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Abstract

For alocally compact group G, let X5 be one of the following introverted subspaces of VN(G): UCB (G),
the C*-algebra of uniformly continuous functionals on A(G); W(a), the space of weakly almost periodic
functionals on A(G); or M;‘ (G), the C*-algebra generated by the left regular representation on the measure
algebra of G. We discuss the extension of homomorphisms of (reduced) Fourier—Stieltjes algebras on G and
H to ch-norm preserving, weak*—weak*-continuous homomorphisms of X into X'}, where (X, Xp) is
one of the pairs (UCB(G), UCB(H)), (W(G). W(H)). or (M};(G). M};(H)). When G is amenable, these
extensions are characterized in terms of piecewise affine maps.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

One of the last century’s most striking achievements in abstract harmonic analysis is Paul
Cohen’s characterization of the homomorphisms from a group algebra L!(G) into a measure
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algebra M (H), when G and H are locally compact abelian groups. Cohen’s solution to the
homomorphism problem more precisely (but equivalently) describes the homomorphisms from
A(G) 1nto B (H ), the Fourier and Fourier—Stieltjes transforms of L'(G) and M (H) on the dual
groups G and H; the description is phrased in terms of continuous piecewise affine maps from
H into G [3,28].

Eymard defined versions of A(G), the Fourier algebra of G, and B(H ), the Fourier—Stieltjes
algebra of H, for any locally compact groups G and H [8] and, naturally, mathematicians have
worked to generalize Cohen’s theorem to describe the homomorphisms between these algebras.
For arbitrary (bounded) homomorphisms ¢ : A(G) — B(H), Host widely extended Cohen’s the-
orem to the situation in which G contains an abelian subgroup of finite index and H is any locally
compact group [14] (also [24], however Lefranc never published his proofs).

Z.-]J. Ruan first studied A(G) as an operator space in his influential paper [27], and it has
since become clear that it is often essential to consider this operator space structure on A(G).
As but one of many examples which justify this statement, the best known generalization of the
results of Cohen and Host, due to the first-named author and Nico Spronk, asserts that when
G is amenable and H is any locally compact group, every completely bounded homomorphism
¢:A(G) — B(H) is associated with a piecewise affine continuous map (and conversely) [16,17].
Evidence suggests that this result is best possible.

A problem that remains open, even for abelian groups, asks for a description of all (completely
bounded) homomorphisms ¢ : B(G) — B(H). In [18], assuming that G is amenable, we were
able to describe all such homomorphisms that are associated with a continuous, piecewise affine
map «:Y C H — G. As the dual Banach space of the group C*-algebra C*(G), B(G) has
a weak*-topology and, when G is amenable, we have also shown that the w*—w*-continuous
completely bounded homomorphisms ¢ : B(G) — B(H) are precisely those homomorphisms
associated with continuous, piecewise affine, open maps [18].

Open maps may be seen as a rarity, so this may be interpreted as a negative result. How-
ever, w*—w*-continuity is a very attractive property, and the purpose of this paper is to show
that for amenable groups, any homomorphism ¢ : B(G) — B(H) can be extended to a w*—w*-
continuous homomorphism ¢ : Xi; — X7, for a variety of highly manageable and well-studied
Banach algebras X7; and X7, Wthh respectlvely contain copies of B(G) and B(H); X}, can
always be chosen to be B(H) itself. For arbitrary locally compact groups, we will consider
homomorphisms ¢ : B,(G) — B,(H) of reduced Fourier-Stieltjes algebras and note that G is
known to be amenable exactly when B,(G) = B(G).

More precisely, let Xg be any of the following topologically invariant and introverted sub-
spaces of VN(G): UCB(@), the C*-algebra of uniformly continuous functionals on A(G);
W(a), the space of weakly almost periodic functionals on A(G); or M (G), the C*-algebra gen-
erated by the left regular representation on the measure algebra of G. Then, as shown by Lau [19]
and Lau and Losert [21], X7; is a Banach algebra containing an isometric copy of B,(G). Let
¢:B,(G) — B,(H) be any homomorphism assoc1ated Wlth a p1ecew1se affine map «, and let
(X, XH) be any of the pairs (UCB(G), UCB(H)) (W(G) W(H)) or (M*(G) M*(H)) In
Sections 4 and 5 we prove that ¢ has a weak*—weak*-continuous homomorphlc extensmn map-
ping X into X}, (or X into B,(H)) which we explicitly describe in terms of the piecewise
affine map «.

All spaces are completely contractive Banach algebras with respect to a natural operator
space structure. When G is weakly amenable (respectively amenable) in Sections 3 and 5 we
show that the embedding of B, (G) into X7, is completely bounded (completely isometric) and
we prove that our extensions of ¢ are completely bounded (ch-norm preserving). When G is



2520 M. Ilie, R. Stokke / Journal of Functional Analysis 256 (2009) 2518-2541

amenable, we completely characterize the w*—w*-continuous, completely bounded homomor-
phisms @ : X{;, — X7, which map A(G) into B,(H), in terms of piecewise affine maps. The
same is accomphshed for w*—w*-continuous homomorphlsms @ X§ — B,(H) which are com-
pletely bounded on A(G).

In Section 6, we describe those piecewise affine maps «: Y C H — G whose associated ho-
momorphisms map into B, (H). It seems natural to wonder which operators « : C; (H) —> C;(G)
between reduced group C*-algebras, dualize to give homomorphisms «*: B,(G) — B,(H) of
reduced Fourier—Stieltjes algebras. In Section 7, these operators are characterized in terms of a
certain intertwining property.

Isometric isomorphisms of UCB(G\)”< onto UCB(]’:I\)*< and dually, of LUC(G)* into LUC(H)*
where LUC(G) denotes the usual C*-algebra of left uniformly continuous functions on G, have
been studied by Lau, Losert [21], and Ghahramani, Lau, Losert [10]. These authors, and several
others, have also studied isometric isomorphisms between a variety of second duals of Banach
algebras on locally compact groups. As well as being a natural continuation of Cohen’s article,
this paper may be seen as complementary to these other works.

2. Preliminaries

Throughout this paper, G and H are locally compact groups with Haar measure dx. The
group and measure algebras of G are L! (G) and M(G). If F(G) is any collection of continuous
functions on G, we let F.(G) denote the set of compactly supported functions in F(G). If H is
a Hilbert space, then B(H) denotes the algebra of all bounded operators on H.

Let P(G) be the set of all continuous positive definite functions on G; functions in P(G) can
be described as coefficient functions (7w (s)&|§) (s € G) where {m, H} is a (continuous, unitary)
representation of G, & € H. The linear span, B(G), of P(G) can be identified with the dual of the
group C*-algebra, C*(G), the completion of L'(G) under its largest C*-norm. With pointwise
multiplication and the dual norm, B(G) is a commutative regular semisimple Banach algebra.
The Fourier algebra, A(G), is a closed ideal in B(G), also regular and semisimple, which may
be defined as the closure of B.(G) in B(G).

