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A space generalizing the finite upper half plane is presented along with a projective
action by the finite general linear group. A volume generalizing the pseudo-distance on
the finite upper half plane is also given. Then this volume is used to create hypergraphs
which are analyzed with respect to the Ramanujan property.  © 2000 Academic Press
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The finite upper half plane [ 18] is defined as

Hq={x+y\/5:x,ye[Fq,y;é0},

where ¢ is an integral power of an odd prime number, [, is the finite field
with ¢ elements, and J is a nonsquare in [F,. H, is a finite analogue of the
Poincaré upper half plane

H={x+iy:x,yeR, y>0}, where i=./—1.

It turns out that H, has many properties analogous to those of H. For
example, one has an action by GL(2,F,) on H, analogous to that of
GL(2, R) on H. Then, H, can be given a geometrical setting by assigning
it a pseudo-distance, which imitates that of Stark [ 15] on a p-adic analogue
of H and is analogous to the non-Euclidean arc-length on H. Namely, we
have that for z, we H,,

_N(z—w)
S ERT)

(1)

where if z=x+y\/5 then 3(z)=y, Z=x—y /0, and A'(z)=zz. This
pseudo-distance is invariant under the projective action by GL(2,F,)
on H,.
! Current address: Mathematisches Institut A, Universitit Stuttgart, Stuttgart 7000, Germany.
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There are classical eigenvalue problems on H that involve the non-
Euclidean Laplacian
_dx’+dy?

y2

4

For example, there is much interest in obtaining a closed form for the eigen-
values of 4, acting on the fundamental domain of H under the full modular
group, corresponding to nonzero cuspidal Maass wave forms. This problem
is still open, but a similar one can be posed in the finite setting of H,. A
finite analogue of the Laplacian is the adjacency operator of a regular graph.
Then, one is interested in analyzing the eigenvalues of such operators in
terms of their distribution and size. Using k as in (1), regular graphs of H,
were constructed [2, 5, 14, 16, 19] which turned out to be Ramanujan as
defined by Lubotzky et al. [ 13]. That is, these graphs satisfied the property
that all nontrivial eigenvalues were bound in absolute value by

2./d—1,

where d is the corresponding degree of regularity.

In this paper we present a generalization of H,, which we call the finite
upper half space. We also give a projective action by GL(n, F,) and an
n-point invariant on the finite upper half space, which we use to construct
related hypergraphs. The adjacency operator on such hypergraphs is as
defined by Feng and Li in [9]. Then, some examples are constructed,
which turn out to be Ramanujan as defined by Li and Solé in [11]. We
hope that eventually this work will throw some light on similar eigenvalue
problems in the infinite setting using infinite fields such as R, C, and the
p-adic number fields.

2. THE FINITE UPPER HALF SPACE

DerFINITION 1. For 6 a root of an nth degree irreducible polynomial in
F,[x], the finite upper half space is

Wi
%n_ . le (s Wn—l € ﬂ:q(()) }
“ V\ W,_1 | Wi, .. W,_y,1linearly independent over F, |’
1

where ¢ is now an integral power of any prime number.

A, is a subset of the finite projective space IP"’I([Fq(@)). We want to
have an action on #°) by GL(n, F,) in such a way that the space is preserved.
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Naturally, such an action will be a projective one and the following theorem
gives it to us.

THEOREM 2. For ae GL(n, F,) and

Wy
W=\ e

| (2)
W (o >
aoW=u —_—

(W),

defines an action by GL(n, F,) on A, where oW denotes just ordinary
matrix multiplication and (aW),, is the nth coordinate of the vector aW.

Proof. (i) Itis clear that if « =1,, the n x n identity matrix, then
oo W=W.

(i) We now see that J#7 is preserved under the map in (2); that is,
we need to see that the entries of o W are in F,(0) and linearly independent
over [,. By the definition of Ay, we know W,, .., W,_,, 1, the entries of
W, are in [ (0) and linearly independent over [,. Since « is in GL(n, F,),
then its rows are linearly independent over [F,. When we think of the rows
of a as coefficients of elements in [F,(0) with respect to the basis Wi, ..,
W,_1, 1, we see that the entries of the vector a W are linearly independent

over [,. Moreover, the last entry of « W is nonzero and therefore the entries
of o W, as in (2), are in F,(0) and linearly independent over [,.

(i) We now show that if 8 is in GL(n, F,), then ao (o W)= (aff) o W.

