complete system of conjugates of a classical derivation operator on modular forms. Recall
the Serre derivation operator d : M — M introduced by Serre and Katz (cf. [16] for the modular curve
case and also [6, p. 254], for the modular/Shimura case). Recall that M = ,., L®" and 3(L®") C
L®M+2) Similarly one can consider the Euler derivation operator D : M — M defined by requiring that
its restriction to L®" is multiplication by n. Finally recall the Ramanujan form P € M%(2); cf. [16]
in the modular case and [6, Definition 8.33], in the modular/Shimura curve case. (We stress the fact
that P is well defined because we are assuming that X is contained in the ordinary locus of the
modular/Shimura curve.) Consider the derivation

3 :=9+PD:M°—> M°,
and its complete sequence of conjugates a;f TM*® - M, j>0.

Lemma 2.22. The kernel of the §-expansion map E*®° : M*® — S}’; is sent into itself by each of the deriva-
tions 9%.

J
Proof. Assume first we are in the Serre-Tate case. It follows from [6, Proposition 8.42], that there
exist derivations D on Sgi such that the difference E* 0 95 — Dj o E* vanishes on ey ) M" (W)
for all r. It follows easily that the difference above vanishes on the whole of M. But this implies the

assertion of the lemma. A similar argument holds in the Fourier case; one uses [1, Proposition 4.2],
instead. O

Taking the derivations (still denoted by 8;.‘) on S induced by 3;‘ : M*® — M*® (cf. Lemma 2.22)
we get:

Corollary 2.23. There is a (necessarily unique) complete sequence of conjugates
37 1SS — S

of 3* : M® — M. Moreover 91S%, C S forall j,s > 0and 35S, =0 fors < j.
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Uniqueness in the above statement follows from the fact that S is (clearly) p-adically separated

and topologically §-generated by M°.
One can ask what is the effect of the derivations 8;?‘ when applied to the form f? in (2.25). Recall

that this form was defined only in case L is trivial on X. Clearly 8;‘]"t =0 for j > 2. For 9, 07 we
have:

Proposition 2.24.
o fr=—1,
fi=1.
Proof. Recall from [6, pp. 271-272], that
1
1
%' =
offl=f°

in M. By Lemma 2.15 it follows that
1
0507 = (' (1) = E'050) = 6" (- 5 ) = 1.
The computation for ai*f” is similar. O

Now the derivations 9% in Corollary 2.23 induce k-derivations 8_1* S — 5.

Lemma 2.25. The kernel of the natural map E® : S?;’ — S}?o‘; is sent into itself by each of the derivations
8;‘ 1S — ST

Proof. Let D; be as in the proof of Lemma 2.22 and let DT : % — % be the induced derivations.

So E¥ o 3_;“ =Dj o E® on M™ hence on S3. This implies the statement of the lemma. 0O

Recall the ring §3/°; cf. (2.11). Then we have:

Corollary 2.26. The derivations 8_]* : S — S induce derivations BNJ* : §‘%“o — §‘%“o_

We want to further analyze the derivations in Corollary 2.26. It is convenient to give the following:
Definition 2.27. Let F be an algebra over a ring A. (In the applications A will be either R or k =
R/pR.) We say that a sequence 6y, 61,02, ... € Dero(F, F) is locally finite if for any x € F there exists
an integer jo such that for any j > jo we have 6;x = 0. Given such a locally finite sequence one has
an F-linear map

FxFXxFx---— Dery(F,F) (2.27)

sending any vector (cg, c1, C2,...) into the well defined derivation ngo cjfj. A sequence of deriva-
tions is called a pro-basis of Der 4 (F, F) if it is locally finite and the map (2.27) is a bijection.



918 A. Buium, A. Saha / Journal of Number Theory 132 (2012) 896-937

A basic example is the polynomial ring F = A[T,T’, T”,...]; in this case the sequence of deriva-
tions

...€Ders(F,F) (2.28)

is a pro-basis of Der 4 (F, F).
Then we have the following:

Proposition 2.28. Assume X is sufficiently small. (If X is a modular Fourier-framed curve it is enough to
assume that the Eisenstein forms E4, Eg, E;,_1 are invertible in M.) Then the induced derivations

9, 0%, 95, ... € Dery (5T, 5%)
form a pro-basis ofDerk(gg", ?go).

Proof. Shrinking X we may assume there is an étale coordinate T on X. (In the modular curve case,
if E4, Eg are invertible in M then one can take T = j, the j-invariant.) By Corollary 2.10 and [6,
Proposition 3.13], the derivations (2.28), for A =k, uniquely extend to derivations (still denoted by)

...eDerk(§g°,§g°).

The latter sequence is trivially checked to be a pro-basis of Derk(ggo , 5%6). Now express

~ a9 ~ o~
a;k :ZC]'SW EDerk(S%O, S%o),
s>0

with cjs € §E’;°. Recall that Bj’fT(s) =0 for s < j. Hence cjs =0 for s < j. Also
O — —p =~
3TV =9I (0*T) = (3°T)" € 5.

Note that the image of 3*T in STOOr is invertible; in the Serre-Tate expansion case this follows from [6,
Propositions 8.34 and 8.42], while in the case of Fourier expansions this follows from the fact that

E2E
dje- “AG.

—~

By shrinking X we may assume 9*T is invertible in S&. (Again this is automatic in the modular case

if E4, Eg are invertible in M.) In particular cj; € (5%6)X for all j > 0. Now for each j > 0 one can find
inductively elements yjs € S& with s > j such that

= Z y,-sf):* € Derk(ggo, ?’;")

(&)
aT ry

So any derivation

3 —
6= g(:)cjm € Dery (5%, S%)
]/
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with ¢j e S%O can be written as

e:z(icms)a}

s>0 \ j=0

This representation is easily seen to be unique by evaluating successively at T, T’, T/, .... This ends
the proof of the proposition. O

Our next purpose is to explain the relation between our Igusa §-modular functions and Katz's
generalized p-adic modular functions [17,15]. This relation will play a role later, in the proof of The-
orem 2.30 below.

