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1. Introduction

We consider the standard framework of supervised learning, that is non-parametric regression
with random design. In this setting, there is an input-output pair (X, Y) € X x Y with unknown
probability distribution P, and the goal is to find a prediction function f,, : X — %, based on a training
set (X1, Y1), ..., Xy, Yy) of n independent random pairs distributed as (X, Y). A good solution f; is
such that, given a new input x € X, the value f,(x) is a good prediction of the true outputy € Y.
When choosing the square loss to measure the quality of the prediction, as we do throughout this
paper, this means that the expected risk E [|Y — LX) |2] is small, or, in other words, that f;, is a good
approximation of the regression function f*(x) = E[Y | X = x] minimizing this risk.

In many learning problems, a major goal besides prediction is that of selecting the variables that are
relevant to achieving good predictions. In the problem of variable selection we are given a set (), er
of functions from the input space X into the output space % and we aim at selecting those functions
which are needed to represent the regression function, where the representation is typically given by
a linear combination. The set (v, ), ¢ is usually called a dictionary and its elements features. We can
think of the features as measurements used to represent the input data, as providing some relevant
parametrization of the input space, or as a (possibly overcomplete) dictionary of functions used to
represent the prediction function. In modern applications, the number p of features in the dictionary
is usually very large, possibly much larger than the number n of examples in the training set. This
situation is often referred to as the “large p, small n paradigm” [1], and a key to obtaining a meaningful
solution in such a case is the requirement that the prediction function f;, is a linear combination of only
a few elements in the dictionary, i.e. f;, admits a sparse representation.

The above setting can be illustrated by two examples of applications we are currently working on
and which provide an underlying motivation for the theoretical framework developed in the present
paper. The first application is a classification problem in computer vision, namely face detection [2-4].
The training set contains images of faces and non-faces and each image is represented by a very large
redundant set of features capturing the local geometry of faces, for example wavelet-like dictionaries
or other local descriptors. The aim is to find a good predictor able to detect faces in new images.

The second application is the analysis of microarray data, where the features are the expression
level measurements of the genes in a given sample or patient, and the output is either a classification
label discriminating between two or more pathologies or a continuous index indicating, for example,
the gravity of an illness. In this problem, besides prediction of the output for examples-to-come,
another important goal is the identification of the features that are the most relevant to building the
estimator and would constitute a gene signature for a certain disease [5,6]. In both applications, the
number of features we have to deal with is much larger than the number of examples and assuming
sparsity of the solution is a very natural requirement.

The problem of variable/feature selection has a long history in statistics and it is known that
the brute-force approach (trying all possible subsets of features), though theoretically appealing,
is computationally unfeasible. A first strategy to overcome this problem is provided by greedy
algorithms. A second route, which we follow in this paper, makes use of sparsity-based regularization
schemes (convex relaxation methods). The most well-known example of such schemes is probably
the so-called Lasso regression [7] - also referred to in the signal processing literature as Basis Pursuit
Denoising [8] — where a coefficient vector g, is estimated as the minimizer of the empirical risk
penalized with the ¢;-norm, namely

(1%
Bn = argmin <n2|Yi—fﬁ(Xi)|2+kZ|ﬂy|),

B=By)yer i=1 yel

where fg = Zyel" By ¥, A is a suitable positive regularization parameter and (¥, ), <, a given set of
features. An extension of this approach, called bridge regression, amounts to replacing the ¢;-penalty
by an £,-penalty [9]. It has been shown that this kind of penalty can still achieve sparsity when p is
bigger, but very close to 1 (see [10]). For this class of techniques, both consistency and computational
aspects have been studied. Non-asymptotic bounds within the framework of statistical learning have
been studied in several papers [11-17,10]. A common feature of these results is that they assume
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that the dictionary is finite (with cardinality possibly depending on the number of examples) and
satisfies some assumptions about the linear independence of the relevant features - see [10] for
a discussion on this point - whereas ¥ is usually assumed to be R. Several numerical algorithms
have also been proposed to solve the optimization problem underlying Lasso regression and are
based e.g. on quadratic programming [8], on the so-called LARS algorithm [18] or on iterative soft-
thresholding (see [19] and references therein).

Despite its success in many applications, the Lasso strategy has some drawback in variable selection
problems where there are highly correlated features and we need to identify all the relevant ones. This
situation is of uttermost importance for e.g. microarray data analysis since, as well known, there is a
lot of functional dependency between genes which are organized in small interacting networks. The
identification of such groups of correlated genes involved in a specific pathology is desirable to make
progress in the understanding of the underlying biological mechanisms.

Motivated by microarray data analysis, Zou and Hastie [20] proposed the use of a penalty which is a
weighted sum of the £;-norm and the square of the £,-norm of the coefficient vector g. The first term
enforces the sparsity of the solution, whereas the second term ensures democracy among groups of
correlated variables. In [20] the corresponding method is called (naive) elastic net. The method allows
selecting groups of correlated features when the groups are not known in advance (algorithms to
enforce group sparsity with preassigned groups of variables have been proposed in e.g. [21-23] using
other types of penalties).

In the present paper we study several properties of the elastic-net regularization scheme for
vector-valued regression in a random design. In particular, we prove consistency under some adaptive
and non-adaptive choices for the regularization parameter. As concerns variable selection, we assess
the accuracy of our estimator for the vector 8 with respect to the ¢,-norm, whereas the prediction
ability of the corresponding function f, = fg, is measured by the expected risk E [|Y — fa (X)|2]. To
derive such error bounds, we characterize the solution of the variational problem underlying elastic-
net regularization as the fixed point of a contractive map and, as a byproduct, we derive an explicit
iterative thresholding procedure to compute the estimator. As explained below, in the presence of
highly collinear features, the presence of the £,-penalty, besides enforcing grouped selection, is crucial
to ensure stability with respect to random sampling.

In the remainder of this section, we define the main ingredients for elastic-net regularization
within our general framework, discuss the underlying motivations for the method and then outline
the main results established in the paper.

As an extension of the setting originally proposed in [20], we allow the dictionary to have an infinite
number of features. In such a case, to cope with infinite sums, we need some assumptions on the
coefficients. We assume that the prediction function we have to determine is a linear combination of
the features (¥, ), < in the dictionary and that the series

f0 =Y By, (),

yer

converges absolutely for all x € X and for all sequences 8 = (8, ), satisfying Zyer uyﬂﬁ < 00,
where u, are given positive weights. The latter constraint can be viewed as a constraint on the
regularity of the functions fg we use to approximate the regression function. For infinite-dimensional
sets, as for example wavelet bases or splines, suitable choices of the weights correspond to the
assumption that fg is in a Sobolev space (see Section 2 for more details about this point). Such a
requirement of regularity is common when dealing with infinite-dimensional spaces of functions, as
happens in approximation theory, signal analysis and inverse problems.
To ensure the convergence of the series defining fz, we assume that

2
ZM is finite for all x € X. (1)
yell Uy

Notice that for finite dictionaries, the series becomes a finite sum and the previous condition as well
as the introduction of weights becomes superfluous.
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To simplify the notation and the formulation of our results, and without any loss in generality, we
will in the following rescale the features by defining ¢,, = v, /,/u,/, so that on this rescaled dictionary,
fo =2 er B, @, will be represented by means of a vector Ey = /u, B, belonging to ¢,; condition
(1) then becomes Zye[‘ loy (x)|> < +oo, for all x € X. From now on, we will only use this rescaled
representation and we drop the tilde on the vector 8.

Let us now define our estimator as the minimizer of the empirical risk penalized with a (weighted)
elastic-net penalty, that is, a combination of the squared ¢,-norm and a weighted £;-norm of the
vector 8. More precisely, we define the elastic-net penalty as follows.

Definition 1. Given afamily (w, ), ¢, of weights w, > 0and a parametere > 0,letp, : £, — [0, o]
be defined as

pe(B) =Y _(wy|By| +&B2) (2)

yell
which can also be rewritten as p. (8) = |8, + ¢ IIﬂllg, where |81y, = Zyef wy By .

The weights w, allow us to enforce more or less sparsity on different groups of features. We
assume that they are prescribed in a given problem, so that we do not need to explicitly indicate
the dependence of p.(8) on these weights. The elastic-net estimator is defined by the following
minimization problem.

Definition 2. Given . > 0, let 83 : £ — [0, 4+o00] be the empirical risk penalized by the penalty
p:(B)

-l n
& (B) =~ IYi —fsX0I> +2pe(B), (3)
i=1
and let ,Brf € ¢, be the or a minimizer of (3) on £,
B} = argmin & (B). (4)
Beta

The positive parameter A is a regularization parameter controlling the trade-off between the empirical
error and the penalty. Clearly, /33 also depends on the parameter &, but we do not write explicitly this
dependence since ¢ will always be fixed.

