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ABSTRACT

The Gerschgorin circle theorem is used here to give sufficient conditions for the
solution space of the difference equation x(m +1)=A(m + 1)x(m) to admit a type of
exponential dichotomy. The result obtained is then used to establish a result on
regions of eigenvalue inclusion for the product of finitely many square matrices. An
application to differential equations is also given.

1. INTRODUCTION AND SUMMARY

In [2] A. C. Lazer has given sufficient conditions for the solution space of
the linear differential equation

()= A(t)x(1) (1)

to admit a type of exponential dichotomy. Here A(t)=(a,(t)) denotes an
n X n matrix valued function whose entries are continuous complex functions
defined on the real line; and x(f)=col(x,(?),...,x,(t)) denotes a complex
n-column vector. In order to paraphrase Lazer’s result we make the follow-
ing definitions and conventions.

For x=col(x,,...,x,) we set

l|x|| = lglfgnlx.-l-

*This work was partly done at the University of Cincinnati, Cincinnati, Ohio.
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For any n X n matrix A =(a;) we set

A= 3 oyl

j#l

DerFiniTION.  Let S be a subset of @={1,2,...,n}, and let & be a positive
real number. We say that the matrix A =(ay) is (S,8) diagonally dominant if
Re(a,)+r(A,i) < — 8 <0 for each index i €S and Re(a;)—r(A,i) > § >0 for
each index i €Q\S.

DerFiniTioN.  Let X denote the solution space of (1) and let 8 be a
positive real number. We say that X admits a 8-comparative exponential
dichotomy if X is the direct sum of two subspaces, X, and X,, such that

llx(t)ll < llx(ty)l| expd(t; — t,) if 1, <ty
for every solution x in X;, and

lx ()l > l|x(t,)l| expd(t,— t,) if, <ty

for every solution in X,

Lazer’s result states that if A(f) in (1) is (S,8) diagonally dominant for
each real ¢, then the solution space of (1) admits a 8-comparative exponential
dichotomy, and the dimension of X, is the same as the cardinality of S.
Lazer’s result was motivated by a result due to S. A. Gerschgorin [1] (which
appears in [3]) which states that if A =(a,) is an nXn complex matrix, then
each eigenvalue of A is contained in one of the closed discs

|z—ay|<r(A,i), i=1,...,n.

The appeal of Lazer’s result is that his hypotheses concern only the entries of
the coefficient matrix A (f) in (1).

In Sec. 2 of this paper we use techniques similar to those of Gerschgorin
and Lazer to give sufficient conditions for the solution space of the linear
difference equation

x(m+1)=A(m+1x(m), m=0x1,=*2,... (2)

to admit a type of exponential dichotomy. As in [2] our hypotheses concern
only the location of the Gerschgorin discs for A(m).
In Sec. 3 we use the result of Sec. 2 to prove a purely linear algebra result
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concerning the eigenvalues of the product of a finite number of square
matrices.

Finally, in Sec. 4 we give an application to differential equations by
showing that any equation of the type (1) which satisfies Lazer’s hypotheses
gives rise to an equation of the type (2) which satisfies our hypotheses.

2. DIAGONALLY DOMINANT DIFFERENCE EQUATIONS

Throughout this paper we denote the set of integers by Z and observe the
following conventions:

Z,={nn+1,...}, Z"={...,n—1,n}.

DerFiniTION.  We say that the coefficient matrix A(m) in (2) is (S,8)
diagonally dominant with respect to the unit circle if S is a subset of { and &
is a positive real number such that |ag;(m)|+ r(A(m),i) <1-8<1 for each
i€S, and |a,;(m)|—r(A(m),i)>1+8 >1 for each i €Q\S. Throughout we
assume A (m) to be nonsingular on Z.

THEOREM 1. Let A(m) in (2) be (S,8) diagonally dominant with respect
to the unit circle for each integer m. Let k be the cardinality of S. Then each
of the following statements holds.

(a) There exist k independent solutions y',...,y* of (2) such that if x is
any nontrivial solution of (2) of the form

x(m)=a, y'(m)+- - +oy*(m),
then o
lx(m)l <llx(p)i(1-8)""" ifp<m.

(b) There exist n— k independent solutions z',...,z"~* of (2) such that if
x is any nontrivial solution of (2) of the form

x(m)=a,z'(m)+ - +a,_ 2" *(m),
then
lx(m)Il> x(p)Il(14+8)" " ifp<m
(c) The solutions y',...,y*, 2',...,2" ¥ form a basis for the solution space

of (2)-
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The proof of Theorem 1 uses four preliminary lemmas.

