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1. Introduction

In this paper we study the convergence behavior of a collocation method for the numerical solution of linear boundary
value problems of the form

p—1
DLy + Y a)DLy) () =f(t), 0=t <b, (1.1)
i=0
no . n .
D ay?©@+ ) By by =y. 0<by <b i=0,....n-1, (12)
j=0 j=0
where
O0<op <oy <-- <oap, n—1<ap,<n npeN:=(12..1}, (1.3)
0<n<n-—1, 0<nm<n-1, ]/,',Olij,,BUERZZ(—OO,OO), ’
a;(i=0,...,p—1)andf are some given continuous functions from [0, b] into R. In (1.1) Dg := I is the identity operator

and DY is the Caputo differential operator of order o > 0 defined by (see, e.g., [1])
DLy)() = D*(Y — Qraly(@®), k—1<a <k keN, t>0.
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Here

k—1 (i)o )
aae =Y L2

!
iz U

is the Taylor polynomial of degree k — 1 for y, centered at 0, and D*y is the Riemann-Liouville fractional derivative of
order «:

Ot = P @), k—1<a<k keN, t>0,

with J° := I and J¢, the Riemann-Liouville integral operator, defined for & > 0 by the formula
1 t
IO = s [ €=y =0,
(@) Jo
where I' is the Euler gamma function. If « = k € N then D¥y = D¥y = y® where y®¥ is the usual k-th order derivative of y.

It is well known (see, e.g., [2,3]) thatJ%, « > 0, is linear, bounded and compact as an operator from L*°(0, b) into C[0, b],
and for any y € L*°(0, b)

J»® eclo,bl, ¢»*®©O =0, >0, k=0,...,[a] -1, (1.4)
JPy =1y, a>0, >0, (1.5)
Pty =Dy =Py, 0<B<a, (16)

where [«] is the smallest integer not less than «.

Fractional differential equations arise in various areas of science and engineering. In the last few decades the theory
and numerical analysis of fractional differential equations have received increasing attention (see, for example, [1,3-5]
and references cited in these books). Various existence and uniqueness results for boundary value problems of fractional
differential equations are obtained in many recent publications (see [1,6-10] and the references therein).

A great deal of papers are devoted to the numerical solution of initial value problems for fractional differential equations
(see, e.g., [1,11-16]). In contrast to this, only a few papers concern the numerical solution of boundary value problems
for fractional differential equations. Numerical schemes based on a shooting algorithm are discussed in [17] and some
algorithms based on the collocation method, piecewise polynomial collocation method and Haar wavelet method are
proposed in [18-20], respectively.

In the present paper, the numerical solution of linear boundary value problems (1.1), (1.2) by piecewise polynomial
collocation methods is under consideration. These methods have been shown to be efficient to solve integral equations,
integro-differential equations (see, e.g., [2,21-25]) and fractional initial value problems (see [16,26]). Our aim is to present
a complete analysis of the convergence of spline collocation solutions for problem (1.1), (1.2) in a situation where the
derivatives of the functions f(t) and a;(t) (i = 0,...,p — 1) may be unbounded at t = 0. Our approach is based on
some ideas and results of [ 16].

The remainder of the present paper is arranged as follows. In Section 2 we prove Theorem 2.1 which gives the estimates
for higher order derivatives of the exact solution of problem (1.1), (1.2). These estimates will play a key role in the
convergence analysis of proposed algorithms in Section 4. In Section 3 the description of a piecewise polynomial collocation
method is given. We use an integral equation reformulation of the problem and special non-uniform grids reflecting the
possible singular behavior of the exact solution. In Section 4 we prove the convergence of our method, derive global
convergence estimates and analyze a (global) superconvergence effect for a special choice of collocation points. The main
results of the paper are formulated in Theorems 4.1 and 4.2. Finally, in Section 5 the obtained theoretical results are verified
by two numerical examples.

2. Smoothness of the solution

An important question that arises by studying the attainable order of the convergence of a numerical method is the
question for the smoothness properties of the exact solution of a fractional differential equation. Some information about
the smoothness properties of the solution can be obtained by using asymptotic expansions of the solution in fractional
powers with respect to the independent variable (see, e.g., [1]).

