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Wazewski Principle is an important tool in the study of the asymptotic
behavior of solutions of ordinary differential equations. A direct extension of
this principle to retarded functional differential equations (RFDEs) can be
obtained by noticing that solutions of RFDEs generate processes on C =
C([—7, 0}, R") and by using the general version of Wazewski Principle for
flows on topological spaces. The resulting method is of little use in applications,
due to the infinite-dimensionality of the space C. This paper presents a
‘““Razumikhin-type”’ extension of Wazewski’s Principle, which is widely ap-
plicable to concrete examples. The main results are Corollaries 3.1 and 3.2.
Also, an extension of the method to RFDEs with a merely continuous right-
hand side is given, and a few examples illustrate the use of the method.
Throughout the paper, a standard notation is used.

1. INTRODUCTION

Wazewski’s Principle [9] is an important tool in the study of the asymptotic
behavior of solutions of ordinary differential equations (ODEs). A direct
extension of this principle to retarded functional differential equations (RFDEs)
can be obtained by noticing that solutions of RFDEs generate processes on
C = C([—7, 0], R*) (cf. [3], p. 76), and by using the general version of
Wazewski’s Principle for flows on topological spaces (see e g. [2], p. 24). The
resulting method is of little use in applications, due to the infinite-dimen-
sionality of the space C.

This paper presents a ‘“‘Razumikhin-type’’ extension of Wazewski’s Principle,
which is widely applicable to concrete examples. '

The main results are Corollaries 3.1 and 3.2. Also, an extension of the method
to RFDEs with a merely continuous right-hand side is given, and a few examples
illustrate the use of the method. In particular, a result in [8] is generalized.
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Throughout this paper, standard notation is used. Let us only remark that
A%, A and 84 denote the interior, the closure and the boundary of A, respec-
tively. (4 being a subset of some topological space.) If x is a continuous mapping
from an interval [-—7 4+ ¢, f] into R®, then x, denotes the element of
C = C([—r, 0], R?) defined as x/(f) = x(t 1 0), f & [—7, 0].

2. WaZEwWSKI'S PRINCIPLE FOR SysTEMS OF CURVES

In this section, an abstract version of Wazewski’s Principle is stated.
It appeared earlier in a different form in [7]. However, the version presented here
has an intuitively more appealing geometrical character, and it leads more
directly to our main result in Section 3. We need two definitions:

DerINITION 2.1. Let X be a topological space, and let 4 C X. We consider
A endowed with the relative topology of X.

(a) A is called a retract of X, if there exists a continuous mapping f: X — 4
such that f(x) = « for all x € A. fis called a retraction of X onto 4.

(b) A is called a strong deformation retract of X if there is a continuous
mapping F: [0, 1] X X — X such that:

(1) FO,x) =« for all x e X,
@Gi) F(l,x)ed for all x € X,
(i) F(s,%) =« for all s € [0, 1] and all x € 4.

F is called a strong deformation retraction of X onto A.

Remark. This definition of a strong deformation retract follows Conley [2].
Borsuk [1] uses a weaker definition.

DEerINITION 2.2. Let /A be a convergence space, let 2 CR X 4 be open in
R x A, and let x be a mapping, associating with every (¢, A) € 2 a function
%(o, A): D, , — R” where D, , is an interval in R (closed, open, or half-open).

Assume 1, through 3.

[SC 1] oeD,,;
[SC 2] if(o.ﬂ’An)E‘Q’ (UJA)EQ7 t'ﬂ’teR)

teD?,,andif o, —> 0, X, — A, t, > tas
n — c0, then there is an 7, such that for all

n=mnt,eD,
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[SC 3] If(o,,A) e (0, ) 0, —>0,, —> A
and t, €D, , ,teD,,,t, —t, then

Xon , Aa)(ta) = *(o, A)(D).

If all the above conditions are satisfied, then (4, £, x) is called a system of curves
in R~

THeOREM 2.1. Let (A, £, x) be a system of curves in R". Let w, W, Z be sets.
Assume that conditions 1 through 4, below hold:

(1) () wisopenin R X R*, WC dw,
B ZCoUW,B=Zn(ZW),ZnNWisaretractof W, Z " Wis
not a retract of Z.

(2) There is a continuous map p: B — A such that for any 2 == (o, y) € B:
(0, p(2)) € Q, and if also z € W, then x(o, p(z))(c) = ».

(3) Let A be the set of all 2 = (o, y) € Z N w such that there is a t, t > o,
te D, ) and such that (¢, x(o, p(2))(1)) ¢ w.

Assume that for every 2 = (o, ¥) € A there is a t(2), t{z) > o, such that:
() H2)E D, y() and for all 1,0 <t < 1(2): (L, 2(0, p(2))(2t)) € w,
B (U=), %(o, p(2N((2))) € W,

(y) Foranyd >0, thereisat = (8, 2), i(z) <t < #(2) + 8, such that
t€ Dy ) and (8, 2(o, p(2))(2)) ¢ &

(4) For any 2 = (o,y)e WN B, and all 5 > 0, there is a t = (5, 2)
such that ¢ <t <o+ 38, teD, , and (¢, x{o, p(2))(?)) ¢ &.

If all the above assumptions are satisfied, then there is a 2y = (0, ,¥)€Z N w
such that for every t > oy, 1€ D, () 1 (£, %(0g , p(20))(2)) € w.

Proof. To prove the theorem, define the map g on AU W as follows
(= = (o, 9)):
(2) = (& ¥ PN, i wed
z

g , if zeW.

Then g is well-defined, because t(z) € D, ,, for z€ 4.

Using Definition 2.2 and assumptions (3) and (4), it is easily proved that
glA v W]C W and g is continuous. Hence g is a retraction of 4 U W onto W.
If the theorem were not true, then Z N w = A from the definition of 4, hence
W would be a retract of Z U W. But since Z N W is a retract of W by assumption
(1), Z~ W would also be a retract of Z, which contradicts assumption (1).