Lemma 1. Under the assumptions of Theorem 1, if x is a nontrivial
solution of (2) such that ||x(mg)|| =|x;(mg)| for some jEQ\S, then ||x(m)]|
=|x,(m)| with h€Q\S for every integer m>m,. Furthermore, |x(m)|
2 || x{(mg)l|(1+ 8)™ ™ whenever m > m,,

Proof. 'We have by (2) and our hypotheses that

o+ 1)y mo+ )5 )l — 3. [y omg+ 1) )
k#j
> {la(mo + 1)| = r(A (mqg+1),7) }|x(mo)]|.
Since j EQ\ S, the above inequality and our hypotheses show that
|25, (mg+1)] > [|x(mo)[|(1+6) (3)

for at least one h €Q\S.
If i €S, we have by our hypotheses that

o+ 1 <( 3 faumo+ 1) ix(me

<(1=8)ljx(mo)| (4)

Comparing the above inequality with (3) establishes Lemma 1 in the case
m=m,+ 1. The cases m=mgy+ p, p > 1 follow by induction. [ ]

LemMa 2. Under the assumptions of Theorem 1, if x is a nontrivial
solution of (2) such that ||x(mg)||=|x(m)| for some jES, then |x(m)||
= |x,(m)} with hE€S for every integer m <m,. Furthermore, |x(m)i|(1—
8)™~™ > ||x(mo)| for every m < m,

Proof. Assume on the contrary that ||x(my—1)||=|x,(my—1)| for some
heQ\S. Then by Lemma 1, ||x(m)|| =|x,(m,)| for some I €Q\S. Applying
inequalities (3) and (4) to this situation gives that

|2 (mg)| > [|x(mo— 1) (14 8) > |z, (my)|

for every index p €S which contradicts our hypotheses. Thus ||x(mg— 1)||
= |x, (my—1)| for some hES.
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Now
|5 (mo)l < lay(mo)||x,(mo—1)| + (A (mo), )| x(me— 1))
for every Q. By the above inequality and our hypotheses we have that
[l (mo)l} <(1—8)llx(me—1)]|
which establishes Lemma 2 in the case m=my—1. The cases m=my,—p,

p > 1 follow by induction. |

The above two lemmas remain true if we allow A(m) to be singular.
However, the next two lemmas require that A(m) ™! exist for all m € Z.
In the following K denotes the complex field.

Lemma 3. Under the assumptions of Theorem 1, for each positive
integer q there exists a k-dimensional subspace V,, of K" such that if x is a
nontrivial solution of (2) with x(0)E V,, then ||x(m)|| is strictly increasing on
z_,

Proof. Let R be the k-dimensional subspace of K" defined by

R={col(yy,....7,)|v,=0if i€S}. (5)

Denote by Y(j,l) the unique n X n matrix defined for all (j,1)€Z X Z such
that

Y(i+1,l)=A(j+1)Y(jl), Y(l,1)=
Let V, be the subspace of K" defined by
V,={cEK"|c=Y(0,—q)a,aER}

By the nonsingularity of Y(0, —q) we have dimV,=dimR=k. If x is a
nontrivial solution of (2) with x(0) € V,, then

x(0)=Y(0, — q)a=Y(0, — g)x(—q),

so x(—q)=a€R. From (5) we have that |x(— q)ll=|x(—q)| for some
jEQ\S. Thus by Lemma 1, ||x(m)|| is strictly increasing onZ —q [ ]

Lemma 4. Under the assumptions of Theorem 1, for each positive
integer q there exists an (n— k)-dimensional subspace W, of K" such that if
x is a nontrivial solution of (2) with x(0)EW,, then ||x(m)|| is strictly
decreasing on Z9.
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Proof. Let R be the (n — k)-dimensional subspace of K" defined by
R={col(yy..., v, )y, =0if i€Q\S}. (6)

Let Y(m) be the unique n X n matrix function defined for all integers m so
that

Yim4+N=A{m+1DY(m) Yih=1T
rmri)=amTijim,, L) =14

F4

Define the subspace W, of K" by
W,={c€K"|c=Y '(q)a,aER}.

By the nonsingularity of Y(q) we have dimW, =dimR=n—k. If x is any
nontrivial solution of (2) with x(0) € W,, then x(0)= Y ~(q)a for some a €R.
But since x(0)=Y ~!(g)x(q), we have that x(q)=a€R. Thus from (6) we
have ||x(q)||=]|x,(q)| for some hES, so by Lemma 2 |x(m)|| is strictly
decreasing on Z9. [ |

In the following, if ¢ is a column matrix, ¢* will denote the row matrix
which is the conjugate transpose of c.