In the present paper we use another approach: we introduce a weighted space of smooth functions C%" (0, b] (cf., e.g.,[2])
and show that the derivative D"y of y, the solution of problem (1.1), (1.2), belongs to C%* (0, b] (see Theorem 2.1). Here, by
C?%'(0,b] (@ € N, —oo < v < 1) we denote the set of continuous functions y : [0, b] — R which are g times continuously
differentiable in (0, b] and such that forallt € (0, b]andi =1, ..., q the following estimates hold:

‘ 1 ifi <1—v,
YO <c{1+Ilogt] ifi=1-nv,
e ifi>1-v,
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where ¢ = c(y) is a positive constant. Equipped with the norm
q
— . @
I¥llg.v := max y(o)] + Z Sup (i O WO O)).

C%v(0, b] is a Banach space. Here

1 for A <0,
wy (t) = { (14 |logt)™" forr =0,
t* for A > 0.
Clearly,
c90,b] c C*¥(0,b] Cc C™*(0,b] C C[0,b], g=>=m>1, v<p<1. (2.1)

Ifa,v € C*(0,b], g € N, v < 1, then (see [2]) av € C*"(0, b] and
lavllg,y < cllallgyllvlig,v, (2.2)

with a positive constant ¢ which is independent of a and v. Note that a function of the form y(t) = g;(t) t"* +g,(t) is included
inC*"(0,b]ifu>1—v>0andg € C0,b], j=1,2.

In what follows we use an integral equation reformulation of the problem (1.1), (1.2) introducing a new unknown function
z := D{?y. To reach the desirable reformulation (see (2.9)) let us consider an equation

DYy =z, n—1<a,<n neN, (2.3)

where z is an arbitrary function in C[0, b]. The solutions of Eq. (2.3) have the following form (see [1,3]):

n—1
¥ =)0 + Y crth (2.4)
k=0
wherec, € R (k = 0,...,n — 1) are arbitrary constants. The function (2.4) satisfies the boundary conditions (1.2) if and

only if (see (1.4) and (1.6))

no np ) n—1 k! )
S agit+ Y Bl 4D + Y b Ta|=p i=0,....n—1
j=0 j=0 k=j (k - ])'

We rewrite these equations in the form

Z|:] C(,]‘l'Zﬁ:k i) i|j=Vi_Z,3ij(/0!pr)(bl)» i=0,....n—1, (2.5)
=0

j=0

setting avj = 0 forj > ng and B = 0 forj > ny. Clearly, (2.5) is a linear system of equations with respect to ¢y, ..., Cq—1.
In the sequel we assume that the matrix M of the system (2.5) is regular. Observe that M is regular if and only if from all
polynomials y of degree n — 1 only y = 0 satisfies the conditions (1.2) withy; =0, i=0,...,n— 1.

LetM™! = (Pij)zj';]o be the inverse of M. Using M~ the solution of the system (2.5) can be written in the form

n
Go=di— Y 8502, k=0,...,n—1,

=0

where

n—1 n—1
dy = Zpkl Vi Sy == Zpkl By.
=0 =0

Thus, a solution y of Eq. (2.3) in the form
y=Gz+Q (2.6)
satisfies the conditions (1.2) if and only if

n—1

(G2)(t) = (*2)(t) — Z "Zak J*7z)(by), 0<t<b, (2.7)

k= Jj=0

n—1
Q) =Y dit". (2.8)
k=0
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Suppose now that y is a solution of the problem (1.1), (1.2) such that Df:”y € C[O0, b]. Then it follows from the observations
above that y has the form (2.6) where z = D3’y € C[0, b] and G and Q are given by the formulas (2.7) and (2.8), respectively.
Inserting (2.6) into (1.1), we see that z = fo”y satisfies an equation of the form

z=Tz4+g (2.9)

where
p—1 p—1
Tz:=—)Y aD%Gz, g:=f—) aD%Q. (2.10)
i=0 i=0

Conversely, it is easy to show that if z € C[0, b] is a solution of Eq. (2.9) then y defined by (2.6) is a solution of the problem
(1.1), (1.2). In this sense Eq. (2.9) is equivalent to the boundary value problem (1.1), (1.2) and we can use it by constructing
of high order methods for the numerical solution of (1.1), (1.2).

