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0. Introduction

The cohomology of diagrams arises as a natural object of study in several mathematical contexts: in deformation theory
(see [23,22,21]), and in classifying diagrams of groups, as in [13]. If I is the one-object category corresponding to a group G,
adiagram X € €' is just an object in € equipped with a G-action, and its cohomology is the equivariant cohomology of [26]
(cf. [33, Section 2]). On the other hand, for any discrete or Lie group G, let | = ¢ denote the orbit category of G: if X is a
G-space, X : O¢ — Top is the corresponding fixed point diagram X(G/H) := X", and M : O; — AbGp, is any system
of coefficients, then the corresponding cohomology H(X; M) is Bredon cohomology (cf. [28, I, Section 4]). Finally, when I
consists of a single arrow, and the coefficients are constant, we have the usual cohomology of a pair. See [5,17,20,31,32,6]
for further applications.

0.1. Diagrams in homotopy theory

The cohomology of diagrams also plays a major role in the Dwyer-Kan-Smith theory for the rectification of homotopy-
commutative diagrams (cf. [19,16,18]). In fact, our interest in the subject was motivated by the related realization problem
for diagrams of IT-algebras (graded groups with an action of the primary homotopy operations): as in the case of a single
IT-algebra (cf. [8]), the obstructions to realizing a diagram of IT-algebras A : I — IT-Alg lie in appropriate cohomology
groups of A (see [9, Thm. 6.3]).

Furthermore, given a IT-algebra I", all distinct homotopy types realizing I" may be distinguished by a set of higher
homotopy operations associated to a collection (I*),c4 of finite indexing categories I* and homotopy-commutative
diagrams X“ : I* — hoTop, where all the spaces X{* are wedges of spheres (cf. [7]). Since these higher operations
are obstructions to the rectification of the diagrams (X“),ea (and thus the associated diagrams A% = w7 X* : [ —
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IT-Alg), they correspond to elements in the cohomology of I". Understanding the cohomology groups of such diagrams
may therefore be helpful in algebraicizing (and organizing) the “higher I7-algebra” of a space Y, consisting of all higher
homotopy operations in ,.Y.

0.2. Computing diagram cohomology

Even the cohomology of a single map may be hard to calculate (cf. [9, Section 5.16]), so some computational tools are
needed. For this purpose we construct “local-to-global” spectral sequences for the cohomology of a diagram, which can be
used to compute the cohomology of the full diagram in terms of smaller pieces.

Given a small category I, a model category € (in the sense of [35]), and an I-diagram X € €', one can define the
cohomology of X with coefficients in any abelian group object Y € €. For technical reasons, we shall concentrate on the
case where € = s« is the category of simplicial objects over some variety of universal algebras +: since the homotopy
category of simplicial groups is equivalent to that of (pointed connected) topological spaces, this actually covers all cases of
interest above. Some of our results are valid, however, for an arbitrary simplicial model category C.

Another reason for our interest in the “local-to-global” approach to diagram cohomology is that in order for the higher
homotopy operation corresponding to a homotopy-commutative diagram X : I — ho Jop to be defined, all lower order
operations (corresponding to subdiagrams of I) must vanish coherently. Thus an essential step in a cohomological description
of higher order operations is the ability to piece together local data to obtain global information.

Remark 0.3. We should point out that our methods work (almost exclusively) for a directed indexing category I (i.e., with
only identities as endomorphisms), which is a significant restriction. However, such diagrams certainly suffice for the
description of higher homotopy operations, as above: even the linear case - when I consists of a single composable sequence
of arrows - is of interest, since the realizability of such a diagram is essentially equivalent to calculating higher Toda brackets.
Furthermore, diagrams arising in deformation theory (indexed by the nerve of a covering) are of this form. Our methods,
suitably modified (cf. Remark 1.7), also apply to diagrams indexed by the orbit category O¢ of a group G.