We first need to review some of Katz’s concepts.

2.3.9. Review of Katz generalized p-adic modular functions

The references here are [17,15].

Let B be a p-adically complete ring, p > 5, and let N be an integer coprime to p. Consider the
functor

{p-adically complete B-algebras} — {sets} (2.29)

that attaches to any A the set of isomorphism classes of triples (E/A, ¢, ), where E is an elliptic
curve over A, @ is a trivialization, and ¢ is an arithmetic level N structure. Recall that a trivialization
is an isomorphism between the formal group of E and the formal group of the multiplicative group;
an arithmetic level N structure is defined as an inclusion of flat group schemes over B of uy into E[N].
The functor (2.29) is representable by a p-adically complete ring W(B, N). The elements of this ring
are called by Katz [17] generalized p-adic modular forms. Note that W(B, N) = W(Z,, N) ® B. Moreover
there is a Zp-action on W(B, N) coming from the action of Z; on the formal group of the multi-
plicative group. There is a natural Fourier expansion map E : W(B, N) — B((q))" which is injective and
has a flat cokernel over B. Also W(Z;, N) possesses a natural ring endomorphism Frob which reduces
modulo p to the p-power Frobenius endomorphism of W(Z,, N) ® Z/pZ. So if R = 7Y, as usual, and
if ¢ is the automorphism of R lifting Frobenius then Frob ® ¢ is a lift of Frobenius on

W:=W(R,N)=W(Z,,N)®R

which we denote by ¢g. Moreover the homomorphism W(R, N) — R((q))"” commutes with the action

of ¢o where ¢ on R((q))" is defined by ¢o(>_anq™) :=>_ ¢ (an)q™.
For any Z[1/N, ¢n]-algebra B the space M(B, k, N) of modular forms over B of weight « and level
I''(N) has an embedding

M(B,k,N) C W(B,N).

The space M(B, k, N) is stable under the Z;-action on W(B,N) and A € Z; acts on M(B, k,N) via

multiplication by A¥. Recall that we denoted by Yoy C Y =Yg = Y{(N)g the locus in Y where the
Eisenstein form E,_1 € M(Zp, p — 1, N) is invertible. Then, since E, 1 is invertible in W we get a
homomorphism

— ®k
Myurd - @ LYord - W.
keZ
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More generally, if X is any affine open subset of Y,y then one can find g € My,, of weight 0, g #0,
and a homomorphism

M :=Mx =P L > Wy =W[1/gl. (2.30)

KEZ

(So if X =Y,y we may take g =1.) Since g has weight 0, W\g has an induced Zj-action and the

homomorphism (2.30) is Z-equivariant if A € Z acts on each L®¥ via multiplication by .
Finally recall Katz's ring of divided congruences [15],

D:=D(R,N) := {fe D MR, N) @ K; E(f) eR[[q]]},

k>0

where K := R[1/p]. This ring naturally embeds into Katz’s ring of holomorphic generalized p-adic mod-
ular forms,

V:i= VR, N)={f e WR,N); E(f) € R[q]}.

and the image of D in V is p-adically dense. For simplicity we sometimes identify D, V, W with
subrings of R((q))"; i.e. we view

DcVcWCcCRUq).

We will need the following:
Lemma 2.29. D + R[A~ ] is p-adically dense in W.

Proof. It is enough to check that V + R[A~1] is p-adically dense in W.
We first claim that for any f € W there exists a sequence of polynomials F, € R[t] in a variable t
such that Fpy1 — Fp € p"R[t] for n > 0 and such that

f—Fa(A™") € p"R((@))" + R[q].

To check the claim we construct F, by induction. We may take Fy = 0. Now, assuming F, was con-
structed, write

N
f—Fn(A‘l):p”G+p"+1H+S, G eZRq_i, H e R((@), SeR[q].
i=1

Since A™! —q~! € R[q] we can find a polynomial I" € R[t] of degree < N such that G — I'(A™") €
R[q]. Then set Fy41 := Fn + p"I" which ends the inductive step of our construction.

Now let F, be as in our claim above and set F :=lim F, € R[t]". Then clearly f — F(A™1) € Rq] N
W = V. This implies that V 4+ R[A~!] is p-adically dense in W and we are done. O

2.3.10. Link between Igusa §-modular functions and Katz generalized p-adic modular functions

Since W := W(R, N) is flat over R and comes with a lift of Frobenius, W has a natural structure
of §-ring. The same is true about R((q))" and, moreover the Fourier expansion map W — R((q))" is a
§-ring homomorphism. Note that § acts on R((gq))" via the operator

npy _ nyp
80(Zanq“) _ "¢ (ang™) — (X anq™) :

(2.31)
p
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this is not the same as the restriction of § : Sﬁfr — SJE;‘; to R((g))". More generally, W\g has a structure
of §-ring and the induced homomorphism

Wg — R((@) (232)

is a §-ring homomorphism. (The latter is well defined because the image of g in k((q)) is non-zero,
hence g is invertible in R((g))".) Now the reduction mod p of (2.32) is injective (because the cokernel
of W — R((q))" is flat over R) so (2.32) itself is injective. We have an induced commutative diagram
of §-rings

M*® ——— S§®

for

]

Wy — R((@)"

where the right vertical arrow is induced by q' — 0, ¢’ — 0, etc. Note that Zy naturally acts on M>
compatibly with & (with A € Z; acting on L®" via multiplication by A") and the map M*® — W’VTg
is Zj-equivariant. Now the kernel of the upper horizontal map is mapped to 0 in R((q))", so is

mapped into 0 in W; (because the lower horizontal arrow is injective). Hence we have an induced
homomorphism

5% — W, (233)
By Proposition 2.18 the kernel of (2.33) contains the images of the elements
froosft, &2 f, L. (2.34)
If L is trivial with basis x we set
o= flx?*1 e ST = M1 (0)
and then the kernel of (2.33) contains the images of the elements
o, sf, 8%fh, ... (2.35)