Setting ¢ = 0 in (3), we obtain as a special case an infinite-dimensional extension of the Lasso
regression scheme. On the other hand, setting w,, = 0, Vy, the method reduces to £,-regularized
least-squares regression - also referred to as ridge regression — with a generalized linear model. The
£1-penalty has selection capabilities since it enforces sparsity of the solution, whereas the £,-penalty
induces a linear shrinkage on the coefficients leading to stable solutions. The positive parameter ¢
controls the trade-off between the £;-penalty and the £,-penalty.

We will show that, if ¢ > 0, the minimizer ﬂ,f always exists and is unique. In the paper we will
focus on the case ¢ > 0. Some of our results, however, still hold for ¢ = 0, possibly under some
supplementary conditions, as will be indicated in due time.

As previously mentioned one of the main advantages of the elastic-net penalty is that it allows
achieving stability with respect to random sampling. To illustrate this property more clearly, we
consider a toy example where the (rescaled) dictionary has only two elements ¢, and ¢, with weights
wi; = wy = 1. The effect of random sampling is particularly dramatic in the presence of highly
correlated features. To illustrate this situation, we assume that ¢; and ¢, exhibit a special kind of
linear dependency, namely that they are linearly dependent on the input data Xy, ..., Xy: ¢2(Xi) =
tan6, ¢1(X;) foralli = 1, ..., n, where we have parametrized the coefficient of proportionality by
means of the angle 6, € [0, 7 /2]. Notice that this angle is a random variable since it depends on the
input data.
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Fig. 1. The e-ball withe > 0(solid line), the square (£;-ball), which is the e-ball with & = 0 (dashed line), and the disc (£,-ball),
which is the g-ball with & — oo (dotted line).

Observe that the minimizers of (3) must lie at a tangency point between a level set of the empirical
error and a level set of the elastic-net penalty. The level sets of the empirical error are all parallel
straight lines with slope — cot 6,, as depicted by a dashed line in the two panels of Fig. 2, whereas the
level sets of the elastic-net penalty are elastic-net balls (¢-balls) with center at the origin and corners at
the intersections with the axes, as depicted in Fig. 1. When ¢ = 0, i.e. with a pure ¢;-penalty (Lasso),
the e-ball is simply a square (dashed line in Fig. 1) and we see that the unique tangency point will be
the top corner if 6, > m /4 (the point T in the two panels of Fig. 2), or the right corner if 6, < 7 /4. For
0, = m /4 (thatis, when ¢; and ¢, coincide on the data), the minimizer of (3) is no longer unique since
the level sets will touch along an edge of the square. Now, if 6, randomly tilts around 7z /4 (because of
the random sampling of the input data), we see that the Lasso estimator is not stable since it randomly
jumps between the top and the right corner. If ¢ — o0, i.e. with a pure £,-penalty (ridge regression),
the e-ball becomes a disc (dotted line in Fig. 1) and the minimizer is the point of the straight line
having minimal distance from the origin (the point Q in the two panels of Fig. 2). The solution always
exists, is stable under random perturbations, but it is never sparse (if 0 < 6, < 7 /2).

The situation changes if we consider the elastic-net estimator with ¢ > 0 (the corresponding
minimizer is the point P in the two panels of Fig. 2). The presence of the ¢,-term ensures a smooth
and stable behavior when the Lasso estimator becomes unstable. More precisely, let — cot 6, be the
slope of the right tangent at the top corner of the elastic-net ball (6, > 7 /4), and — cot6_ the slope
of the upper tangent at the right corner (_ < 7 /4). As depicted in top panel of Fig. 2, the minimizer
will be the top corner if 6, > 6.. It will be the right corner if 6, < 6_. In both cases the elastic-net
solution is sparse. On the other hand, if 0_ < 6, < 6, the minimizer has both components 8; and
B, different from zero — see the bottom panel of Fig. 2; in particular, 8, = B, if 6, = 7 /4. Now we
observe that if 6, randomly tilts around 7 /4, the solution smoothly moves between the top corner
and the right corner. However, the price we paid to get such stability is a decrease in sparsity, since
the solution is sparse only when 6, & [6_, 0., ].

The previous elementary example could be refined in various ways to show the essential role
played by the £,-penalty to overcome the instability effects inherent to the use of the ¢;-penalty for
variable selection in a random-design setting.

Remark 1. Stability in the case of collinear features can also be achieved by using an £,-penalty with
p > 1linstead of p = 1. However, since such penalty term is differentiable, the corresponding £,-
balls in our two-dimensional example are delimited by a smooth curve without any corner and, as
a consequence, sparse solutions are not obtained in the presence of collinear features. Nevertheless,
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Fig. 2. Estimators in the two-dimensional example: T = Lasso, P = elasticnet and Q = ridge regression. Top panel:
04 <60 < m/2.Bottom panel: 7 /4 < 6 < 6.

when assuming that the relevant features are linearly independent, sparsity could still be enforced by
means of £,-penalties as shown in [10].

We now conclude this introductory section by a summary of the main results which will be derived in
the core of the paper. A key result will be to show that for & > 0, 8 is the fixed point of the following
contractive map

B =

] * *
- Msx (I = ®;Pn) B+ P;Y)

where 7 is a suitable relaxation constant, @@, and @;Y are respectively the matrix and the vector
with entries

1< 1<
(@ )y =~ 3 [0y (X0, 9 (0) and (@1Y), = — 3 “{g, (X0, Y.

i=1 i=1

({-, -) denotes the scalar product in the output space %). Moreover, S, (8) is the soft-thresholding
operator acting componentwise as follows

AW . Aw
B, — TV if 8, > ?
w
[S» (B)], =10 if |8, | < Ty
AW AW
B, + T” if B, _T}’

As a consequence of the Banach fixed point theorem, /3,’} can be computed by means of an iterative
algorithm. This procedure is completely different from the modification of the LARS algorithm used
in [20] and is akin instead to the algorithm developed in [19].

Another interesting property which we will derive from the above equation is that the non-zero
components of ,B,f are such that w, < % where C is a constant depending on the data. Hence the
only active features are those for which the corresponding weight lies below the threshold C/A. If
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the features are organized into finite subsets of increasing complexity (as happens for example for
wavelets) and the weights tend to infinity with increasing feature complexity, then the number of
active features is finite and can be determined for any given data set. Let us recall that in the case
of ridge regression, the so-called representer theorem, see [24], ensures that we only have to solve in
practice a finite-dimensional optimization problem, even when the dictionary is infinite-dimensional
(asin kernel methods). This is no longer true, however, with an £, -type regularization and, for practical
purposes, one would need to truncate infinite dictionaries. A standard way to do this is to consider
only a finite subset of m features, with m possibly depending on n — see for example [12,15]. Notice
that such a procedure implicitly assumes some order in the features and makes sense only if the
retained features are the most relevant ones. For example, in [25], it is assumed that there is a natural
exhaustion of the hypothesis space with nested subspaces spanned by finite-dimensional subsets of
features of increasing size. In our approach we adopt a different strategy, namely the encoding of such
information in the elastic-net penalty by means of suitable weights in the £;-norm.

The main result of our paper concerns the consistency for variable selection of 8. We prove that,
if the regularization parameter A = X, satisfies the conditions lim, .., A, = 0 and limn%w(nkﬁ —
2logn) = 400, then

lim ||B;" — B°||, = 0 with probability one,

n—oo

where the vector 8¢, which we call the elastic-net representation of fg, is the minimizer of

: 2 : *
2;1(1; (; wy | By | + 8; 1By ) subject to fg = f™.
The vector B¢ exists and is unique provided that ¢ > 0 and the regression function f* admits a
sparse representation on the dictionary, i.e. f* = Zyer ,B;gay for at least a vector 8* € £, such that
Zy e Wyl /3;| is finite. Notice that, when the features are linearly dependent, there is a problem of
identifiability since there are many vectors 8 such that f* = f. The elastic-net regularization scheme
forces ,3,;\" to converge to B°. This is precisely what happens for linear inverse problems where the
regularized solution converges to the minimum-norm solution of the least-squares problem. As a con-
sequence of the above convergence result, one easily deduces the consistency of the corresponding
prediction function f,, := f,s,"q"' thatis, lim,_, o E [[f,, —f*|2] = 0 with probability one. When the re-
gression function does not admit a sparse representation, we can still prove the previous consistency
result for f,, provided that the linear span of the features is sufficiently rich. Finally, we use a data-
driven choice for the regularization parameter, based on the so-called balancing principle [26], to ob-
tain non-asymptotic bounds which are adaptive to the unknown regularity of the regression function.

The rest of the paper is organized as follows. In Section 2, we set up the mathematical framework of
the problem. In Section 3, we analyze the optimization problem underlying elastic-net regularization
and the iterative thresholding procedure we propose to compute the estimator. Finally, Section 4
contains the statistical analysis with our main results concerning the estimation of the errors on our
estimators as well as their consistency properties under appropriate a priori and adaptive strategies
for choosing the regularization parameter.

2. Mathematical setting of the problem

2.1. Notations and assumptions

In this section we describe the general setting of the regression problem we want to solve and
specify all the required assumptions.