This completes the proof of Theorem 2.1.

Theorem 2.2 is very similar to Theorem 2.1 and the proof repeats that of
Theorem 2.1 with obvious modifications. Theorem 2.2 is of grater use than-
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Theorem 2.1 in applications to autonomous RFDEs and this is why it is for
mulated separately.

THEOREM 2.2. Let (A, 2, x) be a system of curves in R™. Let w, W, Z be sets.
Assume that conditions (1) through (4) below hold,;

(1) (o) wisopeninR*, WC oo,
B) ZCwUW, B:=ZN(ZUW), ZNW is a retract of W, but

Z N\ W is not a retract of Z.

(2) Thereis a continuous map p: B — A such that for any z € B:(0, p(2)) € £,
and if also z € W, then x(0, p(2))(0) = =.

(3) Let A be the set of all z € Z N w such that there is a t, t > 0, t€ Dy 4,
and such that x(0, p())(t) ¢ w. Assume that for every z € A thereis at(z), t(z) > 0,
such that:

() H2)€ Dy piy , and for all t, 0 <t < #(2): %(0, p(3))(t) € o,

(B) (0, p()U=)) e W,
(yy For all 8 > O there is a t, (z) <t << #(2) + O, such that te D, )
and (0, p())(t) ¢ .

(4) For all ze WNB and all 8 >0 there is a t = (8, z) such that
0 <t <8, te Dy ) and x(0, p(2))(1) ¢ @.

If all the above assumptions are satisfied, there exists a zy€ Z N w such that
Jor all t >0, te Dy i, ¢ %(0, p(20))(?) € .

Remarks. (1) 1In this work, we shall consider the following application
of Theorems 2.1 and 2.2: Let A = C = ([—7, 0], R”?) and let £ be open in
R x C. Let F: 2 — R” be a continuous mapping.

Consider the equation:

x2(t) = F(t, x,). (2.1)

Assume that through each (o, ¢) € £2 there is a unique solution x(s, ¢) of Eq.(2.1)
defined on a maximal interval [0, 4), 0 < a <X 0. Let D, , = [0, a). Then
(4, £, x) is a system of curves in R*, this being a consequence of the continuous
dependence of solutions of Eq. (2.1) on initial data.

Henceforth, except for Section 4, we shall tacitly assume that all systems of
curves which will be considered are generated in the way just described.

(2) If assumption (2) is replaced by the stronger assumption (2'):
(2') There is a continuous mapping p: w U W — /A such that for any
ze(o,y)ew U W: (o, p(2)) € £2 and x(o, p(2))(c) = ¥,

and if, at the same time, (18) is replaced by the weaker assumption (18'):

(18’y W is not a strong deformation retract of o U W,
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then the conclusion of Theorem 2.1 remains true. (In the definition of A4,
“Z” is replaced by “w U W”, and in assumption (4), W N B is replaced by
“W”.) If not, define G: [0, 1] X (w U W)—> wU W to be

(0 +5-(4z) —0), o, p(2))(o + s " (1(2) — 9)))
G(s,0,y) = if 2= (o,y)ew =24
(o, ) it z2=(o,y)eW

It is easily proved that G is a strong deformation retraction, which contradicts
assumption (I18") and proves our statement. An analogous remark applies to

Theorem 2.2.

(3) For autonomous RFDEs, there is a simple relation between Theorem
2.2 and the direct extension of Wazewski’s Principle mentioned in the intro-
duction. Let us formulate the latter as Theorem DE:

TueoreM DE (cf. Conley [2], p. 24). Let Q2 be open in C, and let F: Q —> R
be continuous. Consider Eq. (2.2):

@ = F(x,). 2.2)

Assume uniqueness of solutions of Eq. (2.2). Let w* be an open subset of . Let W*
be a subset of ow™* N 2.

Define A* to be the set of all ¢ € w* such that x,(0, ) ¢ w* for some t > 0,

where x,(0, ¢) € C is the solution of Eq. (2.2) through (0, $). Assume that (3) and
(4) below hold:

(3) For every ¢ € A* thereis a t(¢) > O such that:
(o)  the solution through (0, ¢) is defined at t($) and for all 0 < t < H{¢):

0, ¢) € w*.

(B) xua)(0,¢) € W
(4) For all pe W* and all 8 > 0 there is a t = t(8,¢), 0 < t < 9,
such that the solution through (0, ¢) is defined at ¢ and x,(0, $) ¢ &>*.

Then W* is a strong deformation retract of A* U W*,

Now suppose the system (4, £, x) is generated by Eq. (2.2) and that assump-
tions (1) and (2) of Theorem 2.2 hold. Let w* be the set of all ¢ € C such that
#(0) € w for 6 € [—r, 0]. It is easily seen that w* is open in C. Suppose that w*
satisfies the following condition (CND):

(CND) For every ¢ e C such that $(8) e for 8e[—r, 0], there is a
sequence {¢,}, ¢, € w*, such that ¢, — ¢ as v — oo (in the topology of C).

Now assume that w* C £ and let W* be a subset of dw* N Q. Let A* be

defined as in Theorem DE. If ¢(0) € W for every ¢ € W*, and if p(z) e W*
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for every z € W N B, then a simple argument shows that assumptions (3) and
(4) of Theorem DE imply assumptions (3) and (4) of Theorem 2.2.
Condition (CND) is satisfied if w has the following property (PR):

(PR) For every ¥ €@ and every e > 0 there is an open set U, con-
taining x, with diameter <Ce and such that U, N w is connected.

This is proved by using simple topological arguments.
Property (PR) cannot, in general, be dispensed with: e.g., if w = (0, 1) X
(0, DI\[{1/23 x [0, 1/2]}.