0.4. The spectral sequences

Let C be a simplicial model category and I a directed index category, and assume given diagrams Z : I — C, and
X,Y € €'/Z, with Y an abelian group object in ¢'/Z. Our main results may be summarized as follows:

Theorem A. There is a first quadrant spectral sequence with:

B2, =[[H™%/Z. ¢y) = H (X/Z: V).
jels
This is constructed by taking increasing truncations of the coefficient diagram Y (cf. Theorem 3.5). Here
H*(X/Z, ¢) denotes relative cohomology for a map of the coefficients (see Definition 3.1).

Theorem B. There is a first quadrant spectral sequence with:
E2, = H" (5, Y) = H™M (X/Z; Y).

This spectral sequence is constructed dually to the previous one, by taking increasing truncations of the source diagram
X (see Theorem 3.7). Here H* (5, Y) denotes the usual cohomology of a map (or pair).

Theorem C. If is countable, then for any ordering (c)2°, of the objects of I, there is a first quadrant spectral sequence with
E2, = HLP(X/Z;Y) = HY (X/Z; Y).

This is constructed by successively omitting the objects ¢, from I (see Theorem 7.7). Here H(X/Z, Y) denote the local
cohomology groups at an object ¢ € I (see Definition 7.4).

There are versions of all three spectral sequences defined for any suitable cover g of I (Definition 1.1). In particular, the
spectral sequences always converge if ¢ is finite, hence if I itself is finite.

0.5. Other variants

Other spectral sequences for the cohomology of a diagram have appeared in the literature. One should mention the
universal coefficient spectral sequence of Piacenza (see [34, Section 1]), the the p-chain spectral sequence of Davis and
Liick (see [15]), the equivariant Serre spectral sequence of Moerdijk and Svensson (see [30], and the local-to-global spectral
sequences of Jibladze and Pirashvili (see [27]) and Robinson (see [37]) — though the last three use a different definition of
cohomology, based on the Baues-Wirsching and Hochschild-Mitchell cohomologies of categories (cf. [3,29]). The spectral
sequences for the cohomology of a homotopy (co)limit of a diagram (cf. [40] and [2,11]) may also be related to ours in special
cases.
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0.6. Organization

Section 1 provides background material on diagrams, their covers, and the model category of diagrams. In Section 2 we
determine when the “restriction tower” associated to a cover of the indexing category I is a tower of fibrations, and in
Section 3 we use this to set up the first two spectral sequences.

The second half of the paper is devoted to the (somewhat more technical) approach based on “localizing at an object”:
Section 4 provides the setting, and explains the method. In Section 5 we describe an auxiliary construction associated to the
tower of certain covers of I, and in Section 6 show that this auxiliary tower is a tower of fibrations. Finally, in Section 7 we
identify the fibers of the new tower, and obtain the third spectral sequence.

1. The category of diagrams

Our object of study will be the category G’ of diagrams — i.e., functors from a fixed small (often finite) indexing category
I into a model category C. The maps are natural transformations. In this section we define some concepts and introduce
notation related to ] and €':

Definition 1.1. Let! be any small category. By an N-indexed cover of | we mean some collection § = {J, },cny of subcategories
of I, such that each arrow in I belongs to at least one J,,.
A cover § = {J,},en for I will be called orderable if the relation:

Def _ . . . . o .
Ul<v2<:e>5|11E]v],lzéijad):lz—)l] inl withiy ¢ J,, ori & J,,

defines a partial order on N, and the partially ordered set (N, <) can be embedded as a (possibly infinite) segment of
(Z, <). Choosing such an embedding N C Z, we may think of § as being indexed by integers, and we can then filter I
by setting J[n] := |J,.,, Ji- If N is bounded below in Z we say that § is right-orderable, and if it is bounded above we say it is
left-orderable. -

Remark 1.2. Note that the linear ordering of g (indicated by the indices) is not generally uniquely determined by the partial
order <: there may be elements of ¢ which are not comparable under <. This happens when all maps out of J, actually land
in J[k] for k < n — 1. In this case the linear ordering of J,, and J,_1, for example, may be switched with impunity.