We assume that X is a separable metric space and that Y is a (real) separable Hilbert space, with
norm and scalar product denoted respectively by | - | and (-, -). Typically, X is a subset of R? and ¥ is
R. Recently, however, there has been an increasing interest in vector-valued regression problems [27,
28] and multiple supervised learning tasks [29,30]: in both settings ¥ is taken to be R™. Also infinite-
dimensional output spaces are of interest as e.g. in the problem of estimating glycemic response during
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a time interval depending on the amount and type of food; in such a case, ¥ is the space L? or some
Sobolev space. Other examples of applications in an infinite-dimensional setting are given in [31].
Our first assumption concerns the set of features.

Assumption 1. The family of features (¢, ), < is a countable set of measurable functions ¢, : XX — Y
such that

VxeX ki)=Y lo,®I* <k, (5)

yer
for some finite number «.

The index set I" is countable, but we do not assume any order. As for the convergence of series,
we use the notion of summability: given a family (v, ), of vectors in a normed vector space V,
v =), vy meansthat (v,),ecr is summable' with sum v € V.

Assumption 1 can be seen as a condition on the class of functions that can be recovered by
the elastic-net scheme. As already noted in the Introduction, we have at our disposal an arbitrary
(countable) dictionary (¥,),r of measurable functions, and we try to approximate f* with linear
combinations fg(x) = >, .. B,V (x) where the set of coefficients (B, ),er satisfies some decay
condition equivalent to a regularity condition on the functions fg. We make this condition precise
by assuming that there exists a sequence of positive weights (u,),cr such that Zyel" uyﬂ}% <
oo and, for any of such vectors 8 = (B,),cr, that the series defining fg converges absolutely
for all x € X. These two facts follow from the requirement that the set of rescaled features
@y, = % satisfies Zyer lo, (x)|*> < oo. Condition (5) is a little bit stronger since it requires that
SUPyex Zyer loy (®)|> < o0, so that we also have that the functions fp are bounded. To simplify the
notation, in the rest of the paper, we only use the (rescaled) features ¢, and, with this choice, the
regularity condition on the coefficients (8, ), - becomes Zyel" /35 < 0.

An example of features satisfying condition (5) is given by a family of rescaled wavelets on X =
[0, 1]. Let {1//jk |j=0,1...; ke Aj} be a orthonormal wavelet basis in L?([0, 1]) with regularity C",
r > 3, where forj > 1 {y5 | k € A;} is the orthonormal wavelet basis (with suitable boundary
conditions) spanning the detail space at level j. To simplify notation, it is assumed that the set
{¥ox | k € Ao} contains both the wavelets and the scaling functions at level j = 0. Fix s such that
3 <s <rand let gy = 27y Then

> Sl = 3 2 iyt =€ 32 = g =

j=0 ke4j j=0 ke4j

where C is a suitable constant depending on the number of wavelets that are non-zero at a point
x € [0, 1] for a given level j, and on the maximum values of the scaling function and of the mother
wavelet; see [32] for a similar setting.

Condition (5) allows defining the hypothesis space in which we search for the estimator. Let ¢, be
the Hilbert space of the families (8, ), ¢ of real numbers such that Zye[‘ /35 < o0, with the usual
scalar product (-, -), and the corresponding norm ||-||,. We will denote by (e, ), < the canonical basis
of ¢, and by supp(8) = {y er|p, # O} the support of 8. The Cauchy-Schwarz inequality and
condition (5) ensure that, forany 8 = (B, ), er € £, the series

D Byoy (0 =f(0)

yell

1 Thatis, forall y > 0, there is a finite subset I'y C I" such that Hv = e Vy H < nforallfinite subsets I'" O Ip.If I' = N,
v

the notion of summability is equivalent to requiring the series to converge unconditionally (i.e. its terms can be permuted
without affecting convergence). If the vector space is finite-dimensional, summability is equivalent to absolute convergence,
but in the infinite-dimensional setting, there are summable series which are not absolutely convergent.
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is summable in ¥ uniformly on X with
1
sup Fp@)l < 1IBllpxe2. (6)

Later on, in Proposition 3, we will show that the hypothesis space # = {f,g | B € Kz} is then a vector-
valued reproducing kernel Hilbert space on X with a bounded kernel [33], and that (¢, ),cr is a
normalized tight frame for #. In the example of the wavelet features one can easily check that #
is the Sobolev space H* on [0, 1] and || 8|, is equivalent to |fs | .

The second assumption concerns the regression model.

Assumption 2. The random couple (X, Y) in X x ¥ obeys the regression model

Y=f*X)+W
where
f* =fp forsome B* € £y with Y " w,|B}| < +00 (7)
yel
and
E[W[X]=0 (8)
]E|:exp (|W|)—|W|—1‘X]_ o (9)
L L 212

with o, L > 0. The family (w, ), <r forms the positive weights defining the elastic-net penalty p.(8)
in (2).

Observe that f* = fg« is always a bounded function by (6). Moreover condition (7) is a further
regularity condition on the regression function and will not be needed for some of the results derived
in the paper. Assumption (9) is satisfied by bounded, Gaussian or sub-Gaussian noise. In particular, it
implies

1
E[IW|"|X] < 5m! o™ Vm > 2, (10)

see [34], so that W has a finite second moment. It follows that Y has a finite first moment and (8)
implies that f* is the regression function E[Y | X = x].

Condition (7) controls both the sparsity and the regularity of the regression function. If inf, ¢ r w, =
wo > 0, it is sufficient to require that || 8* || ,, is finite. Indeed, the Holder inequality gives that

1
1Al = = ||/3||1,w- (11)

If wo = 0, we also need || 8*||, to be finite. In the example of the (rescaled) wavelet features a natural
choice for the weights is wy, = 2/ for some a € R, so that lB1l4.,, is equivalent to the norm ”f,g HBS ,
1,1
withs = a+ s+ 5, in the Besov space Bsm on [0, 1] (for more details, see e.g. the appendix in [19]).

In such a case, (7) is equivalent to requiring that f* € H* N Bgm.
Finally, our third assumption concerns the training sample.

Assumption 3. The sequence of random pairs (X,, Y)n>1 are independent and identically distributed
(i.i.d.) according to the distribution of (X, Y).

In the following, we let P be the probability distribution of (X, Y), and L§ (P) be the Hilbert space of
(measurable) functions f : X x Y — Y with the norm

IFI2 = f F(x, )2 dP(x, ).
XxY
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With a slight abuse of notation, we regard the random pair (X, Y) as a function on X x ¥, that is,
X(x,y) = xand Y(x, y) = y. Moreover, we denote by P, = 1 Z?:l dx,.v; the empirical distribution

n
and by Lé (P,) the corresponding (finite-dimensional) Hilbert space with norm

1 n
IF1I7 = — > 1O, Yo 2,
i=1

2.2. Operators defined by the set of features

The choice of a quadratic loss function and the Hilbert structure of the hypothesis space suggest
using some tools from the theory of linear operators. In particular, the function fg depends linearly

on B and can be regarded as an element of both Li (P) and of Lé (P,). Hence it defines two operators,
whose properties are summarized by the next two propositions, based on the following lemma.

Lemma 1. For any fixed x € X, the map @y : €, — Y defined by
OB = 0,08, =fp(x)

vell

is a Hilbert-Schmidt operator, its adjoint ®; : Y — £, acts as

() =0, (®) verl, yey. (12)
In particular @; &, is a trace-class operator with

Tr (&} dy) < k. (13)

Moreover, @Y is an £,-valued random variable with

|2y, < x21y), (14)

and @3 Py is an Lys-valued random variable with

”q);(pX”Hs =k, (15)

where Lys denotes the separable Hilbert space of the Hilbert-Schmidt operators on €,, and ||-||ys is the
Hilbert-Schmidt norm.

Proof. Clearly &, is a linear map from ¢, to Y. Since ®.e, = ¢, (x), we have
Dolve, P =) lp, 0 <k,
yell yel’

so that @, is a Hilbert-Schmidt operator and Tr (®; @) < « by (5). Moreover, giveny € Yandy € I
((p:y)y = <q§:y, ey)2 = <y’ (/)y(x))

which is (12). Finally, since X and Y are separable, the map (x, y) — (y, ®y (x)> is measurable, then
(®5Y), is areal random variable and, since ¢, is separable, ;Y is an £,-valued random variable with

|@sv]5 =" (Y. 0, 00) < klYP.
vell

A similar proof holds for ®;®y, recalling that any trace-class operator is in £ys and | ®5®x||,, <
Tr (d);g @X) g

The following proposition defines the distribution-dependent operator ®@p as a map from ¢, into
L% (P).
Y
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Proposition 1. The map @p : £, — Lé(P), defined by ®pp = fg, is a Hilbert-Schmidt operator and

DY =E[DY] (16)
O} Pp = E [Py Px] (17)
Tr(®pPp) = E[kX)] < k. (18)

Proof. Since fg is a bounded (measurable) function, fg € L%( (P) and

> l@eey [z = > Ellg, OP] = Ek(OI < &

yel’ yel’

Hence &p is a Hilbert-Schmidt operator with Tr (@} ®p) = Zye[‘ || Dpe, le, so that (18) holds. By (9)
W has a finite second moment and by (6) f* = fg« is a bounded function, hence Y = f*(X) + W isin
Li( (P). Now for any B € £, we have

(@5Y, B), = (Y. ®pB)p = EL(Y, &xB)] = E[(P5Y, B),] -
On the other hand, by (14), ;Y has finite expectation, so that (16) follows. Finally, given 8, 8’ € £,
(05208, B), = (@pB', PoB), = E[[@xf', 2xB)] = E[(@52x8', B),]

so that (17) s clear, since @ ®x has finite expectation as a consequence of the fact that it is a bounded
£Lys-valued random variable. O

Replacing P by the empirical measure we get the sample version of the operator.