1

comn= ol ()
1
=(#9 ()| o, ()
= (i)

= () W

by (2). 1
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Thus, we have an action by GL(n, F,) on 7, which will be shown to
be transitive. First, we state some preliminary facts and definitions.

Remark 3. Let {0"~' .,0,1} be a basis of F,0). The algebra
End[Fq([Fq(H)) is isomorphic to M,(F,), the n xn matrices over [,, and the
isomorphism ¢: End[Fq([Fq(G))ﬁM,,([Fq) can be defined by mapping A€
End[Fq([Fq(Q)) to the matrix ¢(A), whose (i, j) entries for i, j=1,..,n are
given by

A" =3 (§(A)), ;077 for i=1,..,n
j=1

This is a standard result in linear algebra; for a reference see [4]. Note
that representing End[Fq([Fq( 0)) with M,(F,), as above, would mean that the
elements of [, (0) are represented as row vectors with respect to the basis
{0"—', .., 0,1}. Thus, the elements of M,(F,) would be acting on the right
of such row vectors.

Now, Xe[,(0) give rise to a linear transformation on [ (0) by multi-
plication. Let M , be the corresponding matrix of coefficients with respect
to the basis {0”~, ..., 0, 1}, whose (i, j) entries for i, j=1, ..., n are given by

X. 0= Z (MX)I_’].Q"*J' for i=1,..n (3)
j=1

Then, we have for Xe [ (0),
det(M x) = AN(X), (4)

where My is as in (3) and A7(X) (the norm of X) is defined as the product
of X with all its conjugates in the extension [ (). To see this note that X
satisfies the characteristic polynomial of M, by the isomorphism given in
Remark 3. Thus, all conjugates of X in [ (0) also satisfy this polynomial.
As a result, the eigenvalues of My are X and all its conjugates in F,(6), and
the desired result follows.

It will turn out that #°} is a homogeneous space under the action by
GL(n, F,), which means that all elements of #°] look more or less the same
with respect to this action. Thus, we pick one element of # H and call it the
special point. For a further reference on homogeneous spaces see [8].

DeriNITION 4. The special point or origin of #7 is defined as
0n—1
o,=| = | 5
= (5)
1
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PropoSITION 5. The action by GL(n, F,) on A}, as defined in Theorem
2, is transitive. That is, for W, Ze A}, there exists o € GL(n, F,) such that
aoW=Z. In this case # is said to be a homogeneous space under the
action by GL(b, ).

Proof. For
ul’IOn_l +"'+ ul,n_10+u1’n
W= : eA”
n—1 q°
unfl,le +"'+un71,n719+un71,n
1
define
Uy Ul n—1 U n
ay=| ~ a0 (6)
un—l,l un—l,n—l un—l,n

which is in GL(n, F,) since the entries of W are linearly independent over
F, by the definition of #7. Then oy -@,=W, which implies that
0,=ay' o W. Thus,

Z:aZO@n:azo(aﬁzlOI/V):(OCZO‘V_VI)OW |

We now want to represent the action in Theorem 2 in another form. For
peGL(n, IF,) and We A7,

b= ()

=6, <(/35V>n>

by the definition of ay (6);

~ B0 ()

since oy °0 0, =y 0, and
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The rows of fay, can be interpreted as the coefficients of elements of [ (0)
with respect to the basis {0” !, .., 0, 1} which are obtained by multiplying
Py by O, on the right. Then, by the isomorphism is given in Remark 3,
dividing fa 0, by (W), can be written as in the following lemma.

LemMA 6. For We A and e GL(n, [,),

BoW=(Poy) Ml O,
where M gy, is as in (3), oy is as in (6), and O, is as in (5).

We now want to identity the stabilizer of @,; that is, the subgroup of
GL(n, F,) which is given by {ae GL(n,F,):a-0,=06,}. The following
theorem gives it to us.

THEOREM 7. The stabilizer of 0, is given by
K,={My: XeF (0)*} =F,(0)*%
where M y is as in (3).
Proof. For feGL(n, I,) we have
po®,=0, if and only if [)’M(_ﬂlgn)"@n =0,,

by Lemma 6, since g =1, the n x n identity matrix. Now, {o"=1, .., 0,1}
linearly independent over [, implies

BM L, 0,=6, ifand onlyif BMyL 1,

Thus, =M e, , which implies f e K,,.
Now, given ff = My for some X e[ (0)* we have

BoO,=MyM;L. O

(B8,), "' n

by Lemma 6,
=MyM;'0,.

