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Abstract

We consider non-local elliptic operators with kernel K (y) = a(y)/|y |d+", where 0 < o < 2 is a constant
and a is a bounded measurable function. By using a purely analytic method, we prove the continuity of
the non-local operator L from the Bessel potential space H[‘,r to Lp, and the unique strong solvability of
the corresponding non-local elliptic equations in L, spaces. As a byproduct, we also obtain interior L p-
estimates. The novelty of our results is that the function a is not necessarily to be homogeneous, regular,
or symmetric. An application of our result is the uniqueness for the martingale problem associated to the
operator L.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Non-local equations such as integro-differential equations for jump Lévy processes have at-
tracted the attention of many mathematicians. These equations arise from models in physics,
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engineering, and finance that involve long-range interactions (see, for instance, [9]). An ex-
ample is the following non-local elliptic equation associated with pure jump process (see, for
instance, [23]):

Lu—ju=f inRY (1.1)

where

Lu= /(u(x +) —ux) =y Vu@)x 0K (x, y)dy,
Rd

x©@ =0 foroe(0,1), x D =1,cp,, x@ =1 foroe(l,2). (1.2)

In the above, A is a nonnegative constant and K (x, y) is a positive kernel which has the following
lower and upper bounds:

v

2-o0) |y|dto

<SK(x,y)<@2-o0) (1.3)

|y|d+o’

where 0 < v < A < 0o are two constants.

As is well known, if K (x,y) =c~!|y|~? with ¢ = c(d, o) > 0 and o € (0, 2), we get the
fractional Laplace operator —(—A)?/2, which has the symbol —|£|°. In this case, the classical
theory for pseudo-differential operators shows that, forany A > 0 and f € L p(Rd), 1 <p<oo,
there exists a unique solution u € HI‘,’ (R?) to Eq. (1.1) satisfying

Il g ety < N(d, 0, 2, IIF Il Ry

see Section 2.1 for the definition of the Bessel potential space H, (R9). In general, if the symbol
of the operator is sufficiently smooth and its derivatives satisfy appropriate decays, the afore-
mentioned L ,-solvability is classical following from the Fourier multiplier theorems (see, for
instance [28,15,13]). It should be pointed out the L ,-solvability is also available if the ker-
nel K (y) is of the form a(y)/| y|d+", and a(y) is homogeneous of order zero and sufficiently
smooth; see [18,23].

In this paper, as a first step of our project, we extend this type of L ,-solvability to Eq. (1.1)3
when the kernel K is translation invariant with respect to x, i.e., K(x, y) = K(y), merely mea-
surable in y, and satisfies only the ellipticity condition (1.3). Moreover, if 0 = 1 we make a
natural cancellation assumption on K ; see (2.1). Note that the operator L has the symbol

mE) = /(e"y's C— iy EX O 0))K () dy,
Rd

which generally lacks sufficient differentiability to apply the classical multiplier theorems.
There has been considerable work concerning regularity issues of solutions to non-local
equations, such as the Harnack inequality, Holder estimates, and non-local versions of the

3 One can also consider Eq. (1.1) with x @) = lyep, forallo € (0, 2). For a discussion about this case, see Remark 2.5.
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Aleksandrov—-Bakelman—Pucci (ABP) estimate. Firstly appeared approaches were probabilistic;
see, for example, [7,5,6]. Recently, analytic and PDE techniques have been used to study non-
local equations with symmetric kernels in [8,16], and with non-symmetric kernels in [27,17,4,
3].% See also [12] for another ABP type estimate for a certain class of fully nonlinear non-local
elliptic equations.

On the other hand, to the best of our knowledge, little is known in the literature about the L -
estimates of non-local operators if K is only measurable and non-symmetric. Our approach in
this paper is purely analytic and uses techniques only from PDE, and does not use any multipli-
ers or probabilistic representations of solutions. We obtain a fully equipped L ,-estimate which
enables us to get the desired L ,-solvability of Eq. (1.1) in the space H;’ (RY), o € (0, 2); see The-
orem 2.1. We note that, in the symmetric case, a related L ,-estimate can be deduced from the
main result in a fairly recent paper [2], where a probabilistic approach is used to study Fourier
multipliers. To be precise, thanks to the symmetry of K (y), applying Theorem 1 in [2] to the
symbol

Jra(cos(€ - y) — Da~' (y)V (dy)

M =
= o ) =~ DV ()

, V(dy) = K(y)dy,

gives
el oy < NI Ll ey

see Section 2.1 for the definition of the homogeneous space Hg (RY).

Our proof of L ,-estimates for non-local operators is founded on so-called mean oscillation
estimates along with the Hardy-Littlewood maximal function theorem and the Fefferman—Stein
theorem. This method was used by N.V. Krylov in [20] to treat second-order elliptic and parabolic
equations with VMO, coefficients (see also [14,10] for earlier work), and further developed in a
series of papers including [21] and [11] for second-order and higher-order equations with rough
coefficients. In this paper, we adapt this method to study non-local operators. One feature of the
method is that it does not require a representation formula of solutions via fundamental solu-
tions, which makes it possible to deal with non-local operators with inhomogeneous and merely
measurable kernels. The key step in establishing the mean oscillation estimates of solutions is
based on the following C*-estimate for the non-local equation Lu — Au = f:

|u]
[M]Cot(Bl/z) < N[ W dx + NOSCB] | f1,
R4
with a constant N which is independent of the size of A > 0; cf. Corollary 4.3. This estimate

is non-local in the sense that the local Holder norm of the solution u depends on u itself in the
whole space. For the proof, we use some ideas from [4]. To proceed from this Holder estimate

4 The kernel K is said to be symmetric if K(y) = K (—y). In this case, Lu can be written as

1
Lu(x)= 3 /(u(x +y) +ulx —y) —2u(x))K(y)dy.
R4
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to the mean oscillation estimate of #, we make a crucial observation that the first term on the
right-hand side above can be bounded by the maximal function of u at the origin. We then use
this idea to further estimate the mean oscillation of the fractional derivative (—A)%/2u.

We remark that during the preparation of this paper we learned that Mikulevicius and Praga-
rauskas established L ,-estimates for non-local parabolic equations in [25], where they consid-
ered both stochastic local and non-local equations using probabilistic methods. The ellipticity
condition in [25] is slightly more general than ours replacing v in (1.3) by a sufficiently smooth,
positive, and homogeneous of order zero function, which can be degenerate on the whole space
except on an arbitrarily narrow cone with vertex at zero (also see [23]). However, for the strong
solvability, the authors of [25] appealed to the continuity estimate of L proved in [2] and [23],
which requires either the symmetry of K or the homogeneity and sufficient smoothness of K.
A direct consequence of our main result is the strong solvability of the stochastic non-local equa-
tions under considerably relaxed conditions; see Remark 2.4.

We state the main result, Theorem 2.1, and its applications in the next section after we in-
troduce a few necessary notation. The proof of Theorem 2.1 will be given in Section 6 after we
prove an Lj-estimate in Section 3, a Holder estimate in Section 4, and finally mean oscillation
estimates in Section 5. Section 7 is devoted to several interior local estimates, which are deduced
from the global estimate in Theorem 2.1.