3. PorvFaciaL Sers AND Wazewskr’s PRINCIPLE FOR RFDEs

In this section, our main results are stated and proved. They rest on the
following concept.

Drerintrion 3.1, Let Fomf, i =1,..,p, j = 1,..,q be real-valued Cl-
functions defined on R x R™ The set w: w = {(1,»)e R X R* | I{t,y) <0,
mi(t, ¥) < 0, for all 7,7} is called a (time-dependent) polyfacial set. If I*, m’ are
Cl-functions defined on R”, then

w = {ye R l{(y) <0, m(y) <0, for all i}

is called a time-independent polyfacial set.

A (time-dependent) polyfacial set will be called regular with respect to Eq. (2.1),
if (o), (B), (y) below hold:

() If (1,9)eR x C and if (2 + 0,4(0)) cw for all fe{—r, (), then
(t, ) e L2

(B) Foralli = 1,.., p, all (¢, ¥) € w for which li(t, ) = 0, and all¢ e C
for which ¢(0) = y and (2 + 0, ¢$(0)) € w for 8 € [—r, 0), it follows that (£, ) € £2
and:

n

or ol
’rgl avy’; (t1 _’)’) Fr(t’ ‘]S) + W (t’ y) > 0.
(y) For all j =1,..., ¢, all (¢,y)€dw for which mi(t,y) =0, and all
¢ € C for which ¢(0) = y and (¢ + 6, $(0)) € w for € [—r, 0), it follows that
(t, $) € £2 and:
2 om om’
1; @)—r(t’y)Fr(t:gb) + —aT (t,y) < 0.
If It, m’ do not depend on ¢, w is of the form w = R X &, where & is a time-
independent polyfacial set.
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If w is regular with respect to Eq. (2.1), @ is also called regular with respect
to Eg. (2.1).

Remarks. (1) Uniqueness of solutions of Eq. (2.1) is not used in Defi
nition 3.1 and the concept defined there makes sense for arbitrary RFDEs,

(2) Onuchic’s definition of a regular polyfacial set with respect to Eq. (2.1)
(see [8]) requires that the inequalities in () and (y) be satisfied for any ¢ € C
such that ¢(0) = y (and (¢, ¥) as above). This very stringent condition makes
his results applicable only to very special types of RFDEs.

(3) The concepts defined in Definition 3.1 are related to, and were, in
fact, inspired by the concept of a Razumikhin-type Liapunov function:

A Razuamikhin-type Liapunov function with respect to Eq. (2.1) 1s a continuous
function V: R x R" — R such that lim supy_.(1/2)[V (¢ + A, x(2, $)(¢ + k)) —
V(t, $(0))] <0, for every (t,¢)eR such that V(¢ + 6,4(0)) < V(t,4(0)
for 6 e [—r, O]

Another related concept is that of a guiding function. See 3], p. 139, for a
definition.

(4) In [6], the author considers the scalar delay equation #(t) = f(t, %(2),
x(t — h),..., x(t — mk)), where # > 0 and m is an integer >0. She imposes
conditions on f implicitly ensuring that for some R > 0, the interval [—R, R]
is a regular polyfacial set with respect to this equation (in our sense). [—R, R]
has pure “exit” behavior on the boundary, ie. no functions of type m’
are involved.

THEOREM 3.1, Let w be a (time-dependent) polyfacial set, regular with respect
to Eq. (2.1) and let W be defined as follows:

W: ={(t, y) € dw | mi(¢, y) < 0, forallj = 1,..., ¢}.

Moreover, let Z be a subset of WU w, and let p: B =ZNn(ZU W)— C
be continuous such that if 2 == (t, ) € B, then (i, p(2)) € 2, and:

(N If x=(,v)eA (4 as in Theorem 2.1), then (t + 8, p(z)(0)) € w
Jor e [—r, 0]

Q) If 2= (L, v)e WN B, then p(2)(0) =y and (t+ 0,p(2)(0)) € w
fore[—r, 0).
Then assumptions (3) and (4) of Theorem 2.1 are satisfied.

Proof. Let 2 = (0, y) € A, and let #(2) be the smallest of all ¢ 2> o such that

te D, and (2, x(0, p(2))1)) ¢ w. Since (o, 2(0, p(2))(0)) = (o, p(2)(0)) € »,
it follows that o << #(3) << 0. Obviously, (#(2), #(e, p(2)}(#(2))) € 2w and for
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o Kt < H(3): (¢, 2(o, p(2))(t)) € w, hence (3a) bolds. Let ¢ = x,(,(0, p(z)) € C.
Then (1(z), ) € 2, (1(z), 4(0)) = (£(2), (o, ())(t(2))) € w, and
(t(2) 4 6, $(0)) € w, for fe[—r,0).
We shall show that (#(2), #(0)) € W. Suppose on the contrary that
(t(=z), (0)) ¢ W. Since (#(2), #(0)) € éw it follows that for some j,,

mio(t(z), $(0)) = 0. Hence the inequality in (y) of Definition 3.1 is satisfied.
Since x(o, p(2))(¢) is differentiable in ¢ for ¢ > o, this inequality becomes

2w, (o, p(#)0) i <O

hence, for some § >> 0 and all 0 < & < &:

m"(t(z) — h, x(o, p(2))(t(z) — h))
> m(t(z), (0, p(2))(t(2))) = m"(t(z), $(0)) = 0.

Hence (#(2) — h, x(o, p(2))(t(2) — k)) ¢ ®, which is a contradiction to (3x)
(which we have already proved).

Hence, indeed, (#(2), $(0)) € W and, therefore, (38) in Theorem 2.1 is satisfied.
It follows that l*o(¢(2), $(0)) = O for some i,. Applying (B) of Definition 3.1
we see that

GO | o

Hence, for some 8 > Q0and all0 < % < 8
Io(t(z) + h, %o, p(2))(t(z) + #)
> I'(1(2), *(o, p()NH(2))) = I'(1(=), 4(0)) = 0.