Note that D3'Gz and D'Q (i = 0, ...,p — 1) in (2.10) can be found in the following way. Let v(t) :== tX, t > 0, k €
Np := N U {0}. Then (see, e.g., [1])

0 ifk:O,...,|—Oli-|_1’
(o4} = k‘
PO = itk ol
1

This together with (1.6), (2.7) and (2.8) yields that

n—1 nq
k! )
, J*~%iz)(t) — — N s if0<a<n—1,
(D¥Gz)(t) = k;m r(1+k—a) ; g ! ' (2.11)
Jor%iz)(t) ifn—1<a; <n,
n—1 k! At 0 < s < ]
(DEiQ)(6) = TA+k—a) X th=a=n—= (2.12)

=
Il

[ail

0 ifn—1<a; <n,
where t € [0, b]. In (2.11) we have
-l t
Jo%z)(t) = m/ (t—s)* %" lz(s)ds, i=0,...,p—1, (2.13)
p — i 0
) 1 by .
(b = o |9 @ ds =0, (2.12)
p 0

On these observations we find that Eq. (2.9) is a linear Fredholm type integral equation of the second kind. Moreover, it
follows from (2.10)-(2.14) that the kernel of this equation may be weakly singular at s = t.

Theorem 2.1. Let (1.3) be true and assume that a; € C**(0,b] (i = 0,...,p — 1) and f € C%**(0, b], whereq € N
and —oco < < 1. Moreover, assume that the problem (1.1), (1.2) withf = 0andy; = 0(i = 0,...,n — 1) has in
C[0, b] only the trivial solution y = 0, and from all polynomials y of degree n — 1 only y = 0 satisfies the conditions (1.2) with
y;,=0,i=0,...,n—1.

Then boundary value problem (1.1), (1.2) possesses a unique solution y € C"~ 1[0, b] such that Dﬁ:”y € ([0, b]. For this
solution there holds Df:"y € C%V(0, b] where

v = max{u, v, v3} (2.15)
with

vii=max{l—op+oiiop—a; €N, i=0,...,p—1},

vy i=max{l —[ej] +aoi:as<n—1, a; &Ny, i=0,...,p—1}.
If for all indicesi = 0, ...,p — 1 we have o, — o; € N then we may set v, to be equal to any number which is less than 1.

Analogously, if we have «; € Ny for all indicesi = 0, ...,p — 1 such that «; < n — 1 then we may set v, to be equal to any
number less than 1.

Proof. Let us consider Eq. (2.9) which is equivalent to the problem (1.1), (1.2). From (2.12) it follows that if o; € Ny or
«; > n — 1then (see (2.1)) D'Q e C9[0, b] C C%"(0, b] with arbitraryq € Nand v < 1.Ifo; ¢ Ngpand 0 < o < n — 1
then D§'Q e C%'~Tal+ei(Q, p] c C%"2(0, b]. This together with (2.2) and (2.10) yields that g € C%?(0, b] C C%"(0, b] with
v := max{u, v} and v defined by (2.15). Thus, the forcing function g in Eq. (2.9) belongs to C%" (0, b].
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Further, it follows from [2] that J*™* (i = 0, ..., p— 1) is linear and compact as operator from C%" (0, b] into C*" (0, b].
Linear functionalsj;x”_J : C9V(0,b] - R, j=0,...,n;, defined by]f"_]z := (J*z)(b;) are bounded and consequently

compact in C%" (0, b]. Using (2.2) we obtain that T defined by (2.10) is linear and compact as an operator from C%V (0, b]
into C9¥ (0, b]. Since the homogeneous equation z = Tz has in C%" (0, b] C C[0, b] only the trivial solution z = 0, it follows
from the Fredholm alternative theorem that Eq. (2.9) has a unique solution z € C%" (0, b]. Consequently, the problem (1.1),
(1.2) possesses a unique solution y = Gz + Q € C"1[0, b] such that D:fpy =ze(C?(0,b] CC[O,b]. O

Remark 2.1. Ifin Eq. (1.1)a; € C9[0,b] (i=0,...,p— 1) andf € CI[0, b] where q € N then in Theorem 2.1 we may set
v := max{vy, v,}.