For a representation = of G, A is the closed linear span in B(G) of all positive definite
coefficient functions associated to 7. The w*-closure of A, in B(G) is denoted B, and may be
identified with the dual of C} = n(C*(G)). If {pg. L%(G)} is the left regular representation of
G, A, is the Fourier algebra A(G). We may use the notation p = pg, and write B,; = B,(G),
C;‘ = C;(G); B,(G) is a weak™*-closed ideal in B(G) called the reduced Fourier—Stieltjes alge-
bra of G, and C; (G) is called the reduced group C*-algebra of G. We have C; (G)* = B,(G)
and A(G) can be identified with the unique predual of VN(G), the von Neumann subalge-
bra of B(L?(G)) generated by pg. The locally compact group G is amenable if and only if
B,(G) = B(G) which is true exactly when C;(G) and C*(G) are x-isomorphic [26]. Refer-
ences for the Fourier algebra and other coefficient spaces are [1] and [8].

As a closed ideal in B(G), A(G) is a Banach B(G)-bimodule. Therefore VN(G) = A(G)* is
a dual Banach B(G)-bimodule via

(T-¢,9)=(¢-T,¥)=(T,¥¢) (¥ €AG),¢eB(G),TeVNQG)).

In [11], E. Granirer defined the space of uniformly continuous functionals on A(G), U CB(@), to
be the (norm-)closure in VN(G) of A(G) - VN(G). Let

UCB.(G) = {T € VN(G): supp(T) is compact},
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where a € supp(7T), the support of T, if for each neighbourhood V of a there is some func-
tion ¢ € A(G) such that supp(¢) C V and (T, ¢) # 0 [8, Definition 4.5]. Note that if =1
on a neighbourhood of supp(T), then T = v - T, so UCB.(G) = A.(G) - VN(G) C UCB(G)
(see [8, Proposition 4.8]). In the footnote to p. 37 of [11] (credited to C. Herz) it is observed
that UCBC(G) is a linear subspace of VN(G), and density of A.(G) in A(G) gives density of
UCB(G) in UCB(G). As well, UCB(G) is a C*-algebra [12, Proposition 2]. If G is amenable,
UCB(@) = A(G) - VN(G) [11] (and conversely [21]). When G is abelian, UCB(@) is (isomor-
phic to) the usual C*-algebra of complex-valued uniformly continuous functions on G, the dual
group of G.

A closed subspace X of VN(G) is topologically invariant if Xg is an A(G)-submodule of
VN(G); X¢ is then topologically introverted if it also satisfies the property that m € Xf; and
T € X implies that mp (T) € Xg. Here m (T) € VN(G) = A(G)* is defined by

(mo(T). ¥)=(m.T-¥) (¥ <€A@G)).
In this case, X7; is a Banach algebra with respect to its left Arens product
nom,T)= <n, mL(T)), nmeX;, T €Xg.

Topologically invariant and introverted subspaces of VN (G) were first studied by Lau [19] where
he showed, among many other things, that C;f (G), UCB(G), W(a), and AP(@)—the latter two
spaces are defined in Section 5.2—are topologically invariant and introverted. Duals of intro-
verted subspaces of VN(G) are also studied in [5,15,21-23,25], as well as many other papers.

Any subspace X of VN(G) is an example of a concrete operator space and its dual is always
given the associated canonical dual operator space structure. In fact A(G), B(G), and U CB(@)*
are examples of completely contractive Banach algebras; for example see [27] and [25]. Operator
space theory has been, and continues to be extremely useful in abstract harmonic analysis [29].
A reference for the general theory of operator spaces is [7].

Let E = xHp be an open coset in H. A map o: E — G is called affine if there is a ho-
momorphism B:Hy — G and g9 € G such that a(xh) = goB(h) (h € Hp). One can show
that £ is a coset exactly when EE'E C E, and that «: E — G is affine if and only if
a(x1x2_1x3) = a(x)a(x2) " La(x3) whenever x1, x2, x3 € E [16].

Let £2,(H) denote the collection of subsets ¥ = Eo \ ({J]' Ex) of H such that Ej is an open
cosetin H and Ey, ..., E,, are open subcosets of infinite index in Ey; the smallest open coset
containing Y is then E(y and we use the notation Aff(Y) = Ep. If Y is in the ring of sets in H
generated by the open cosets in H, then amap «: Y C H — G is called piecewise affine if

(i) Y can be written as a disjoint union Y = (J;_, ¥;, with ¥; € £2,(G); and
(ii) there is an affine map «; :Aff(Y;) — G such thataly, = «;ly; (i=1,...,n).

If «:Y C H— G is continuous and piecewise affine, then o induces an associated completely
bounded homomorphism j, : B(G) — B(H) defined by

¢oa onY,

@={0°% Gy

The homomorphism j, is always completely bounded, and when G is amenable any homomor-
phism ¢ : A(G) — B(H) is of the form j, for some piecewise affine, continuous map « [16,17].



2522 M. Ilie, R. Stokke / Journal of Functional Analysis 256 (2009) 2518-2541

The multiplier (or strict) topology on B(G), Ty, is the locally convex topology induced by the
seminorms p, defined by p, (¢) = ¢y llac) (v € A(G),$ € B(G)). When G is amenable,
a homomorphism ¢ : B(G) — B(H) is of the form j, for some piecewise affine continuous map
« if and only if ¢ is completely bounded and tp—w™-continuous on bounded subsets of B(G),
see [18]. The reader is referred to [16—18] for further details.

3. The embedding maps

In this section we provide the definitions and describe some properties of the isometric em-
bedding maps

7:By(G) = UCB(G)* and 0:UCB(G) < B,(G)*.

The maps m and 6 were already defined by Lau [19] for amenable groups (where they were
denoted by Q and [T, respectively). For any locally compact group, the map 7 was defined by
Lau and Losert in [21], and a version of m was defined for algebras related to the generalized
Fourier algebras A, (G) by Derighetti, Filali, and Sangani Monfared [5].

Define

0:A(G)-VN(G) = B,(G)*:T - T
by

(T, )= (¥ -5, ¢) = (S, p9)
when T' =1 - § with ¢ € A(G), S € VN(G), and ¢ € B,(G). Define
7:B,(G) = UCB(G)*:p—¢ by (p.T)=(¢,T).

We will write tx : X < X** for the canonical embedding of a normed space into its bidual.
Most parts of the following lemma are either implicit in [21, p. 10], or are stated explicitly as in
[21, Proposition 4.2]. The fact that 7 is a homomorphism was established for amenable groups
in [19], and in greater generality in [5]. Regarding part (ii) of the lemma, we remark that 7 is the
analogue of the natural embedding of M (G) into LUC(G)* as defined by Wong [32], and in this
case Lau proved that the image of M (G) is precisely the topological centre of LUC(G)* [20].
For the convenience of the reader we have chosen to include some parts of the proof. When X is
a Banach space, we may write (¢, x) xy+_x to stress that ¢ is being regarded as an element of X*,
x an element of X; abbreviations, such as U* — U for UCB(/G\)*< — UCB(@), will often be use

Lemma 3.1. The following statements hold:

(1) 0 is well defined.
(i) 7w is a (well defined) isometric algebra homomorphlsm which extends to w:By(G) —
UCB(G)* m maps B, (G) into the centre ofUCB(G)*
(iii) For ¢ € A(G), m(¢) = LA(¢)|UCB(G)’ and 7w (A(G)) is w*-dense in UCB(G)*
(iv) For ¢ € By(G) = CH(G)* and x € CH(G), (n(),x)y—v = (&, X)B,—cs, Le.
T(@)lcxG) =9
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Proof. Suppose that ¥, Y» € A(G) and Si, S» € VN(G) are such that | - S| =5 - S in
VN(G), and let ¢ € B,(G). As noted in [21, p. 10], there is a net (¢;) in A(G) such that for
each i, [|¢;]| = llgll, and ¢; — ¢ w* in B,(G). By [13, Theorem Bal, ll¢ ¥ — ¥l acc) — O
(k =1, 2), and therefore

—

(W1 S1.0) = (S1.¢yn) = im(S1. gyyrn) =lim(y - S1. ¢i) =lim(2 - 5. ) = V2 S2. ).