Hence, {#(2) + 4, x(c, p(2){(t(z) + A))) ¢ w, which is even stronger than
(3y) of Theorem 2.1. Hence (3y) 1s, indeed, satisfied.

Now assume 2z = (o,y)e W N B. Hence lio(c,y) = 0 for some 7,. Let
¢ = p(2), Then (¢t 4 0, ¢(8)) € w, for all —r < 6 << 0. Hence

d iy
1 (o p@N0)| >0

where ““d/dt”’ denotes the right-hand derivative. But this implies the existence
of 8 > 0 such that for all 0 << & < &

a4 h, x(o, p(2))(c + k) > (o, x(a, p(2))(c))
= 1o, $(0)) = 1", y) = O.
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Hence (o + k, x(a, p(2))o + k)) ¢ &, for 0 < & < 8, which, a fortiori, implies
(4) of Theorem 2.1.
The theorem is proved.

CoroLLARY 3.1. If all assumptions of Theorem 3.1 are satisfied, and if, in
addition, Z N\ W is a retract of W, but Z N W is not a retract of W, then there
exists a gy = (og, ¥o) € Z N w such that (t, x(cy , p(2,))Xt)) € w for every t = o,
teD

ageplzg) -

Proof. Combine Theorems 2.1 and 3.1.

The following theorem is a reformulation of Theorem 3.1 for time-inde-
pendent polyfacial sets. The proof follows the same lines as that of Theorem 3.1
and is, therefore, omitted.

THEOREM 3.2. Let w be a time-independent polyfacial set in R”, regular with
respect to Eq. (2.1), and let W be defined as follows:

W ={yeow|m(y) <O, forallj = 1,..,¢q}.

Moreover, let Z be a subset of o O W, and let p: B =Z N (Z U W) — C be
continuous and such that if z € B, then (0, p(z)) € 2, and:

(1) If ze A (A as in Theorem 2.2), then p(z)(6) € w for € [—r, 0].
(2) If ze Wn B, then p(z)(0) = z and p(z)(f) € w for 6 € [—7, 0).

Then assumptions (3) and (4) of Theovem 2.2 are satisfied.

CoroLLarY 3.2. If all assumptions of Theorem 3.2 are satisfied, and if, in
addition, Z "\ W is a retract of W, but Z N W is not a retract of Z, then there
exists a %y € Z N wq such that x(0, p(2,))(t) € w for every t = 0, 1 € Dy, -

Remarks. By using Remark 2 after Theorem 2.2 a modification of Corollaries
3.1 and 3.2 can be obtained. Obvious details are omitted.

ExampLe 3.1. Consider the scalar equation (3.1):
& = —ax(t) — bx(t — 1), where a,beR, a0, r=0. (3.1)

Let w = (—a, a), « > 0. Then any easy computation shows that w is a regular
time-independent polyfacial set with respect to Eq. (3.1) ifand only if | & | < | a |.

If | b | < | a |, then it is intuitively clear that w is regular not only with respect
toEq. (3.1) but also with respect to all sufficiently small perturbations of Eq.(3.1).
However, if [a| = | 5|, then even the slightest perturbation a, b — a’, ¥
canyield | a' | < | 4’| and then w is no longer a regular polyfacial set with respect
to the perturbed equation. In fact, there is no regular polyfacial set with respect
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to the perturbed equation which contains (. This motivates the following con-
cept:

DEerinTION 3.2, Let 2 CR X C be open, and F: 2 — R” be continuous.
Suppose o is a (time-dependent) regular polyfacial set with respect to Eq. (3.2):

& = F(t, x,). (3.2)

Then w is called szable at F if there is an ¢ > 0 such that w is regular with respect
to Eq. (3.3):
X = F/(ty xt)’ (33)

whenever F’: Q — R" is continuous and Y,_;|F.(t,4) — Fi(t,é)| < e,
for all (¢, ¢) € 2 for which (2, #(0)) € éw and (¢t + 6, $(0)) € w, 0 € [—7, 0).

The next proposition establishes a simple characterization of stability of
wath.

ProposiTiON 3.1. Let o be a regular polyfacial set with respect to Eq. (3.2).
Then w is stable at F if and only if there is € > O such that for all 1, j, and all
(t,$)e R X C for which (t,$(0)) € Ow, and (t + 0,4(0)) e w, 8 €[—r,0), the
following conditions hold:

(1) €3 | 50| < | 5000 Pt )+ G (90|,
- - whenever  I(t, $(0)) — 0.
@ <3 |G| <|T o0 Fid) - s

whenever m(t, $(0)) = 0.

The proof of Proposition 3.1 is a simple computation, which is, therefore,
omitted.

If F(¢) = —ad(0) — bé(—r), i.e. in case of Eq. (3.1), Proposition 3.1 easily
implies that R X (—a, «) is, indeed, stable at F if | | < | a |, and not stable
at Fif [b] = |al.

In Examples 3.2 through 3.5 below, uniqueness of solutions is assumed.

ExampLE 3.2. Consider Eq. (3.4):
Xy = —axy(t) — buy(t —r) + filt, 1 5 ¥31),
Xy = —exy(t) — dacg(t — 1) + folt, %y, Xar),

where a,¢ 0, C = C([—r,0,R), and f=(f;,.fi))R x C x C— R?

is continuous and such that for some M, N > 0:

A <(lal — b)) M  forall(t,4,#)eR X C X C

(3.4)
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for which
[6(0) =M, [40) <N, [¢0O) <M, |§0) <N, 6e[-r,0),

and

fot, b, )] < (lc| —1d))N  forall(t,$,$)eR x C x C
for which
[(0)) = N, [40) <M, [$(0) <N, [¢0) <M, 0e[-r,0).