In a similar vein note that the kernel of the map

M® — S& C Spy. (2.36)
contains
=1, 8(F9-1), &(f°-1), ... (2.37)

In the next section we will show, under an appropriate hypothesis, that the kernels of (2.33) and
(2.36) are topologically generated by the elements (2.35) and (2.37) respectively.
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2.3.11. Refinement of results in the modular case
Using the link between Igusa §-modular functions and Katz generalized p-adic modular forms we
can refine Theorem 2.9 in the modular case as follows:

Theorem 2.30. Assume X = Spec S is a modular Fourier-framed curve with E,_1 invertible on X. The follow-
ing hold:

(1) The map SF — Sp. is injective; in particular S is an integral domain, and the map S — ?’g" is an
isomorphism. Moreover the ring ST;O is an ind-étale Z -extension of 59,
(2) The kernel of M® — S is generated by

fr—=1, 8(f2—1), &(f7-1),

(3) The kernel 0f5§ — Wg is generated by the images of

1o 8f1, 8211,
(4) The kernel of M® — W, is generated by the elements

fFo—1. f1 8(f2—1), 8f1, 82(f2-1), &2f1,

Corollary 2.31. Assume X = Spec S is a modular Fourier-framed curve with E,_1 invertible on X. The follow-
ing hold:

(1) Theinclusion S& C Sﬁ)i has torsion free cokernel.
(2) The kernel of M®° — Sffr is the p-adic closure of the ideal generated by the elements

-1, 8(f7-1), &*(f7-1).
(3) The kernel of S’ — R((q))" is the p-adic closure of the ideal generated by the images of the elements
UANEE Y AN
(4) The kernel of M®™ — R((q))" is the p-adic closure of the ideal generated by the elements
-1, f1, (S(fa _ 1), SFY, 82(fa _ 1)! 52 f1,

Remark 2.32. Conclusion (1) in Corollary 2.31 should be viewed as a §-expansion principle. Conclu-
sions (2) and (4) should be viewed as §-analogues of the theorem of Swinnerton-Dyer and Serre
according to which the kernel of the Fourier expansion map

P ME,. k. N) > Fp[q]

k>0
is generated by Ep_1 — 1; cf. [14, p. 459].

To prove Theorem 2.30 we need the following:
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Lemma 2.33. Any ordinary k-point of Y = Y1(N)g has an affine open neighborhood X C Y such that Ej, 1 is
invertible on X, L is trivial on X and the natural homomorphism

I
(fb,(Sfb,...,Br_lf’)

is an isomorphism.
Proof. Same argument as in [8, Lemma 4.66] (where the special case r =2 was considered). O

Proof of Theorem 2.30. We are going to use the notation in the proof of Theorem 2.9. In particular
recall the rings Q"1 which are finite étale extensions of ST, with

(@1 =5, (2.38)

Note that assertion (4) follows from assertions (2) and (3).
We claim that in order to prove assertions (1) and (2) it is enough to show that all the rings
Q"1 are integral domains. Indeed if this is so then

QOO — ]1 Qr,r—l
is an integral domain. We have surjections
Q® - 5% - 5%, (2.39)

where the last ring is an integral domain. Let I be the kernel of the composition (2.39). Since the
composition $® — Q*® — S& is injective (cf. Proposition 2.2), upon viewing $% as a subring of Q *°,
it follows that 1 N S = 0. Since Q* is an integral domain and an integral extension of S it follows
that I = 0. This forces the surjections in (2.39) to be isomorphisms, and so assertions (1) and (2) of
the theorem follow.

Next note that since Spec Q"1 is étale and finite over SpecS™ and since the latter is smooth
over k, it follows that Spec Q"= is smooth over k so, in particular its connected components are
irreducible and they are finite and étale over Spec ST. So in order to prove that Q™"~! is an integral
domain it is enough to prove that Spec Q™" is connected.

Consequently in order to prove the theorem we need to prove connectivity of SpecQ™"~! and
assertion (3). We will prove these two facts simultaneously. To prove either of these facts it is enough
to prove that these facts hold for each of the open sets of a given open cover of X. So we may
assume, after shrinking X, that the conclusion of Lemma 2.33 holds for X, in particular L is trivial on
the whole of X so f” is defined and f! and f” differ by a unit. Consider the scheme Spec T" defined
by the Cartesian diagram

SpecT" — Spec Q"1

L

SpecS ——— SpecS™

where the bottom horizontal arrow is defined by the surjection

— ST

ST —» ———— _ :§,
(f°,8f°,...,8m1f"
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cf. Lemma 2.33. The natural Zj-equivariant homomorphism M> — Wg maps f1, sf1, 82f1, ...
into 0; cf. Proposition 2.18. So this homomorphism also maps f°, §f°, §2f°, ... into 0. One the
other hand this homomorphism also maps f% — 1, 8(f% — 1), 82(f% — 1), ... into 0. So we get an
induced Z; -equivariant homomorphism N" — W, hence (by restriction) we get a Z; -equivariant

homomorphism Q"1 — Wg, and hence we get an induced Z; -equivariant homomorphism

r,r—1

Tr = _Q-—— — V_\V
(fb,...,8m1fb)

Since SpecWg is irreducible the closure Z of the image of Spech — SpecT" is contained in one of
the connected components of Spec T". Since Z dominates SpecS and since SpecT" is finite and étale
over SpecS, it follows that Z is a connected component of SpecT". Note that Z is a Zy -invariant
subset of SpecT", hence I;_i-invariant. Recall that by (2.38) I;_; acts transitively on the fibers
of Spec Q""~1 — SpecS'. Hence I;_q acts transitively on the fibers of Spec T" — SpecS. Since each
connected component of SpecT" surjects onto SpecS and since Z is I;_q-invariant it follows that
Spec T" must be connected. Since Spec T" is smooth over k and connected it follows that T" is an inte-
gral domain. Since SpecT" is connected it must coincide with Z hence Spech — SpecT" is dominant.
Since T is an integral domain, T" — Wy is injective. So lim T" — Wy is injective. But

im T =lim Q"1 /(7.3 52°,..) =55 /(. 57, 821, ...).