This establishes statement (i). That 7 is an isometry (from (ii)), the first part of (iii), and (iv)
are respectively parts (c), (a) and (b) of [21, Proposition 4.2]. That 7(A(G)) is w*-dense in
U CB(@)* is thus a consequence of the Hahn—Banach theorem and Goldstine’s theorem. To see
that 77 is a homomorphism, let ¢, ¥ € B,(G), T € UCB((A?). Then for ¢ € A(G),

(T@L(T), )= (r W), T-¢)=(T -6, ¥) = (T, c¥) = (¥ - T, c).

Thus, 7 () (T) = - T (recall that UCB(@) is a B(G)-module). Assuming that T =y - S
where y € A(G) and S € VN(G),

(r(@) O r W), T)=(r($), T W) L(D)) = (x(@®), ¥ - T)=w(@®), ¥y)-5)
=(S, YY) =(n(P¥). v - S)=(m(pv). T).
That 77 maps into the centre of UCB(G)* is [21, Proposition 4.5(b)]. O
In fact, if B,(G) and 7(B,(G))) are identified, the direct sum decomposition
UCB(G)* = B,(G) ® C1(G)*
holds (see [23, Lemma 5.2]). The following observation will be useful.

Lemma 3.2. The map 0 extends to an isometry 0 : UCB(@) < B,(G)* such that

(i) € extends the canonical embedding ic : C,(G) < C;(G)™ = B,(G)*, and
(ii) for T € UCB(G), ¢ € A(G), (0(T), ¢)ps—B, = (T, P)yn—a, i.e. O(T)|a) =T.

Moreover, the diagrams commute:

* o*

UCB(G)** B,(G)* B,(G)** UCB(G)*
LUJ\ / LBJ\ /
UCB(G) B, (G)

Proof. The validity of the first diagram (on A(G) - VN(G)) is a consequence of the definitions of
7 and 6. It follows from this, and Lemma 3.1(iv), that 6 extends ¢, and because 7* and ty; are
contractive, so toois 6. If T = - § with ¥ € A(G) and S € VN(G), then for each y € A(G),

(6T, y)= - S,y)=(S,y¥) = (¥ - S,y) = (T, y).
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Hence 6(T)|a() =T, as claimed, and consequently ||0(T)|| = ||T||. Therefore, 6 is an isometry.
That the second diagram commutes follows from the fact that the first one commutes. O

If y € A(G), then the map A(G) — A(G):y¢ — y¥ is a completely bounded multiplier
of A(G) with cb multiplier norm denoted ||y ||p,,. If A(G) has an approximate identity (e))
which is bounded in the cb multiplier norm, then G is called weakly amenable. If for each A,
llexllm,, < 1, it is convenient for us to call G 1-weakly amenable. In particular, the following
proposition shows that 7 and 6 are complete isometries when G is amenable.

As in [25], we view UCB(@) as an operator subspace of VN(G) (the canonical operator
space structure of UCB(@) as a C*-algebra) and give UCB (6)* its canonical dual operator space
structure (see [7]).

Proposition 3.3. If G is a (1-)weakly amenable locally compact group, then 7w and 0 are com-
pletely bounded (respectively complete isometries).

Proof. Let (e;) be an approximate identity such that for each A, |le; |y, < M. We begin by
showing that for each n, |6, || < M, where

O : M, (UCB(G)) — M, (B,(G)*):[T; j1— [T, ;1.

Let T =[T; ] € Mn(UCBC(é)). Take v j € Ac(G) such that ¥; ; = 1 on a neighbourhood of
supp(7;,j),so T; j =, j - T; j. Let ¢ = [¢x 1] € M, (B, (G)) with [|¢]| < 1. Note that each e;, is
a cb multiplier of B,(G) with ||€A||Mcb(Bp(G)) < M (see, for example [31, Proposition 4.1]), so
I[exr.11ll < M. Hence,

—

[((En T, N = [ [¥i) - 7o br) 855, ] |
H[ lj?qbk[I//lj VN— A]H
[7,(2.1.8)] = II{HH[( Tij. erdraVij)vn—al |

H[(W;, Tij exdr)vv—al|

= li{n“ [(T:.j erdridvw—a] |
<sup{||[(Tij. v ) vv—a]|: ¥ = vkil € Ma(A(G)), Iyl < M}
= MIT llp, wes@))-

Therefore,

102(T) || = sup{[[{{62(T), $))|: ¢ € Ma(Bo(G)), 161 <1} < MIT ||y, rcn@))»

so ||0]lcb < M. It follows that 160*|lcb < M so Lemma 3.2 gives |||y < M as well. Also by
Lemma 3.2, given T € UCB(G) O(T)la)=T,sofor T =[T; ;1 e M, (UCB(G)), 16, (T) || =
IT |y, (wen@))- Hence, 6 is a complete isometry when M = 1. As well, for ¢ € B,(G),
() |c;((;) = ¢, and we can similarly conclude that 7 is a complete isometry when M = 1. O
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Recall that ), denotes the multiplier topology on B,(G), taken with respect to the closed
ideal A(G).

Lemma 3.4. The embedding 7w : B,(G) — UCB(@)* is Ty—w™-continuous on bounded subsets
of By(G). If G is amenable, then 7 is Ty—w*-continuous on B,(G) = B(G).

Proof. Let (¢;) be a net in B,(G) such that ¢; — ¢ 7). Let T =y - S with y € A(G) and
S € VN(G). Then |¢iy — ¢y lla) — 0, s0

lim(r (¢;) — (), T) =lim{y - S, ¢; — §) =lim(S, §;y — dy) = (S, 0) =0.

If G is amenable, then UCB(@)f A(G) - VN(G), so 7 is ty—w™-continuous. In any case,
A(G) - VN(G) is dense in UCB(G), so provided that (¢;) is bounded, we can conclude that
lim{mw(¢;) — (), T)=0for T € UCB(@). O

We will need to know when 7 is w*—w™*-continuous. The equivalence of (i) and (iii) in the
next proposition is [5, Theorem 3.7] in the special case when p = 2.

Proposition 3.5. The following statements are equivalent:

(i) G is discrete;
(il) 7 is w*—w™-continuous;
(iii) m is surjective.

Proof. If G is discrete, then [19, Proposition 4.5] gives UCB(@) = C;(G) and, by Lemma 3.1,
7 is the identity map. Hence, statement (ii) holds. Suppose now that 7 is w*—w*-continuous,
and let 7, : UCB(G) — C;(G) be its predual map. General principles and the first commuting
diagram from Lemma 3.2 yield

[0 = [ec; () [ = [7* (w @) | = o) | = Ix1l

because 6 is an isometry. Hence 7, has closed range, and range(ﬂ*)L = kert = {0} because
is injective. Hence, 7, is a bijection, and therefore 7 = (7r,)* is also a bijection. Finally, suppose
that m is surjective. Given m € UCB(@)* such that m|c;((;) =0, we can then find ¢ € B,(G)
such that 7(¢) = m. By Lemma 3.1, ¢ = 7r(¢)|c;((;) = m|c;;((;) =0, and so m =m(¢p) =0 as
well. By the Hahn—Banach separation theorem and [19, Proposition 4.5] we can conclude that
UCB(G) = C; (G) and therefore G is discrete. O

4. The main extension

Throughout the remainder of the paper, G and H are locally compact groups, and «:Y C
H — G is a fixed piecewise affine continuous map. To prove our extension theorems, we will
require that j,, the map associated with o, maps B,(G) into B,(H). That is, we will always
assume that we have

Ja:By(G) — B,(H).
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When H is amenable, B,(H) = B(H) and this holds trivially. In general, we characterize such
maps « in Section 6.