Proof of Theorem 1. For each positive integer g, let V, be the k-
dimensional subspace defined in Lemma 3, and let {c;| j=1,...,k} be an
orthonormal basis for V,. ie, such that

ix ’= i ] ix i=
c,*cj=0 fori#j andc*c,=1.

By the compactness of the unit sphere in K", there exists a sequence of
integers {¢q;} and vectors ¢! €K", j=1,...,k, such that

ll_i)rg|c"—cgl|=(), i=1,....k

Clearly c**c/=0 for i#j, and ¢'*c'=1, i,j=1,...,k.
Now let y',...,y* be the solutions of (2) defined by the initial conditions

y(0)=ci, i=1,....k,

which, by their independence at zero, are independent. Let x be any
nontrivial solution of (2) of the form

x(m)=a, y'(m)+ - +ay*(m).
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For each integer [=1,2,..., let x;(m) be the solution of (2) satisfying
x(0)=7v,c0+ -+ + ek

Now x,(0)€ V,, so by Lemma 3 we have that ||x;(m)|| is strictly increasing on
z_,.
-q
Next observe that, for m >0,

(2 (m) — 5 (m)]| <( fl )||)||x< s ™

i

and that for m <0,

|| x(m) — ( I |r)|| (0) — x,(0)]|. (8)

Since

k
l|2(0) — %, (0)|| < .21 ly’.l-tc"— C(;,|—>0 as [—00,
j=

we have by (7) and (8) that

|lx(m)—x(m)||=>0 asl—co, meZ.

Thus |{|x(m)[| — ||x;(m)|||>0 as I—>co, which shows that ||x(m)|| is nonde-
creasing on Z. Now let m; and m, be integers such that m;<m,. If
l|lx(m,)|| =|x;(m,)| for some jE S, then by Lemma 2 we would have ||x(m, —
L[| > |lx(m})||, contradicting the fact that ||x(m)| is nondecreasing. Hence
llx(my)|| =|%;(m,)| for some jEQ\S, so by Lemma 1 we have that |x(m,)||
> ||x(m,)||(1+ 8)™=~ ™, which establishes statement (a).

The proof of (b) follows analogously to the proof of (a), using the subspace
Wq of Lemma 4; it is omitted.

To establish (c) we note that if the solutions y,...,y*, z',...,2" 7% were
not independent, there would exist a nontrivial solution x of (2) such that
|x(m)|| would be both strictly increasing and strictly decreasing on Z, which
is absurd. ]

3. AN APPLICATION TO MATRIX PRODUCTS

Using Theorem 1 we are now able to give estimates for the moduli of the
eigenvalues of a product of finitely many n X n matrices.
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Tueorem 2. Let A(1),A(2),...,A(p) be nXn complex nonsingular

matrices and let A(k)=(a,(k)) for I1<k< p. Let

o= min {|a;(k)|—r(A(k),i)}

1<k<m
and
Bi= max {la,(k)|+r(A(K)i)}.
Let [c,,d)], I=1,...,s, denote the components of U} [a;,B,]. Let n; be the
number of mdtces i such that [a;, 3] Clc;,d] for 1< 1<s, and let P A(l)
A@)----- A(p). Then P has exactly n ezgenvalues A (counting multiplicities)
such that

q<PP<d, 1<ij<s. (9)

We remark that this result can be considered as an extension of
Gerschgorin’s theorem, since it follows from Gerschgorin’s theorem when all
of the matrices are equal.

The proof of Theorem 2 uses one preliminary lemma.

LeEmMma 5. Let S denote a subset of @={1,2,...,n}, and let k be the
cardinality of S. Let B(1),B(2),...,B(p) be nonsingular nXn complex
matrices each of which is (S,8) diagonally dominant with respect to the unit
circle. Let P=B(1)B(2): - - - -B(p). Then P has exactly k eigenvaues A such
that |\|<(1—8)P and exactly n—k eigenvalues X such that |\|>(1+8)?
(counting multiplicities).