This proves assertion (3). .

On the other hand since each connected component of Spec Q"-"~! surjects onto SpecS™ and
SpecT" is connected it follows that Spec Q"1 itself is connected. This ends the proof of the the-
orem. 0O

Corollary 2.34. Assume X = Spec S is a modular Fourier-framed curve with E,_1 invertible on X. Let f(q) €
R((q)) be contained in the image of the map M ®g K — K((q)). Then f(q) is contained in the image of the
map M*® — R((g))".

Proof. Write f(q) = E(p%) = Gp(ﬂ), where G € M. The image of G in R((q)) ® Z/p"Z is 0 so the image

of G in S ® Z/p"Z is in the kernel of S ® Z/p"7Z — Sfooor ® Z/p"Z. But the latter morphism

is injective; indeed this is trivially checked by induction on v, using Theorem 2.30. It follows that
the image of G in S§ ® Z/p"Z is 0, hence the image of G in S& belongs to p"SZ. Hence the
image of G in R((q))" belongs to p" - Im(M* — R((q))"). It follows that f(q) belongs to the image
of M*® — R((q))". O

Recall that we denoted by Y4 the locus in Y :=Y{(N)g where E,_1 is invertible.

Corollary 2.35. Consider the modular Fourier-framed curve X = SpecS = Y o4. Then the image of M*° —
R((q))" contains D and hence is p-adically dense in W.

Proof. By Corollary 2.34 the image of M® — R((gq))" contains the ring . But this image also contains
the ring R[A~]. We conclude by Lemma 2.29. O

Let us also note the following refinement of our results on conjugate derivations.

Proposition 2.36. Assume X = Spec S is a modular Fourier-framed curve and assume the Eisenstein forms
E4, Eg, Ep—1 areinvertible on X. Then the sequence

35, 07,95, ... € Derg(S%, S%)

is a pro-basis of Dergr (S35, S&).
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Proof. Assume Zj>0 cja}k =0 with ¢j € S and let us prove that ¢j =0 for all j. Assume this is
not the case. We may assume not all ¢; are 0 in S&. We get Zjéjif =0 in Dery (5%, SZ). By
Proposition 2.28 and Theorem 2.30 we get ¢; =0 for all j, a contradiction.

Now let 9 € Derg(S, S&'). Using Proposition 2.28 and Theorem 2.30 we can find elements y; €
(8%)", j =0, such that

0= "yjd7: ST — ().
j>0

Evaluating 9j we get yo = 1. Since the image of 98j in (S&)" is in S& and 318j =¢(dj) € (§F)* we
get y1 € S Since the image of 382 in (S)" is in S and 8,82 = $2(3) € (SF)* we get y» € SF.

Continuing in this way we get that y; € S& for all j which ends the proof of the proposition. O

3. The theory for several primes
In this section several primes will be involved. So it will be important to keep track of the prime p
used in the one prime theory of the previous section by making p appear as an index for the various
objects considered there. In particular the objects
8, ¢, R, J'(X), S, S, M", MG, Sk, fO, F'. f°, fF, 5 H, W, etc.

introduced in the previous section in the case of the prime p will be denoted from now on by

0 (1 (3 ¢ £f
Sp, ¢p, Rp, ];(X)» Sy, Srp@? M;7 M;;Q)s S}or,p’ fp» fp? fp! fp7 fp, Hy,, ¥,, etc.
3.1. Review of concepts and terminology from [9]

For any two distinct rational primes p1, p2 consider the polynomial Cp, p, in the ring Z[Xo, X1, X3]
defined by

sz(Xg1,p1X1) CP1 (ng,p2X2) 5p1pzxp1 n 5p2p1
- - 2

Cp1.pp (X0, X1, X2) =
p1-p2 P1 p2 D2 D1

X2 @3

Let P ={p1,..., pq} be a finite set of primes in Z. A §p-ring is a ring A equipped with py-derivations
Sp, :A— A, k=1,....d, such that

Spdp@ — 8p,8p,a = Cpy.p (@, 8p, @, 8p)) (32)

for all a € A, k,1=1,...,d. A homomorphism of §p-rings A and B is a homomorphism of rings ¢ :
A — B that commutes with the py-derivations in A and B, respectively. If ¢p, (x) = xPk + pydp, X is
the homomorphism associated to 6p,, condition (3.2) implies that

Gp®p, (@) = ¢p,Pp, (@) (3.3)

for all a € A. Conversely, if the commutation relations (3.3) hold, and the pys are non-zero divisors
in A, then conditions (3.2) hold, and we have that ¢p,épa = 8p¢p.a for all ae A. If A is a §p-ring
then for all k, the py-adic completions APk are 8p-rings in a natural way.

Note that, since

Aut(Rp,) =Aut(Rp, /pkRp,) =limZ/nZ

P atnlake
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is commutative, it follows that to give a §p-ring structure on Rp, is equivalent to giving automor-
phisms

Bp1s s Py Pprars -+ > Ppa

of Rp,; the automorphism ¢, is, of course, uniquely determined. From now on we shall fix, for each
k a ép-ring structure on Ry, .

For a relation between these concepts and the theory of lambda rings we refer to [2] and the
references therein.

We let Z>0=1{0,1,2,3,...}, and let Zd;o be given the product order. We let e, be the element

of Zd}O all of whose components are zero except the k-th, which is 1. We set e =) e, =(1,...,1).
For i = (i1, ....ig) € Z% ) we set P! =pil...pd, 8, =67 .88, by = dppi = ¢y, ... ¢y, We define
Wp =Zl¢p,, ..., ¢p,], the ring of polynomials in the commutative variables ¢y, , ..., ¢p,; this ring

has a natural order defined by the condition that a polynomial is > 0 if and only if its coefficients are
> 0. We set Wp(r) =3, Z¢)p. Define deg: Wp — Z by deg(3_cnpn) = 3 cn.