The last inequality follows since the last row of f = M, corresponds to the
coefficients of X -1 with respect to the basis {0"~', ..., 0, 1}, as in (3). This
implies that ($6,,),= X-1 with respect to the basis {#" "', ..., 0, 1}, and so
M 46, =M. Thus,

MXO@n:In@n:@n' I
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Since 7 is a homogeneous space under the action in (2) by GL(n, F,),

we can establish a bijection between GL(n, F,)/K, and #7 that preserves
such action. Before we do so we define a related subgroup of GL(n, I).

DerFINITION 8.  The affine group is defined as

U Uy pn—1 Uy n
AP = : - : © |eGL(mF) . (7)
? z’ln—l,l un—l,n—l un—l,n

We claim that GL(n, F,) = #/ff” - K, and o/ff7 n K, ={1,}, where I, is
the nxn identity matrix. To see that .«/ff) N K, ={I,}, recall that any
element of K, is given by My for XeF (0)*, My as in (3). Then, the last
row of My corresponds to X -1 with respect to the basis {9"’1, e 0,1},
which is (0, ..., 0, 1) if and only if X' =1. Thus, any element M, € K,, is in
/M7 if and only if Mx=1,. Now, o€ GL(n, [,) can be expressed as

—1
x= ((XM(oc@n)n) M0,

where (ocM(;}gn)n)e&/ffZ. To see this, note that (a®,), is the element of
[F,(0) whose coefficients with respect to the basis {0"’1, ., 0, 1} are in the
last row of a. Thus, by the isomorphism given in Remark 3, multiplying «
on the right by M (;é”)n is equivalent to dividing by (a®,),, and the result
is a matrix with its last row equal to (O, ..., 0, 1).

As a result, ./ff7 is a complete set of coset representatives for GL(n, [,)/K,.

q
We now define the following map between GL(n, F,) and #77,

aeGL(n, F,)—>ac0,. (8)

This map is clearly a bijection between GL(n, F,)/K, and #°] and is well-
defined since K,, is the stabilizer of ©,,.

We are now ready to introduce the generalization of the pseudo-distance

on H, given in (1), but before we do so we give a preliminary definition
and a lemma.

DEFINITION 9. For We #7, define

det(W) = det(ay),

where oy, is as in (6).
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Lemma 10.  For e GL(n, F,) and We A7,

det(f) det( W)
N((BW),)

where det(fo W) and det(W) are as in Definition 9.

det(Bo W) =

Proof. We have

o W= (ﬁ“WM(ﬂW) )0, 9)

by Lemma 6, where ( /)’ocWM(/,W) ) is in </ff] and ay, is as in (6). To see that
(ﬁocWM(ﬁW)n) is in o/ff7, note that (W), = (foy0,),, which is the element
in [F,(0) whose coefficients with respect to {07!, .., 0,1} are in the last
row of foy,. Thus, (fo WM(_ﬁlI/V)”) has its last row equal to (0, ..., 0, 1). Now,
by (6),

ﬁo W:aﬂoWo@n,
which together with (9) implies
O(ﬁo w° Qn = (ﬂaWM(}%J/)n) @n = (ﬂaWM(};mn) °© @n'

The last equality follows since (oM ) (gwy,) 18 In /17, which implies in
this case that the action in (2) and ordinary matrix multiplication are the
same.

Thus,

a(ﬂomz(ﬁaWM(}%Jf)”)7 (10)

by the bijection between GL(n, [,)/K, and #° defined in (8).
Therefore,

det(Bo W)= det(fx WM&,,IW)’I)

by (10) and Definition 9, which implies that

det(f) det( W)
det(Bo W)= —2 =2 ")
=g,

since det(M gy, ) = A ((fW),) by the result in (4). 1

The following definition gives an n-point invariant generalizing the
pseudo-distance on H,, as given in (1), to the finite upper half space #7.
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DeriNiTION 1. For T, ..., T, e A, define

N (det[ T}, ..., Tn])>((nmod2)+1)

H(Ty, .., T,)= < det(T,)---det(T,)

That is, when #n is odd we want to square everything to make %" symmetric
under permutation of entries. [ T}, ..., T,,] denotes the matrix whose ith
column is 7;, i=1, ..., n