Remark 2.2. If Eq. (1.1) has the form

DYy(t) +ap(H)y(t) =f(t), 0<t<b,n—1<a;<n neN, (2.16)

then the boundary value problem (2.16), (1.2) is equivalent to Eq. (2.9) with Tz = —aeGz and g¢ = f — agQ. Under the
assumptions of Theorem 2.1 with p = 1 we now obtain that the problem (2.16), (1.2) possesses a unique solution y such
that D§'y € C%¥(0, b] with v := max{u, 1 — o1}

Remark 2.3. We already mentioned above that Eq. (2.9) can be considered as a Fredholm integral equation with a kernel
K (t, s) which may have a weak singularity ats = t.Let [0, b;] (see (1.2)) be the interval of integration in (2.9) and let z(t) be
the solution to (2.9) for 0 < t < b;. In this case the derivatives of z(t) as the derivatives of the solution of a weakly singular
Fredholm integral equation might be singular at the endpoints t = 0 and t = b, of the interval [0, b{] (see, e.g., [21]).
However, it follows from Theorem 2.1 that the derivatives of z(t) have no singularities at t = b; and, if b > by, then z(t)
has a smooth extension from [0, b;] to [0, b]. A numerical confirmation to this effect (to Theorem 2.1) will be given by
Example 5.1 (see also [17]).

3. Spline collocation method

Let N € Nand let ITy := {to, ..., ty} be a partition (a graded grid) of the interval [0, b] with the grid points

N

where the grading exponentr € R, r > 1.Ifr = 1, then the grid points (3.1) are distributed uniformly; for r > 1 the points
(3.1) are more densely clustered near the left endpoint of the interval [0, b].

For given integer k > 0 by S,Efl) (Iy) is denoted the standard space of piecewise polynomial functions:

g:=b<i> . j=0,1,....N, (3.1)

51571)(HN) — {v . v|(tj71qu) em, j=1, ...,N}.

Here v| (-1, is therestrictionof v : [0, b] — R onto the subinterval (t;_1, t;) and r; denotes the set of polynomials of degree

not exceeding k. Note that the elements of S,(;”(I'[N) may have jump discontinuities at the interior points tq, ..., ty_; of
the grid ITy.
In every interval [tj_1, ], j =1, ..., N, we define m € N collocation points i, ..., tj, by formula
tik Z:tj,1+77k(tj—tj,1), k=1,...,m,j=1,...,N, (3.2)
where 77 ..., n, are some fixed (collocation) parameters which do not depend on j and N and satisfy
O<m<m<--<nmgm=1l (3.3)

We look for an approximate solution yy of the boundary value problem (1.1), (1.2) in the form

=Gy +Q (3.4)

where G and Q are defined by (2.7) and (2.8), respectively, and zy € an__ll) (ITy)(m, N € N) is determined by the following

collocation conditions:

zy (Gi) = (Tzn) () + 8(tw), k=1,...,m, j=1,...,N. (3.5)
Here g, T and tj are defined by (2.10) and (3.2), respectively. If n; = 0, then by zy(tj;) we denote the right limit
lim[—>fj,1,f>[j,1 zy(0). If nm = 1, then zy(tj,) denotes the left limit lim[_,[j,[dj zn(t). Conditions (3.5) have an operator
equation representation

N = J)NTZN + J’Ng (36)

=1

with an interpolation operator Py = Py, : C[0, b] — S,,_; (ITy) defined for any v € C[0, b] by the following conditions:

Pyv €SN, (Pyv)(G) = v(G), k=1,....m j=1,.. N (37)
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The collocation conditions (3.5) form a system of equations whose exact form is determined by the choice of a basis in

Srs;ll) (ITy).If n; > O or n, < 1then we can use the Lagrange fundamental polynomial representation:

N m

WO =) Y Gupr(O), te[0,b], (38)
1

r=1 pu=

where ¢, (t) :==0fort & [t,_1, t;] and

m
t —t);
o) =[] ——— fortelt_i.tl, p=1,....m A=1,...N.
=it b — b

Then zy € Sr(nilf (I1y) and zy(tg) = cjk, k =1,...,m, j = 1,..., N. Searching the solution of (3.5) in the form (3.8), we
obtain a system of linear algebraic equations with respect to the coefficients cjx = zy (tjx):
N m
Ge=Y_ Y (Teu) ey, +8), k=1,....m j=1,...N. (3.9)
A=1 p=1

Note that this algorithm can be used also in the case if in (3.3) n; = 0 and »n,, = 1. In this case we have tjn = tj;11 =
ti, Gm = Cit1,1 = 2n(t) G =1, ..., N — 1), and hence in the system (3.9) there are (m — 1)N + 1 equations and unknowns.