A 8p-prolongation system A* = (A") is an inductive system of rings A" indexed by r € Z4

=0
with transition maps ¢, : A" — A" for any pair of indices r, r such that r </, and equipped with
pr-derivations

provided

Sp t AT —> AT,
k=1,...,d, such that (3.2) holds for all k, I, and such that
Prvey.r'+ey © Op = Opy © P A" — AT T

for all r <1’ and all k. A morphism of prolongation systems A* — B* is a system of ring homomor-
phisms u" : A" — B" that commute with the ¢s and the s of A* and B*, respectively.

Any §p-ring A induces a §p-prolongation system A* where A" = A for all r and ¢ =identity. If A
is a §p-ring and A* is the associated §p-prolongation system, we say that a §p-prolongation system
B* is a §p-prolongation system over A if it is equipped with a morphism A* — B*. We have a natural
concept of morphism of §p-prolongation systems over A.

Consider the ring

d
Zpy=()Zpy CQ
k=1

For any affine scheme of finite type X over Zp) we considered in [9] a system of schemes of finite
type, J5,(X) over Zp), called the ép-jet spaces of X; if X =SpecZp)[x]/(f) then

Th(X) = SpecZp)[8bx; i <1] /(8% f3 i <1).

Cf. also [2], where these spaces were introduced independently. The rings O(j{D(X)) form then a
8p-prolongation system.

3.2. Complements to [9]
3.2.1. Splitting of completions

We will need the following splitting result for the various py-adic completions of the §p-jet spaces;
here X is an affine scheme of finite type over Zp,).
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Proposition 3.1. We have a natural isomorphism of §p-prolongation systems
P 1) Dk Z
ke~ :
O(Tp(X)) ( QR o ;k}oq)”k)) :
i<r—ryey

where, in the right-hand side, ® = ®z,,» Xi = X for alli, 8, is induced by the operators
1
8p - O(J(x (X)) = O(T % rk* (X)),

and 8p; (j # k) are defined by the automorphisms ¢, induced from

O(J{rgk} (Xi)) = O(J{rll;k} (Xi+ej )) :

Proof. One shows that the right-hand side satisfies the universality property of the left-hand side;
the universality property in question is explained in [9, Remark 2.20].

Corollary 3.2. We have a natural isomorphism of §p-prolongation systems

( (jp(x)) ®Z('p) Rpk —( ® O ka(xl k))) ’

l<r —Tkek

where, in the right-hand side, ® = ®ORyp, and X; = XRy, foralli.

3.2.2. Analytic continuation
Let us explain, in an abstract setting, a concept that will play a key role in the concrete discussion
of the next section. This concept is a generalization of a concept introduced in [9].

Assume we are given a set of primes P = {p1, ..., pg} and consider the §p-prolongation system
. Pk
Shri = Rp, [8pt; i <7, ik =0] [8pt; i <, i > 1]™
~ Ry, [tis i <r—ree][8n,ti 1 <r—reex, 1< j <™, (3.4)

where t; correspond to q>;3t for i <r —ryeg.
Assume now that:
(1) For each k=1,...,d we are given a §p-prolongation system

(A%): (3.5)

(2) For each k we are given a morphism of §p-prolongation systems

E,: A, — S}mk. (3.6)
Finally consider the ring
Shr.o = Zep) [8pt: i <1]. (3.7)

For each k we shall view both Sror K and Sfor 0

as subrings of Rp, [[S%t; i<r].
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Definition 3.3. We say that a family

d
(fl’--wfd)el—[Alz

k=1

can be analytically continued if there exists (a necessarily unique) fp € S}oro such that for all k =
1,...,d we have

Ef(f) = fo € Rp, [8bt; i <r].
We say that (f1, ..., fq) has expansion fy.

3.3. Application to §-modular forms
In what follows we specialize our discussion to the case of differential modular forms.

3.3.1. Therings S}, M,

k>
We assume Yz;1,n7 and Yzp/m are as in Sections 2.3.1 and 2.3.2 respectively. In the first case we

assume N is not divisible by any of the primes in P, and in the second case we assume the primes
in P are sufficiently big. We let Yz, and Yg, be the curves over Zp) and Rp, respectively obtained
via base change. As in Sections 2.3.1 and 2.3.2 we let XRPk - YRpk be open affine subsets. We assume
that XRpk is contained in the ordinary locus. We also assume, for simplicity, that XRPk is principal
in YRPk defined by a function s € O(YRPI() and that LRnk is trivial on XRPk with basis x;. (Although
the choice of X Rp, is arbitrary with the above properties, the theory is easily seen to be independent,
in an “obvious sense” from these choices.)
Now define

. _ Pk
Sk:=((0(Tp(Yzp) ®zp) Rp)[¢ps s i<r])™ = ( ® O(]Ir?kk(x"vk))> - (38)

i<r—rrey

where X;j = XRPk for all i. (The last equality follows from Corollary 3.2.) Then (S}) has a natural
structure of 8p,-prolongation sequence. Actually, once we have fixed a §p-ring structure on Rp,, (S})
has a naturally induced structure of §p-prolongation system (extending the previous one). We also
have a natural morphism of §p,-prolongation sequences S;,kk — S} Set

. . =~ . ~\ Pk
M, :=s,2[6%:x:<,¢%ax;%i<r]‘”"=( X O(JZ;xxi,k))[aékxl‘,kvx;;;0<f<rk]"k) :

I<r—rye

M (w) := SExY, (3.9)

where x; j are new variables, “copies” of xi. For each k, (M,'() is a dp-prolongation system and we
have a natural morphism of §,, -prolongation sequences M:}k — M. In particular we may consider
the image of f) € M} (=1 —¢p,) in M*(=1 — ¢p,) which we continue to denote by f} . Similarly,
if f=> anq" is a newform of weight 2 on I'H(N) with Z-Fourier coefficients and if the primes in P
are sufficiently big then we may consider the image of fgk € Mzzak (0) in M,fe" (0) which we continue

to denote by fgk.
Furthermore define
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00 .__ i r
Si :=1m S,
00 .__ i r
Mg :=lim S},
0o . T1; r
Sfor,k T h—n;l 5for,k'

3.3.2. §p-expansion maps
Next we will construct a natural morphism of §p-prolongation systems

r. r r
Ek : Mk - Sfor,k’
called §-expansion maps, as follows.