Tueorem 12, For e GL(n,F,) and T, .., T, € H",

q)
H(PoTy, .. foT,)=H (T, .., T,).
That is, A" is an n-point invariant of GL(n, F,) on A}.
Proof. We have

AN (det[ Bo Ty, ..., Bo Tn])>((n mod 2) + 1)

%(ﬁoTla“"ﬂoTn):<det(ﬁOT1)“‘det(ﬁoT")

(11)

Now, by (2),

(e Ty BT =8| 11 (oo T <(ﬂ;n>n>}’

which implies

det[ Bo Ty, s BoT,,] det(B) det([ T}, ... T,,1).  (12)

1
B (ﬂTl)n e (ﬂTn)n
Moreover, by Lemma 10,

det(f) det(T,)

detheT) == (5T

for i=1,..n (13)

Thus, plugging (12) and (13) into Eq. (11), taking norms, and canceling
terms, we obtain the desired result. |

3. HYPERGRAPHS OF 77

We give some background for hypergraphs; however, every hypergraph
has an underlying ordinary graph and many of its properties depend on the
properties of this graph, so we refer the reader to [18] and [3] for the
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graph theory background. For further hypergraph background, the reader
is referred to [9] and [6].

A hypergraph X consists of a hypervertex set V(X) and a hyperedge set
E(X) such that each element of E(X) is a subset of V(X). Our hypergraphs
will be finite, undirected, and have no self-loops, so any given hyperedge
contains distinct elements and is unordered. We will usually denote V(X)
and E(X) just by V and E, respectively, when no ambiguity can arise.

For a hypergraph X, the finite Hilbert space on J(X) is given by

LAV)={f V- R},

with the corresponding inner product

(fhgy=2 flx)gx)  Vf,geL*(V).

xeV

Then, the main operator associated with X is its adjacency operator A(X),
A for short. For fe L3(V) we have

ANX)=Y Y fly)  Vxel (14)

eeE yee

xXee y#x
One also speaks of the adjacency matrix of X, which is the matrix obtained
by expressing A4 with respect to the basis of L*(V),
1 if y=x,

{0 xe V), where  0.(y)= {0 otherwise.

Namely, the adjacency matrix of X is parametrized by the hypervertices
and we have for v, v' €V,

A, = #{ecE v,V ee}.

This is the definition given by Feng and Li in [9]. We will use A4 for both
the adjacency operator and the adjacency matrix. Also, since our hypergraphs
will be undirected and with no self-loops, the corresponding adjacency
matrices are symmetric and with zeros on the diagonal.

Thus, when we speak of the spectrum of a hypergraph what we are
referring to is the spectrum of the corresponding adjacency operator. Two
hypergraphs (graphs) are isospectral if they have the same spectrum. Also,
two hypergraphs (graphs) are isomorphic if there is a bijection between
their hypervertices (vertices) which preserves adjacencies or connections.
Now, for a hypergraph X, given a hypervertex ve V(X) and a hyperedge
ee€ E(X), when we say that v is incident to e or that e is incident to v what
we mean is that vee.
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DeriNITION 13 (Feng and Li [9]). A hypergraph is said to be (d, r)-
regular if every hypervertex is incident to d hyperedges and every hyperedge
is incident to r hypervertices. Note that for an ordinary graph r=2.

PROPOSITION 14. Given a finite (d, r)-regular hypergraph X, if 1 is an
eigenvalue of A(X) then |A| <d(r—1). Moreover, d(r — 1) is an eigenvalue

of A(X).

The Laplacian of a (d, r)-regular hypergraph X, which also operates on
L*(V), is defined as

A=dr—1)1— A4,

where I is the identity operator and 4 = A(X) is as in (14). Thus, the eigen-
values of 4 are strongly related to those of A4; furthermore, they are all
nonnegative since the eigenvalues of 4 are bounded in absolute value by
d(r—1), as seen in Proposition 14.

A hypergraph X is said to be connected if for any given pair of hyper-
vertices, v and v’ in V(X), there is a path connecting v to v'.

ProrosiTiON 15.  For a (d, r)-regular hypergraph X, the multiplicity of
dir—1), as an eigenvalue of A(X), is equal to the number of connected
components of X.

We have the following definition of a Ramanujan hypergraph given by
Li and Solé [11], which is in the same spirit as that given by Lubotzky
et al. [13] for an ordinary regular graph.

DerINITION 16 (Li and Solé [11]). A finite connected (d, r)-regular
hypergraph X is a Ramanujan hypergraph if every eigenvalue 4 of A(X),
|A] # d(r — 1), satisfies

[A—(r—2)|<2./(d—1)(r—1).