1.3. Directed indexing categories

A directed indexing category is a small category I equipped with a map deg : Obj(I) — Z, such that for every non-identity
map ¢ : j — iinl, deg(j) > deg(i). Then | is filtered by the full subcategories I, = J[n] whose objects have degree at most
n.

An orderable cover § = {Jy}nen for such an I will be called compatible (with the choice of deg) if there is a strictly
increasing sequence of integers (kn)nen such that Obj(J,) = deg™ ' ([k,_1, kx1).

Example 1.4. The fine cover for a directed indexing category I is defined by letting J, be the subcategory obtained from the
“difference categories” J, := I, \ I,_1 (discrete, by assumption) by adding all the maps from any of these objects into I, ;.
For instance, if | = [n] is the linear category of n composable maps (with degrees as labels):

n a1 a8,
then I consists of the k arrows on the right,fjv,< = {k}, and the fine cover thus is J; := {¢y}.

Example 1.5. If I is the commutative square diagram

4
Cl
2

then]< contains only k, whileJ, = {a:2 — 1}, Js = {b: 3 — 1}, and J4 contains bothc : 4 — 2andd : 4 — 3 (since
I contains both 2 and 3).

d
—_—

(1.6)

_——< W
o

_
a

Remark 1.7. As noted in the introduction, a group (or monoid) G may be thought of as a category with a single object. If we
start with a directed indexing category I, and for i € I', we add maps g : i — i for each g € G for some group G = G; (with
suitable commutation relations with the maps of I’), we obtain a small category I (no longer directed) whose diagrams
describe directed systems of group actions. Clearly, any orderable cover g’ of I’ induces an orderable cover g of I.

Example 1.8. Let I’ consist of two parallel arrows ¢4, ¢_; : i — j, G; = Z/2, and G; = 0. Then the indexing category I has
a single new non-identity map f : i — iand ¢y of = ¢_; (k = +1). Compare [14].
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1.9. Model categories

Now let € be a simplicial model category (cf. [35, II, Section 1]), and let €' denote the functor category of I-diagrams in
C. There are (at least) two relevant simplicial model category structures on €'

(a) Forgeneral I and cofibrantly generated C, we have the diagram model category structure, in which the weak equivalences
and fibrations are defined objectwise, and the cofibrations are generated (under retracts, pushouts, and transfinite
compositions) by the free maps (free on a generating cofibration at some i € I) — cf. [25, Theorem 11.6.1].

(b) IfIis a directed indexing category as above, it is in particular a (one-sided) Reedy category (cf. [25, Section 15.1.1]). Thus
¢! has a Reedy model category structure, in which the weak equivalences are defined objectwise, the cofibrations are
defined by attaching a suitable latching object, and the fibrations are defined by requiring that the structure maps to the
matching objects are all fibrations (cf. [25, Section 15.3]).

Remark 1.10. In the cases where I is a Reedy category and C is cofibrantly generated, the identity Id : ¢ — € is a strong
Quillen functor (actually a Quillen equivalence) between the two model category structures (see [25, Theorem 15.6.4]),
considered as a right adjoint from the Reedy model structure to the diagram model structure. As a consequence, every
Reedy fibration is an objectwise fibration (cf. [25, Proposition 15.3.11]), and conversely, every cofibration in the diagram
model category is a Reedy cofibration. In both cases we use the same simplicial mapping space mape: (X, Y), (sometimes
denoted simply by map (X, Y)), with

mape (X, Y), = Homa (X x A[n], Y). (1.11)

1.12. Diagrams over Z

For a fixed ground diagram Z : I — @, the comma category C'/Z consists of diagrams X : I — € over Z — that is, for
eachi e I we have maps p; : X; — Z;, natural in I. Once again C'/Z has the two model category structures described above.
The simplicial mapping space mapei,; (X, Y), defined as in (1.11), will usually be denoted simply by map; (X, Y). We may
assume that Z is Reedy fibrant, so in particular (objectwise) fibrant.