Then w = (—M, M) x (—N, N) is a regular polyfacial set with respect to
Eq. (3.4). Hence, there is a solution x(t) = (x,(¢), x5(t)) of Eq. (3.4) such that
#(t) is defined for ¢ >> 0 and x(¢) € w for ¢t = 0.

Example 3.2 is easily generalized to arbitrary dimensions.

ExampLe 3.3. Ify = (j1) € R? and k€ R, define the “kth power of y” to be

Y= (ﬁ)

Consider Eq. (3.5):

a(t) = Ax(t) + Bx(t — r) + Px*t) + O« — 1)
+ Cx3(t) + Dx3(t — r) + E(3) = F(t, x,) (3.5)

where & == (i;) eR, 4, B, P,Q, C, Dare2 x 2 matrices,

C:(f)l C(:)’ D:(gl d(z)’ el > dd, ¢! > ldy ],

E: R — 2 is continuous.

It 1s a matter of trivial computation to see that for M > 0 large enough,
the square v = (—M, M) X (—M, M) is a regular polyfacial set with respect
to Eq. (3.5), and hence there is a solution x(¢) of Eq. (3.5) defined for # > 0
such that x(#) € w for ¢t = 0.

ExamprLE 3.4. The following example is a simple illustration of the useful-
ness of time-dependent polyfacial sets.
Let a: R — R and 8: R - R be C-functions such that o(t) — 0, S(¢) — 0
as t-— +- v. Let
0t y) =y — (1)
Bt y) = B(t) — v
m(t,y) = —t

505/36/1-9
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Assume that 8(z) <C «(t) for ¢t == 0. Let
w={ty)eR x R[Ity) <0, Bty <0, my) <O}

Consider Eq. (3.6)
x = F(t, %), (3.6)
where F: R X C([—7, 0], R) — R is continuous and such that:
(1) <F(t,¢) forall(t,d)eR X C
for which # > 7, $(0) = of2), B(t + 8) < $(0) < o2 - ), & [—7, 0), and
F(t,¢) < B(t) foral(,¢)eR x C
for which
t>r, $0) =B@E), o+ 0)>¢l) >8r+8, 0el[-—-r0)
Then w is a regular polyfacial set with respect to Eq. (3.6), and there is a
solution x(¢) of Eq. (3.6) such that x(t) is defined for all ¢ > 0, and f(t) <
#(t) < oft) for t > 0, hence x{t) - 0 as £ — 0.

The following example generalizes Theorem 3 in [8].

ExampLE 3.5. Let C = C([—7,0], R*) and let F: R X C X C— R" be a
continuous mapping. Consider the second-order RFDE

=y
¥ :F(t’ %y s Vi)

3.7)

Assume that
$(0) - F(t, ¢, ¥) + $(0) - ¥(0) > 0 (3:8)
is satisfied for all ¢ > T -+ r, and all ¢, ¢ € C for which:
$(0) - $(0) >0
and
$(0) - $(6) <) - $(0)  for fe[-r,0).

(The dot denotes the scalar product in R”.) Assume also that uniqueness holds
for solutions of Eq. (3.7).



WAZEWSKI’S PRINCIPLE FOR RFDES 129

Let

A(t) = (;”8)

Then for every t, > T + r there is a family of initial values &P eC x C,
depending on at least n parameters, such that x(%,, &,d)t) - x(ty, $, P)2) is
nonincreasing for ¢ >> t,, as long as it is defined.

Proof. Letb > 0,and T 47 < t;, < t,.
Let

Lit,x,y) =x-y—b ) )
mb(t’x)y) =1 —1 fOr'tGR,(x’y)e[R X R ’

wy 1= {(t, %, ¥) | my(t, %, 3) <0, L(1, x,5) <0},
W, := {(t, x, y) € 8w, | my(t, x, ¥) < O}
={{t,x,y) |t >t ,x y=>b}L

Then w, is a polyfacial set and assumption (3.8) just implies that w, is regular
with respect to Eq. (3.7). Let Z, be the line segment connecting two points
(to, &, m) and (29, &, mp) located in two distinct components of W, , with
(t,0,0)¢ 2, .

Now a simple geometrical consideration shows that a continuous mapping
p: Z — C can be constructed which satisfies all assumptions of Theorem 3.1.
Hence, there exists a (x, , ¥} € Z, N w such that the solution (2, , p(Zy , %5 » ¥5))(2)
remains in wy for £ > ¢, as long as it is defined. Now take a decreasing sequence
b,, — 0 and use a compactness argument to obtain a (x, , ¥,) such that the solu-
tion z(to ’ P(to » %0 yO))(t) satisfies x(to 4 P(to » %o » yO))(t) ’ y(to )P(to » X vyo)) X
(t) < 0forallt > 0, as long as it is defined.

Since for b, # b, , Z,, can be chosen to be disjoint from Z; , it follows that
{(xy , o)} depends on at least » parameters and the example is proved.

Remark. Onuchic’s Theorem 3 in [8] yields a somewhat stronger conclusion.
However, his assumptions are much stronger than those of Example 3.5.

Onuchic assumes that (3.8) be satisfied for all ¢, e C, #(0) £ 0, t = T;

E.g. Let C = C([—7,0], R)- Let F(2,¢, ) = ¢(0). (4(0) - $(0) — (—7) *
Y(—7)), then the assumption (3.8) is satisfied for all ¢, e C such that
#(0) - (0) > 0 and

$(—7) (1) < $(0) - H(0).

Even the stronger inequality

$(0) - F(t, ¢, ) > 0
holds for all such ¢, .
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However, Onuchic’s assumption is not satisfied, since $(0) - F(¢, ¢, $) +
$(0) - 4(0) can be made negative by proper choice of ¢, ¢ € C, #(0) # 0.