4. Convergence analysis

In order to investigate the convergence of our method we need the following result from [16].

Lemma 4.1. Let z € C%Y(0, b], where —o00 < v < 1and q := m + min{m, [«]}, with somem € Nanda € R, o > 0.
Moreover, assume that a quadrature approximation

1 m
/ Feodea ) wiF(m) (4.1)
0 k=1

with the knots {ny} satisfying (3.3) and appropriate weights {wy} is exact for all polynomials of degree q — 1. Then, for all values
of the grid parameter r € [1, c0) in (3.1), we have

En(m, o, v,1) ifo<a <1,
@z — Pn2)lloo <c{OnmMm+a,v,1) ifl1<a<m, (4.2)
Ony@2m, v, 1) if o > m.

Here c is a constant which is independent of N, Py is given by (3.7) and

Nty for1<r< _mio ,
- 14+a—v
m
N""¢(1+1logN) forr = Hi —1,
En(m, o, v,1) = mta (4.3)
N~ forr=—— >1
1+a—v
m+«a
orr >
1+a—v
N7T@) for1<r< 1 ,
2—v
On(q, v, 1) = N9 (1+1logN) forr = ZL > 1, (4.4)
N9 forr > 1 ,
2—v

vl = sup [v()], v €L*(,Db).

O<t<b

Remark 4.1. In the case @ = 0 the estimate (4.2) coincides with the corresponding result from [2]. Note that in this case we
can choose the weights w1, ..., wy, so that the quadrature approximation (4.1) is exact for all polynomials of degree m — 1
for arbitrary parameters 5y, . . ., N, satisfying (3.3).
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Armed with Lemma 4.1 we can prove the convergence of our method and study the attainable order of convergence for
arbitrary collocation parameters 7, . . ., 1, satisfying (3.3).

Theorem 4.1. Let m € N and assume that the collocation points (3.2) with grid points (3.1) and arbitrary parameters ny, ..., Im
satisfying (3.3) are used. Let (1.3) be true and assume that a; € C[0,b] i =0, ...,p — 1) and f € C[0, b]. Moreover, assume
that the problem (1.1), (1.2) withf = 0andy; =0({i =0, ...,n — 1) has in C[0, b] only the trivial solution y = 0, and from
all polynomials y of degree n — 1 only y = 0 satisfies the conditions (1.2) withy; =0, i=0,...,n— 1.

Then problem (1.1), (1.2) has a unique solution’y € C"~'[0, b] such that D‘:”y € C[0, b]. Moreover, there exists an integer No
such that for all N > Ny Eq. (3.6) possesses a unique solution zy € 51(11:11) (ITy) and

Iy =¥Nlloo—= 0 asN — oo (4.5)

where yy is defined by (3.4).
If, in addition, a; € C™*(0,b], i = 0,...,p— 1) and f € C™*(0, b] with u < 1, then forall N > Ny andr > 1 the
following error estimate holds:

ly = ¥nlloo < cEn(m,0,v,1). (4.6)
Here c is a constant which is independent of N and Ey and v are defined by (2.15) and (4.3), respectively.

Proof. Since T defined by (2.10)is linear and compact as an operator from L>°(0, b) into C[0, b] (see the proof of Theorem 2.1)
and Eq. z = Tz has in C[0, b] only the trivial solution z = 0, Eq. (2.9) has a unique solution z € C[0, b]. Consequently, the
problem (1.1), (1.2) possesses a unique solutiony = Gz 4+ Q € C"![0, b] such that szy = z € ([0, b]. Using a standard
argument (see, e.g.,[2,26]), we obtain that there exists an integer Ny such that for N > Ny the operators [ —#yT are invertible
in L*°(0, b), Eq. (3.6) possesses a unique solution zy € 5151:11) (ITy) and

I — PNT) "l easeomy o0y <€ N > No. (4.7)

Here the constant ¢ does not depend on N and by £(L*°(0, b), L*°(0, b)) is denoted the Banach space of bounded linear
operators from L°°(0, b) into L*°(0, b). From (2.9) and (3.6) we get that

(I'—=PvT)(z —2zvy) =2z — Pnz, N = No,
and consequently,

lz = 2znlloo = Cllz = PNZlloos N = No, (4.8)
where c does not depend on N. As J%~ € £(L*(0, b), C[0, b]), j =0, ..., ny, then, due to (2.6), (3.4), (2.7) and (4.8),

1y =¥nlloo = 1G(Z = 20)lloe = Cllz = Znlloo < €11z = PnZllos; N = No, (4.9)

where ¢ and c; are some constants not depending on N. Since ||z — $yzl||o0c — 0 for every z € C[0, b] as N — oo (see [2]),
we have justified the convergence (4.5).