1.13. Sketchable categories

Most of our results are valid for quite general simplicial model categories C. However, as noted in the introduction, we
shall be mainly interested in the case where C = s is the category of simplicial objects over some FP-sketchable category
A (essentially: a category of (possibly graded) universal algebras — cf. [1, Section 1]). Note that any such € is cofibrantly
generated — in fact, a resolution model category (see [9, Section 3]). Such an 4 will be called &-sketchable if it is equipped
with a faithful forgetful functor to a category of graded groups (compare [10, Section 4.1]). The important property for our
purposes is thatamap f : X — Y in € is a fibration if and only if it is an epimorphism onto the basepoint component of Y
(cf. [35, 11, Section 3, Prop. 1]).

If we let A = Gp, we obtain the homotopy category of pointed connected topological spaces (see [24, V, Section 6]), so
our assumptions cover all the topological applications mentioned in the introduction.

In this context we may need to consider diagrams over a fixed ground diagram Z: following [36, Section 2] and [4,
Section 3], for (diagrams of simplicial objects in) a &-sketchable category A, one may identify Z-modules with abelian
group objects over Z. Thus we may be forced to work in ¢! /Z if we want to study cohomology with twisted coefficients.

1.14. Diagram completion

Any inclusion of categories ] < [ induces a forgetful truncation functor = rj’ : @' — @, and this has a right adjoint
£ =& : ¢ — ¢, which assigns to a diagram Y : | — € the diagram £Y : I — € with &Y (i) = lim; Y for each
i € I (where i/] is the obvious subcategory of the under category i/I). Note that £Y (j) = Y; forj € J. Also, if ] € J' C I then
511, =7 o & =§o0 Sle'and 7 = ’Jl ° 1,
category understood from the context.

The resulting monad o7 := § 0 1 : ¢! — ¢! is called the completion at J, and we denote the augmentation of the
adjunctionby @y : Y — ojY.

Moreover, given a fixed Z € €', the truncation functor %, : €'/Z — €//7Z also has a right adjoint & : ¢//tZ —
¢!/z, with the limit éjY(i) := lim;/; Y taken over 7;Z (that is, the diagram whose limit we take consists of Y|;;; mapping to
7;Z, where the latter includes also Z;). Thus the completion at ] in cl/zis:

61Y()) = 1Y () X2y Z;, (1.15)
where the structure map o;q : 0;Y — 0;Z is induced by the functoriality of limits. Once again, there will be an augmentation
&)] Y — &]Y

so we shall often omit the superscripts from these functors, with the second
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Example 1.16. If] = [n] is linear (Example 1.4) and ] = [K] is an initial (right) segment, then for any tower Y : [n] — C we
have:

"JY(’)—{Yk ifi> k.

Example 1.17. If I is the commutative square of Example 1.5, then o}, Y is the pullback diagram

Y2 Xy1 Y3 —_— Y3

l lY(b) (1.18)

Y, ————Y,
Y@

while 61, Y (3) is the further pullback

6'13Y(3) —_— Yz Xy, Y3

N

Z4 %Zz Xz Z?,.

Example 1.20. If| = A" C A° is the indexing category for restricted simplicial objects Y (without degeneracies), and J is
its truncation to dimensions < n, then o;Y (n) = M,Y is the classical matching object of [12, X, Section 4.5].

1.21. Maps of diagrams

Given a fixed Reedy fibrant ground diagram Z : I — @, consider the simplicial mapping space map,(X, Y) as in
Section 1.12 for X, Y € @'/Z, where X is cofibrant and Y is fibrant.