4. EXTENSION OF SOME ResuLts TO THE CASE IN WHICH
UNIQUENESS OF SoLuTioNs Does NoT HoLp

In the following two sections, we shall extend Theorems 3.1 and 3.2 to the case
in which F is continuous, but the corresponding Eq. (4.1)

& = F(t, x,) (4.1)

does not necessarily satisfy the uniqueness property of its solutions.
To this end, we need the following approximation theorem:

THEOREM 4.1. Let L be open in R x C, F: £ — R™ be continuous. Suppose
w 1s a regular polyfacial set with respect to Egq. (4.1).

Then there is an open subset Q of R, and a sequence of continuous mappings
F :Q — R" such that uniqueness holds for solutions of equation % = F(t, x;)
for all v, F, —F, as v — o0, uniformly on @, and w is a regular polyfacial set
with vespect to Eq. (4.2) and Eq. (4.3,) for all v:

& = F(¢, x,), where F =F|Q, (4.2)
& =F(1, %) (4.3,

The proof of Theorem 4.1 is given at the end of this section.
Let us next state a lemma:

Levma 4.1. Let Q be open in R x C, F,: 2 — R" and F: Q — R" be con-
tinuous and that F, — F as v — o0, uniformly on §2.
Consider Eq. (4.4) and Eq. (4.5,):

&= F(t, x), (4.4)
& = F(t, x,). (4.5,

Let x*(1) be a noncontinuable solution of Eq.(4.5,), through (o”, ¢*), where (o, $*) € £2.
Suppose (¥, §") — (a° ¢°) € 2 as v — oo. Then there exists a noncontinuable
solution x%(t) of Eq. (4.4) through (a°, ¢°) and a subsequence (x") of (x) such that
whenever b is such that x° is defined on [6® — r, b], then for all € > O there is
a ky(¢) such that for k = ky(e), x" is defined on [0® — v - ¢, b] and x» — x,
uniformly on [c® — v 4 ¢, b].

The proof of the lemma uses Zorn’s lemma and standard arguments from the
theorv of RFDEs, and is omitted. (Cf. Hale [3]).
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Turorem 4.2. Let Q be open in R x C, F: Q — R* be continuous and
be a regular polyfacial set with respect to Eq. (4.1).

Let W be defined as in Theorem 3.1, suppose Z is a compact subset of w U W,
and there is a mapping p, p: B = Z N (Z U W) — C, satisfying all assumptions
of Theorem 3.1, with “A” replaced by “Z M w” in the statement of that theorem.
Note that B = Z in this case. Finally, assume that one of the following cases
holds:

Either:

1° Zn Wis aretract of W and Z N W is not a retract of Z,
Or:

2% p satisfies p(z0) =y for sew U W, Z =wU W, and W is not a
strong deformation retract of w.

Then there is a 25 = (04, V) €Z N w and a noncontinuable solution x°(t)
of Eq. (4.1) through (o, , p(2,)) such that (t, x%(t)) € w for all t = o, , as long as
t 1s in the domain of definition of x°.

Proof. We can find a sequence F, satisfying the conclusions of Theorem 4.1.
Since Eq. (4.3,) satisfies the uniqueness property of solutions and all assumptions
of the corollary to Theorem 3.1 (see also the remark following that corollary)
are satisfied, we obtain for every v a 2 = (¢”, ) € Z N w such that the solution
(¢, x(c*, p(2))(#)) of Eq. (4.3,) remains in w for all # >> ¢*, as long as it is defined.

Since Z is compact, we can assume that (¢, 3) — (¢%, ¥%) € Z as v — 0.
Let ¢ = p(2*) and ¢° = p(29), 2° = (¢% »"). Apply Lemma 4.] to obtain a
solution of the restricted equation Eq. (4.2) with properties listed in the lemma.

Let us first show that 2,€ Z N w. If not, 3, Z N W. Keeping in mind that
w is a regular polyfacial set with respect to Eq. (4.2) and proceeding as in the
proof of Theorem 3.1, we see that there is a 7, ¢ > o such that x%(¢) is defined
and (¢4, x%(t)) ¢ @. But then Lemma 4.1 implies that for & sufficiently large,
x7(t) is defined and (¢, x”(t)) ¢ &, which contradicts the choice of x**. Hence,
indeed, z,€ Z N w.

Suppose now that for some # 2= ¢% x%(t) is defined and (¢, x%¢)) ¢ w. Then
t > ¢® and by the same argument as above, there is a f > ¢® such that x%(7)
is defined and (7, x%(%)) ¢ ®. Now the application of Lemma 4.1 again leads
to a contradiction.

So far we know that x° is a noncontinuable solution of Eq. (4.2). Hence it is
also a solution of Eq. (4.1). We must show that x° is also noncontinuable as a
solution of Eq. (4.1). But this is obvious by () of Definition 3.1, since w is a
regular polyfacial set with respect to both Eq. (4.1) and Eq. (4.2). The theorem
is proved completely.

Remark. Theorem 3.2 can analogously be extended to the “nonuniqueness”
case. The details are omitted.
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We shall now prove Theorem 4.1: Let us introduce some notation:
Let:
I'={t,$)eR X C[(t $0) € &, (1 + 6, 4(0)) € w, 6 € [—7, 0);
m={t¢eR X C|(t+ b,¢(0) € w, 8 [—r 0]}
Lt = {(t, x) € 0w | I¥(t, x) = 0}
M = {(t, x) € bw | mi(t, x) = 0}
By («) of Definition 3.1, it follows that I"U = C .

For every (2, ¢) € £ there is an open set U(¢, ¢) C £2 containing (¢, ¢) and such
that:

(1) For all i =1,.,p, if (t,$(0))¢L¢, then for all (¢,4’)e Ut ¢):
(#, ¢'(0) ¢ L%
Forallj == 1,..., g, if (, $(0)) ¢ M7, then forall (#', ') € U(t, $): (', $'(0)) & M.