Ifa; € C™*(0,b](i=0,...,p—1)andf € C™H(0, b] then from Theorem 2.1 it follows that z € C™" (0, b]. Taking into
account Remark 4.1, the estimate (4.6) follows from (4.2) and (4.9) withae = 0. O

Remark 4.2. Theorems 2.1 and 4.1 give a basis for showing the well-posedness of fractional boundary value problems
(1.1), (1.2) and for studying the numerical stability of proposed algorithms. Traditionally, a problem is called well-posed,
if the following three conditions for this problem are fulfilled: (1) a solution exists, (2) the solution is unique and (3) the
solution depends on the given data in a continuous way. The first two aspects have already been discussed in Section 2 (see
Theorem 2.1); the third one requires further attention. Here some instructions can be found from [1]. Finally, in studying
the numerical stability of the method (3.4), (3.6), the uniform boundedness of the norms of operators (I — £yT) ! will play
a key role, see (4.7).

It follows from Theorem 4.1 that in the case of sufficiently smooth a; i = 0, ..., p — 1) and f, using sufficiently large
values of the grid parameter r, for method (3.4), (3.6) by every choice of collocation parameters0 < n; < --- < np < la
convergence of order O(N~™) can be expected. In the following we show that by a careful choice of parameters #1, ..., nn
it is possible to establish a faster convergence of this method.

Theorem 4.2. Let the following conditions be fulfilled:

(i) Pv = Pn.m (N,m € N) is defined by (3.7) where the interpolation nodes (3.2) with grid points (3.1) and parameters
(3.3) are used;
(ii) the problem (1.1), (1.2) satisfies the assumptions of Theorem 2.1 with q := m + min{m, [a, — B1} where B =
max{ap_1, n};
(iii) the quadrature approximation (4.1) is exact for all polynomials of degree q — 1.
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Then problem (1.1), (1.2) has a unique solutiony € C"~'[0, b] with fo”y € C97(0, b], there exists an integer Ny such that,
for N > Ny, Eq. (3.6) possesses a unique solution zy € S,S:l) (I1y) and the following error estimate holds:

En(m,op — B, v, 1) forO<ap—pB <1,
ly —=ynlloo <cy{On(M+ap—B,v,1) for1<oa,—B<m, (4.10)
Oy2m, v, 1) forop, — B >m.

Here c is a positive constant not depending on N, r € [1, 0co) is the grading exponent of the grid (see (3.1)) and v, yy, Ey and
Oy are defined by (2.15), (3.4), (4.3) and (4.4), respectively.

Proof. Due to Theorem 2.1 Eq. (2.9) has a unique solutionz = D’y € C%"(0, b] C C[0, b] and problem (1.1),(1.2) possesses
aunique solutiony = Gz+Q € C*~1[0, b] with G and Q defined by (2.7) and (2.8), respectively. It follows from Theorem 4.1

that there exists an integer Ny such that for N > Ny Eq. (3.6) has a unique solution zy € 5,5;11) (ITy). Let

Zy =Tzy +g, N > Np, (4.11)
where T and g are defined by (2.10). From (3.6) and (4.11) we obtain that PyZy = zy and therefore

In(ty) = zn(tw), k=1,...,m,j=1,...,N.
Substituting zy = £yZy into (4.11) we see that Zy is a solution of the equation

Iy =TPnin +8&, N > No. (4.12)
From (2.9) and (4.12) it follows the identity

(I —=TPy)(z —2y) =T(z — Pyz), N > Np. (4.13)
Since

(I=TP)' =14+TU = PPy, N =N,

and || Py |l.ecro.bro.by) < € (see [2]), we get with help of (4.13), (4.7), (2.10) and (2.11) for N > Ny that

A

Iz —2nlloe < clITz— Pn2) oo

IA

p—1
a Y WPz — Pl + 2
i=0 J

U (z — Pyz) (b)),
=0

with some constants ¢, c¢; and c; which do not depend on N. Using (1.5) and the boundedness of J*, « > 0, we obtain for
N > Nj the following estimates:

=z — PnD)lloc < € "1z — PND)llos, i=0,....p—1,
Uz — Pyz)(b)| < Wz — Py2) oo
< ™M@z - PuD)lloos j=0,...,11,

with ¢ not depending on N. Therefore (see (4.2)),

A

Iz —2nlloo < U Pz — PND)lloo

En(m,ap, — B, v, 1) ifo<a,—B <1,

< {Onm+op,—B,v,1) fl<ap—p<m, (4.14)
On@2m, v, 1) ifo, —B>m
where 8 = max{ap_1, 11} and the constants ¢ and c; do not depend on N. Further, for N > Ny we have z — zy =

(z — Pnz2) + Pn(z — zy) and thus
Iy =¥nlloo = 16z = z20)lloe < 1G(z = PN2)lloo + € 1Z = 2Nl 0s

where the constant c does not depend on N. This together with (2.7), (4.2) and (4.14) yields the estimate (4.10). O

5. Numerical examples

In this section, we present some numerical experiments to demonstrate the accuracy of the spline collocation method
(3.4), (3.6) and compare the actual convergence rate with the theoretical estimates (4.10) and (4.14).
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Table 5.1
Results for the problem (5.1).
N r=1 r=2 r=2.5
EN ON EN ON EN ON
4 3.62- 1072 1.44 1.45-1072 4.65 3.17 - 1072 471
8 1.96- 1072 1.85 3.62-1073 3.99 5.67-1073 5.59
16 1.01-1072 1.94 1.03-1073 351 9.53.107* 5.95
32 5.14-1073 1.97 2.80-107* 3.68 1.63-1074 5.83
64 2.59.1073 1.98 7.38-107° 3.80 2.94-107° 5.56
128 1.30-1073 1.98 1.91-107° 3.87 5.23-107° 5.62
256 6.52-107* 2.00 4.88-107° 391 9.25-1077 5.66
N én on En on én on
4 6.81-1073 3.47 9.49.1073 3.84 1.67-1072 3.66
8 2.78 1073 245 1.87-1073 5.07 3.64-1073 458
16 1.04-1073 2.67 3.47-107* 5.40 7.39.107* 493
32 3.78-107* 275 6.32-107° 5.48 1.45-1074 5.09
64 1.36- 1074 279 1.16-107° 5.48 2.78-107° 5.21
128 4.83-.107° 2.81 2.11-107% 5.47 5.24-107° 5.31
256 1.71-107° 2.82 3.83-1077 5.51 9.72 - 1077 5.39

Example 5.1. We first consider the following boundary value problem:

(D22y)(t) + ao(Dy(®) =f(&),  yO) +y(1) =2, 0<t<2, (5.1)

where

a(t) =t  f(t):= 90 42"

r(.s)
This is a special problem of (1.1), (1.2) withn=p =1, ¢; =05, 0o =0, b=2, by =1, ng=ny =0, agg = Poo = 1
and yp = 2. Clearly, ag, f € C?9V(0, 2] with v = 0.5 and arbitrary q € N.

To solve (5.1) by (3.4), (3.6) we set z := D%3y. Then it follows from (2.6)-(2.8) that y(t) = (Gz)(t) + 1, where
(G2)(t) = (J%32)(t) — 0.5 (J%>2)(1), 0 < t < 2. For z we have Eq. (2.9) with Tz = —aoGz and g = f — ay. Approximations
Zy € S,Sq__ll) (ITy) form = 2 and N € N to the solution z of Eq. (2.9) on the interval [0, 2] are found by (3.5) using
m = 2and (3.2) withn; = 3 — «/§)/6, n, = 1 — n4, the knots of the Gaussian quadrature formula (4.1). Actually,
Zy(ty) = 2v () = (k=1,2, j=1,...,N)and zy(t) for t € [0, 2] are determined by (3.8) and (3.9), respectively. After
that the approximate solution yy for the problem (5.1) has been found by the formula yy(t) = (Gzy)(t) +1, 0 <t < 2.