2. Main result
2.1. Function spaces and notation
For p € (1,00) and 0 > 0, we use H ;,’ (R?) to denote the Bessel potential space
HY(RY) = {u e Lp(RY): (1= A)PueL,(R?)},
which is equipped with the norm
- — A)O/2
lull g ey = |1 = 2u -
The homogeneous space is denoted by
: d dy. 2 d
HY (RY) = {u e §'(RY): (—=A)PueL,(RY)},
where §'(R?) is the space of tempered distributions. We use the semi-norm
2
lull g ety = | (=2)7%u, gay-
Note that by the inequalities
2
Ni(1+1817) < (1418772 < Na(1+ 181°),
we have

||M||Hg(Rd) ~ ||M||Lp(Rd) + ||M||Hg(Rd)'
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Throughout the paper we omit R? in C(‘)’o (Rd), L p(Rd), or Hlf (R?) whenever the omission is
clear from the context. We write N(d, v, ...) in the estimates to express that the constant N is
determined only by the parameters d, v, . ...

2.2. Main theorem

In addition to the ellipticity condition (1.3), in the case o = 1 we assume

/yK(y)dSr(y)=0, Vr € (0, 00), (2.1)
B,

where d S, is the surface measure on d B,. We remark that (2.1) is needed even for the continuity
of L from HJ to L; cf. Lemma 3.1. In particular, (2.1) is always satisfied for any symmetric
kernels. It is worth noting that due to (2.1) the indicator function x (!’ can be replaced by 1 g, for
any r > 0.

Here is the main result of this paper.

Theorem 2.1 (L ,-solvability). Let 1 < p <00, A >0, and 0 < o < 2. Assume that K = K(y)
satisfies (1.3) and, if 0 = 1, K also satisfies the condition (2.1). Then L defined in (1.2) is
a continuous operator from Hg to Ly. Forue Hg and f € L satisfying

Lu—iu=f inRY, (2.2)
we have

lloell g + ﬁllullﬁg/z +AllullL, <NIflz, (2.3)

where N =N(d, v, A, o0, p). Moreover, for any . > 0 and f € L, there exists a unique strong
solution u € Hg of (2.2).

Remark 2.2. Upon using the embedding C° HJ for p > d/o, Theorem 2.1 implies a new
uniqueness result for the martingale problem associated with the Lévy type operator L; see, for
instance, [18]. For other results about the martingale problem for pure jump processes, we refer
the reader to [19,26,24,1] and the references therein.

Remark 2.3. For the sake of brevity, in this paper we do not present the precise dependence
of the constant N in (2.3) on the regularity parameter o. Nevertheless, by keeping track of the
constants we find that, if o € [09, 2), where og € (0, 2), in the symmetric case the constant N
in the estimate (2.3) depends on og, not o. In the non-symmetric case, if 0 < ogp <o <oy < 1
or 1 < o9 < o <2, then the constant N depends on ¢ (and o1), not ¢. In particular, N does
not blow up as o approaches 2. A similar fact is observed in the study of local regularities of
non-local equations in [8].

Remark 2.4. One noteworthy result in Theorem 2.1 is the continuity of the operator L from H
to L. One can see from the proofs below that for this continuity the lower bound in the ellipticity
condition (1.3) is not needed. This implies that the operators in [25] are continuous from H g to
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L, under Assumption A [25] and the cancellation condition (2.1) in the case o = 1. On the other
hand, in [25] it is shown that weak solutions are strong solutions if the operators are continuous.
Therefore, the weak solutions obtained in [25] are indeed strong solutions (under the additional
cancellation condition (2.1) when o = 1).

A natural question is whether the result in Theorem 2.1 can be extended to equations with
translation-variant kernels of the form K (x, y) = a(x, y)|y| =4~ under natural conditions on K ,
say K satisfies the assumptions above and a is uniformly continuous (or smooth) with respect
to x. Recall that the classical L ,-theory for second-order equations with uniformly continuous
coefficients is built upon the estimates for equations with constant coefficients by using a standard
perturbation argument and a partition of unity technique. However, for the non-local operator
(1.2), such a perturbation method seems to be out of reach. We note that estimates of this type
were obtained in [23] by using the Calderén—Zygmund approach when the function a(x, y) is
homogeneous in y of order zero and (some higher order) derivatives of a(x, y) in y are uniformly
continuous in x. The L ,-estimate in the translation-variant case remains to be a challenging
problem if a(x, y) is inhomogeneous and merely measurable with respect to y.

Remark 2.5. In our main theorem (Theorem 2.1), we consider the operator L in (1.2) with three
different x®) depending on the range of o. In this remark, we discuss the solvability in the

unified case x @) =1 yep, forall o € (0, 2), which is also of interest from the probabilistic point
of view. Upon setting

Zu:f(u(ery)—u(x)—y-VM(x)lyeBI)K(y)dy, 2.4
R4

we observe that
Lu=Lu+b-Vu, (2.5)

where

b:—/yK(y)dy ifo €(0,1), b= / yK(y)dy ifoe(l,2).
B R7\B)

Then the unique solvability in H of Lu — au = f follows from that of the equation
Lu+b-Vu—2u=f inR?, (2.6)

where b = (by,...,by) is a constant vector. For Eq. (2.6), as in the proof of Theorem 2.1, it
suffices to prove the following estimate for u € C° satisfying (2.6):

lull go + \/XIIMIIHa/z +Allulle, +16-VullL, <Nl flc,, (2.7)
P P

where N = N(d, v, A, o, p). This estimate is proved using the results in [25] combined with the
continuity of the operator L from H} to L, proved in Theorem 2.1. For the reader’s convenience,
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we present a proof at the end of Section 6. We note that, because of (2.5), in general L defined
in (2.4) is not a continuous operator from H]‘j to L, when o € (0, 1).

3. L;,-estimate
To investigate the L ,-solvability of Eq. (2.2), we first study an L;-estimate. Recall that

1 d
A Pu(x) = ~ PV, /(u(x Ty)— u(x))lleerU,

Rd
where

nd/222=0 2 -%)

=c(d = .
c=c(d,o) o2 —0) F(d%)

@3.1)

Here I" is the Gamma function. Throughout the paper we always assume that K = K (y) satisfies
(1.3) and, if o0 = 1, K also satisfies the condition (2.1).