In the cases of interest to us, Y will be an abelian group object in ¢'/Z, so the homotopy groups of map, (X, Y) are the
cohomology groups of X with coefficients in Y (see [9, Section 5] for further details). In order to build our restriction tower,
we need an appropriate orderable cover g of I (Definition 1.1), yielding a filtration

12 2L 25012

Let My, := mapein /7,7 (t.X, ToZ) for each n € N, where 7, X is the restriction of a diagram X € €' to I,. The inclusions
I,_1 = I, and I, < I induce maps p, : M, — M,_; and p, : M — M, which fit into a tower:

map; (X, Y)
\iw (1.22)
—_— My Pt Mo
with
map, (X, Y) = lim M,. (1.23)
n

2. A tower of fibrations
To determine when (1.22) is a tower of fibrations (so that (1.23) is a homotopy limit), we need the following:

Definition 2.1. Let I be an indexing category, C a model category, and Z € C'. Given an orderable cover § = {J,},en Of
I with associated filtration (I,) = (/[n])nez, let 7 : @' — €' and 7 e'm — @ denote the truncation functors, with
adjoints indexed accordingly. A diagram Y € @'/Z is called g-fibrant if for each n € Z, the augmentation &y : To41Y —

A Al . . . . I
ortY = 6,"'Y is afibration in €'+1 /o) H1Z = @M1 /oM Z.

Remark 2.2. Because we assumed the degree is strictly decreasing, I,; and I are the same so far as the augmentation
map @y is concerned. Thus if we assume for simplicity that I = I, 1, then @, may be identified with its adjoint map
Y — 6,Y in Cln+1 /017 = @l fo,Z.
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Proposition 2.3. Assume § = {J,},en is an orderable cover of I, X € C'/Z is cofibrant,and Y € C'/Z is a g-fibrant abelian
group object. Then

Fay1 — Myy1 225 M,
is a fibration sequence of simplicial abelian groups for each n € Z, and the fiber Fy1 is map ., /2, (X1jps1» Fib(wny1)). Here
n+1

I

Fib(wn11) denotes the fiber (in C'n+1/0"17) of the augmentation wyy1 : To1Y — oMY = 0,"' Y.

Proof. Assume for simplicity that I = I,41(= J[n + 1]), with 7, = 7, : @' — €™ and o,(= ojiny) the completion at
I,(=J[n]) (as in Remark 2.2). Then there is a natural adjunction isomorphism:
map@’n /Tnz(tnx7 rI‘IY) = map@’/anz (Xv &ny)a

under which p, is identified with the map induced inmap,, ; (X, —) by @p41 : Y — 6,Y.This @41 is afibrationin €' /0,Z by
Definition 2.1, and thus induces a fibration of mapping spaces, with fiber map,, ; (X, Fib(®n41)).
Thus, it suffices to identify the fiber instead as map@;,,H/Zl]nH (Xljpyq» Fib(wni1)). However, since ni1(D) 1 Y —

6,Y (i) is the identity for i € I, the diagram Fib(®,,1) : I — € is trivial (over Z) when restricted to I,, and since g was
orderable, any map f : X = 141X — Fib(&,41) is determined uniquely by its restriction to J,;1 — in fact, to the discrete

subcategory Jus1 = Jus1 \ In.
The fact that Y is an abelian group object in €' /Z implies, by definition, that for each i € I there is a commuting triangle:

Z—>Y,

1/

Z ;

natural in I. Thus Fib(®,41)(j) for j € Ju41 is by definition the pullback of:

Z
Id
lx\ (2.5)
w A o
W aan = onY (j) Xonz(j) Z;,

and we readily check that this is the same as Fib(wy+1) (j), which is the pullback of:
onZ(j)
ianso‘) O (2.6)

Y; l>cr,.,Y(j).