Assume first we are in the “Fourier case”. Consideration of the Tate curve yields a homomorphism
O(Yzp,) = Rp, ((@))Pk. Composing this with the homomorphism

Rp (@)% — Ry [t]. qr>t+1

we get a homomorphism O(Yz,,) — Rp,[t]- By universality we obtain a homomorphism of dp-
prolongation systems

O(J7TD(YZ(P>)) - S}or,k'

Using the fact that E(sy) is invertible in Rp, [t] we get a homomorphism S} — S}Or,k. Sending xj —

E(x,) we get the desired homomorphism Ej : M}, — SJCUT «- Note that this homomorphism extends, in
the obvious sense, the homomorphism

r Eer ¢ r 1Pk
My, —> S%or p. — Ro[E][8pcts - 85,6]™,
where ¢ is induced by g +— t + 1. Consequently, by Proposition 2.18, we have
ex( ¢l
EX(fp) =¥ (3.10)
Next we consider the “Serre-Tate” case. For this case we assume we are given a collection of points

(Pr)1<k<ds (3.11)

Pi € Xg,, (Rp,), as in Sections 2.3.1 and 2.3.2 respectively. (We do not assume any compatibility be-
tween the points Pj. One of the most remarkable aspects of the theory is that its constructions and
results are valid without assuming any compatibility between the Pis. Also the theory is, in a sense
easily made precise, independent of the choice of the Pys.) Using the decompositions (3.4) and (3.8)
plus the one prime theory we get induced maps Ej, : M} — S}Ohk. Once again (3.10) holds.

Note the following §p-expansion principle:

Proposition 3.4. The homomorphism
EF.or _, g
Ep: S, — Sﬂ)r’,<
is injective. In particular the homomorphisms

Ef: Mp(w) — Sio,

are injective with torsion free cokernel.
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Proof. This follows from the one prime situation (cf. Proposition 2.2) plus the “splittings” (3.4) and
(38). O

3.3.3. Therings S}, M},
As in the case of one prime we define

lr<© = Im(Elrc : er< - S}or,k)’
. Pk
Mio = (Sko ®sp My)™,
Sko = lim Sher,

0o _1; r
Mk@ - hkaO’

The inclusion S}, C Sfror , and the homomorphism E} : M} — Sfror , induce a homomorphism (still
denoted by Ej, and still referred to as §p-expansion map),

r.oaT r
Ek : Mk@ - Sfor,k'

Note that S, is py-adically complete and if x is a basis of L = LRFk then

r __ ¢l i i1, Pk
Mio = Sioo[8pXe. ¢px s <™.

Note that (SZO), (er{o) have natural structures of §p-prolongation systems. Define
r .__¢cr w ro.
Mo (W) := SioXye C Mo

the latter definition is independent of the choice of the basis x,. We have morphisms of §p,-
prolongation sequences S;ko — Slr(@. M;"kQQ — er@' In particular we may consider the image of fgk €

Mgko(l) into M{,(1) which we will still denote by fp, . Clearly we have EQ(f))=1.

Proposition 3.5. . L
(1) The homomorphisms S} — Sio, Sp° — S5, My — M, Mp® — MZ, are injective. In particular the
homomorphisms Sj — Sj, Sp° — Spo, M — M, Mp° — MZ, are injective with torsion free cokernel.

kQO?
(2) The homomorphisms M, (w) — S}Or‘k are injective.
r+1

(3) The homomorphisms S,rw = S0 er<® — M,C;r; are injective.

Proof. Use Proposition 2.3 and the “splittings” (3.4) and (3.8). O

Remark 3.6. Again S,% is not a priori an integral domain; but it possesses a natural quotient which
is an integral domain:

Sio = 1Im(M® — 5@ ).
By the proof of Theorem 2.9 and the “splittings” (3.4) and (3.9) we get:

Theorem 3.7. The ring S5, is a quotient of an ind-étale I'-extension of S°, where I is a profinite abelian
group.
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Corollary 3.8. L
(1) Sg5, is an integral extension of SP°.

(2) SE% is an ind-étale I"'-extension of S;°, where I'" is a closed subgroup of I

Theorem 3.7 can be morally viewed as saying that the “Sp-Igusa curve” (of which the rings Sig,
are an incarnation) is a “formal profinite cover” (embedding into an “abelian formal pro-étale cover”)
of the modular/Shimura curve (whose §p-geometric incarnation are the rings Sp°).

One can prove analogues, in our several prime setting here, of Theorem 2.30 and Propositions 2.24,
2.28. We are not going to need these analogues so we are not going to state them explicitly. Instead,
we will concentrate, in what follows, on the purely “several prime concept” of analytic continuation.

In the following definition the rings M; will play the role of the rings A} in (3.5) and the §p-
expansion maps Ej : M} — S}Or,k will play the role of the maps (3.6).

Definition 3.9. A §p-modular form of weight w € W and order r € ngo is a family

d
f=f.... foe] M

k=1

that can be analytically continued and such that f, € Mj(w) for all k. We denote by M;;(w) the
group of all such forms. There is a naturally induced expansion map

E":Mp(w) — S}or,o
which by Proposition 3.5 is injective.

Similarly we may take the rings M;, to play the role of the rings A} in (3.5) and the §p-expansion
maps Ej : M, — ijor « to play the role of the maps (3.6).