The motivation for this definition is given by the following facts about
regular hypergraphs.

THeEOREM 17 (Feng and Li [9]). Let X be a (d, r)-regular hypergraph
with diameter >=214+2>4, and set q=(d—1)(r—1)=k—(r—1), where
k=d(r—1) is the degree of the underlying graph. Let A,(X) ' the second
largest eigenvalue of the adjacency matrix of X. Then,

2. /q—1
ZZ(X)>(r—2)+2\/§—\/(l}.
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The diameter is just the maximum of the minimum of all lengths of paths
between any two vertices.
We state a more general result after the following corollary.

CorOLLARY 18. Let {X,}2_, be a family of connected (d, r)-regular
hypergraphs with |V(X,,)| = o as m — oo; then

lim inf 2,(X,,) >r—2+2 /4,

m — oo

where A5(X,,) is the second largest eigenvalue of X,,.

THeOREM 19 (Feng and Li [9]). Suppose that X' is a k-regular graph,
keZ™, for which there exists a constant ¢ such that for all pairs of adjacent
vertices in X' there exist at least c¢ vertices in X' adjacent to both. If the
diameter, D, of X' satisfies D >=2[+2 >4, for some le 7™, then

Agxw>c+2¢Z—ZV€_l,

where =k —c—1 and 1,(X") is the second largest eigenvalue of X'.

For a proof see [9].

DerFINITION 20. Given a finite group G and a multiset S (which can
have repeats), which is a subset of G, one has the group graph 4(G, S)
whose vertex set is G and we put a connection between ge G and gs for
each se S.

We make this definition for an ordinary graph since the underlying
graph of our hypergraphs will be a group graph. Note also that this is a
generalization of what is known as a Cayley graph [3].

DEerFINITION 21. For ael,, let # 7 (a) be the hypergraph of #7 with
vertex set # and a hyperedge between T, .., T,, € #°, pairwise distinct,
if #°(Ty, ..., T,)=qa'"med+ 1)

By the very definition of #°7(a), each of its hyperedges is incident to n
hypervertices. Moreover, each hypervertex of #7(a) will be incident to the
same number of hyperedges. That is, #'7(a) will be (d, n)-regular as given
in Definition 13, where d is the number of hyperedges incident to 0,,, for
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example. This can be easily seen by the following argument: for 7, ..., T,,_; €
H'h—1{0,}, pairwise distinct,

{0,,T,..,T,}
is a hyperedge of J#7(a) if and only if
{o 00O, apyoT, .ayoT,} VWeA:

is also a hyperedge of #7(a). This is by the invariance of #" under
GL(n, F,) and by the definition of #°)(a). Since oy 0,=W and the
action by GL(n, [,) on #7 is transitive, then each We #7 is incident to
the same number of hyperedges that @, is incident to in #7(a).

The following theorem provides us with another way of viewing #7(a).

THEOREM 22.  For aelr,, #'(a) is the group graph 4(</1f7, S,), where
H'(a) is as in Definition 21, 4( /17, S,) is as in Definition 20, and
M
S,= U AHop:Wee, W#0,}.
ec E(#y(a))

O,ce

Remark 23. (UM denotes a multiunion; that is, a union where all repeats
are included.

Proof. Consider the hypergraph G obtained by matching each hyper-
vertex of #(a) to its preimage in «/ff] according to the bijection given
in (8). Then, for 7, ..,T,_, € #7—{0,}, pairwise distinct, we have the
hyperedge of #(a)

{0,,Ty,..T,_1}
if and only if we also have the hyperedge of #°
{o o0, apyoTy, ayoT, _} YWexns,
which, by (6), is equal to
{awl,0,, apor O,, .., apor  6,}. (15)

Thus, for each hyperedge in #7(a), we can map (15) to the hyperedge
of G

n
{ows o, s Aty YWex,
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which is in 4(/ff7, S,). That is, the connections of ay are obtained by
multiplying a o, for each

M
are | {ap:T'ee,T'#0,}.
ee E(# y(a))
0,ce

This is precisely the definition of 4(./ff7, S,) and so G=%(4ff7, S,). |

We have examples of #7(a) for n=3 and ¢ =2, 3, and we have obtained
Ramanujan hypergraphs. The case n =2 and ¢ odd, which corresponds to
the finite upper half plane, has been worked out, see [ 18]. And for fixed
oelF} and 6 a nonsquare, all corresponding graphs turned out to be
Ramanujan graphs for a #0, 44.