Proof. Define matrices C(m), m€E€ Z, by
C(rp+j)=B(p+1—j) forl<j<pandrEZ
and consider the difference equation
x(m+1)=C(m+1)x(m), meZ (10)

Note that the difference equation (10) satisfies the hypotheses of Theorem 1.
Thus if V denotes the solution space of (10), it follows from Theorem 1 that

V=V,®V,

where

lx(moll <(1—8)" "x(my)l,  my <my (11)
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for any solution x € V|, and that

lx(mo)ll >(1+8)" x(m)l,  my<my (12)

for any solution x € V,. Furthermore, dim V,=k. Now note that if x(m) is
any solution of (10), then

x(ryp) =P "x(r, p), 1, EZ. (13)

Thus it follows from (11), (12), and (13) that if W denotes the solution space
of the difference equation

y(m+1)="Py(m)
then W= W,® W, where

p(mg—m,)

||y(m2)||<||y(m1)||(1—8) > m; < my
for any solution y € W, and
¢ “'"1)
Hy(m)ll > I y(m) |1+ ™, my<m,

for any solution y € W,. Furthermore, dim W, = k. The lemma now follows
from these observations. |

Proof of Theorem 2. Without loss of generality, assume that
¢, <d;<cy<dy <o <, <d,.
First let j be any index such that 1<j<s. Let
Y=%(d,'—1+c,‘)’ 8=%(Cj_di—1)‘ (14)

Let B(m)=(1/y)A(m), 1<m< p, and let B(m)=(b,(m)). Note that if
[, B]1C(— ,d;_,], then by (14),

, :Bi di-l
lin,(afp{lbii(k)l+’(3(k)a‘>}=7< "

Let §; be the subset of £=(1,...,n} for which (15) holds. Then i EQ\S,
implies [a;, B,]C[c;, o), and using (14) we compute that

=1-8y L (15)

min_{|By (k) — r(B(k))) =2 > T =14 6y~1 (16)
1<k<p - ’ Yy v )
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Now let g; be the number of indices in S;. Then by (15), (16), and Lemma 5
we conclude that the matrix T=B(1)B (2)- -+« *B(p) has exactly g; eigenva-
lues A such that [A|<(1—y7'6)? and exactly n— g; eigenvalues A such that
Al>(@1+y~8)7 (countmg multiplicities). Now A is an eigenvalue of T iff Ay?
is an eigenvalue of P. Thus P has g; eigenvalues A such that |A|<[y(1-

Y7'8)], and n—g; eigenvalues A such that |]A|>[y(1+y~'8)]?. But from
(14) we have that

y(l—y_lb‘)=d,._1 and y(1+y_18)=cf.
We have therefore established that if 1<j<s, there are exactly g;=n,+
ny+ -+ +mn;_, eigenvalues A of P such that [\|<dP , and exactly n—g;
=n+-:- ¥ n, eigenvalues A such that [A|>cP. To complete the proof we
must show that there are no eigenvalues A of P such that either |A| > d? or
|A} < ¢, (in the case ¢; >0).
Now assume that |[Aj|>dP for some eigenvalue A, of P. Let £ be a real

number such that

&, <1<EA M7, (17)

and let C(k)=£¢A(k), 1< k< p. Then for C(k)=(c, ;(k)), we have
lcs (k)| +r(C(k),i) <&d, <1, 1<k< p,1<i<n.

By Lemma 5 we conclude that [A| <1 for every eigenvalue A of U= C(1)C(2)
+++++C(p). But A is an eigenvalue of P iff £A is an eigenvalue of U. Thus
[A]<1/&P for every eigenvalue A of P. Using (17) we have that

|>\0|< <d?,

contradicting our assumption. Thus || < df for each eigenvalue A of P.
If we assume the existence of an eigenvalue A of P such that |A|<c,
(where ¢, > 0), a similar argument produces the desired contradiction. [ |

4. AN APPLICATION TO DIFFERENTIAL EQUATIONS

Let x denote any nontrivial solution of the differential equation (1). For
©>0 we define the function y(m) on Z by y(m)=x(mv). Let X(t) denote
the fundamental matrix for (1) such that X(0)=I=identity. Then y(m)
= X (mv)x(0), so y(m+1)=X(mv+ 0)X ~}mv)y(m) for each m € Z. Defin-



ing C°(m+1)=X (mv+ v)X ~}(mv), we have that the differential equation
(1) gives rise to the difference equation

y(m+1)=C°(m+1)y(m). (18)

The following result shows that, from the viewpoint of diagonal dominance,
(18) is a generalization of (1).

Tueorem 3. Let A(t) in (1) be uniformly continuous and bounded on
o). If A(t) in (1) is (S,8) diagonally dominant for each t€E[0, o) there

exist positive numbers 8 and n such that C*(m) in (18) is (S, B) diagonally
dominant with respect to the unit circle for all 0<v <n.

The proof of Theorem 3 uses one preliminary lemma.