Definition 3.10. An Igusa §p-modular form of weight w € W and order r € Zd>o is a family

d
f=r ... fo e[ Mo
k=1

that can be analytically continued and such that fi € M;,(w) for all k. We denote by M%@(w) the

group of all such forms. There is a naturally induced expansion map
E": Mpo(w) — S}or,o
which by Proposition 3.5 is injective.
So M;,(w) is a Zp)-submodule of M%O(w).

Remark 3.11. If, in the above definitions, we are in the Fourier expansion case then we view f as
being “analytically continued along the section co”. If we are in the Serre-Tate expansion case and if
the collection of points (Py) in (3.11) comes from a Q-point P of the modular/Shimura curve, then
we view f as being “analytically continued along P”. Here, we say that (Py) comes from P if for each
k the elliptic (respectively false elliptic) curve corresponding to Py is isomorphic over @ to the curve
corresponding to P.
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3.3.4. Basic examples: the forms f°, f¢, f2¢
We may now introduce some of the fundamental objects of our “several primes” theory.

First recall that we have at our disposal forms fgk € Mgo(l). Then we have the following obvious

Proposition 3.12. The family

d
fO:= (fgl,...,fgd)el_[M,?o
k=1

is an Igusa 8p-modular form of weight 1 and order 0; ie. f° e M%O(l). Moreover fO has expansion
EO(fO) =1.
In particular, for any w € Wp(r) we have

(FO)" = ((F9)" s (fp)") € Mipoy(w).

Note that if the weight w is divisible in Wp by (¢p, — 1)...(¢p, — 1) then (f%W is actually belongs

to Mip, (w).
Next we introduce a form of order e := (1,...,1) which we shall call f¢. Indeed recall the forms
fgk and set, for each k=1,...,d,
_ ¢
fe=1! 1(l’[(l - 7‘;’ Fpi € Sio = Mi>(0), (312)
lEIk

where I, ={1,...,d}\ {k}. Also set

1 P
f§:= m@m —=p1) .. (¢p, — Pa) log(1 + 1) € Sf, o =Zp) [8pt; i<e]. (3.13)

The fact that the above series belongs to Zp, [[8%;& i <e] (and not merely to Q[[(S%)t; i<e])is due
to the fact that

‘l o~
o @n = PO log(1 +t) € Zp, [t][8p,t17

for each k.
Theorem 3.13. The family

d
o= (e 5 e T Mo

k=1

is an Igusa 8p-modular form of weight 0 and order e; i.e. f¢ € M%,,(0). Moreover f¢ has expansion fg; i.e.

E¢(f) = f.

Proof. Recall that EQ(fJ )= 1. On the other hand, by (3.10),

1
ES((f1)™) = wr = Sn(9p, — P log(1 40
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Consequently

1
Ex(f) = (—1)‘1_1(]_[(1 - %»a(%k —-pologl+0=f]. O

IEIk p’

Remark 3.14. Using the forms f© and f¢ we may construct, for any w € W (r), with r > e, the Igusa
8p-modular form

w r—e
(F0)"(£)’7 eMpow). O

Finally we introduce 8>-modular forms of order 2e and weight 0 which will be called f2¢. Indeed

assume f =) apq" is a newform of weight 2 on IH(N) with Z-Fourier coefficients. Assume, for

simplicity, that f is not of CM type. (There is an analogue of what follows for the CM type case.)
Assume the primes in P are sufficiently big. Define

2e _ _ % @ 2 f 2e
fe=(T](1-ap e 5, € ME(0),

where I, ={1,...,d}\ {k}. Also set

1 a
2 = S (05, = Wi dpy +D1) - (8, — Qpybpy +Pa) D 0" €S (314)
-

Exactly as in the case of Theorem 3.13 we get

Theorem 3.15. The family
d
2= (2 1) e [ [ M
k=1
is a 8p-modular form of weight 0 and order 2e; ie. f2¢ € M35(0). Moreover f has expansion fg°; i.e.
E2e(f29) — fge‘
3.3.5. Isogeny covariant Igusa §p-modular forms
The following definition extends the concept of isogeny covariance introduced in [4,5]. For each
k=1,...,d let us fix, once and for all an element Y € Zp, such that y; # 0,1 mod py and such that

Yk is not a root of unity; the theory that follows is, in a sense that can be made precise, independent
of the choice of yj. Set

I®) = (1 + 0% — 1€ Zp,[t].
Definition 3.16. A series
F=F(...8pt,...) € Shyr s
is called isogeny covariant of degree v € Z if

F(ooo, 85 (1), .. ) = Y F(.. ., 85t .0).



934 A. Buium, A. Saha / Journal of Number Theory 132 (2012) 896-937

Let w € Wp(r) have even degree deg(w). An element f, € M} (w) (respectively an element f €
M,Z@(W)) is called isogeny covariant if its expansion E(fi) € S}ork is isogeny covariant of degree

—@. An §p-modular form f = (fy) € M;,(w) (respectively an Igusa §p-modular form f = (fy) €
M;DO(W)) is called isogeny covariant if f}, is isogeny covariant for all k. We denote by pr(W) (respec-
tively by I’p.,(w)) the Zp)-module of all isogeny covariant §p-modular forms in M;,(w) (respec-
tively the Zp)-module of all isogeny covariant Igusa §-modular forms in M, (w)). Hence

I's (W) := I'po (W) N Mp (W) C Mipo(W).
Note that the forms fgk S M,?O(l) and f;k S M,‘i’g)(fl — ¢p,) are isogeny covariant. So we have:

Corollary 3.17. Assume w € Wp(r), deg(w) = —2, r > e. Then the form (fgk)w(f,f)d’;;e € M (w) is

isogeny covariant. In other words the form (fO)" (f¢)%%" is isogeny covariant; i.e. (fO)W (f€)?r" e oo, (W).
Similarly we have:

Corollary 3.18. Assume w € Wp(r), deg(w) = 0. Then the form (f%)% is isogeny covariant; i.e. (fO)"
I’5,(w). Moreover, if w is divisible by (¢p; — 1) ... (¢p, — 1) in Wp then (fOHv ¢ s (w).