2.7. Directed indexing diagrams

We shall now see how Proposition 2.3 applies when ¢ is an orderable cover of a directed indexing category I (see
Section 1.3).
Recall that in the Reedy model category structure (cf. Section 1.9) on €', amap f : X — Y is a fibration if and only if
(f.p) .

X = Y Xouy () onX () (2.8)
is a fibration in € for every j € ObjI with deg(j) = n + 1, where o,, = 03, is the completion at I,. In €'/Z we must replace
o by 6, (Section 1.14), of course.

Lemma 2.9. If | is a directed indexing category, any Reedy fibrant Y € C'/Z is g-fibrant for the fine cover of I (Example 1.4).

Proof. Once again we assume | = I,;1 (Remark 2.2), so we must show that @, : Y — &,Y is a fibration in C'/ouZ. Since
&n41 is the identity forj € I, considerj € Ju41 := In41 \ Ip. Since Y is Reedy fibrant in €'/Z, q : Y — Z is a Reedy fibration
in €', and since ¢ is fine, this means that

(wn-HsCIj) . A . A . A~ .
Y; ——— 0nY () Xonz(h) Zi = 0nY () = 6,Y () X6,v() 0nY ()

is a fibration in € — which shows that (2.8) indeed holds foreachj e I. O
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Proposition 2.10. Let C = sA for some &-sketchable category A (Section 1.13), and let § = {J,},en be an orderable cover of
a directed indexing category I, with Z € @' Reedy fibrant. Then any abelian group object Y € C'/Z is weakly equivalent to a
fibrant (objectwise) abelian group object which is §-fibrant.

Proof. Because I is directed, we may construct the desired g-fibrant replacement Y - an abelian group object in ¢'/Z - by
induction on the degree of j € I. Moreover, we assumed that Z is Reedy fibrant, so in particular objectwise fibrant (see
Remark 1.10). Note that any abelian group objectp : V — Z in €' /Z is (objectwise) fibrant, since p has a section by (2.4) and
Section 1.13; hence p has the right lifting property with respect to any acyclic cofibration._

We assume by induction on deg(j) = n + 1 that both w,41() : Y; — 6,Y(j) and g; : Y; — Z; are fibrations in €. Since
for each j, 0, Y (j) is defined as a limit, and an abelian group object structure on any V isamap V xz; V — V (over Z), by
functoriality (and commutativity) of limits we see that 0,q : 0,Y — 0,Z is an abelian group object, too — so o,q is an
objectwise fibration in €. But

A S iz
G ——=

|

oY (j) — > 0aZ (j)

is a pullback square, by definition, so 77 is a fibration in € by base change.
In the induction step, for each j of degree n + 1, we factor:

@ Yy = 6.Y () = oY () Xonzp Zi
as
_ _ @) -
Y, > ¥ = 6Y()
(an acyclic cofibration followed by a fibration), and replace S_(J by 17j’. Both &)]/ and gj :=mz 0 c?)j/ : }_’J — Z; are then fibrations

in @, as required. O

Remark 2.11. This actually works for some orderable covers of indexing categories which are not directed. For example, if
we use the fine cover ¢ for an indexing category I constructed as in Remark 1.7, we can still change any Y into a g-fibrant
one by induction on the degree in I, since we have not introduced any new objects

Example 2.12. In Example 1.8, forany Y € ¢/, oY is given by:
oY) =YixVi X Yi=oY(),

with horizontal maps Y (¢+1) the two projections, and f : oY (j) — oY (j) the switch map. To make this g-fibrant for the
obvious (fine) cover, we just have to choose Y so that & : Y; — oY (j) is a Z/2-equivariant fibration.

2.13. The dual construction

The approach described above is clearly best suited to directed indexing categories I where the degree function is non-
negative. In the inverse case, the dual approach may be preferable:
Given a small indexing category I and a subcategory J, the truncation functor t = rj' : €' — @ also has a left adjoint

¢ = g“j’ : ¢/ — ¢!, which assigns to a diagram X : ] — € the diagram ¢X : I — € with ¢X(i) := colim; ;X for each
i € I. We denote the resulting comonad on €' by 6, = {; o 7;. Note that if X € ¢!/Z, then 6;X comes equipped with a map
to6,Z €'/Z, so we do not need the analogue of (1.15).