In Table 5.1 some results of numerical experiments for different values of the parameters N and r are presented. The
errors ey and &y in Table 5.1 are calculated as follows:

ey = max  max |[y(ti) — yn(Ti)l,
j=1,..,N k=0,...,10 (52)
&y = max  max|z(tu) — (Gl = max  max |z(tw) — zy (G ‘
j=1,...,N k=12 j=1,...,N k=12
where T == tj_1 +k(tj —tj—1)/10, k=0, ..., 10, j =1, ..., N (the grid points t; and collocation points tj are determined

by (3.1) and (3.2), respectively). In (5.2) we have taken into account that the exact solution of (5.1)isy = 2t and thus
z = D%y = (2/T'(1.5)) t%°. The ratios

ENJ2 ~ Eny2
on =22 gy =2 (5.3)
EN EN

characterizing the observed convergence rate, are also presented.
Since ap = a7 = 0.5, B = max{ap_1,n;} = 0and v = 0.5 we obtain from (4.10) and (4.14) that, for sufficiently
large N,

N ifl1<r <25,

N=25 ifr > 2.5, (5.4)

max{ey, én} < ¢ {

Due to (5.4) the ratios gy and oy forr = 1, r = 2 and r = 2.5 ought to be approximatively 2, 4 and 2%° =~ 5, 66,
respectively. As we can see from Table 5.1 the estimate (4.10) expresses well enough the actual rate of convergence of yy to
y (only the decrease of £y to 0 is for r = 1 and r = 2 somewhat faster than we would expect by the estimate (4.14)).
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Table 5.2
Results for the problem (5.5).
N r=1 r=2 r=25
EN ON EN ON EN ON
4 3.64-107* 5.07 1.57-1074 11.82 2.99-107* 9.52
8 6.99-107° 5.20 1.31-107° 11.95 2.29-107° 13.08
16 2.12-107° 3.29 1.35-1076 8.70 1.80- 1076 12.70
32 7.25-107° 2.93 1.65-1077 8.18 1.86-1077 9.66
64 2.52-.107° 2.87 2.28-1078 7.25 2.46-1078 7.57
128 8.89-1077 2.84 3.41-107° 6.69 3.79-107° 6.54
256 3.14- 1077 2.83 5.36- 10710 6.35 6.33-1071° 5.99
N E on &y on &y on
4 1.74-1072 1.85 491-1073 3.56 3.98.1073 4,64
8 9.32.1073 1.87 1.31-1073 3.74 7.94.-1074 5.01
16 491-1073 1.90 3.40-107* 3.86 1.49-107* 5.34
32 2.55.1073 1.92 8.65-107° 3.93 2.69-107° 5.52
64 1.31-1073 1.94 2.18-107° 3.96 4.81-10°¢ 5.60
128 6.70 - 10~ 1.96 5.48 - 107° 3.98 8.54-1077 5.63
256 3.40-107* 1.97 1.37-10°¢ 3.99 1.51-1077 5.65

Example 5.2. Secondly we consider the following boundary value problem for the Bagley-Torvik equation:

YO+ OO +y0) =f@©), y0 =1 y1=2 0<t<I, (55)

where
15 15
f() = T % + - St 4+t 1.

Let z := y”. Then a solution of the problem (5.5) is given by the formula y(t) = (Gz)(t) + 1 + t where (Gz)(t)
(J%2)(t) — t(J%2)(1) and z satisfies Eq. (2.9) in which Tz = —Gz — J%%z and g(¢t) = f(t) — 1 — t. The values zy(t) =
cx(k=1,2,j=1,...,N, N € N) are calculated by (3.9) usingm = 2, ny = 3 — ﬁ)/G, n=1—nrandb=b; = 1.
After that the approximation yy to the solution y of (5.5) has been found by the formula yy (t) = (Gzy)(t) + 1+ t.

In Table 5.2 the errors ¢y, &y and the ratios gy, oy determined by (5.2) and (5.3) are presented. Also in this case we have
used the exact solution y = t2 + 1 of the problem (5.5) and its second derivative z = y” = 3.75t%>. Since in this example
o, =2, f=15and v = 0.5 we get from (4.10) and (4.14) the estimate (5.4), too. Thus, we would expect that our method
forr =1, r = 2and r = 2.5 would have order 2, 4 and 2% ~ 5.66, respectively. These expectations are confirmed by the
results in Table 5.2. Actually, we see from Table 5.2, that for this example the estimate (4.14) is in good accordance with the
actual rate of the convergence of Zy to z, but the convergence of yy to y is for r = 1 and r = 2 faster than it is predicted by
the estimate (4.10).
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