Lemma 3.1. The operator L defined in (1.2) is continuous from Hj to Lj. Let 1 >0 be a
constant and u € Hy satisfy

Lu—Ju=f in]Rd,
where f € Ly(R?). Then we have

el g+~ Al o2 + 2l < N )L Lo (3.2)

Proof. We first consider the case u € C3°. By taking the Fourier transform of (1.2), we have
Lu(e) =i(e) [ (¢ =1 -1y ex V) K (3) dy.
R4

Then

[ ax= [ || ae
Rd Rd
=/|ﬁ(5)|2
Rd

> /lﬁ(é)ﬁ‘m/(el’f'y —1—iy-£x MK (y)dy

R4

Rd
2
=/|ﬁ(§)|2< /(1—cos<s-y))1<(y)dy> d§
Rd

R4

2
/(eig'y —1—iy-£x'"M)K () dy| d§

R4

2

dg§
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2
>@2- a)2v2/|ﬁ(s>|2( /(1 — cos(& - ) Iyl dy) dg

R4 Rd

=1v2c*(2 —0)? f|(—A)‘7/2u |2 dx,
R4

where c is from (3.1). Here we used the lower bound in (1.3) and the fact that 1 — cos(€ - y) is
non-negative. Note that, for o € (0, 2), there exists N = N (d) such that

c2—o0)= nd/2_22—o re-y)

— 2> N@).
o o) @)

Hence it follows that
2
f|Lu(x)| dx > N(d, v)||u||§_-1§. (3.3)

Similarly,

—/uLudx:—/a(E)@dé

R4 R4
=—f|ﬁ(s)|2f(efs'y —1—iy-Ex0)K(y)dyds
R4 R4
=—/|ﬁ<&>|2(m/(eif'y -1 —iy-sx(“(y))K(y)dy) de

R4 Rd

=/|ﬁ(§)|2/(1 —cos(§ - y))K (y)dy dé

Rd R4

> (2—a)vf|ﬁ<s>|2f(1 ~cos(€ - ) Iy~ dy de

R4 R4

:uc(z—a)/|(—A)“/4u|2dx. (3.4)
R4

From the equality

f|Lu—,\u|2dx=/|f|2dx,

we finally obtain the estimate (3.2) for u € C° by collecting (3.3) and (3.4).
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For the general case, we need to show the continuity of L. The symbol of L is given by
m(§) = / (€™ —1—iy-§(oeqr + lyes lo=D) K () dy.
R4
Clearly, m(0) = 0. In the sequel, we assume & # 0. By using the upper bound of K in (1.3)

and the change of variable y — y/|£|, it is easily seen that for o € (0, 1) or o € (1, 2), we have
mE) < N(d,o, A)|&|7. If o =1, from (2.1) we get

m) =/(e"y'f iy -Elepen)KO)dy.

R4
which gives [m(§)| < N|&| by using the same argument. Therefore, in any case we have
ILullz, = [a@m@& |, < N|a@Ig” |, < Nlul g 3.5
which implies that L is a continuous operator from HJ to L;. To prove the estimate (3.2) for
general u € H, we use the fact that Cg° is dense in Hy and the continuity of the operator L — A

from HJ to L. This completes the proof of the lemma. O

Remark 3.2. We note that the proofs of (3.3) and (3.4) do not use the cancellation condition
when o = 1. These inequalities can also be verified without using the Fourier transform. Indeed,
(3.4) follows from the identity

—Z/MLudx://(u(x—i—y)—u(x))zK(y)dydx

and the ellipticity condition (1.3). For (3.3), we decompose K into its symmetric and skew-
symmetric parts K = K, + K, where

1 1
K.(y) = §(K<y) +K(=y), K,y = 5(K<y> — K(-y)).

Clearly, K, satisfies (1.3). Let L, and L, be the corresponding operators with kernels K, and
K,, respectively. It is easily seen that

/ LeuL,udx =0.
Therefore, we have
f |Lu|>dx > / |Lou|?dx :=1.
Since K, is symmetric,

I=///(u(x+y)—u(x))(u(x—i—z)—u(x))Ke(y)Ke(Z)ddedx_
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Using the change of variables y - —y and x — x + y, we get

I2///(”(x)_“(x+y))(”(x+Y+Z)_”(x+)’))Ke(y)Ke(z)dydzdx,

Adding the above two expressions of I gives

X Ko(y)Ke(z)dydzdx.

Now we use the change of variables z — —z and x — x + z to obtain another expression of 27,
which is the same as above with u(x 4+ y 4+ z) — u(x 4 z) in place of u(x) — u(x + y). By adding
these two expressions of 2/, we finally reach

4/|Lu(x)|2dx :///(u(x Fy+2) —ulc+y) —ulx +2) +ux)’
x Ke(y)Ke(z)dydzdx,

which along with (1.3) gives (3.3).

For the solvability result, we present the following two lemmas, which are versions of those in
[22, Chapter 1] for non-local operators. For later references, the operator in these lemmas is a bit
more general than that in Theorem 2.1 having a drift term b - Vu. The first lemma is a maximum
principle.

Lemma 3.3 (A maximum principle). Let . > 0 be a constant, b = (b1, ...,bg) be a bounded
measurable function in R, and u be a smooth function in R¢ satisfying u(x) — 0 as x — oo.
Assume that Lu +b - Vu — hu =0 in RY. Then u =0 in RY.

Proof. We prove the lemma by contradiction. Suppose that supgs # > 0. Since u tends to O as
x — 00, we can find xp € R? such that u(xop) = supge u. Then from (1.2), it is easily seen that
Lu(xo) < 0. This together with u(xo) > 0 and Vu(xp) = 0 gives Lu — Au < 0 at xo, which contra-
dicts the assumption in the lemma. Therefore, we must have supge u < 0. Similarly, infga u > 0.
This completes the proof of the lemma. O

Lemma 3.4. Let A > 0 be a constant and b = (b1, . .., bg) be a constant vector in R?. Then the
set (L+b-V — )L)CgO is dense in L, for any p € (1, 00).

Proof. Assume the assertion is not true. Then by the Hahn—Banach theorem and Riesz’s repre-
sentation theorem, there is a nonzero function g € L p/(p—1) such that

/(Lu(x) +b-Vulx) — Au(x))g(x) dx =0 (3.6)
R4

for any u € Cj°. Let L* be the non-local operator L with K (y) replaced by K(—y). Then we
see that, for each y € RY,



1176 H. Dong, D. Kim / Journal of Functional Analysis 262 (2012) 1166—1199

L*(uxg)(y) —b-V(uxg)(y) — Ausxg(y)

= /(Lv(x) +b-Vou(x) — Av(x))g(x) dx =0,
R4
where v(x) = u(y — x) € Cg° and the last equality is due to (3.6) with v in place of u. Because

ue Cg° and g € Ly/(p—1), the function u * g(y) is smooth and tends to zero as y — oo. By

Lemma 3.3 applied to the operator L* — b - V — A, we get that u % g = 0 in R?. Bearing in mind
that u € C§° is arbitrary, we conclude g =0 in R¢, which contradicts our assumption that g is a
nonzero function. The lemma is proved. O

Now we are ready to prove the following solvability result.

Proposition 3.5 ( Ly-solvability). For any ). > 0 and f € Lo, there exists a unique strong solution
ueHj toLu—iu=fin R satisfying (3.2).

Proof. Due to Lemma 3.4, we can find a sequence u, € C(‘)>Q such that Lu, — Au, converges to
fin Ly. By Lemma 3.1, we have

llunll gg + ﬁllunllgza/z + Muplle, KN, V)| Luy — Augllr, 3.7
and

it = tmll g +~/Mlttn = e o2+ Mlitn =t I,

SN )| Lty = um) = 2t —un) | -

Therefore, {u,} is a Cauchy sequence in Hy and there is a limiting function u € Hy . By the
continuity estimate (3.5) and (3.7), u is a strong solution to Lu — Au = f and satisfies (3.2).
Finally, the uniqueness follows from the estimate (3.2). The proposition is proved. O

Remark 3.6. In the proof of Proposition 3.5, instead of relying on Lemmas 3.3 and 3.4, one may
also use the method of continuity and the solvability of —(—A)°/?> — Ju = f in H22. The same
remark applies to the proof of Theorem 2.1.