Proposition 2. The map &, : £, — L; (P) defined by @, = f is Hilbert-Schmidt operator and

1 n
Y == LY, (19)
n . 1
i=1
l n
Brd, =~ Y Py Py, (20)
n 4 !
i=1
1 n
Tr(@;Py) = - » k(X)) < k. (21)
n =«
i=1

The proof of Proposition 2 is analogous to the proof of Proposition 1, except that P is to be replaced
by P,.

By (12) withy = ¢,/ (x), we have that the matrix elements of the operator @; @y are (9; @), =
(goy/(x), ©y (x)) so that @, @, is the empirical mean of the Gram matrix of the set (¢, ), <, whereas
& Pp is the corresponding mean with respect to the distribution P. Notice that if the features are
linearly dependent in L; (Py), the matrix @; @, has a non-trivial kernel and hence is not invertible.
More important, if I" is countably infinite, @ @, is a compact operator, so that its inverse (if it exists)
is not bounded. On the contrary, if I is finite and (¢, ), < are linearly independent in L; (P,), then
@&, is invertible. A similar reasoning holds for the matrix @3 ®p. To control whether these matrices
have a bounded inverse or not, we introduce a lower spectral bound xo > 0, such that

Ko < inf dEdp,
0 _ﬂezzwﬂnz:l( p PP By

and, with probability 1,

Ko < inf P, B, .
0 _ﬂeeznlﬂnz:l( 1 nb. B,
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Clearly we can have «o > 0 only if I" is finite and the features (¢, ), <r are linearly independent both
in L3 (P,) and Ly (P).
On the other hand, (18) and (21) give the crude upper spectral bounds

sup  (PyPpB, B), <k,
BelalllBll=1

sup (@7 dnB. B), < k.
Bela]lIBll2=1
One could improve these estimates by means of a tight bound on the largest eigenvalue of @7 ®p.
We end this section by showing that, under the assumptions we made, a structure of reproducing
kernel Hilbert space emerges naturally. Let us denote by ¥* the space of functions from X to Y.

Proposition 3. The linear operator @ : £, — Y*, & = fg. is a partial isometry from £, onto the
vector-valued reproducing kernel Hilbert space # on X, with reproducing kernel K : X x X — £L(Y)

K(x Dy = (@0)y =Y ¢,®)[y. 0, () xteX yeY, (22)
yell

the null space of @ is

kerd =1Bels]| Y ¢,x)p, =0 VxeXt, (23)
vell

and the family (¢, ), <r is a normalized tight frame in ¥, namely

SN o), = 1512 vF e 5.

yel’

Conversely, let # be a vector-valued reproducing kernel Hilbert space with reproducing kernel K such
that K(x,x) : Y — Y is a trace-class operator for all x € X, with trace bounded by «. If (¢y)yer is a
normalized tight frame in #¢, then (5) holds.

Proof. Proposition 2.4 of [33] (with X = ¥, H = £y, y(x) = @7 and A = @) gives that @ is a partial
isometry from £, onto the reproducing kernel Hilbert space #, with reproducing kernel K (x, t). On
the other hand (23) is clear. Since @ is a partial isometry with range # and ®e, = ¢, where (e, ),er
is a basis in £, then (¢, ), < is a normalized tight frame in #.

To show the converse result, given x € X andy € Y, we apply the definition of a normalized
tight frame to the function K,y defined by (K,y)(t) = K(t, x)y. Ky belongs to # by the definition of
a reproducing kernel Hilbert space and is such that the following reproducing property (f, Kxy) 5 =
(f(x), y) holds for any f € #.Then

K0y, ) = 1Ky l% = D K 0y), [ = D | 0y )

ver yel

2
)

where we used twice the reproducing property. Now, if (;)ic; is a basisin ¥ and x € X

Yoy @ =Y ey @) =Y (K& 0y yi) =Tr (KX ») < k. O

yell yel iel iel

3. Minimization of the elastic-net functional

In this section, we study the properties of the elastic-net estimator 82 defined by (4). First of all, we
characterize the minimizer of the elastic-net functional (3) as the unique fixed point of a contractive
map. Moreover, we characterize some sparsity properties of the estimator and propose a natural
iterative soft-thresholding algorithm to compute it. Our algorithmic approach is totally different from
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the method proposed in [20], where /Srf is computed by first reducing the problem to the case of a
pure £;-penalty and then applying the LARS algorithm [18].
In the following we make use of the following vector notation. Given a sample of ni.i.d. observations

X1, Y1), ..., Xy, Yy), and using the operators defined in the previous section, we can rewrite the
elastic-net functional (3) as
Er(B) = @af — Y12 + Ap:(B), (24)

where the p, (-) is the elastic-net penalty defined by (2).

3.1. Fixed point equation

The main difficulty in minimizing (24) is that the functional is not differentiable because of the
presence of the £;-term in the penalty. Nonetheless the convexity of such a term enables us to use
tools from subdifferential calculus. Recall that, if F : £, — R is a convex functional, the subgradient
at a point 8 € £, is the set of elements n € ¢, such that

FB+B)=FB)+(n B), VB €tla

The subgradient at § is denoted by dF(8), see [35]. We compute the subgradient of the convex
functional p, (8), using the following definition of sgn(t)

sgn(t) =1 ift >0
{sgn(t) e[-1,1] ift=0 (25)
sgn(t) = —1 ift <O.

We first state the following lemma.

Lemma 2. The functional p, (-) is a convex, lower semi-continuous (Ls.c.) functional from ¢, into [0, co].
Given B € {,, a vector nn € dap.(B) if and only if

n, = w,sgn(B,) +2¢B, Vy €I and an, < 4o00.
yer
Proof. DefinethemapF : I" x R — [0, o0]
F(y,t) = w,|t| + et*.
Given y € I',F(y, -) is a convex, continuous function and its subgradient is
OF(y,t) = {r e R | T = wysgn(t) + 2¢t},

where we used the fact that the subgradient of || is given by sgn(t). Since

pe(B) =) F(y,By)= sup > F(y,pBy)

yel F’ﬁniteyel—v/

and 8 — B, is continuous, a standard result of convex analysis [35] ensures that p, (-) is convex and
lower semi-continuous.

The computation of the subgradient is standard. Given 8 € ¢, and n € 9p.(8) C {5, by the
definition of a subgradient,

D Fy By +B) =Y F B+ myB, VB €ls,

yel' yvell yell

Giveny € I', choosing 8’ = te, witht € R, it follows that 57, belongs to the subgradient of F(y, 8,),
that is,

Ny = wySgn(ﬂy) + 28/8V~ (26)
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Conversely, if (26) holds for all y € I', by the definition of a subgradient

By summing over y € I" and taking into account the fact that (», 8, ),er € £1, then

pe(B+B) = p(B) +(n. B),. O

To state our main result about the characterization of the minimizer of (24), we need to introduce the
soft-thresholding function 4, : R — R, A > 0 which is defined by

A A
t—— ift>—
2 2)L
5. () =10 if|t] < = (27)
t+ 2 if t %\
— ift < —=,
2 2
and the corresponding nonlinear thresholding operator S;, : £, — ¢, acting componentwise as
[S (:3)];/ = ’Skwy (lgy) . (28)
We note that the soft-thresholding operator satisfies
Sw. (aB) = aSy (B) a>0,pe¢€l, (29)
Is:® =s.B), = [B-#1], B8 <t (30)

These properties are immediate consequences of the fact that

$a. (at) = ad;, (t) a>0,teR
16,0 =& () <|t—t| t,t' €R.
Notice that (30) with 8’ = 0 ensures that S, (8) € ¢, forall 8 € ¢5.
We are ready to prove the following theorem.

Theorem 1. Given ¢ > 0and A > 0, a vector B € £, is a minimizer of the elastic-net functional (3) if
and only if it solves the nonlinear equation

1< A
— D _{Yi— (@)X, ¢y (X)) — £3B, = Swysgn(By) Vy €T, (31)
i=1

or, equivalently,

B=S8(1—er)B+Pi(Y — uf)). (32)

If & > 0 the solution always exists and is unique. If € = 0, ko > 0 and wy = inf, ¢, w, > 0, the solution
still exists and is unique.