Remark 3.19. [sogeny covariance is a property which is stronger than the property of being a “6p-
Hecke eigenform”; cf. [4] for a discussion of this in the case of one prime. The §p-modular form f2¢
is not isogeny covariant. Nevertheless, by what was shown in [7] f2¢ is, in an appropriate sense, a
“8p-Hecke eigenform”.
3.3.6. Structure oflg,o(w)for deg(w)=-2,0

Here is the main result of this second part of our paper. It is a structure theorem for the module
of isogeny covariant Igusa §p-modular forms of any order and any weight w with deg(w) = —2.

Theorem 3.20. Let w € Wp (1) with deg(w) = —2, r > e. Then the Zp)-module of isogeny covariant §p-
modular forms I;,O(w) is free of rank r1 . . . rq with basis

(£ (59)77": e<s<r).
We need a couple of lemmas.

Lemma 3.21. Assume F € S}Or « Is isogeny covariant of degree 1 and let Kp, = Ry, [1/py]. Then the image of F
in Kp, [[S%t; i <r] is a Kp, -linear combination of the series

o (log(1 1)), i<r.
Proof. Same argument as in the proof of [5, Lemma 3.9]. O

Lemma 3.22. Consider the action x of Q[¢p,, ..., ¢p,1 on Zp, [t] ® Q defined by ¢n xt :=t". If a polynomial
A=Y dntn € Qlop,, ..., Pp,] satisfies

Axlog(14+1t) € Zp, [T] ®Q
forsomek e (1,...,s}, then A is divisible in the ring Q[¢p,, ..., ¢p,1 by ¢p, — Pk

Proof. This was proved in the course of the proof of Theorem 3.4 in [9]; cf. Claim 2 of that proof. O
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Proof of Theorem 3.20. Let f = (f1,..., fq) € M;,O(w) be isogeny covariant and fix an index k. By
Lemma 3.21 the expansion E(fy), viewed as an element of K, [8%t; i <r], can be written as

Ep(fi) = ( > cn¢n) log(1 +10),

n|Pr

with ¢, € Kp,. This series, being equal to the expansion fy of f also belongs to Zp, [[agjt; i<r].
Setting 85t =0 for all i # 0 we get that

( Z cnqbn) *log(1+1t) € Zep[t].

n|P"

One checks by induction that ¢; € Q for all n. Now by Lemma 3.22 it follows that

1
ch¢n = ﬁ( Z bPS¢PS)(¢p1 —P1) ... (¢ps — Pa)

n|pPr e s<r

with bps € Q. Hence, for some sufficiently divisible integer N € Z, the expansion of Nf equals the
expansion of

w ¢S—8
g=N Y b (£0)" (1)
es<r
By the injectivity of the expansion map E": Ml (w) — S}Or,o (cf. Definition 3.10) it follows that
Nf = g. By induction (looking at the coefficient of t to the lowest power) we get bps € Zp, for all s
and we are done. O

Similarly (and indeed with a simpler argument which we leave to the reader) we get the following
structure theorem for the module of isogeny covariant Igusa §p-modular forms of any order and any
weight w with deg(w) =0.

Theorem 3.23. Let w € Wp () with deg(w) = 0. Then the Zp)-module of isogeny covariant §p-modular
forms I;,O(w) is free of rank one with basis (f%)".

3.3.7. Vanishing ofI%,(—Z)

“Linear arithmetic partial differential operators” exist, as we have seen, on the “§p-Igusa curves”;
but we do not expect them to exist on the modular curve itself. In other words we expect that there
are no non-zero isogeny covariant dp-modular forms of weight w with deg(w) = —2; i.e., for such
ws, IrP(w) = 0. We can prove this in the modular curve case, in the “simplest case” d =2, r =e,
w=-2:

Theorem 3.24. Assume we are in the modular curve case and assume d = 2. Then | %(—2) =0.

Proof. Assume I%(—Z) contains a non-zero element f. By Theorem 3.20 we have f =c(f%)~2f¢ for
some ¢ € Zp). In particular we have

— C —
_C(fgl)¢P1 1f;1 + E(fgl)%z""pmd’l’z z(fgl)‘ﬁpz e Mi.
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The first term in the sum above is in M$ hence the second term must also be in MS. Since by
Proposition 3.5 M§ — M, has torsion free cokernel it follows that

(18 )t g ) e
and hence
G:=(f5)"" 7 (f5,) " e M5,

Reducing modulo p; and raising to power ‘”2_1 we get, using Corollary 2.20, that

=0, =1 7T\ pi-1 _pi-1

Hp? ((fp,)7?) 7 =G>

in M2, and hence in MS. Writing G = gx?r2~%1»2~2 with g € S¢, Hy, =1, xP1~1 with h, € 59, and
£, =nx"17%1 with n e 5", we get

=
h P2 p1—1 p1—1

i S (ﬁ%z)T =g 2
hPl

in S_;'i In view of the “splitting” (3.8) we can derive a contradiction if we check the following:

Lemma 3.25. Assume X is the reduction mod p of the open set of the modular curve as in Section 2.3.1 and
let H :_hxp‘1 be the Hasse invariant. Consider the 2-fold product X*> = X x X and the projections 7y, 75 :
X2 — X. Then there is no rational function i1 such that

T*h -
10 _ gt (3.15)

nsh

Proof. Assume (3.15) holds for some iI. Restricting to a horizontal divisor X x {point} we get
h=v"7

for some rational function v on X. Recall that H has simple zeroes at the supersingular points; cf.

[18, 12.4.3]. Pick a supersingular point s, let x; be a basis of the line bundle L in a neighborhood of s
and write H = Esxf_l with hg having a simple zero at s. Then we get

p—1
_ X2\ T
hS = V—2 .
Xs

This implies that f1; has a zero at s of order divisible by pz;l, a contradiction. O
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