4. Holder estimate

In this section we prove a Holder estimate of solutions to the equation Lu — Au = f. The
novelty of the result here is that the constant in the estimate is independent of A > 0. Our proof
is based on the arguments developed in [4]. In the case A = 0, similar Holder estimates with
very different proofs can be found in [8] for symmetric kernels and very recently in [17] for
non-symmetric kernels. We note that more general nonlinear Pucci type operators are treated
in [8,17].

Theorem 4.1 (C%-estimate). Let . >0, 0 <o <2, 1/2<r <R <1, and f € Loo(B}). Let
ue C2.(B))NLIRY, w) with o(x) = 1/(1 + |x|97°) such that

Lu—Ju=f
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in Bg. Then for any a € (0, min{1, 0}), we have

[ulcen,) < N((R —r) *suplul + (R — r)_d_“||u||L1(Rd,w) + (R —r)’"“oscp, f),
Br

where N=N(d,v, A, o,a).

Proof. Denote ri = (R—r)/2,and 7 = (R+r)/2. Set w(x) = Ip, (x)u(x). For x € B7, we have
Vu(x) = Vw(x) and thus

Lu(x) = /(u(x +2) —ux) —z- Vu@x)x(2))K (2)dz

R4
Z/(w(x+z) —wx) —z- Vuw@)x () K () dz
R4
_|_/(u(x +2)—wk —|—z))K(Z)dZ
R4

=Lw(x)+ f (u(x +2) —wx +z))K(z) dz.

lz|=r1

Hence in Bj

Aw(x) — Lw(x) =g(x) — f(x),
where

g(x)= / (u(x+2) —wx+2)K(2)dz.
lz|=r1
Note that
—d—o
gl Loz < Nr40 lull, @t ), @.1)

where N =N(d, A, o).
For xo € B,-, we set

M(x,y) :=wx) —w(y) —¢@x —y) = I'(x),

where ¢ (z) = C1]z|%, @ € (0, min{1, o}), and I" (x) = C2|x — xo|>. We will find Cy, C5 € (0, 00)
depending only on d, v, A, o, |[ullLBg)> lullL, e oscgg f, 1, but independent of the
choice of xg € B,, such that

,w)?

sup M(x,y)<0. 4.2)
x,yeRd
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This proves the assertion in the theorem. More specifically, using the fact the Cy and C; are
independent of the choice of xg € B,, we obtain

lu(x) —u(y)| < Cilx —y|*, x,y€B,,

where C; will be taken below to be the right-hand side of the Holder estimate in the theorem.
To prove (4.2), we first take

Ca = 8r *lull L (Br)-
Then, for x € RY \ By, 2(x0),

w(x) — w(y) < 2lullz e < Calx — xol*.
This shows that
M(x,y) <0, xeR\ B, (x0). 4.3)

To get a contradiction, let us assume that there exist x, y € R such that M (x, y) > 0. By (4.3)
we know that x € By /2(x0) C Br)/2- Moreover, if M (x, y) > 0, then

Y < 2lull Lo (Br)

wkx) —w(y) > Cilx —y|*, ie, |x-— .
1

4.4)

If we take a sufficiently large Cy so that C1 = 217 ¥ |lu|l1(By). the above inequalities show
that y € By. Therefore, the assumption that M (x, y) > 0 for some x, y € R4 (and the continuity
of u on Bg) enables us to assume that there exist X,y € By satisfying sup, ycge M(x,y) =
M(x,y)>0.
Note that at x, y € B; we have
8§y = f() =rw(y) — Lw(y),
—g(X)+ f(x) =—Aw(x) + Lw(x).

Thus, upon observing w(y) — w(x) < 0, it follows that

=218l Lo (Br) — 05€B f S Mw(P) — w(X)) + Lw(X) — Lw ()

< Lw(x) — Lw(y) :=1. 4.5)
We decompose K into a symmetric part K| and non-symmetric part K, where
Ki(z)=min{K(2), K(-2)},  K22)=K(2) —Ki1(2).

Clearly, the kernel K also satisfies (1.3), and K7 > 0 has the upper bound in (1.3). Let L and
L, be the elliptic operators with kernels K and K>, respectively. Then [ in (4.5) can be written

as

I'=h+1D,
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where
I :=Liw(x) — Liw(y), I = Lryw(x) — Law(y). (4.6)

Thanks to the symmetry of K1, we have

1 o
I = E/J(x,y,z)m(mdz,

Rd
where
J&,y, D =wE +2) +wx —z) —2wx) —w@y +2) —wy —2) + 2w(@).

Since M (x, y) attains its maximum at x, ¥, we have

wx+z)—wy+z)—d(x—-y)—I'(x+2)
Swx) —w@y)—¢&x —y) —I'(x), 4.7

and

wWE-2) —w(i —2) —¢E—3) ~I'F—2)
Sw@) —w@) —oE —y) —I'(X)
for all z € R?. These two inequalities lead us to
JE 5D TGE+)+TME—2) -2 F), zeR% (4.8)

By again the assumption that M (x, y) has the maximum at x, y, we have

wEx+2)—w(y —2) =@k —y+22) - I'(x+2)
SwX) —w@) —¢x —y) - I'(x),

and

wx—z)—wly+z) -9 —y—-22)-TI'(x—2)
Sw@x) —w@) —¢x—y)—I'(x)
for all z € R?. Hence it follows that, for any z € R,

J(X, 3, 0)<o(x -y +20) +¢(x —y—22) —20(x - )
+I'xX+2)+I'(x—2) =2 (X). (4.9)
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Set a =x — y. Since x, y satisfy (4.4), we have |a| < r1/2. Also set, for some 11,12 €
0,1/2),

C={lzl <mlal: 1z-al = (1 —n)lallz|}.
Then C C By, and
21 = / JGE 5. 9K () dz + / IG5, K1) dz
je1>n) B\C

+/J(i,i,z)K1(z)dz =T+ T+ 1. (4.10)
c

Note that
T\ <N, A,0)r{ |lullL(Bg)-

By (4.8) it follows

T < / (FGE+2)+ & -2 —2I@)K1(2)dz < NrP 7y,
B, \C

where N = N(d, A), but N is independent of 51, 1, in the definition of C. Now using (4.9) we
obtain

Ty < /(m LS 24 B — - 22) — 265 — ) K1 () dz
C

+/(F()E+Z)+F(X—Z)—2F()f))K1(Z)dZ =131+ T13.2.
C

The term T3 5 is again bounded by N rlz_" C,, where N = N(d, A). Finally, by Lemma 4.2 below,
31 <—Nd,v,0)Cilal*°.
Thus, we get from (4.10) and the choice of C; that
L <N, A, 0)r{ % ullLoBg) — N, v,a0)Cila|*™. (4.11)

Next we estimate I, = Low(x) — Low(y) in (4.6). We consider separately three cases: o0 < 1,
o=1,ando > 1.
Case 1: 0 € (0, 1). In this case,
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L= ( / +/>(w(f+z)—w(i)—w(§+z)+w(§))Kz(z)dz

lzI>r1 Br
=14+ Ts. (4.12)
Similar to 77, we bound 74 by N(d, A, U)rl_"||u||Loo(3R). Since o € (0, 1) and |x — xg| <

r1/2 by (4.3), from (4.7) we have

Ts < / (MG +2) - F'®)Ka(2) dz

By,

) 1
<22 —0)AC / (Iz1* +2Jz|I% —xol)Wdz

By,

<N, A, o) C.
Therefore, we get from (4.12) and the choice of C, that
LN, A, o) ullr..Bg)- (4.13)
Combining (4.5), (4.11), (4.13), and (4.1) we finally have
0< N, A, 0)(oscy f+r Nl +ri "7 lull L, @ o)
—Nd,v,a)Cila|*"? :=J.