If we wish to stress the fact that we are considering j, as a map on A(G), we will often write
Jja:A(G) — B,(H).

Let kg = j} 0 0y. We have

ok

Ja
B,(H)* — VN(G)

o]

UCB(H)

Lemma 4.1. If T € UCBC(H ) has compact support K, then ko (T) has compact support with
supp(ky(T)) Ca(K NY). Hence, ky: UCB(H) — UCB(G)

Proof. Leta € G\ a(K NY), and let V be a relatively compact neighbourhood of a such that
V.CG\a(KNY).Lety € A(G) be such that supp(y) C V. To show that a ¢ supp(ke (7)), we
only need to show that (k4 (T), ¥) = 0. The closed set a ' (V)is disjoint from K, so by regular-

ity of A(H) we can choose y € A(H) such that y =0 on o '(V)andy =1lona neighbourhood
K. Then T =y - T and observe that (j4¢)y = 0. Hence,

(ka(T), ¥) = (T, ja) = (y - T, ja¥) = (T, (ja¥)y) = (T, 0) =0,

as needed. By continuity of o, «(K NY) is compact, and density of UCBC(ﬁ ) in UCB(ﬁ ) gives
ko UCB(H) — UCB(G). O

We now list some useful identities involving k.
Lemma 4.2. The following identities hold:
(i) Foryr € A(G)andy - S € UCB(ﬁ), where y € A(H) and S € VN(H),
(ka(y - $). W) =(S. Ga¥)y).
(i) For T € UCB(H) and ¢ € By (G), ¢ - k4(T) = ko (ju(P) - T).
(iii) Foreach h € H, ky(pg (h)) = { gG (@(m) ZIZ;wi;e.

Proof. Part (i) is immediate from the definition of «,. For (ii), suppose that 7 =y - S where
y € A(H), S€ VN(H), and let € A(G). Using part (i), we obtain

(@ k(D). V)= (ka(y - $), ¥d) =S, ju(¥)y)
(S ja W) (ja@)y)) = (ke (ju @)y - S), ¥)
= (ko (ja (@) - T). V).
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For (iii), let & € H, and choose y € A(H) such that y (h) = 1. Then, y - pg(h) = pu (h), so for
Y € A(G) we have

(ko (01 (W), ¥) = (e (v - o (W), ¥) = {01 (B), ju(Y)Y) = Jja (W) (R).

Thus, for h € Y, (ka(or(h), V) = ¥(a(h)) = (pc(a(h)),¥), and if h € H \ Y, then
(ka(pg(h)), ¥)=0. O

Lemma 4.3. The diagram commutes:

Jar

B,(H)* — = B,(G)*

QHJ\ j\ 0
Ko

UCB(H) UCB(G)

That is, j; o0y = 0G o ko, meaning that j; is an extension of k.

Proof. Let T € UCB, (ﬁ) with K = supp(T) compact, and choose y € Ac(H) such that y =1
on a neighbourhood of K. Then T =y - T and K C supp(y), so by Lemma 4.1 supp(x (7)) C
a(supp(y) NY). As a(supp(y) NY) is compact, we can find ¥ € A.(G) such that y =1 on a
neighbourhood of a(supp(y) NY) and obtain x4 (T) = ¥ - k4 (T). Notice that (ja)y = yly.
For ¢ € B,(G), we have

(06 0 ka(T), $) = (¥ ka(T), $) = ka (¥ - T), ) = (T, ja(Wd)y)
(T, Gav)Gad)y) = (T, Gu®)y 1y)

<

<

= (T, o)) = (7 - T, judh)
Jz0u (1)), ¢),

asneeded. O
For the next proof recall from [19] that for m € UCB(G)*, the map
ni>n@®m:UCB(G)* — UCB(G)* is w*~w*-continuous.
Clearly then, if m € Z(UCB(G)*), the centre of UCB(G)*, then
n>mon:UCB(G)* — UCB(G)* is also w*—w*-continuous;
that is Z(UCB(G)*) C Z,(UCB/(\@)*), the topological centre of UCB(@)*. In fact, Lau and
Losert have shown that Z(UCB(G)*) = Z,(UCB(G)*) [21, Theorem 5.8].

The last statement of the next theorem may be compared with Corollary 3.2 of [17] which, in
part, states that when G is amenable, || j4llcb = || jullcb-
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Theorem 4.4. The dual map «j} : UCB(@)* — UCB(ﬁ)* is a w*~w*-continuous homomorphic
extension of ju : B,(G) — B,(H). More precisely, the diagram

K*

UCB(G)* — UCB(H)*
TG TH
Jur
B,(G) — B,(H)

commutes; i.e. K} oG =Tq o jy. If H is weakly amenable, then k, is completely bounded, and
if H is 1-weakly amenable, then || jallco = | jallco = llka llcb-

Proof. Using Lemmas 3.2 and 4.3, we obtain

TH © jo =0k 0 tB,(H) © ja =0f; 0 3" 0B, G)
= (jxo0n)" otB,) = (06 oKka)* 0 tp,(c)

=K} 092} OLB,(G)

_ ¥
=K, OTG.

Letting m,n € UCB(@)* we now show that « (m @ n) =« (m) © k;(n). By Lemma 3.1(iii),
we can choose nets (y¥;) and (y;) in A(G) such that 7g(Y¥;) — m and 7g(y;) — nw* in
UCB(G)*. Using the w*—w*-continuity of k, we obtain

Ky(mOn) = 1ilm/c;,“ (m6 (i) O n)
(%) = 1iim1ilmK§ (m6(¥i) @6 (n))
= liim lilm/c;,k ong(Yiy) = lil,mlilmnH o ja(Viv1)
= lilm lilm H (o Vi) © T (Juv) = lilm lilm 7h (ja¥i) © ko (TG Y1)
(%) = lilmnH (Ja¥i) © ky(n)
= liimK;(nGWi) O ky(n)
=k (M) O Ky (n),

where (x) indicates that we have used Lemma 3.1(ii) and the remarks preceding the statement of
the theorem.

By [17, Proposition 3.1], j4 is completely bounded, and when H is weakly amenable 6y is
completely bounded by Proposition 3.3. Hence ky = j} o 0y is completely bounded in this case.
If H is 1-weakly amenable, then we know that 8y is a complete isometry, so

Iallen = 75 0 6 [y < [kl = Nallen < Nrllen = 5|5 () e < N2y = e len.

proving the second statement of the theorem. O
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Let py: UCB(I:I\)*< — CZ(H)* =B,(H):m— m|C;(H) be the restriction map. Note that by
Lemma 3.1(iv), pg oty = idBp(H). Corollary 4.5 should be compared with [18, Corollary 5.8]
which showed that when G is amenable, j, is Ty/—w™-continuous on bounded subsets of B(G) =
B, (G). Corollary 4.6 is supplementary to [18, Theorem 5.10].