Lemma 6. Let A(t) be as in Theorem 2, and let X(t) denote the
fundamental matrix for (1) such that X(0)= 1. Then

" X(t+p)X l(t)—I]—A(t)“—>O

uniformly on [0, o)

SlL
L~

rv

Proof. Let A(t)< M, t€]0, 00). Since
X(t+ ;L)X_l(t)=I+j:A(t+v)X(t+v)X‘1(t)dv,
we have that, for each p €0, o0),
IX(e+p)X "He)| <1+ fO#HA(H o)l 1 X (t+0)X 7H(t) | dv,
which, by application of Gronwall’s lemma, gives that
1X(e+ X (Ol <exp [ l1A(t+ 0)lldo <

which in turn shows that

IX(t+p)X ~(t)—I||<e*™—-1-0  uniformly as p)0. (19)
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Since

[X(¢+w)X Y 5)—I]—A(r) = ifo"[A(Hu)—A(t)]dw i}:A(t+o)

B |-

X [X(t+0)X ~¢t)—1I]dv,

the result follows by (19) and the uniform continuity of A. ]

Proof of Theorem 3. For A(t)= (a,.i(t)) write a,(t)=A(t)+ ip(f), where A
and p are real functions. For real v note that

11+ va, (£)] =1 +20A(1) + 02 p3(1) +A3(1)] . (20)

Let a(v,t)=20A(t) + 0] u*(t) + A%(¢)]. Then we have that

Vi+a(v,t) =1+ a(v,t)+a*(v,t)e(a(v,t)) (21)

where €(a(v,t)) is O(|a(v,1)]).
Since |a(v,t)| < 2|v|M +20®M?, we get that

e(a(v,t))
|a(v,1)]

From (20) and (21) we write that

—0  uniformly on [0, ) as v—0.

u3(t) + v2(2) +(a(v,t) z

; 22 e(a(v,t»} )

|1+ va, ()] =1+ vA(t) + 02[

Now let b(v,t)=|1+ va,(t)| —[1+ vA(t)]. For |v|<1 sufficiently small that
le(a(v,t))| <|a(v,t)|, we have from (20), (21), and (22) that

|b(v,£)] < M2+ (2M +2|v|M?)|a (v, £)]F < M2+ (2M +2M2)°.
Thus
11+ va,(t)|=1+ oA(t) + v%b(0, 1), (23)

where b(v,t) is bounded on [0,c0) for sufficiently small v. Now by
hypotheses we have that, for i EQ\S,

M) >r(A(t),i)+8, t€[0,0).
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Using (23) and the above, we have, for v>>0, that

114 va, ()]~ |olr(A(2),4) > |1 + va,(t)| — o[A(t) - 8],
SO
11+ va,(2)| = |o|r(A(t),i) > 1+ 08— 0®b(v,t), i€EQ\S. (24)
For i €S we have by hypothesis that
At)< —r(A(t),i)—8, t€[0,0),
which the reader, using (23), can verify gives that
|1+ va,(t)|+|olr(A(t),i) <1— 08+ 0v®b(v,t), {ES. (25)

We now define the nXn matrix-valued function C°(f)=c(t) by C°(¢)
= X(t+v)X ~!(t). By Lemma 6 we have that

C*(t)=1I+ vA(t)+ ve(t,v), (26)
where | €(£,0)||->0 uniformly as v—0. From (26) it follows that
llez (O]~ 11+ vay (D] < vlle(t0)l,  iEMS,

so we have, for i €Q\S, that
1+ vay(6)| - vlle(t, o)l <|ef ()] <1+ vay(t)| +olle(t,0)].  (27)
Similarly, (26) gives that
[r(Co(2),i) —lo|r(A(t).i)| < vlle(t, o),  i€Q\S,
so, for i EQ\S,
lolr(A(t),) — vlle(t,0)l| < r(CO(2),4) < |o|r(A(t),i) + vlle(t,s)]l.  (28)
Now using (23) and (27) we conclude, for i EQ\S, that
leg ()] —r(C®(t),i) > 1+ v8 — v%8b (v, t) — 20| €(t,v)]|. (29)

Since b(v,t) is bounded for sufficiently small v, vb(v,t)—0 uniformly as
v—0. Thus we may choose 11 so small that

&—[nb(n,t)+2|le(,m)||]>0. (30)
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Letting 8=v{8—[nb(n,t)+2||e(t,n)||]]}, we have that 8 >0 and, from (29)
and (30), that

leg ()] —r(C°(8),i)>1+B, t€[0,00),iEQ\S, 0< <.
Similarly, using (25) and (28), we have, for i €S, that
leg ()] +r(C®(t),i) <1—0[8— vb(v,t)] + 20| e(t, )|
and so by (30), for  and 8 as above, we have that

lep(8)|+r(Co(1),i)<1—B, t€[0,00),i€S,0<v< .
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