Choose Cq so that C; > 21+“r1_“||u||LOO(BR) as well as

C] 2 N(d7 A? O‘)riyia (OSCBR f + r;” ”u“Loo(BR) + r;d*(f ”u”Ll(Rd,a)))/N(dv v, Ol)
Then, for & € (0, min{1, o'}), by (4.4) |a|*~7r] "% > 1 and

J <N, A,O’)(OSCBR fHr %Ml Br) +r1_d_0||u||Ll(Rd,w))(l — |a|°‘7”rf_“) <0.

This contradicts the fact that J > 0.
Case 2: 0 = 1. Note that, because K| is symmetric, both K| and K> satisfy (2.1). Therefore,
1 g, can be replaced by 1 By, in the definition of L,, and we have I, = T4 + T5, where

Ih= f (WE+2) —wE) —w@ +2) + w@))K2(2) dz,

lz|=r1

Ts = /(w(i +2)—w@® —wG+2)+w@ -z (VuE) - Vu@))Ka () dz.
By,

Then we bound T4 as in Case 1.
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Since M (x, y) attains its maximum at the interior point (x, y), we easily get
Vwx) =Ve(x —y)+VI(x), Vw(y) =Vo(x —y). (4.14)

For Ts, using (4.7) and (4.14), we have

Ts < /(r(x 42— @ —2- (Y - Vu() s ) Ko@) dz
By,

:f(F()E+z)—F()f)—z-VF()E))Kz(Z)dZ

By,

= / C21z1*Ka(z) dz
B,]

<N, AHri?Cs.

Then we argue as in Case 1 to get the contradiction.
Case 3:0 € (1,2). Now I, = T4 + Ts, where

Ty = / (WE+2) —w@ —wF +2) +w@) - z- (Vw@E) - Vu(@)))Ka(2) dz,

lzI=2r1

Ts = /(woz +2) —wE —w@ +2) + @ -z (VwE) — Vu (i) Ka(2) dz.
By,

Because 0 € (1,2), |x —xg| <r1/2,and C; = 8r1_2||u||LOO(BR), by (4.14) we have

Ty < / (4llull Lo (Br) + 121 |[VT (B)|) K2(2) dz

lzI=2r1

SN, A, 0)r; % lull Lo (Br)-

It follows from (4.7) and (4.14) that

Ts < /(F(Sc +2) - —z-VI(©)Ka(2)dz

By,

= / C2lz1*K2(2) dz
By,

<N, AHri?Cs.

So we again argue as in Case 1 to arrive at the contradiction.
Therefore, we conclude that (4.2) holds true in all three cases. The theorem is proved. O
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Recall thata =x — y and

T3, = [ (#(a+22) +dla—22) —2¢(a)) K1 (2) dz,

Qe

where
={lzl <mlal: 1z-al > 1 —n)lallz]}.
Lemma 4.2. There exist n1, n2 € (0, 1/2), depending only on «, such that
T31 < —NCilal*?, (4.15)
where N=N(d,v,a) > 0.

Proof. The idea of the proof is to use the local concavity of the function |x|* in the radial
direction. Set n(t) = a + 2tz, where a = x — y. Then

() = ¢(a+2t2) = p(n(0)).

Since ¢ (x) = C1|x|*, we have

—¢< )—cl—(|x| ) = Crax;|x|*72,

0X;
82¢ a—4 a—2
8x.ax.(x):Clot(ot—Z)xixj|x| + Cra|x|" " L=;.
i0Xj
Hence
d d
¢ dni(l) ¢
1) = — —(n(t 2
0] Zja P Zja (n(1))2z;
and
d 2¢
"(t) = 1)4
¢" (1) i]z_jl T (n())4ziz;

=4C1a(@ —2)|n®|* " n@) - 2| +4C1a|n@)|* P12

= 4C1ala + 202" (@ — 2)|(@ + 2t2) - z|* + la + 222 1z?].
Observe that, on C,

la 4 2tz1> < (1+2n1)?al?,
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((@+2t2) -z =la-z+2tz*| > |a - 2| — 2|z
> (1 —n)lallz] = 2Iz* > (1 = 201 — no)lzllal
for all t € [—1, 1]. Thus upon noting @ — 2 < 0 we get
¢"(1) <4Ciala+ 2tz (@ —2)(1 = 2m —m2)* + (L +2m)?Jlalz*. (4.16)

Since (1 — 2n; — ;72)2 — 1l and (1 + 2;7])2 — 1 as n1, n2 \( 0, there exist sufficiently small
N1, n2 € (0, 1/2), depending only on « € (0, 1), such that

(@ —2)(1 =211 — ) + (1 +21)2 < (@ — 1)/2.
This together with (4.16) implies that
¢"(t) < —2C1a(1 — a)|a +2tz|*|al?|z|*.
From this and the fact that
la +2tz|°7* = (14 20)* Ha|*™* > 2% Ha |4,
we arrive at
¢"(t) <=2 Cra(l —)al* ?z*, te[-1,1], z€C. (4.17)

On the other hand, by the mean value theorem for difference quotients, there exists 7y € (—1, 1)
satisfying

(1) +o(=1) —2¢(0) = ¢"(t0).
Using this equality and (4.17), we have

T3 < —/2“_3C1a(1 —a)|al*?z)*K 1 (2) dz. (4.18)
C

From the definition of C it follows that

/ 22K1 (@) dz > v (2 — o) / P dz = N(d, v, m)n> |
C C

Combining this with (4.18) and recalling the fact that 11, 2 depend only on «, we finally obtain
the inequality (4.15). O

In the next section we will need a bound of the C* norm of u only in terms of f and the
weighted L1 norm of u. To this end, in the corollary below we use an iteration argument to drop
the term supg,, |u| on the right-hand side of the estimate in Theorem 4.1.
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Corollary 4.3. Let 1 >0, 0 <o <2, and f € Loo(B1). Let u € C2_(B)) N L1 (RY, ) with
w(x) =1/ + |x|9*%) such that

Lu—Ju=f
in By. Then for any a € (0, min{1, o}), we have
[ulce (B, ) < Nllullp, ®d o) + N oscp, f, (4.19)
where N=N(d,v, A, o, ).
Proof. Set
rm=1-2""1"" Buy=B,,, n=0,1,2,....