Corollary 4.5. The map ju:B,(G) — B,(H) factors as jo = py o k} o mg and is there-
fore Ty—w*-continuous on bounded subsets of B,(G). If G is amenable, then jo is Ty—w*-
continuous on B(G).

Proof. By Theorem 4.4, k) o mG =7 © ju, SO P 0K} OG = PH © TH © jo = ju- As py and
kg are w*—w*-continuous, the result follows from Lemma 3.4. O

Corollary 4.6. Let G be amenable, and let ¢ be a mapping of B(G) into B,(H) which is not
identically zero. Then ¢ is a Ty—w™*-continuous completely bounded homomorphism if and only
if there is a piecewise affine continuous map o:Y C H — G such that ¢ = jy.

Proof. For the forward implication, note that the w*-topology on B, (H) agrees with the rela-
tive w* topology on B, (H) inherited from B(H), so ¢ : B(G) — B(H) is ty—w™-continuous on
bounded subsets of B(G). By [18, Theorem 5.10], ¢ = j, for some continuous piecewise affine
map «. The converse follows from Corollary 4.5. O

5. Mappings between introverted spaces
5.1. The general case

Let X¢ be a closed subspace of UCB (6) which is topologically invariant and introverted in
VN(G). Define

Ig:Xg < UCBG):T — T,
RG = I} :UCB(G)* — Xk :m > m|x,,
Ec = Rg oﬂGZBp(G)—>:£*,

/\* RG %*
UCB(G) —= X,

W

B, (G)

Remark 5.1. Observe that R is a w*—w*-continuous, completely contractive, surjective algebra
homomorphism. By Lemmas 3.1 and 3.4 we hence obtain:

(i) Eg is a contractive algebra homomorphism mapping B,(G) into the centre of X ;
EG(A(G)) is w*-dense in X(;; Eg is ty—w™-continuous on bounded subsets of B,(G),
and ty—w™-continuous on B,(G) when G is amenable.

(i1) If G is weakly amenable, then E¢ is completely bounded.
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(>iii) If Xg contains C ; (G), then Eg is an isometric algebra isomorphism such that

Eg(¢)

C;(G)=¢’ ¢€Bp(G)
When X contains C;(G) and G is 1-weakly amenable, E¢ is a complete isometry.

Proposition 5.2. Let Xg and Xy be topologically invariant and introverted subspaces of
UCB(G) and UCB(H), respectively. Suppose that ko, (Xg) C Xg and let

Ko: Xy — Xg: T > ko(T).
Then
(i) iy : X5 — X3y is a w*—w*-continuous algebra homomorphism such that the diagram

E*
o
* *
XL X}

Eg T TEH
Jot

B,(G) B,(H)

commutes. If H is (1-)weakly amenable, then iy is completely bounded (and |ky|cp =
llicg llcb = Il jelleb)-

(ii) Therefore, if C;(G) C X¢g and C;‘(H) C Xp, then i}, is a w*—w*-continuous extension
of Ja-

Proof. Obviously, k4 o Ig = Ig o iy and therefore, Ry o k) =k, o Rg. We have seen that
ks and Ry are algebra homomorphisms, and R is a surjective homomorphism, from which it
easily follows that i is an algebra homomorphism. As well, by Theorem 4.4 we have « o 7g =
TTH O jy, SO

I?zoEG=EzoRGoT[G:RHOK;OJTG:RHonHoja:EHoja.
The remaining parts of the proposition follow from Theorem 4.4 and Remark 5.1. O

We will say that Xp is B,(H)-invariant if it is a B,(H)-submodule of VN(H). Let Xp . =
{T € Xp: supp(T) is compact}. The next proposition shows that topological invariance often
implies B, (H)-invariance and that «, preserves topological introversion of B,(H)-invariant
subspaces of UCB(ﬁ).

Proposition 5.3. Let X be a topologically invariant closed subspace of U CB(ﬁ ), and let Xg =
Ko (XH).

() If Xy is By(H)-invariant (and topologically introverted) in VN(H), then X is B,(G)-
invariant (and topologically introverted) in VN(G).

(ii) If Xp ¢ is dense in Xy, then Xy is B,(H)-invariant and X¢ . is dense in Xg. If H is
amenable, then X g . is dense in Xp.
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Proof. (i) Suppose that Xy is B,(H) invariant and let «,(T) € X, where T € Xy. For
¢ € B,(G), Lemma 4.2(ii) gives ¢ - k4 (T) = x4 (ju(¢) - T) which belongs to Xi. Hence, X
is B,(G)-invariant. Assume as well that X is topologically introverted. Letting m € X7; and
S € X, we must show that mp (S) € Xg. Let n = i (m) where ko :Xg — Xg:T — «q(T)
and assume that S =k (T), T € Xp. Then for ¢ € A(G),

(mL(S), ¥)=(m, ¥ - ko(T)) = (m, ke (ju(¥) - T)) = (n, ju(¥) - T)

where we have used Lemma 4.2(ii). Let n € UCB(@)* be anAextension of n and choose a se-
quence (y; - T;) in UCB(H) with each y; € A(H), T; €« UCB(H) and ||y; - T; — T'|| — 0. Then

(mp(S), )= 1i;n<ﬁ, JaW) - (i - TH)) = nim(ﬁL(T,-), Ja (W) ¥i)
<

(see Lemma 4.2(i)) = lim{ke (yi - 72(T})), ¥)

i

=lim{ke (L (v - T1)), ¥) = (ko (FL(T)), ¥)

1

= {ka(nL (D). ¥)

Hence, m (S) = ko (np (T)) which belongs to X, because X g is topologically introverted.

(ii)) Let T € XH,c, ¢ € Bo(H). Taking y € A(H) such that y =1 on a neighbourhood of
supp(T), ¢ - T =¢ - (y - T) = (¢y) - T € X, because Xy it topologically invariant. There-
fore, if Xp . is dense in Xy, then Xy is B,(H)-invariant. In this case X¢ . is dense in X
by Lemma 4.1. When H is amenable, A(H) has a bounded approximate identity (e;) such
that each e; has compact support. For any T € Xy, ¢; - T € Xp . and it is easy to see that
le;-T—T|— 0. O

Remark 5.4. If we assume that X is B, (H)-invariant and topologically introverted in U CB(ﬁ )
and Xg = ko (Xg), then k), : X”& — %’I“_I is a homomorphism by Propositions 5.2 and 5.3. In order
to properly say that this extends j, : B,(G) — B,(H), we need C;(H) C Xy and C’;(G) C Xg.
If this is not the case, we canreplace Xy by Zy = Xy +Co(H) ={S+T: S € X;LT € Ci(H)}
(the smallest B, (H)-invariant and topologically introverted subspace of UCB(H) containing
both Xy and C;(H)) and X¢ by ko (Z1) + C}(G).

5.2. Special cases

Following R. Smith and N. Spronk [30], we will denote the operator norm closure of
pG(M(G)) in B(L*(G)) by M* (G). An operator T € VN(G) is weakly almost periodic (almost
periodic), written T € W(G) (T € AP(G)) if its orbit in VN(G), {¢ - T: ¢ € A(G), ¢l < 1}
is relatively weakly compact (compact). Lau [19] has shown that W(G) and AP(G) are topolog-
ically invariant and introverted in VN(G). Moreover, AP(G) C W(G) and when G is amenable,
W(G) c UCB(G) [11, Proposition 1]; UCB(G) C W(G) if and only if G is discrete [12].