Proof. If ¢ > 0 the functional SnA is strictly convex, finite at 0, and it is coercive by

&r(B) = pe(B) = re 1B

Observing that ||®,8 — Y ||ﬁ is continuous and, by Lemma 2, the elastic-net penalty is Ls.c., then 8,’} is
Ls.c. and, since ¢, is reflexive, there is a unique minimizer g} in ¢,.1f ¢ = 0, & is convex, but the fact
that ko > 0 ensures that the minimizer is unique. Its existence follows from the observation that

€X(B) = pe(B) = MBIy = Awo lIBIl,
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where we used (11). In both cases the convexity of 8& implies that § is a minimizer if and only if
0e 863 (B). Since ||D,8 — Y||ﬁ is continuous, Corollary I11.2.1 of [35] ensures that the subgradient is
linear. Observing that ||®,8 — Y||ﬁ is differentiable with derivative 2@, @, — 2®;'Y, we get

IEL(B) = 205 ®uf — 20.Y + 10D (B),

so that (31) follows taking into account the explicit form of dp.(B), @;®,p and &Y, given by
Lemma 2 and Proposition 2, respectively.
We now prove (32), which is equivalent to the set of equations

1 n
By = Sy ((1 — ey +~ D (Vi = (@B, %(xf))) Yy er. (33)
i=1
Setting B, = (Y — @, ¢, (X)), — eAB,, we have B, = 8., (B, + B, if and only if
Aw . AW
brtby - HhHE >0
. AW
ﬂy: 0 1f|,3y+:8;,/|§Ty
AW . , Aw
bbbyt BB <
that is,
,_Aw .
B, = Ty ifg, >0
A
1B, < )‘% ifg, =0 orelse B, = % sgn(pB,)
/ )"wy if
ﬂ)/ = _T 1 /Sy <0

which is equivalent to (31). O

The following corollary gives some more information about the characterization of the solution as
the fixed point of a contractive map. In particular, it provides an explicit expression for the Lipschitz
constant of this map and it shows how it depends on the spectral properties of the empirical mean of
the Gram matrix and on the regularization parameter A.

Corollary 1. Let ¢ > 0and A > 0. Pick any arbitrary T > 0. Then $ is a minimizer of S,f in £, if and only
if it is a fixed point of the following Lipschitz map T;, : £, — {5, namely

B =Tp whereT,f =

-y Msk ((x] = D) B+ P1Y) . (34)

With the choice T = % the Lipschitz constant is bounded by
K — Ko <
K+ kg + 2eA T

In particular, with this choice of T and if € > 0 or ko > 0, T;, is a contraction.

q:

1
T+eA

Y. Hence B is a minimizer of &;" if

Proof. Clearly § is a minimizer of 83 if and only if it is a minimizer of

: A 1 1
(32), we can replace A with o Pn by ﬁqﬁn and Y by N
and only if it is a solution of

&€, which means that, in

—s P ' ory—a,p)
p= e (( ‘L’+8A)ﬂ+‘[+8)» n( n'3>‘
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Therefore, by (29) witha = Hﬁ B is a minimizer of 8;} ifand only if 8 = 7, 8.
We show that 75 is Lipschitz and calculate explicitly a bound on the Lipschitz constant. By
assumption we have «ol < @@, < «I; then, by the Spectral Theorem,

|1 — ®r@n| < max{lt — kol |t — K},
6.ty

where ||| denotes the operator norm of a bounded operator on ¢,. Hence, using (30), we get

05,6
1
T+ eA

|78 — 728,

IA

|zl — @rn) (B — BN,
T — ’
I L1s-#1,
=q ||,B —,3/H2~

The minimum of q with respect to t is obtained for

T—K
T+ eA

k]

< max{

T—kg K—T
T4+er T4

thatis, 7 = ”TKO and, with this choice, we get
K — Ko

q:/c—}-/co—f—Ze)f

By inspecting the proof, we notice that the choice T = @ provides the best possible Lipschitz

constant under the assumption that k! < @;®, < «l.Ife > 0orky > 0, 7, is a contraction
and ﬂ,? can be computed by means of the Banach fixed point theorem. If ¢ = 0 and kg = 0, 75, is
only non-expansive, so that proving the convergence of the successive approximation scheme is not
straightforward.?

Let us now write down explicitly the iterative procedure suggested by Corollary 1 to compute /3,’,‘.
Define the iterative scheme by

B =0,
L * -1 *
= S | — & ® DY
pl= S (@l = ojonp™ + oY)
with T = % The following corollary shows that the 8¢ converges to B when ¢ goes to infinity.

Corollary 2. Assume that € > 0 or kg > 0. For any £ € N the following inequality holds

) —pe
(k + ko + 2eM) (kg +ex) " 2T

In particular, lim,_, o Hﬁg - By ”2 =0.

18 - B3, < (3)

K—KQ
K+kg+2er
theorem applies and the sequence (,BZ) ey CONVerges to the unique fixed point of 75, which is ,B,’} by
Corollary 1. Moreover we can use the Lipschitz property of 7;, to write

18 = Ball, < 18" = B, + 87" = il
a8 = £l +alp - Bil,
=4 |8 =B, +alB =Bl -

Proof. Since 7; is a contraction with Lipschitz constant ¢ = < 1, the Banach fixed point

IA

2 Interestingly, it was proved in [19] using different arguments that the same iterative scheme can still be used for the case
e=0andky =0.
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so that we immediately get

4
- 1
2—1_q

) P
(ko + Kk +2eM) (kg +ex) " " 12

: 0 _ 1_ _1 * _ 2(kotedr)
since 8 =0, ' = 158, (@;Y)and 1 —q = e e

18— £l |8 = £°l, =

Let us remark that bound (35) provides a natural stopping rule for the number of iterations, namely
to select £ such that | * — B} |, < n, where 7 is a bound on the distance between the estimator B}

and the true solution. For example, if || DrY || , is bounded by M and if ko = 0, the stopping rule is

M
0g ean

log(1 + %2)

Note that in the case of an infinite-dimensional dictionary, the above iteration involves infinite-
dimensional matrices. In Section 3.2 we will show that under mild assumptions on the weights it
is always possible to reduce the problem to a finite-dimensional one.

Finally we notice that all previous results also hold when considering the distribution-dependent
version of the method. The following proposition summarizes the results in this latter case.

Usiop = so that | — B, < n.

Proposition 4. Let ¢ > 0 and A > 0. Pick any arbitrary t > 0. Then a vector B € ¢, is a minimizer of
€"(B) =E[|PpB — YI*] + Ap(B).
if and only if it is a fixed point of the following Lipschitz map, namely

B=TB whereTp = S, (] — D Pp)B + D}Y). (36)

T+ €A
If € > 0or ko > 0, the minimizer is unique.

If it is unique, we denote it by g*:
g = arﬂgr?in (E[1®pB = YI] +1pe(B)) . (37)
€62

We add a comment. Under Assumption 2 and the definition of 8¢, the statistical model is Y =
®p ¥ + W where W has zero mean, so that 8* is also the minimizer of

I ®pp — DpB° N7 + AD:(B). (38)

3.2. Sparsity properties

The results of the previous section immediately yield a crude estimate of the number and
localization of the non-zero coefficients of our estimator. Indeed, although the set of features could be
infinite, ﬂ,f has only a finite number of coefficients different from zero provided that the sequence of
weights is bounded away from zero.

Corollary 3. Assume that the family of weights satisfies inf, < w, > 0, then for any B € {5, the support
of S, (B) is finite. In particular, B}, B and B* are all finitely supported.

Proof. Let wo = inf,cr w, > 0.Since ) - 1B, 1> < 400, there is a finite subset I; C I such that

1By < 3wo < Sw, forally ¢ I. This implies that
S, (B,) =0 fory & I,

by the definition of soft-thresholding, so that the support of S, (8) is contained in I. Egs. (32) and
(36) and the definition of B imply that 8%, 8* and B¢ have finite support. O
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However, the supports of 8¢ and ,B,f are not known a priori and to compute ¢ one would need to
store the infinite matrix @ @,. The following corollary suggests a strategy to overcome this problem.

Corollary 4. Givene > 0and A > 0, let

201Y1l, ( +Ver)
r=frerilnlzo m v < 20del VD)

then

supp(By) C T. (39)
Proof. If ||goy Hn = 0, clearly B, = 0is a solution of (31). Let M = ||Y||,;; the definition of ﬂ;\ as the
minimizer of (24) yields the bound &*(8}) < &}(0) = M?, so that

M2
|@npi =], <M pe(B)) < =

Hence, for all y € I, the second inequality gives that eA (8} 12/ < M?, and we have

Y = @u 0, 0}, = 228D, | = M ([ ], + Vi)
and, therefore, by (31),
2M(|@y |, + )

A .

Wy

sgn((B)),)] <

Lo 2M(|| oy ||, ++/E0)

Since [sgn((B;}),)| = 1 when (8}}), # 0, this implies that (8;), =0 1. O

Now, let I"” be the set of indices y such that the corresponding feature ¢, (X;) # 0 for some
i = 1,...,n. If the family of corresponding weights (w, ), goes to infinity,? then I is always
finite.