Theorem 4.1 gives, forn =0,1,2, ...,

[]ce s, < N1 (22” sup [ul + 29wl ga o +05CE, ) f), (4.20)
B+

where N1 = N1(d, v, A, 0, ) is a constant independent of n. To estimate the first term on the
right-hand side of (4.20), by the well-known interpolation inequality, we have

sup |ul < elulce(p,,,) + Ne—d/

B(n+1

lullL,(Biry» Ve € (0, D). 4.21)

Upon taking & = (N122*134/2)~1 and combining (4.20) and (4.21), we get

[ulce By <27 Mulce (B + N2l (3

+ N2 || L ga ) + N oscp, f. (4.22)

We multiply both sides of (4.22) by 2739"/® and sum over n to obtain

00 (0.¢]
22—3(1}1/& [M]C”(Bm)) g Zz—3d(ﬂ+1)/a [M]CH(B(;H»I))
n=0 n=0

00 o
+N Y27 gy + N Y 27O g
n=0 n=0

o0
+ N ZZ_M"/“ oscg, f,
n=0

which immediately yields (4.19). The corollary is proved. O
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5. Mean oscillation estimates

This section is devoted to several mean oscillation estimates for u and its fractional derivative
(—A)?/?u by using the L, estimate in Section 3 and the Hélder estimate established in Section 4.

We recall the maximal function theorem and the Fefferman—Stein theorem. Let the maximal
and sharp functions of g defined on R? be given by

Mg(x)=sug ][|g(y)|dy,
"B

gt = sup ][ lg) — (@B, | dy.
B

Then
lgle, <N[&*l,,.  IMslL, <Nlgl,. .1)

ifge L, wherel < p <ooand N = N(d, p). Asis well known, the first inequality above is due
to the Fefferman—Stein theorem on sharp functions and the second one to the Hardy-Littlewood
maximal function theorem (this inequality also holds trivially when p = 00). Throughout the
paper we denote

(e = |;2—| / F)dx = ][f(x)dx,
2 2

where |£2] is the d-dimensional Lebesgue measure of £2.

Lemma 5.1. Let . >0, 0 <o <2, and f € C2. N Loo(R?) satisfying f =0 in By. Let u €
HY N CR(RY) satisfy

Lu—iu=f inRY. (5.2)
Then for all @ € (0, min{1, 0}),
[u]C“(Bl/z) < N227k6(|u|)32k7 (53)
k=0
[(_A)G/zu]ca(B]/z) < N(Z2_ka(|(_A)U/2”’)sz + ./\/lf(())), 5.4)
k=0

where N=N(d,v, A, o, a).

Note that the right-hand side of (5.3) and the first term on the right-hand side of (5.4) are
bounded by Mu(0) and M ((—A)°/?u)(0), respectively. Therefore, Lemma 5.1 implies that the
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local Holder norms of u and its fractional derivative (—A)®/2u can be controlled by the maximal
functions of u, (—A)°/ 2y, and f. This enables us to adapt the approach in [20].

Proof of Lemma 5.1. First note that we have u, (—A)°/2u € C2 (B))NL; (R?, ) with w(x) =

1/(1 + |x|9*). Since f =0 in By, by Corollary 4.3, .
[ulce(B ) < Nlullp, ®d,w)- (5.5)
Set
By = By, By =By \ Byk-1, k=1

Note that

1
lull, (R w) :f|“(x)|wdx
R4

oo
=) f|u(x)| d
1 d+o
k:OB(k) +|)C|
oo
< NZZ_kJ(WDBk
k=0

This together with (5.5) gives (5.3).
To prove (5.4), we apply (= A)°/2 to the both sides of (5.2) and obtain

(L—2)(=A)"u=(—N)"F.
Again by Corollary 4.3,

[(_A)U/zu]ca(m/z) S N||(_A)U/2”’|L1(Rd,w) + NSEIP‘(_A)UH-H- (3.6)

In exactly the same way above, we bound the first term on the right-hand side of (5.6) by

N 2|80 u)) -

k=0

Next we estimate the second term on the right-hand side of (5.6). For |x| < 1, we have

1 1
(A2 i _
|—(=4) f(x)l—c‘P-V-f(f(XvLy) f(x))|y|d+(,dy
]Rd
1
<N / If(x+y)|mdy, (5.7

lyl>1/2
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where the inequality above is due to the fact that
fx)=0 if|x]| <2, fx+y)=0 if|x| <1, |yl <1/2.

Similar to the estimate of [u|| g4 ., above, we bound the right-hand side of (5.7) by

N 27 (1f1) 5, < N.o)MS(O).
k=0

The lemma is proved. O
By using a simple scaling argument, we obtain the following corollary.

Corollary 5.2. Let . > 0,0 <0 <2, r >0,k >2, and f € C;. N Loo(R?) satisfying f =0
in Byr. Letu € Hy N Cgo(Rd) satisfy

Lu—Ju=f inRY.

Then for all @ € (0, min{1, 0}),

o0
[ulce(B,, ) < N(kr)™ Zka”(lul)B
k=0

ZkKV’
o
2 — —k 2
[ u] e, < NG ( > 27 (=) ul)y, +Mf(0)),
k=0
where N=N(d,v, A, o, a).
Proof. Let R = k7, w(x) = u(Rx), and g(x) = R f(Rx). Set L to be a non-local operator
with the kernel K| (z) = Rt K(Rz). Then we see that K satisfies (1.3) and w € L1(R?, ).
Moreover,

Liw—RAw=g inRY,

where g = 0 in By. Applying Lemma 5.1 to w, we obtain (5.3) and (5.4) with w in place of u.
Turning w back to u gives the desired inequalities. O

Note that, for example,

(Ju = )s,

)B,. < zara [M]CO( (Bkr/Z)
for ¥ > 2. This combined with the inequalities in the above corollary leads us to

Corollary 5.3. Let . > 0,0 <0 <2, r>0,k =22, and f € Cl‘f)i N Loo(Rd) satisfying f =0
in Byr. Let u € HY N CP(RY) satisfy

Lu— u=f inRY.
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Then for all @ € (0, min{1, 0}),

(Ju — ),

o0
Vp, SN D 27 (ul) g,
=0 2Kkr

(=) = ((=8)72u) [) g, < Nk ( D27 (=0 ul)y o+ Mf«»),

k=0

where N=N(d,v, A, o, a).

The proposition below is the main result of this section. It reads that the mean oscillations of u
and (—A)?/?u can be controlled by their maximal functions together with the maximal function
of f2.

Proposition 5.4 (Mean oscillation estimate). Let . >0, 0 <o <2, r >0, k 22, and [ €
CiooN Loo. Letu € Hy N Cgo(Rd) satisfy

Lu— u=f inRY.

Then for all « € (0, min{1, 0}),

)5, + (| (=2)7%u = (=8)u),

-

Mlu = g, )5,
< N (AMu(0) + M((—=A)7"2u) (0)) + N2 (M(f2) ()72, (5.8)

where N=N(d,v, A, o, a).