If X and Y are topologically invariant and introverted subspaces of VN(G), then it is easy to
see that the same is true of X N ). In particular, the spaces

AP,(G) =AP(G)NUCB(G) and W,(G)=W(G)NUCB(G)
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are topologically invariant and introverted subspaces of UCB(@). When G is amenable,
APu(a) = AP(@) and Wu(é) = W(@) by the aforementioned result of Granirer.

Theorem 2.8 of [6] shows that when G is compact, M;‘(G) C W(a), and in [6, Section 8]
the authors state that the containment holds for any locally compact group. In this subsection
we will give a different proof of this general statement. We then show that if (Xg, Xg) is one
of the pairs (M(G), Mi(H)), (Wu(G), Wu(H)), or (APy(G), APy(H)), then ko maps X into
X (and Proposition 5.2 applies).

We first observe that M;‘(G) C VN(G), A(G) C Co(G) and

(o6 (), ¥)yy_a = VIu—c, (1 €M(G), y € A(G)). (5.1)

Indeed, if £, n € L2(G) and y is the coefficient function y (-) = (pg ()& |n), then

<,OG(M),J/>VN,A=<,OG(M)§|77>=/(PG(S)§|77)dM(S)=/J/(S)d,U«(S)=<,U«aV>Mch~
G G

Proposition 5.5. The C*-algebra M;‘(G) is a topologically invariant and topologically intro-
verted subspace of VN(G). Moreover, M;‘(G) C Wu(a).

Proof. Let o € M(G), ¥ € A(G). Then for y € A(G),

(V-6 v )y a ={oc (W) v )y 4 = / Y)Y (s)du(s) =(p6 (W - ). ¥ )yn_a»
G

so ¥ - pg(n) = pg(¥r - 1) € M;;(G). This establishes topological invariance and shows that

M;(G) - UCB(@). Let (¢;) be a net in P1(G) N A(G) and suppose that T € VN(G) is such
that ¢; - pg (1) = pG (@i - ) = To(VN(G), A(G)). Here, P1(G) ={¢ € P(G): |l¢|| = 1}. By
Lemma 5.1 of [19], to establish topological introversion of M;';(G) it suffices to show that T €

M3 (G). As |19 - illmG) < lIgilloolliellmG) = llellm(G), by passing to a subnet we may assume
that ¢; - © — v o (M (G), Co(G)). For any y € A(G),

<T’ )/)VNfA = hlIn</OG(¢l . H’)v y)VN—A = lllHI((l), C M, y)M*CO = (U, V}M*CO
=(06 (1), ¥)yy_a-

so T = pg(v) € M3 (G).

By [19, Theorem 5.6], to show that M;(G) C W(a), it suffices to show that multiplication
in M7 (G) commutes. For this, let m,n € M7 (G)*, let m,n € VN(G)* be extensions of m and n,
and take bounded nets (¢;), (;) in A(G) such that ¢; — m, ¥; — 7 o(VN(G)*, VN(G)).
Then (¢;), () are also bounded in Co(G) so there exist m’, n’ € M(G)* such that, by passing
to subnets if necessary, ¢; — m’, ¥; — n’o(M(G)*, M(G)). For u € M(G) we have

(mon, pe(w)=(mon, pe())= liimlijm(pc (), $ivr;)

= liim li]m(li, divjm—cy
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(x) = 1ijmlilm(u, diviym—c,
= 1i;111ilm(li, Vidi)m—cy
=(nom,pc()).

where at line (*) we have used the fact the C*-algebra Co(G) is Arens regular (see [4, Eq. (2.6.28)
and Corollary 3.2.37]. O

We should point out that any topologically invariant subspace of W(a) is automatically topo-
logically introverted by [22, Lemma 1.2]. We were unable to obtain a proof of Proposition 5.5
which made use of this fact.

Proposition 5.6. The operator kq maps M;(H ) into M;‘(G).
Proof. First note that j, : A(G) — B,(H) is contractive with respect to the uniform norms on

A(G) and B,(H), so we can extend j, to a contractive mapping 1, : Co(G) — LUC(H) also
described by

foa onY,

n(H=1{1°" %5 (Fec©).

(We remark that the same formula defines a contractive homomorphism of LUC(G) into
LUC(H).)Let Iy : M(H) — LUC(H)* be the isometric embedding given by

i f) = [ fdn (F €LUCH). e m)
H
(see e.g. [10]) and define o, : M (H) — M;‘; (G) so that the diagram

LUC(H)* ————— M(G)

M(H) ————> M(G)

commutes. For u € M(H) we claim that o, (1) = ko (pg(0)). Assuming that u has compact
support K, py (u) also has compact support K [8, Remarque 4.7]. Take y € A(H) such that
y =1 on a neighbourhood of K so that py (1) =y - pg (). For ¢ € A(G) we have

<Ua(ﬂ)a 1//>VN,A = ()OG (T;(IH('U’)))’ I/I>VN7A
by (5.1) = (2 (16 (0). ¥y e

=/rawdu=f(jaw>ydu
H

H
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= (pH (n), (jal/f)V)VN_A = <KOl (]/ *PH (M))a w)VN—A
= (ke (01 (1)) ¥ )yp_a»

giving the claim. Thus, ko maps oy (M (H)) into M;(G) and therefore ko, maps M7 (H) into
M¥(G). O
P

Remark 5.7. The map « : M; (G —> M;(H)* is of interest to us (see Theorem 5.9) and can
be described as follows.

Let m € M;‘(G)* and take (¢;); to be a net in A(G) such that 7 (¢;) — mw™ in M;(G)*.
Then for each u € M(H),

(<2 0m). pra 1) = tim / Juchs da = tim / bioadp
H Y

wherex:Y C H — G.

Indeed, w*~w*-continuity of x and the calculation found in the proof of Proposition 5.6 give

(ks (m), pr () = lim (ki(mc(dD), pr (W)= lilm(fm (@), ka(pH ()))

:]i}’n<Ka(pH(M))’¢i)VN7A =lilm/ja¢i du.
H

Proposition 5.8. The operator ko maps Wu(ﬁ ) into Wu(a) and APu(ﬁ ) into APu(a).

Proof. It is obvious that Wu(ﬁ ) and APu(ﬁ ) are B,(H)-invariant, so we know from Propo-
sition 5.3 that Xy = /ca(Wu(I:i )) and X4 = «qy (APu(ﬁ ))) are topologically invariant and intro-
verted in VN(G). By a theorem of Lau [19, Theorem 5.6], to prove that Xy is contained in W(G)
it suffices to show that multiplication in A7}, is separately w*-continuous on bounded sets.

Let m € Xy,. Suppose that (n;) is a bounded net in &y, n € A}, and n; — n w* in A7,
Let S =ko(T) € Xw where T € Wu(ﬁ). As (k}(n;)) is bounded in Wu(ﬁ)*, and k5 : Xy, —
Wu(ﬁ )* is a w*~w™*-continuous homomorphism, Ref. [19, Theorem 5.6] gives

lim(m © n;, S) =lim(m © n;, ke(T)) =lim (k3 (m) © k3 (n;), S)
1 1 1

=(kg(m) O kg(n), S)=(mon,T).