4. EXAMPLES

The hypergraphs to be considered will be checked for the Ramanujan
property. That is, for aeF,, we will check if the eigenvalues 4 of #(a),
a (d, r)-regular hypergraph with 4 #d(r — 1), satisfy the bound

[A—(r—2)|<2./(d—1)r—1).

The eigenvalues given here were obtained by using Mathematica to
obtain the adjacency matrices and Matlab to obtain the corresponding
eigenvalues.

Case ¢q=2 and n=3. The corresponding finite upper half space is

8
w3z w, | e Waehl0)
2 | W, W,, 1 linearly independent over [,

where 6 is a root of the cubic irreducible polynomial
P(x)=x*—x—1eF,[x]. (16)

Here, the stabilizer of
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can be easily obtained by matching 6% 0, and 1 to the matrices that
represent them as linear transformations by multiplication on [F,(6) with
respect to the basis {62 0, 1}. Thus, by (16),

00>=0>=0+1, 00 = 0, and 0-1=0,

which implies that
0 11 1 1 0
Mg: 1 0 0 N MQZZ 0 1 1 5 and M1:I3,
010 1 00

where My, for Xe [ (0), is as in (3). Then, by the isomorphism given in
(3), for (g, h, k) e F3 we have

g+k g+h h
Mepipgin=| h g+k g
g h k

Thus, since K5 consists of M for X e F,(0)*,

g+k g+h h
K= h g+k g |eGL(3,F,)
g h k

Hypergraphs
ForaeF,connect Ty, T, Ty € #°3, pairwise distinct, if #°(T,, T,, T5) = a*.
Case a®>=0: #'3(0) is (d, r)-regular, where d =21 and r =3. The distinct

eigenvalues of the corresponding adjacency matrix are {42, —6,0} and the
Ramanujan bound is given by

2. /(d—1)(r—1)=12.65.

Thus, we have a Ramanujan hypergraph as all the eigenvalues A, with
| 4| # 42, satisfy the inequality

11— 1] <12.65.

See Fig. 1 for a picture of #3(0).
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FIG. 1. #3(0), the finite upper half space hypergraph for n=3, p=2, and a=0. This
graph was created with Mathematica using the Combinatorica package.

Case a*=1: #3(1) is (d, r)-regular, where d=232 and r=3. The
distinct eigenvalues of #°3(1) are {464, —22, —16} and the Ramanujan
bound is

2 S d—1)(r—1)=4299.
All the nontrivial eigenvalues A satisfy the inequality
1A —1] <42.99.
Thus, #°3(1) is a Ramanujan hypergraph.

Case q=3 and n=3. The corresponding finite upper half space is

W
i w, | e maeb0)
3 W,, W,, 1 linearly independent over F; (’

1
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where 6 is a root of the cubic irreducible polynomial
P(x)=x>—x—-2. (17)
We now obtain the stabilizer of @;. We have, by (17),
00>=0>=0+2, 00 = 62, and 0-1=0.

This implies that
0 1 2 1 20
My=|1 0 0], Mp={0 1 2|, and M, =1;,
010 1 00

where M, for X e F5(0), is as in (3). Thus, by the isomorphism given in
(3), for g, h, ke,

g+k 2g+h 2h
M2y pgyre= h g+k 2g
g h k

Looking at the nonzero elements of [F5(0)

g+k 2g+h 2h
K;= h g+k 2g |eGL(3, Fy)
g h k

Corresponding Hypergraphs

Case a*=0: #3(0) is (d,r)-regular, where d=3133 and r=3. The
distinct eigenvalues of #3(0) are {6266, —52, 26,2} and the Ramanujan
bound is

2. /(d—1)(r—1)=158.29.

Thus, #°3(0) is a Ramanujan hypergraph since all its nontrivial eigenvalues
A satisfy

|4—1] <158.29.

Case a*>=1: #3(1) is (d, r)-regular, where d=289532 and r=3. The
distinct eigenvalues of #°3(1) are

{179064, —456, —432, —378}.
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The Ramanujan bound is 2 ./(d—1)(r —1)=2846.31 and is satisfied by all
the nontrivial eigenvalues. That is,

I1—1]<84631 Vi3 |A| #179064.

Thus, we have a Ramanujan hypergraph.
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