Proof. Take a cut-off function n € CgO(B4K,) such that n = 1 in By,,. Due to Proposition 3.5,
there is a unique Hy -solution to

Lw — Aw =nf.

Since nf € C3°, by the classical theory, we know that w € Hy N C°. It follows from Lemma 3.1
that

Mwliz, + H(—A)(’/szL2 SN@. v)InfliL,,

which yields, for any R > 0,

(Mw| + |(—A)"/2w|)BR

Bayer

(R™1er)2(£2) 2
“Ler) (M) )2 (5.9)

<N
<N(R
Now v:=u —w € Hy N Cp° satisfies

Lv— v=(1—-n)f
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Notice that (1 — 1) f =0 in By,,. By Corollary 5.3, we have

A(|v — (v)B,

), + ([(=2)P0 = (=270 |)

r

<N Zz*"”(|v|)32k” + Nk ™ ( Zz*k”(|(—A)“/2v|)sz“ + /\/lf(O)).
k=0

k=0
This together with the triangle inequality, (5.9), and the inequality M f(0) < (M (f2)(0))!/2
gives
A(|u— ), )Br + (|(—A)0/2u — ((—A)G/Zu)Br )Br
<a(v = s |) g, + (1820 = ((=8)0) ),

+ N (jwl) 5, + N (=27 w]) 5,

oo
_ —k 2 d/2 2 172
SN Y27 (ol + [(=8) o))+ NP (M(£2) )
k=0
— 1/2
- —k 2 dj2 2
SN 227l + [ 8 Pul) o+ N M) )7,
k=0
which is clearly less than the right-hand side of (5.8). In the last inequality above, we used (5.9)
with R =2%kr, k=0, 1, .... The proposition is proved. O

Next, we show that the inequality (5.8) holds true if we interchange the roles of —(—A)%/?
and L.

Lemma 5.5. Let . > 0,0 <0 <2, 7r >0,k >2,and f € C, N Loo. Let u erﬂCl?o(Rd)
satisfy

—(=A°Pu—pu=f inRY. (5.10)

Then for all o € (0, min{1, o}),

A(|u — (u)B,

), + (| Lu— (Lu)p,

)5,
< Nk (AMu(0) + M(Lu) (0)) + N2 (M(£2) ()72,

where N=N(d,v, A, o, ).

Proof. We follow the proof of Proposition 5.4 with necessary changes outlined below. As before,
we decompose u as a sum of w and v. For the estimate of w corresponding to (5.9), by using
(3.5) and (3.2) we have

(Mwl+1Lwl) , < N(R'er)™?(M(£2)©) .



H. Dong, D. Kim / Journal of Functional Analysis 262 (2012) 1166—1199 1191

Since the operator L in Lemma 5.1 can be set to be (—A)?/2, one can still use (5.3) for the
Holder estimate of v. Now for the Holder estimate of Lv, we need an estimate similar to (5.4):

[Lulcas, ) < N( ZZ_k“(lLuDsz + Mf(O))
k=0

provided that f =0 in B;. We apply L to the both sides of (5.10) and obtain
((=A)* —x)Lu = Lf.
By Corollary 4.3,

[Lulce(B, ) < NIILull L, wd o) + Nsup|Lf]. (5.11)
B

We bound the first term on the right-hand side of (5.11) as in the proof of Lemma 5.1. To estimate
the second term, we notice that since f = 0 in By, for any |x| < 1 we have V f(x) =0, and thus

|Lf(x)| = ‘ f (fx+y) = f) =y - VOxD0)K ) dy
Rd
= ‘ /(f(x +y) — f(X)K () dy
Rd

1
<N X4 V)| dy,
/|f( y)||y|d+‘7+l y
¥I21/2

which is bounded by N M f(0) as desired. The remaining proof is the same as that of Proposi-
tion5.4. O

6. L ,-estimate

We finally complete the proof of the L, solvability of Lu — Au = f by providing the proof of
Theorem 2.1.

Proof of Theorem 2.1. First we prove the estimate (2.3) for u € C(‘)X’ and A > 0. In this case,
clearly we have u € Hy N C° (RY) and f € Cie.N Loo. When p =2, the estimate is proved in
Lemma 3.1.

Next we consider the case when p € (2, 00). Set « = min{1, o}/2. Then by Proposition 5.4
combined with translations we have, forall x e Ry, r > 0 and « > 2,

Mu = @50 [) 0y + (22 = (27 2u) ) g, )
< N (L Mu() + M((=0)72u) (0) + NP (M () )2,

where N = N(d, v, A, o). Take the supremum of the left-hand side of the inequality with respect
tor > 0to get
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2t () + (=8)72u)* (x)

< Nie™® (A Mux) + M ((=2)7u) () + N2 (M(£2) (0) .

By applying the Fefferman—Stein theorem on sharp functions and the Hardy-Littlewood maximal
function theorem to the above inequality (see the inequalities in (5.1)), we obtain

M, + [ (=8)ul, < NAJf|, 4+ (=) )],

1/2

SNeT (M Mull, + [M(2)72u)| )+ N2 M)

r’

SNk (Mlullz, + | (=2)7ul, )+ Ne2I £

where N = N(d, v, A, o, p). It then only remains to take a sufficiently large « so that Nk =% <
1/2. For the case A = 0 and u € C§°, since the estimate (2.3) holds for any A > 0, we take the
limit as A N\ 0.

To prove (2.3) for general u € HI‘,’, we need a continuity estimate of L as in Lemma 3.1.
Thanks to Lemma 5.5, the argument using sharp and maximal functions as above yields, for any
A>0,

2
Mz, + 1 Lullz, < N|=(=8)"u =, .
with a constant N independent of A. Letting 1. — 0, we get for any u € C3°,
ILullL, < Nllullgg, (6.1)

which implies that L is a continuous operator from Hg to L. Since C(° is dense in HI‘,’, we
obtain (2.3) in its full generality.

Now the unique solvability of the equation in the case p € (2, 00) follows from the same
argument as in Proposition 3.5 with p in place of 2 along with Lemma 3.4 as well as the estimates
(6.1) and (2.3).

For p € (1,2), we use a duality argument. Let L* be the non-local operator with kernel
K(—y).Denote g = p/(p—1) € (2,00). For any g € L, by the H;—solvability there is a unique
solution v € Hy to the equation

L'v— v=g inR%
It is easily seen that L* is the adjoint operator of L. Therefore, for any u € Cg°,
/g(—A)"/zu dx = /(L*v - Av)(—A)U/zu dx
Rd R4

= /(—A)G/Zv(Lu —Au)dx. (6.2)

R4

By using (2.3) with ¢ in place of p, from (6.2) we have
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' f g(—A)udx

R4

<[ =272, I1Lu = rull,

SNIgle, ILu — Aull,.
Since g € L is arbitrary, we then get
[=2)2ul, <NILu—hulL,.

which along with a similar estimate of Alul|., yields (2.3) for any u € Cg°. For general u € H7,
as before we need a continuity estimate of L. For any g € Ly, let v € HJ be the equation

—(=A)°"?y—)v=g inR%
For any u € C°, we have
/gLu dx = /(—(—A)"/zv —Av)Lu dx
R4 R4

_ / L¥o(— (=) — hu)dx. (6.3)

R4
By the continuity of L*, from (6.3) we have

‘ /gLu dx

R4

S LA P RGN Y P

<NIgle, (=27 u—hul], .
Since g € Ly is arbitrary, we then get
ILullz, < N|(=A)*u - ru ||LP.