Continuity in the other variable is trivial. Hence, X is contained in W(G). One can similarly
use [19, Theorem 5.8] to show that multiplication in X’} is jointly w*-continuous on bounded
subsets of X:; Ref. [19, Theorem 5.8] then gives X4 C AP(a). O
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5.3. Summary

The next two theorems are immediate consequences of Propositions 5.2, 5.6, and 5.8. The
uniqueness statements follow from w*-density of Eg(A(G)) in X%, (see Remark 5.1(i) and
Lemma 3.1(1ii)).

Theorem 5.9. Let (Xy,Xg) be one of the pairs (UCB(ﬁ), UCB(@)), (M;‘(H), M;(G)), or
(Wu(ﬁ), Wu(a)). Then k, maps Xy into X, the diagram

K*

o
o ok
xG xH
Eg Ey
Ja
B,(G) > By(H)
commutes, and K} :.’{*G — Xj; is the (unique) w*—w*-continuous, homomorphic extension

of ju:By(G) — B,(H). If H is (1-)weakly amenable, then k, is completely bounded (and
ke lleb = llcgllch = lljerllcb)-

If Xy contains C;(H), let Py : X3, — By(H) = C;(H)* Tm > m|C;(H). Observe that Py
is w*~w*-continuous and, by Remark 5.1(iii), Py o Ey = idp,(m)-

Theorem 5.10. Let (X4, XG) be one of the pairs (UCB(H), UCB(G)), (M:(H), M%(G)), or
(Wy(H), Wo(G)), and let K3 = Py o«. Then the diagram

Kok

o
* *
e
Ko
Eg lPH
Jo

B,(G) — = By,(H)

commutes, and Ky : X5; — B,(H) is the (unique) w*—w*-continuous, homomorphic extension
of ju:By(G) — B,(H). If H is (1-)weakly amenable, then k, is completely bounded (and
K llcb = Il jee llcb)-

Corolla}\‘y 5.11. Let G be an amenable locally compact group, (XH,Xc) be one of the pairs
(UCB(H), UCB(G)), (M}(H), M;(G)), or (Wy(H), W(G)).

(i) Then every completely bounded homomorphism ¢ : A(G) — B, (H) extends (uniquely) to a

Ty—w*-continuous homomorphism ¢ : B(G) — B,(H). This further extends (uniquely) to
w*—w*-continuous homomorphisms

O:X5— Xy and ®:X% — By(H).
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Moreover; there is a piecewise affine, continuous map o: Y C H — G such that

= Jjas @ = o D =k, D =K.
If H is (1-)weakly amenable, then all extensions are completely bounded (and cb-norm
preserving).

(ii) Conversely, let @ : X’& — f’l‘{ be a w*—w*-continuous homomorphism which maps A(G)
into B,(H) and is completely bounded on A(G). Then there is a piecewise affine, contin-
uous map o:Y C H — G such that ® = «}; if H is weakly amenable, @ is completely
bounded on X;.

(iii) Let @ : X5 — B o (H) be a w*—w*-continuous homomorphism which is completely bounded
on A(G). Then there is a piecewise affine, continuous map o:Y C H — G such that d =
Ky if H is weakly amenable, P is completely bounded on X;.

Proof. By [17, Theorem 3.7], there is a continuous piecewise affine map «:Y C H — G such
that ¢ = ju; this extends to j, : B(G) — B(H). As A(G) has a contractive bounded approx-
imate identity, the unit ball of A(G) is tp/-dense in the unit ball of B(G) (for example, see
the proof of [18, Theorem 5.6]). By [18, Theorem 5.10], j, is tp—w™-continuous on bounded
subsets of B(G) and B,(H) is w*-closed in B(H), so j, maps B(G) into B,(H); this gives
@ = ju: B(G) — B,(H). The remaining statements follow from Corollary 4.5 and Theorems 5.9
and 5.10. O

We know from Theorems 5.10 and 5.9 that ki UCB(G)* — B,(H) and « UCB(@)*
UCB(H )* are the unique w*—w™-continuous extensions of j, between the spec1ﬁed spaces. We
also have the very simply descrlbed homomorphisms jy o Pg: UCB(G)* — By(H) and 7y o
Ju o Pg: UCB(G)* — UCB(H )*, however as the following example shows, these maps do not
necessarily agree with k¥ and «} and are therefore not necessarily w*—w*-continuous.

Example 5.12. The following diagrams do not necessarily commute:

i) UCBG)* ) (i) UCBG) ——— UCB(H)*
Pg \L “ Pg \L j\rm
o o
B,(G) — = By(H) B,(G) — = B,(H)

For (i), take G to be a non-discrete amenable locally compact group. Then pg(eg) ¢ C ;(G) SO

we can choose m € UCB(@)* such that mlc;;(c) =0and m(pg(eg))=1.Leta:G—> G:g+—
eG, 80 ju:Bp(G) = By(G):¢ — ¢(eg)lg. Then j, o Pg(m) =0, however k(m) = Pg o
k3 (m) # 0. To see this, let f € L'(G) be such that fG f =1 and take (¢;) to be a net in A(G)
such that 7 (¢;) — mw* in UCB(@)*. Then pg(f) € C;(G) and w*—w*-continuity of K gives

(ke (m), p6 (f)) = 1ilm(PG oKy 0 G (i), pG (f)) = lilm(ja(qbi), pG(f)>Bp_C;

ZIiIm‘f’i(eG)/f=lilm<7TG(¢i),,OG(eG)>=<maPG(eG)>=
G
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To see that diagram (i) does not necessarily commute, take G to be any non-discrete group and
let @: G — G be the identity isomorphism. Then jy = idp,(G): Bp(G) — B,(G) has w*~w*-
continuous homomorphic extension id;cpG)« : U CB(G)* — UCB(G)*. As Ky is the unique map
with this property, ky = id;cpG)+ Which is surjective. However, we know from Proposition 3.5
that ¢ is not surjective, so k} # G o jy o Pg.

6. Homomorphisms of reduced Fourier-Stieltjes algebras

Throughout this paper we have assumed that the induced homomorphism j, maps B, (G) into
B, (H). In this section we characterize, in terms of o, when this is the case.

Recall first that if 7 and o are unitary representations of G, then 7 is weakly contained in o
(r < o) if, given any € > 0, any compact subset K of G, and any positive definite function ¢
associated with 7, there is a finite sum, i, of positive definite functions associated with o such
that |¢p(x) — ¥ (x)| < € (x € K). We will use the fact that 7 < o if and only if B, C B, [1,
Proposition 3.1]. For much more about weak containment see [2] and [9]. As well, we recall that
the idempotents in B(G) are precisely the characteristic functions 1z of sets Z in the open coset
ring of G [14]. For an element x € G, I, ry : B(G) — B(G) denote the left and right translation
operators.

In the following theorem,  : Y C H — G is a continuous piecewise affine map, with ¥ written
as a disjoint union ¥ = (J;_, ¥i, ¥i € 2,(G), and «; : E; — G an affine map on E; = Aff (Y;)
such that a|y, = «;ly, (i =1,...,n). For each i, H; is the subgroup H; = Ef]E,- of H and
Bi: Hi — G is the homomorphism given by §; (h) = a(yi)_lot(yih) (h € H;, y; € Y;). By taking
7 = wg and m = pg, the theorem respectively describes when j, maps B(G) and B,(G) into
B,(H).

Theorem 6.1. Let w be a continuous unitary representation of G. Then jo, maps By into B,(H)
if and only if for each i =1, ..., n, the representation 7 o B; of H; is weakly contained in pp;,
the left regular representation of H;. In particular, if each H; is amenable, then j, maps B(G)
into B,(H).