@) If (t,$)e T and (f, 4(0)) eL¢, then for all (¢, 4'), (", 4") € U(t, $):
o1 (08)2y,) (', 4'(0)).

FAC#) S, 40) > 0.

If (t,¢)e " and (t, $(0)) € M, then for all (¢,4'), (", ¢") € U(t,4): L1y
(om’[ey,) (t', ¢'(0))-

FAt', 8 + 0 1, 4/0)) < 0.

The existence of U(t, $) satisfying (1) and (2) above follows immediately from
the definition of I, L, M’ and Definition 3.1.
Now let

(I)I‘ = U U(t7 4’))

(t,d)el”

G)” = U U(t? ¢)’

(t.d)emr

and let € = O be arbitrary.
Then there exist two families of open sets, #7., ¥ such that:

(a) 77 is a locally finite refinement of {U(s,¢) | (t,$) e I'};
¥ is a locally finite refinement of {U(z, ¢) | (1, ¢) € #};
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(b) f Ve¥ru¥,, then VV 5= ¢ and for
4, (t", ¢V eV: 3 | F(,¢) —F (", ¢") < %
r=1

This follows from the continuity of F' and from general topology.
Let us recall the following concept:

DerFiniTioN 4.1. Let X, Y be normed linear spaces, A a subset of X, and
f: A-—> Y a mapping.
f is called Lipschitzian, if there is an L > 0 such that

HfE) —f(N<Llix—yil for xyed

f1s called locally Lipschitzian, if for every x € A there is an open neighborhood
U of x, such that f | A N U is Lipschitzian.
Now the following well-known result holds (cf. the proof of Lemma 1, p. 4

in [5])

Lemma 4.1. If ¥ is a locally finite family of nonempty open sets in a normed
space X, then there exists a family (¢,)pey of locally Lipschitzian functions,
constituting a partition of unity subordinated to ¥".

Nowlet G: ¥ U ¥, — R x Cbeaselector, i.e. G(V)eViorall Veyr U 7,.
Selectors exist by the axiom of choice. Define F. on £ = & U &, to be:

Fd)=( Y adt ) T #dte#) FGW)

ve¥ poY vey pu¥

where (¢V)VE“/”F and (¢y)yey, are locally Lipschitzian partitons of unity sub-
ordinated to ¥ and ¥, , respectively.

It follows easily that F, is locally Lipschitzian. Hence, by results in Hale [3],
the RFDE generated by F, satisfies the uniqueness property of its solutions.
Hence Theorem 4.1 will be proved if we can show that

LY [F.(t\¢) ~Fft,¢) <ec for (1',¢)ef.

2. w is a regular polyfacial set with respect to the equations (Eq. (4.6),
Eq. (4.7):
X = F(t, x), where F —=F| Q, (4.6)

& = F(t, x). 4.7
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S IRt $) — P4
(T stre)

ve¥ pu¥

Y Ht$) (Z | FAG(V)) — F(¥', 95')!) <e
vey pu¥ r=1
by (b) above.

Since I'u w C ©, it follows that («) of Definition 3.1 is fulfilled. It remains
to be verified that (8) and (y) of Definition 3.1 are satisfied for Eq. (4.7).

Let (¢,¢") e I" and I(t',4'(0)) = 0. Then (¢, ¢) e and, by assumption 1
above, (#,¢') ¢ V for all e ¥/ . Hence,

- o ., TN L
Zlgy";(t 7¢(0)) fe.r(t ,(}5 ) +_a7'(t )95(0))
Lo b el . ol ,
= 3 ¢t ¢) 1) 7 (L FODFAGV)) + 5 (1, 4(0))
ve¥y 1 Or
(since Fyey $u(t ¢') = 1)-

Since G(V)e V C U(t,¢) for some (t,¢) e I, (¢, $(0)) L, it follows from
assumption 2 that the expression in braces is >0, hence (8) of Definition 3.1
is satisfied. (y) of Definition 3.1 is verified in a similar way.

Hence, Theorem 4.1 is proved.

In the situation of Theorem 4.1, @ C Q. When can £ be chosen to be equal
to 2°? This can be done if an additional condition (AC) is imposed on the
geometry of the polyfacial set c:

(AC): For every (¢, x)€ 0w there is a ¢ C such that $(0) = x and
(t + 8, 4(0)) € w for 8 € [—r, 0).

THEOREM 4.3. If all assumptions of Theorem 4.1 are satisfied and if (AC)
is true, then all conclusions of Theorem 4.1 hold with £ = Q.

Proof. We shall modify the proof of Theorem 4.1 by introducing (AC).
Fix € > 0. Choose for every (¢, $) € 2 an open set U(t, ¢) C £2 containing (¢, $)
and such that (1) and (2) in the proof of Theorem 4.1 as well as (3), (4), and (5)
below hold for U(t, ¢):

(3) TFor every (t',¢), (¢, ¢") € U(t, ¢),
S IE(t,¢) — Fit",é")] < 5.
r=1 2
(4) If (t,¢) ¢ I, then U(t, ) N I" = ¢, where I' is defined in the proof of
Theorem 4.1.
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(5) If(t, ¢) e I'\I', then there is a j € R” such that for all , j:
(a) if (2,4(0)) L’ and
5 2 h0) Fltd) + o (1) <0,

7*-1

then for all (¢, ¢') € U(t, ¢):
3 5 W HO) FA )+ 5 (4(0) <0

Y, 5 (L 6O0) 5+ G0, 80) <O

(b) if (+, $(0)) € Li and
5 2 0 400 - Fit,

P 1

then for all (', ¢’) € U(t, $):

7

> o6 O) 5+ 5 (.40 > 0

(c) all statements obtained from (a) and (b) by replacing “L?’ by
“Mj”’ ((li’? by ‘(mi”’ ‘(<’) by (‘>”’ ((>?) t)}7 (‘<))’ 2.rld 5(2,’ by ((<)) hold true;

(d) for all (¢, ¢') € ULt, $):
i lFr(tlﬂﬁl) _yr| <§‘

(3) can be satisfied since ¥ is continuous, (4) can be satisfied since I is closed.
To see that (5) can also be satisfied, fix (¢, ¢) € ['\I". Then (¢, $(0)) € 0w, and,
by condition (AC), there exists a e C, such that §(0) = ¢(0), and
(t + 8, 8(8)) € w for B [—7, 0).