Remark 2. This last property has immediate computational implications. Since supp(ﬁ,ﬁ) C I, one
canreplace I" with I in the definition of @, so that @ @, is a finite matrix and @Y is a finite vector.
In particular the iterative procedure given by Corollary 1 can then be implemented by means of finite
matrices.

Finally, by inspecting the proof above one sees that a similar result holds true for the distribution-
dependent minimizer B*. Its support is always finite, as already noticed, and moreover is included in
the following set

20Y1p (o ||, + V)
{”ENH%H,,#O and w, < —— lev [ }

A

4. Probabilistic error estimates

In this section we provide an error analysis for the elastic-net regularization scheme. Our primary
goal is the variable selection problem, so that we need to control the error ||8}" — B, where A, is a
suitable choice of the regularization parameter as a function of the data, and g is an explanatory vector
encoding the features that are relevant to reconstructing the regression function f*, that is, such that
f* = @pp. Although Assumption (7) implies that the above equation has at least a solution g* with

3 The sequence (w, ), e goes to infinity, if for all M > 0 there exists a finite set I'y such that |w, | > M,VYy & I'y.
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p:(B*) < 00, nonetheless, the operator @ is injective only if (¢, (X)), ¢ is £,-linearly independent

in Lé (P). As usually done for inverse problems, to restore uniqueness we choose, among all the vectors

B such that f* = @p B, the vector 8¢ which is the minimizer of the elastic-net penalty. The vector g°

can be regarded as the best representation of the regression function f* according to the elastic-net

penalty and we call it the elastic-net representation. Clearly this representation will depend on €.
Next we focus on the following error decomposition (for any fixed positive A),

16 =Bl = 18 =B, + 18”1, (40)

where % is given by (37). The first error term in the right-hand side of the above inequality is
due to finite sampling and will be referred to as the sample error, whereas the second error term
is deterministic and is called the approximation error. In Section 4.2 we analyze the sample error via
concentration inequalities and we consider the behavior of the approximation error as a function of
the regularization parameter A. The analysis of these error terms leads us to discuss the choice of A
and to derive statistical consistency results for elastic-net regularization. In Section 4.3 we discuss a
priori and a posteriori (adaptive) parameter choices.

4.1. Identifiability condition and elastic-net representation
The following proposition provides a way to define a unique solution of the equation f* = ®pp.
Let
B={Bely| &pp=F(X)}=p" +kerdp
where 8* € £, is given by (7) in Assumption 2 and
ker®p = {B € £, | PpB =0} = {B € £5 | f(X) = O with probability 1} .

Proposition 5. If ¢ > 0 or ko > 0, there is a unique 5° € £, such that

pe(B) = inf p.(p). (41)

Proof. If ko > 0, B reduces to a single point, so that there is nothing to prove. If ¢ > 0, B is a closed

subset of a reflexive space. Moreover, by Lemma 2, the penalty p.(-) is strictly convex, l.s.c. and, by

(7) of Assumption 2, there exists at least one 8* € 8 such that p.(8*) is finite. Since p.(8) > ¢ ||/3||§,

pe(+) is coercive. A standard result of convex analysis implies that the minimizer exists and is unique.
0

4.2. Consistency: Sample and approximation errors

The main result of this section is a probabilistic error estimate for H B — p* ,» Which will provide
a choice A = A, for the regularization parameter as well as a convergence result for | 3" — B .
We first need to establish two lemmas. The first one shows that the sample error can be studied in
terms of the following quantities
| @ndn = Dp ey and [oiw], (42)

measuring the perturbation due to random sampling and noise (we recall that ||-||ys denotes the
Hilbert-Schmidt norm of a Hilbert-Schmidt operator on ¢,). The second lemma provides suitable
probabilistic estimates for these quantities.

Lemma3. et e > 0and A > 0.If ¢ > 0or kg > O, then

18— 8], = (l@7 20 — dp0p) (B> = B, + |70 ],) - (43)

KO—I—S)\.
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Proof. Lett = @ and recall that ,3,;\ and B* satisfy (34) and (36), respectively. Taking into account
(30) we get

1
A ph
I8 -1, = =

By Assumption 2 and the definition of 8%, Y = f*(X) + W, and ®»$° and &,B° both coincide with
the function f*, regarded as an element of ng (P) or Lzy (P,) respectively. Moreover by (8) ®;W = 0,
so that

|y — @rdnpy + @5Y) — (1B — DpdpB* + Y|, . (44)

qﬁ:Y — q§[§Y = (Q>:¢'n — <1§',2"(1>p)/3’3 + @,TW.
Moreover

(Tl = Dy ®u) By — (Tl — Py Pp) " = (¢l — By Py) (By — B*) — (D Py — Dy Pp) "

From the assumption on @ @, and the choice T = KEKO, we have ||rI — QrD, Hé , < % so that
(44) gives n
(c+en) |8y = B, < | @100 — Dpon) (8 — )], + |23 W ], + == | B} — B,

Bound (43) is established by observing that t + eA — (k — kg)/2 = kg +€A. O

The probabilistic estimates for (42) are straightforward consequences of the law of large numbers
for vector-valued random variables. More precisely, we recall the following probabilistic inequalities
based on a result of [36,37]; see also Th. 3.3.4 of [38] as well as [39] for concentration inequalities for
Hilbert-space-valued random variables.

Proposition 6. Let (£,)qen be a sequence of i.i.d. zero-mean random variables taking values in a real
separable Hilbert space J¢ and satisfying

1
E[lI&]5] < Em!MZH'"‘2 vm > 2, (45)

where M and H are two positive constants. Then, foralln € Nandn > 0

2

B 1 n e w2 [ Hy
Pf|- Zgi >n| <2e M2+Hn+MA/M2+2Hy 2e—"Hﬁg(m) (46)
LI™ = H
where g(t) = ﬁ or, forall § > 0,
1L HS  M+/28
P||- il <|—+ >1—2e7. 47
2 26 ( Tt )} (47)
L = ¥
Proof. Bound (46)is given in [36] with a wrong factor, see [37]. To show (47), observe that the inverse
. 2 . . .
of the function T T S the function t + +/2t so that the equation

2e7n%g(%) =2’

has the solution

_1\/12 H28+ 2H25 5
=0 \ w2 Mz )
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Lemma 4. With probability greater than 1 — 4e~?, the following two inequalities hold, for any A > 0 and
e >0,

LJkd o /K26 2k8(0 + L

jegwl, = (M2 VD) L oo s )

n vn vn

if 5<n

and

K8  KkA/26 3k/3
oo ol = 5+ 2 <257 (9

——

if §<n

Proof. Consider the ¢,-valued random variable ®;W. From (8), E[®;W] = E[E[@;W(X]] = 0
and, forany m > 2,

% m m '
E[|eiwl;]=E (Z ey 00). W>|2) < FR[Wm] < ¥ Zo?m?,
yel’

due to (5) and (10). Applying (47) with H = /kL and M = \/ko, and recalling definition (19), we
get that

VKIS \Jka/28
n + Jn

with probability greater than 1 — 2e
Consider the random variable ®x®y taking values in the Hilbert space of Hilbert-Schmidt

operators (where ||-||ys denotes the Hilbert-Schmidt norm). One has that E [Q>X<1>;§] = ®p®; and,
by (13)

| ®x P | s < Tr(@x®5) < k.

[P Wl <

-8

Hence
E[[oxs — orp ] < B[ 2x0; — 055 ] @02
< @KZKm—Z,
2
by m! > 2™~1, Applying (47) withH = M = «
k8 k28

”‘pn@: - ¢P‘D;HH5 = n + \/ﬁ ’

with probability greater than 1 — 2e~%. The simplified bounds are clear provided that § <n. O

Remark 3. In both (48) and (49), the condition § < n allows simplifying the bounds enlightening the
dependence on n and the confidence level 1 — 4e™%. In the following results we always assume that
8 < n, but we stress the fact that this condition is only needed to simplify the form of the bounds.
Moreover, observe that, for a fixed confidence level, this requirement on n is very weak — for example,
to achieve a 99% confidence level, we only need to require that n > 6.

The next proposition gives a bound on the sample error. This bound is uniform in the regularization
parameter A in the sense that there exists an event independent of A such that its probability is greater
than 1 — 4e~% and (50) holds true.
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Proposition 7. Assume that ¢ > 0or kg > 0.Let § > 0 and n € N such that § < n, forany A > 0 the
bound

/s
(ko + €X)

holds with probability greater than 1 — 4e~°, where ¢ = max {\/ 2k(0 + L), 3¢ }

|87 = £, < (1+ 18" =51 (50)

Proof. Plug bounds (49) and (48) in (43), taking into account that
||(q);‘q)n - 05;431))(5)‘ - ﬁs)”z = H(I):(Dn - qblfq)"”ﬁs ”'BA - ﬂS”z'

By inspecting the proof, one sees that the constant «g in (43) can be replaced by any constant ;,
such that

Ko < k) < inf
Beba|lIBll2=1

Z ﬂy%

where T} is the set of actlvefeatures given by Corollary 4. If ko = 0 and «;, > 0, i.e. when I} is finite
and the active features are linearly independent, one can improve bound (52) below. Since we mainly
focus on the case of linearly-dependent dictionaries we will not discuss this point any further.