Letting & — 0 gives the continuity of L from H 1‘,’ to L. The rest of the proof is the same as in
the case p € (2, 00). The theorem is proved. O

Proof of the estimate (2.7). We take a smooth function n € C§°((—2, 2)) satisfying n(¢) = 1 for
te[—1,1]. Fixa T > 0. It is easily seen that U (¢, x) :=n(t/T)u(x) € Cgo((—ZT, 27) x RY)
satisfies

—DU(t,x)+ LU, x)+b-VU(t,x) =AU, x)=n(t/T) f(x) —ul)n't/T)/T.
Define V(t,x)=U(t,x — bt). Then V € Cgo((—ZT, 27) x RY) and satisfies

—D,V(t,x)+ LV(t,x) — AV (t,x) =n(t/T) f(x — bt) —u(x — bt)n'(t/T)/T.
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It follows from the results in [25] combined with the continuity L from HI‘; to L, proved in
Theorem 2.1 (see Remark 2.4) that

|(=a)y?v |2, (2r2my sy MV L 27,27 e
SN[/ T)f @ =bt) —ux =bOn' @/ T)/T ||, op o7ycmay:
which implies
| (=2)72ul, + 4, SNIfIL, + NT™ lul,
with a constant N = N(d, v, A, o, p). Letting T — o0, we get
luall g+ ~Alull oz + Al < NIFIL,.
To complete the proof, we use Eqgs. (2.6) and (6.1) to bound the L, norm of b - Vu by
ILullL, +MullL, +1flz, <Nl fllz,. O
7. Local estimates

From the global estimate in Theorem 2.1, by using a more or less standard localization argu-
ment one can obtain the following interior estimates.

[ =272l gy S NIFL, 8 + Nllull, e ) (7.1)
for o € (0, 1),
[ =)72u] ) gy S NI @ + Nl @t 0+ N Dullz50) (7.2)
foro € (1,2), and
[=272ull gy S NI @+ Nl @ o) + el Dl 5 (7.3)

for o =1 and any ¢ € (0, 1). Here the weight function w is defined in Theorem 4.1.
For the proof of this claim, we take a cut-off function n € C3°(B>) satisfying n =1 on Bj.
Then it is easily seen that
L(qu) — Anu=nf + L(nu) — nLu.
Applying the global estimate in Theorem 2.1 to the equation above gives
| (=272 )], gy < N[nf +LGne) = nLu gy
SN lzy +N|LOw) = nLul gy

Thus, by the triangle inequality,
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[(—=a)’? < n=ay’?

u”LP(Rd)
SNIFlle,my + NI LG = nLul g,

+ [ (=220 = n(=2)7u | gay. (7.4)

””LP(B.)

It suffices to estimate the second term on the right-hand side above since the estimate of the third
term is similar. We compute

L(nu) —nLu = / (nCx +y) = n))ulx +y) —y - Vn@)ux)x () K () dy.
Rd

(i) For o € (0, 1), we have

|L(nu) — nLu| < /}(n(x +¥) = n())ulx + y)| K (y) dy

RA
<N(/+/>\(n(x+y)—n(x))lu(x+y)HIyI_d_”dy-
B B
By using the obvious bound
[n(x +y) = @[ < Nlylljx<3 forye By, (7.5)

we get
|L(qu) — nLu| < N/ <3| Ce 4 )| Iy1'=9 dy
By

+/|u(x+)’)|(1|x+y|<2+1\x|<2)|)’|7d7(r dy. (7.6)
By

By Minkowski’s inequality and Holder’s inequality,
”L(Tlu) - ULMHLP(Rd) < N”””LP(Rd,a))’ (77)

which together with (7.4) yields (7.1). Indeed, to obtain the above estimate the last term in (7.6)
is calculated as follows.

' / 1|x|<2|u(x + y)||y|7d7ﬂ dy

ly[>1

L,(R4)

<2 [uC+ 9l g0y
R4
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1/p 1/q
<2( / ||u||§p(32(y))w(y)dy) ( / w(y)dy)

R4 R4

1/p
<N<f|u<x)|” / w(y)dydx) < Nl g0

R4 By (x)

where g = p/(p — 1).
(i1) For o € (1, 2), we have

|L(nu) — nLu| < /I(n(x + ) = n(@))ulx +y) — y - Vn(x)ux)| K (y) dy

]Rd
<h+ D,
where
I :=/|(n(x +3) = ) (ux + y) — u (@)K 5) dy,
]Rd
L= /|(n(x +y) =) —y - Vnx)ux)|K(y)dy.
Rd
Note that

1
’u(x +y)— u(x)’ < |yl /}Vu(x + ty)| dt.
0
We use (7.5) and the bound above to estimate /7 by

I:= (/+/>\(n(x+y)—n(x))(u(x+y)—u(x))IK(y)dy

B B

1
<N [ [ ticalVuce o+ |y dedy
By 0

* N/(|u(x + 0|+ [@]) (Lryi<2 + 1 <2) Iy~ dy.
B

By Minkowski’s inequality and Holder’s inequality as used for (7.7),

11z, ®ey < NIDullL, By + NlullL,®d w)-

(7.8)

(7.9)
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Note that by the mean value theorem,
[n(x+y) = n@) =y Vn@)| < NlyPlj<s forye Bi.
Thus we have
I < N|u()|1jx<3 / ly[*4= dy
By

+ Nux)| f(1|x+y|<2 + <2 (14 131)) Iy 7477 dy.
By

Again, by Minkowski’s inequality and Holder’s inequality,
||I2||Lp(Rd) < N||M||Lp(Rd,w),
which together with (7.8) and (7.9) gives
| L) = nLu], oy < Nlullp, @ o)+ NIDullL, s,

and thus (7.2).
(iii) In the last case o = 1, by using (2.1), for any 6 € (0, 1) we have

|L(qu) = nLu| < i+ s+ I,
where
I := /I(n(x +3) =) (u& +y) —u@))| K () dy,
Bs

Iy = /I(n(x + ) = nx) =y Vn)u(x)|K (y)dy,
Bs

Isi= [ (6 + ) = neoJuts + K61 dy.
i

We bound I3 and I in the same way as I1 and I» to get

1
13<N/f1‘x|<3|w(x+ty>||y|‘*ddtdy,
Bs 0

14<N/1|x|<3|u<x)||y|1—ddy,
Bs

and bound /5 as in the first case to get

1197
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Is<N / Liwj<3|ux + )|y~ dy
B1\Bs

+ N/|u(x +Y)|(1|x+y|<2 + 1|x\<2)|y|7d7] dy.
By

Thus, by Minkowski’s inequality and Holder’s inequality,

| L) = nLu ”LP(Rd) < NG| Dullr, sy + N (1 —1og(®) llull L, @ w)-
By choosing a suitable &, we obtain (7.3). The claim is proved.
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