From (a) of Definition 3.1 it follows that (¢, §) € 2. Define § to be

§ = pF(t,4) + (1 — p) F(1, §).

If p is sufficiently close to 1, then it is easily seen that (5) can be satisfied, due
to the fact that w is a regular polyfacial set with respect to Eq. (4.1).

Now set
& == U U(t, ¢)
(¢,8)el’
arr= U Ut
(t,0)e\I

dor= U U9

(¢.d)e2\I"
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As before, there are locally finite refinements ¥, ¥, and ¥ p of {U(2, $) |
(t,$)e T}, {Ut,¢)|(t,$)el\ID, and {U(, )| (2, )€ 2"}, respectively.
Also, let (¢y)yey ., ($v) vey p (év) Vet op be corresponding locally Lipschitzian
partitions of unity.

We assume that V' = ¢ for Ve ¥ U ¥pr U ¥r. If VE¥or, then there
isa(t,4) € @\ such that V C U(t, ). Hence, by (4), VN T = ¢. Let G(V) : =
F(1,¢). B

If Ve Y5, then there is a (¢, ¢) EF\F such that V' C U(t, ¢) and a corre-
sponding # satisfying (5). Let G(V) = 7. If Ve ¥, then there is a (t,¢) e I,
such that V' C U(t, ¢). Let G(V') = F(4, ¢) Then G: ¥+ U ¥V Por — R

Now let us note that 2 = & U @&pp U G . For (¢, ¢') € £, define F (¢, ¢')
as follows:

)= T snd) Y b)) G,

VEVI-U’VF\FUVQ\p VEVFUVP\TU'V_Q\[’

It follows that F, is defined on £ and is locally Lipschitzian.
If (t',4) e V, then, 3o, | G(V) — F(t',4") < /2 by (3) and (5d).
Hence, as in the proof of Theorem 4.1,

Z\ At —F (1, ¢) <e

Now it remains to be shown that w is a regular polyfacial set with respect to
the equation ® = F.(¢, x,). Let (¢',¢') is such that (¢, $'(0)) € éw and (¢ + 0,
$'(0)) € w for 0 € [, 0). Suppose e.g. that (¢', ¢'(0)) e L¢ for some ¢ = 1,..., p.
Since for Ve ¥4 p, (t',4') ¢ V (by (4)), it follows that

i:z (¢, 4'(0)) - F. (¢, ¢)+—(z $'(0))
(T se)
ve¥ ru¥ pr

5 ¢V<t',¢')3i 6 GAV) + (. (0))§'

ve¥ ruY mr r=1

If Ve¥:, then VCU(t ) for some (t,¢)el’, G(V) =F(t,¢) and
(t, $(0)) € L? by (1). Now (2) implies that the expression in braces >0.

If Ve ¥pr, then V C Ult, ¢) for some (¢, ¢) e ['\I', G(V) = 7, (¢, $(0)) e L*.

Obviously (52) cannot hold, because this would contradict the fact that
(t',¢") e U(t, $) and w is a regular polyfacial set with respect to & = F(t, x,).
Hence, the assumption and, therefore, the conclusion of (5b) holds, i.e. the
expression in braces is >0, again.
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The case (¢, ¢'(0)) € M7 for some j = 1,..., ¢ is dealt with in a completely
analogous manner and Theorem 4.3 is proved completely.

Remarks. 1. Condition (AC) is trivially satisfied if » = 0, 1.e. in the ODE
case. (AC) 1s also satisfied if w is of the form: w = R X o’, where o’ is an open
region in R" enjoying the following property (.S):

(S) For every € > 0, ' is the union of a finite number of connected sets

each of diameter <e. (Cf. Whyburn [10], p. 16).

In fact, if (¢, x) € 0w, then x € dw’, and by Theorem II, 4.3, of Whyburn
[10], there is a ¢ € C, such that ¢(0) = x and ¢(f) € w, for all 8 € [—r, 0). Hence
(AC) is satisfied.

Conjecture. 'The condition (AC) cannot, in general be dispensed with.

II. The approximating mappings F, in the above theorems are locally
Lipschitzian. Can F, be chosen to be smoother, e.g., Cl-functions ? The answer
is, in general, no. See e.g. Kurzweil [4], p. 223, where it is proved that there is no
sequence F, of Cl-functions on C([—7, 0], R") such that F,(¢) — {| ¢ || uniformly
fordefpeC gl < 1.

Note, however, the following: Let F, be such that Fy(z, ¢) = fi(¢, $(0),
S(—ry(1)),..., p(—ri(1))) where fy : U — R, U openin R x R¥*, f, continuous,
r;: R— R, 0 < ry(t) < r, r; continuous. Then, by a similar argument to the
one used in the proof of Theorem 4.1, it follows that there is a U C U, U open
inR x R*1 and a sequence ( f,) of C*-functions defined on U such thatF, — F,
uniformly on , where

Q= {(t.$) R x C| (1, $(0), (—r(t),rer (—1(1))) € T}
and

Et,¢) = ft, 5(0), (—ri(1))s-os B(—7i(8)))  (for v = 0).

Q is easily seen to be open. If the additional condition (AC) is satisfied, then
U can be chosen to be equal to U, hence 2 = 0.

III.  As an application of Theorem 4.1, let us note that the assumption of
uniqueness of solutions in Examples 3.2 through 3.4 can be omitted.
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