The following proposition shows that the approximation error |* — ||, tends to zero when 2
tends to zero.

with probability 1,

Proposition 8. If ¢ > 0 then
lim |8* - p°|, = 0.

Proof. It is enough to prove the result for an arbitrary sequence (A;)jey converging to 0. Putting
B = p%,since [|®pf — Y2 = [|®pf —f*X)|IZ + [If*(X) — Y||3, by the definition of g as the
minimizer of (37) and the fact that §° solves ®p = f*, we get

| @08 = F* X |2 + Ape(B) < || @685 — F* (O3 + 2pe (BY) = Ape (B
Condition (7) of Assumption 1 ensures that p, (8°) is finite, so that
|®p8 —F* 0O, < pe(87) and p.(B)) < p.(6°).

Since ¢ > 0, the last inequality implies that (,Bf)jeN is a bounded sequence in ¢,. Hence, possibly
passing to a subsequence, (ﬁj)jeN converges weakly to some S,. We claim that 8, = p°. Since

B = |®pp — f*(X)|I3 is Ls.c.

[@0p. =07 < timinf | @p8 — £ < liminfap. (8 = 0.
thatis B, € 8. Since p.(-) is Ls.c.,

pe(B.) = liminfp.(B) < pe(B°).

By the definition of 8%, it follows that 8, = B¢ and, hence,

lim p, (8) = p: (). (51)
J—> 00
To prove that B/ converges to 8° in £,, it is enough to show that limj_, Hﬁ]HZ = |IB%|l,- Since |||,

is Ls.c., liminf._, ||ﬂj H2 > [|B%|l,. Hence we are left with proving that lim sup;_, ., ||,31||2 < |1B%1l,-
Assume the contrary. This implies that, possibly passing to a subsequence,

Jim IA], > 18°1,
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and, using (51),
li J °.
jggonyw <Y wy|p

yell yell
However, since f = 3 - wy|B,|isLs.c.
liminf Y " w, B = ) w,|p]. O
Jj—o00
yell yell

From (50) and the triangular inequality, we easily deduce that

cV/$
(ko + €1)

with probability greater than 1 — 4e~%. Since the tails are exponential, the above bound and the
Borel-Cantelli lemma imply the following theorem, which states that the estimator /3,? converges to
the solution B¢, for a suitable choice of the regularization parameter A.

167 =81, = (18" =) + 18" = £, (52)

Theorem 2. Assume that ¢ > 0 and kg = 0. Let A, be a choice of A as a function of n such that
limy_ 00 A = 0 and lim,_, o, nA2 — 2log n = +o0. Then

lim ||B)" — B°||, = O with probability 1.

n—oo

If kg > 0, the above convergence result holds for any choice of A, such that lim,_, o A, = 0.

Proof. The only non-trivial statement concerns the convergence with probability 1. We give the
proof only for ko = 0, the other one being similar. Let (X,),>1 be a sequence such that
limp oo Ay = 0 and lim,_, o nxﬁ — 2logn = +o0. Since lim,_., A, = 0, Proposition 8 ensures
that lim,_,« || 8*" — B¢|, = 0. Hence, it is enough to show that lim,_.« | 8}" — |, = 0 with
probability 1. Let D = sup,-, e lc(1 + H,B*” — B¢ ”2)' which is finite since the approximation error

goes to zero if A tends to zero. Givenn > 0, let§ = nkﬁg—z < n for n large enough, so that bound (50)
holds providing that

2

27
—nas i
nDz'

e (I -5

, =] <4de

2
w2
The condition that lim;_, o 1A% — 2logn = +oc implies that the series Y - | e "7 converges and
the Borel-Cantelli lemma gives the thesis. O

Remark 4. The two conditions on A, in the above theorem are clearly satisfied with the choice
A = (I/m)" with0 < r < % Moreover, by inspecting the proof, one can easily check that to

have the convergence of ﬁ,’}" to B¢ in probability, it is enough to require that lim, .., A, = 0 and
limy_, oo A2 = +00.

Let fy = fu. Since f* = fge and E [ —f*XO1] = |®p(Bin — ,85)||12,, the above theorem
implies that

Jim E[1f,() - f*X)*] =0

with probability 1, that is, the consistency of the elastic-net regularization scheme with respect to the
square loss.

Let us remark that we are also able to prove such consistency without assuming (7)
in Assumption 2. To this end, we need the following lemma, which is of interest by itself.
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Lemma 5. Instead of Assumption 2, assume that the regression model is given by
Y="X)+W,

where f* : X — Y is a bounded function and W satisfies (8) and (9). For fixed A and ¢ > 0, with
probability greater than 1 — 2e~® we have

(53)

5 \/ﬁ)h_*
n¢:«*—fw-¢;qx—fwng(v@:» RRE) f|n>,

Jn
where f* = fy; and Dy, = sup,ex [f*(0) — f* (1.

We notice that in (53), the function f* — f* is regarded both as an element ofLé (P,) and as an element
of L3 (P).

Proof. Consider the ¢,-valued random variable

Z=0;(f*X) —f*X)  Z, = {{*X) = f*X), 9, (X))
A simple computation shows that E [Z] = &} (f* —f*) and

1Z1l; < Vielf*X) = FX)1.

Hence, for any m > 2,
m—2
E[I1Z -EZ1I}] <E[lIZ - E(Z]l5] (M?sug IF*(0) —f*(x)|>

m—2
< kE[If*X) = F*X)1?] (2«/'?511912 IfF*(x) —f*(X)|>
< 2P =] 2 RD).
Applying (47) with H = \/kD; and M = \/k f* — f*|,, we obtain bound (53). O

SO

Observe that under Assumption (7) and by the definition of ¢ one has that D; < /k Hﬂ’x = B%,

that (53) becomes

A _ Re A _ pe
H@Wr¢MMW—WWS<MM Gl Ol L ﬂm)

n Vn

Since ®p is a compact operator this bound is tighter than the one deduced from (49). However, the
price we pay is that the bound does not hold uniformly in A. We are now able to state the universal
strong consistency of the elastic-net regularization scheme.

Theorem 3. Assume that (X, Y) satisfy (8) and (9) and that the regression function f* is bounded. If the
linear span of features (¢, ), e is dense in L%y (P) and ¢ > 0, then

lim E[|f,(X) — f*(X)I’] = 0 with probability 1,
n—oo

provided that lim,,_, o A, = 0 and lim,_, o, n)»f1 — 2logn = +o0.

Proof. As above we bound separately the approximation error and the sample error. As for the first
term, let f* = fz;. We claim that E [If*(X) — f*(X)|?] goes to zero when A goes to zero. Given n > 0,
the fact that the linear span of the features (¢, ), < is dense in Lzy (P) implies that there is 8" € ¢,
such that p.(8") < oo and

E[lfpnX) = Y] <E[IfF*X) — YI*] +n.
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LetA, = then, forany A < A,,

1+p:~](ﬂ'7)'
E[If* ) — O] < B[ &) = YP] —E[If*X0) — YI?]) + Ap:(BY)
(E[Ifen X) = Y] = E[If*X) — YI*]) 4+ Ap.(B")
n—+n.

IAIA

As for the sample error, we let fnA = fﬁ% (sothatf, = fn*”) and observe that
E (I 00 — 2 0012] = |en8l — BH% < < | B - 1.
We bound |8} — B*|, by (53) observing that

Dy = sup [f*(x) — f*(x)| < sup [fz (X)| + sup [f*(x)|
xeX XxeX XeX

< Vi [BM], +suplreol = D%

where D is a suitable constant and where we used the crude estimate
2
re |84, = €M = €@ =E[IYP].
Hence (53) yields

(54)

sD 268 |00 — Frx
|@r (" =1 — @5 — )], < (ﬁ L Y26 ) — 1 >Hp).

Van vn

Observe that the proof of (43) does not depend on the existence of 8¢ provided that we replace both
®ppB) € Ly (P) and @,B) € Ly (P,) with f*, and we take into account that both @pg* € L} (P) and

@, 8" € Ly(P,) are equal to f*. Hence, plugging (54) and (48) in (43) we have that with probability
greater than 1 — 4e~?

167 = 81,

DVvs [ 1 1 40 =0,
< — + +
ko+er \/n  /an Jn

where D is a suitable constant and § < n. The thesis now follows by combining the bounds on the
sample and approximation errors and repeating the proof of Theorem 2. [

To have an explicit convergence rate, one needs an explicit bound on the approximation error
|8 — B°|,. for example of the form | g* — B[, = O(A"). This is out of the scope of the paper.
We report only the following simple result.