Proof. First note that if H; is amenable, then for any continuous unitary representation o; of H;,
o; < py; by the weak containment property of amenable groups [2, Appendix G]. Hence, the
second statement follows from the first statement of the theorem.

Suppose that for each i, 7 o B; < ppg;. By [8, Theorem 2.20] and [1, Proposition 3.1],
Jgi (Bx) C Brop; C By, = By (H;). The expansion map s; : B(H;) — B(H): ¢ > ¢° is w*—w*-
continuous (see [18, Lemma 2.2]) and by [8, Proposition 3.21], s; maps A(H;) into A(H); hence
s; maps B, (H;) into B, (H). It follows that j,, = lyi—l 05; 0 jg; oly(y;) maps By (which is transla-
tion invariant) into B, (H) and therefore, because B, (H) is an ideal in B(H), ju = Y i— Xi © ja;
maps By into B,(H) as well; here x;¢ = ¢ly, (¢ € B,(H)).

Conversely, suppose that j, maps By into B,(H). Then for each i, x; o jo = j"‘f maps By
into B,(H) where o = aly, = «;|y,. Suppose for now that we can show that j, also maps
By into B,(H). The restriction map r; of B(H) into B(H;) is w*~w*-continuous and maps
A(H) into A(H;) so it also maps B,(H) into B,(H;) (see, for example [18, Lemma 2.2] and
[8, Proposition 3.21]). Therefore jg =r; oly, o jo; 0 lg(y,)-1 maps By into B,(H;), and hence
maps Ay into B,(H;). That is, jg (Az) = Azop; C B,(H;), using [1, Proposition 2.10], and
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therefore B g, , the weak™-closure of A .pg;, is also contained in B, (H;). Hence, 7 o §; < py;,
i=1,...,n.

We now fix i, let Z =Y;, E =Aff(Y}), y =;, and y’ = a/ = y|z. Assuming that j,» maps
By into B,(H), we now complete the proof by showing that j, also maps By into B,(H). By
[16, Lemma 4.5], we can choose a finite subset F' = {p1, ..., pn} of E~'E such that E = ZF.
Let

k—1
Z\=Zpi, Zk:Zpk\UZpl fork=2,3,...,m.
=1

Then each Z is in the open coset ring of H and E is the disjoint union E = | _J;"_; Zi. Therefore,

=) Gy$) -1z, ($€B). (6.1)

k=1

Let xi, zx € E be such that py = X,:IZk, gr =y (xx) "'y (zx), and let z € Zy. Then z = ypy for
someyeZCE,so

B9 @ = 0(y (13 '20)) = (' 0y (0 ™"y @0) =y G ) 0) = 1,01 () )

We are assuming that j,» maps By into B,(H), so j,¢ -1z, = i Uy (rg @) - 1z, € By (H),
k
for ¢ € B;. That j, maps By into B,(H) now follows from (6.1). O

7. Weak*-weak*-continuous homomorphisms X¢, — X%

In this final section, X and Xy are, respectively, subspaces of UCB(@) and UCB(ﬁ ) which
are topologically invariant and introverted in VN(G) and VN(H). It seems natural to wonder
when a map « : Xy — X dualizes to give a homomorphism j: X7, — X7, In this section we
describe such maps as those which intertwine various module actions.

We let g = X7, Ay = X7;. The dual Ag-module action on 2(7; is denoted by

mM,ny=M,nOm) and (M.m,n)=(M,m QO n) (Mte*,m,nteG).

As before X is also a Banach A(G)-submodule of VN(G), and is a B,(G)-submodule of
VN(G) when Xg is B,(G)-invariant (see Section 5.1); we continue to denote these module
operationsby ¢ - T =T -¢ forp € B,(G) and T € X¢. Dfﬁning Eg =ARG ong:By(G) —>§>&
as in Section 5.1 we will slightly abuse notation and write ¢ = Eg¢ (= ¢|x;). The map ¢ — ¢ is
an isometric embedding (completely isometric if G is 1-weakly amenable) when C;(G) C Xg;
see Remark 5.1.

Lemma 7.1. For ¢ € A(G) and T € Xg — X =2y, a.T =¢-T=T-¢p= T.a. When Xg is
B, (G)-invariant the statement holds for ¢ € B,(G).

Proof. Assume that X is B, (G)-invariant, let T € X¢, ¢ € B,(G). For m € g,
(@.T,m)=(T.m @) =(m, ¢ (T)) = (m,¢-T)=($p-T,m)

asneeded. 0O
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Let
k:Xyg— Xg, j=k*:Us — Ay.
The following proposition describes when j is a homomorphism.
Proposition 7.2. The map j:Ag — Ay is a homomorphism if and only if
K(T)-(ﬁ:K**(T.j(a)) (TGXH, ¢eA(G)). (7.1)

Proof. Suppose that « satisfies (7.1) and let m, n € Ag. Then for T € Xy and ¢ € A(G),

(”L("(T))"b)vzvf/x (n1e(T) - ¢>ngxg = {k(T) '¢’”>ng7%
(T 5 @) nlgys i =(T-J @) J M)gs g,
(@O jm, T, =6k (FILMD))xy 2,
<

K(j L)) )y a-

Therefore,
(jmon), T)={mon, k()= {m,nL(k(T)))=(m,x(jm)L(T)))={jm) 0 jmn),T).
Conversely, suppose that j is a homomorphism. Then
(m,c(j ()L (D)) ={j(m) © j(n), T)={j(m O n), T)=(m,nL(x(T))),

sonp(k(T)) =« (j(n)L(T)) (n €2Ag). Hence,

(k(T) - ¢, ”)21’5—210 = {n2 (k (D)), ¢)VN—A = k()L (D)), Plyn_a
= <K**(T,j($)), n>9l*g—2la’
where we have used parts of the first calculation found in this proof. O

Further to the hypotheses of the last proposition, suppose that X g is B, (H )-invariant and that
J(A(G)) C B,(H) (identifying B, (H) with Ey (B, (H))). Under these hypotheses, Lemma 7.1
and Proposition 7.2 give the following corollary.

Corollary 7.3. j =«™*: g — Ay is a homomorphism if and only if
K(T)-¢=k(T-j@) (TeXu. ¢ecA)).

For¢ € B,(G) and f € LY(G), ¢-p6(f)=pc(@f),so C;(G) is B, (G)-invariant. Also note
that the module action agrees with the dual action of B,(G) on C;(G) > C;f (G)™ = B,(G)*,
and that Eg : B,(G) < C;(G)* = B,(G) is the identity map in this case. The next corollary
says that the dual map j = k™ of k:C;(H) — C;(G) is a homomorphism if and only if, for
each ¢ € A(G), k is intertwining with respect to the module actions by j(¢) and ¢.
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Corollary 7.4. Let k : C;(H) — C; (G), j =«*:B,(G) = B,(H), and consider the following
statements:

(1) Jj is a homomorphism;
(i) forany T € C(H) and ¢ € A(G), k(T) - ¢ =« (T - j(§));
(iii) there is a continuous piecewise affine open map «:Y C H — G such that

(6. k(o1 () = / $(a() f(s)ds (¢ € B,(G). feL'(H)).
Y

Then (i) < (ii) and (i) < (ii) < (iii) when G is amenable and k is completely bounded.

Proof. The first statement is immediate from Corollary 7.3; the second statement is a conse-
quence of [18, Theorem 5.11]. O
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