Proposition 9. Assume that the features ¢,, are in finite number and linearly independent. Let N* =
|supp(B¢)| and w* = sup,, cqpp(gey {wy . then

|8* = B[, < DN"3.

With the choice A, = ﬁ,for any$ > 0andn € Nwith§ <n

. V8 DN*) DN*
" — < 1+— )+ ; 55
”:311 IB ||2 - \/ﬁKQ ( «/ﬁ \/ﬁ ( )
with probability greater than 1 — 4e~%, where D = % and ¢ = max {«/2/{(0 + L), 3k }
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Proof. Observe that the assumption on the set of features is equivalent to assuming that o > 0. First,

we bound the approximation error HﬂA — B¢ ”2 As usual, with the choice T = K°2+K, (36) gives

B =B =~ iy [ (¢ — D5 ®p)B* + Dy Dp°) — S, (18°) + S5 (15°) — 16°]
eA R
T+ 8kﬂ ’
Property (30) implies that
1 e
A _ pe < I — (P*¢ A _ pe S &y _ & & .
18" = 8°ll, = ———5 (1T = 2pen)(B" = )|, + 118 (28 = w87 l) + —— 18"
Since || 7] — @5 ®p| < 52, 18°Ml, < N*[I8°]l» and
A
[S: (zB%) — Bl < w*N*E,
one has
A ps <K+KO+28)\. 2 *N*&—i- 2el R
”/3 p H2 = 2(kg+ &) K+K0+28)\.w 2 Ko+ K+ 2er 18712
* 2 &
< (710 +2¢ |1 ”"O)N*A:DN*A.
2K0

Bound (55) is then a straightforward consequence of (52). O
4.3. Adaptive choice

In this section, we suggest an adaptive choice of the regularization parameter A. The main advan-
tage of this selection rule is that it does not require any knowledge of the behavior of the approxima-
tion error. To this end, it is useful to replace the approximation error with the following upper bound

AQR) = sup [ B — B (56)
0<A/ <X

.
The following simple result holds.
Lemma 6. Given ¢ > 0, » is an increasing continuous function and

”/3A _,36H2 <AR) <A<
lim A(L) = 0.
A—04+

Proof. First of all, we show that A — p* is a continuous function. Fix A > 0; for any h such that
A+h>0,(36)witht = % and Corollary 1 give

182" = B, < [Ton (B = Ton(BH, + | Tosn(BY) — T (BY |,
K — Ko A+h )
< —
~ k4 ko +2e(A+h) ”'B p ”2
1 1
—S ) - S, (B
T4+e(A+h) Hh(ﬁ) ‘(+8)»A(ﬂ)2
where B/ = (zI — (bf;q)p)/ﬁ’A + @;Y does not depend on h and we wrote 7, to make explicit the
dependence of the map 7 on the regularization parameter. Hence
|87 = B,
1 1

- T+e(l+h) (
_K0+8()»+h)

/ 1 / /
T+e(+h) r+8k‘ I ||2+t+78)»”SA-HI(ﬁ)_SA(ﬁ)”z)'
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The claim follows by observing that (assuming for simplicity that h > 0)

ISin (8) —S:. (B) 5 B —senBw AP+ Y wlh?

wy A<IB) [ <wy Goth) 1By |zwy Gty
) 5 P 2 2 2 52

<k Y wlsh Y BRI/
1B} |=wy i 1By 1= wy &

which goes to zero if h tends to zero.
Now, by the definition of 8* and B¢

x| B2 < E[I8pB* — F* X)) + Ape(BY) < E[19p° — F* (O] + 2pe(B°) = Ape (B°),
so that

1
18 = B, < 1%, + —=

£y = A.
ﬁps(ﬂ )
Hence A(1) < A for all A. Clearly .4 (%) is an increasing function of A; the fact that | * — g¢|, is
continuous and goes to zero with A ensures that the same holds true for A(X). O

Notice that we replaced the approximation error with 4(A) just for a technical reason, namely to
deal with an increasing function of A. If we have a monotonic decay rate at our disposal, such as
|8 — B, = 1 for some a > 0 and for 2 — 0, then clearly A (%) < A°.

Now, we fix ¢ > 0 and § > 2 and we assume that ko = 0. Then we simplify bound (52) observing
that

1
g, < C [ —=—— + AO 57
I8 = 51, = € (g + 4 (57
where C = c+/5(1 + A); the bound holds with probability greater than 1 — 4e~? uniformly for all
A > 0.
When A increases, the first term in (57) decreases whereas the second increases; hence to have a
tight bound a natural choice of the parameter consists of balancing the two terms in the above bound,
taking

1
opt __ _
Ap = sup {A €]0, oo[| A(A) = ﬁgk} .

L = A" and the resulting bound is

opt
JneapP

2C
A _ pe - ==

16 =, = o 58)
This method for choosing the regularization parameter clearly requires the knowledge of the
approximation error. To overcome this drawback, we discuss a data-driven choice for A that allows
achieving the rate (58) without requiring any prior information on (). For this reason, such a choice
is said to be adaptive. The procedure we present is also referred to as an a posteriori choice since it
depends on the given sample and not only on its cardinality n. In other words, the method is purely
data-driven.

Let us consider a discrete set of values for A defined by the geometric sequence

Ai=Xo2" i€NX > 0.

Since 4(A) is continuous,

Notice that we may replace the sequence 12’ by any other geometric sequence A; = Aoq' withq > 1;
this would only lead to a more complicated constant in (60). Define the parameter A, as follows

Aj A1
n — ﬂnl - :311]

AT = max {A,—| ‘

4C
<—— forallj=0,...,i 59
27 /neijq ! } 9
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(with the convention that A_; = X). This strategy for choosing A is inspired by a procedure originally
proposed in [40] for Gaussian white noise regression and which has been widely discussed in the
context of deterministic as well as stochastic inverse problems (see [26,41]). In the context of non-
parametric regression from random design, this strategy has been considered in [42] and the following
proposition is a simple corollary of a result contained in [42].

Proposition 10. Provided that Ag < AP the following bound holds with probability greater than
1—4e7?
20C
Mo gEll < ———, 60
o Pl = e (60)

Proof. The proposition results from Theorem 2 in [42]. For completeness, we report here a proof
adapted to our setting. Let £2 be the event such that (57) holds for any A > 0; we have that
P[£2] > 1 — 4e~? and we fix a sample point in £2.

The definition of A% and the assumption Ay < A" ensure that A4(ig) < —-—. Hence the set

{k | AL < —} is not empty and we can define

1
A =max A | A < .
n {z| (1)_ﬁski}
The fact that (1;)icy is a geometric sequence implies that
A< ASPE < 3%, (61)

while (57) with the definition of A}, ensures that

| <c< LI >> 2 (62)
27\ J/ner: Jnerx

We show that A} < A" Indeed, for any A; < A}, using (57) twice, we get
| | —e, +|

+ AR + ——

Bt — B°

Bt — B°

)\.'
IBnJ -

A Aj
ﬁnn - ﬂnj 2

IA

2
4C

(fsz\, f x el

where the last inequality holds since ; < A* < A" and A(L) < —— forall A < A", Now

I /\

+ A(A*))

fx
2Muy < AF < Af = 2™k for some m, k € N, so that
AT « 14¢ L - 4c
; < g _ gt o
| ; 22 a8 ; N
4C 1 4C
S DF
Vet e 26 /ner
Finally, recalling (61) and (62), we get bound (60):
)L;r_ e <‘ A,T_ Ay +‘ Ay A < 8C n 2C 0
‘ﬁ” p 2~ Pu" = P 2 P 27 Jnerx \/ﬁe)»; - fs)\om'

Notice that the a priori condition Ag < Aﬁpt is satisfied, for example, if 1o <
To illustrate the implications of the last proposition, let us suppose that

B> = B[, = 2 (63)

1
Ae/n’
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opt

__a
for some unknown a €]0, 1]. One has then that A, =n 2@t

N AT
= n 2@t and ‘ﬂn" — B¢ ,
We end noting that, if we specialize our analysis to least squares regularized with a pure £;-
penalty (i.e. setting w,, = 0, Yy € I'), then our results lead to the error estimate in the norm of the
reproducing kernel space J¢ obtained in [43,44]. Indeed, in such a case, B¢ is the generalized solution
BT of the equation ®pB = f* and the approximation error satisfies (63) under the a priori assumption
that the regression vector B is in the range of (@5 @p)° for some 0 < a < 1 (the fractional power

-5,

N~ To compare this bound with the results in the literature, recall that both f, = f + and

makes sense since @ ®p is a positive operator). Under this assumption, it follows that ‘

~
=

f* = fpr belong to the reproducing kernel Hilbert space # defined in Proposition 3. In partlcular
2a+1
one can check that 87 € ran(®; ®p)? if and only if f* € ranL,* , where Ly : L2 P) — L2 (P) is the

integral operator whose kernel is the reproducing kernel K [45] Under this condltlon the following
bound holds

I =571

which gives the same rate as in Theorem 2 of [43] and Corollary 17 of [44].

a
& < n_ 2a+1)
=n 2@
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