We then say that a diagram X € €'/Z is g-cofibrant for an orderable cover g if for each n € Z, the coaugmentation

Mna1 @ OFTIX = 9,1:“X — Ty41X is a cofibration in €+1 /7, 1Z. We then have:

Proposition 2.14. Assume § = {J,},en is an orderable cover of I, X € C'/Z is §-cofibrant, and Y € €'/Z is a fibrant abelian
group object. Then

Pn+1
Fir1 — mapeln+1/fn+12(rn+1x, Tnt1Y) —— MaPein /7,7 (TnX, TnY)

is a fibration sequence of simplicial abelian groups for each n € Z, and the fiber F 1 is map 4 120, (Cof(Mns1), Yljpyr)-
Here Cof(ny+1) denotes the cofiber (over t,.1Z) of the coaugmentation nni1 : 017X — 7,41X.

Proof. Dual to that of Proposition 2.3. O
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Note that if ] is a directed indexing category, we need no special assumptions on X, Y € €'/Z (or €) in order for the dual
of Proposition 2.10 to hold, since all colimits are over Z to begin with. Thus, we can again build g-cofibrant replacements by
induction on degree to yield the following:

Proposition 2.15. Let C = sA for some &-sketchable category A, and let § = {],},en be an orderable cover of a directed
indexing category I. Then any X € C'/Z is weakly equivalent to a cofibrant object (with respect to the model structure of
Section 1.9(a)), which is g-cofibrant.

3. The two truncation spectral sequences

As noted above, for a suitable model category € and any indexing category I, given Z € €' and X,Y e C'/Z with
X cofibrant and Y a fibrant abelian group object, the homotopy groups of map,(X,Y) are the cohomology groups
H*(X/Z,Y) (suitably indexed). Thus if g is some orderable cover of I such that Y is g-fibrant, the homotopy spectral
sequence for the tower of fibrations (cf. [24, VII, Section 6]) of (fibrant) simplicial sets (1.22) yields a spectral sequence
with E,f,n = Tyyn Fib(0n) = myn map,(X, Y). To identify the E2-term, we need the following:

Definition 3.1. Consider an orderable cover § = {I',]} of a diagram I (where we have in mind I = I,4¢, I’ = I, and
J =Jus1). IfY is an abelian group object in @' /Z which is g-fibrant, then we have a fibration sequence

Fib(@) — Y 3 6,

of abelian group objects over Z, where & is the completion at I'.
We define the relative cohomology of the pair (I, ]) to be the total left derived functor of Homcj/ZU (—, Fib(w)), (into

simplicial abelian groups), denoted by H(X /Z; ®). In particular, the ith relative cohomology group for (I, J) is H'(X /Z; &) :=
THX/Z; ®).

Remark 3.2. Note that in most applications the abelian group object Y € €'/Z will be an nth dimensional Eilenberg-Mac
Lane object (over Z), in which case it is customary to re-index the relative cohomology groups so that H"(X/Z; &) =
moH(X/Z; ).

Observe, however, that our setup allows Y to consist of Eilenberg-Mac Lane objects of varying dimensions, with the maps
Y (f) representing cohomology operations. In this general setting, no canonical re-indexing exists.

Fact 3.3. Givenl,],I’ andY,Z as above, for any (cofibrant) X € C'/Z there is a long exact sequence in cohomology

—H(X/2)|;; &) — H'(X/Z;Y) — H(X/D)|r; YIr) — HT(X/2)|); &) — (34)

Theorem 3.5. For any simplicial model category €, directed indexing category I, and diagrams Z : I — C, X € €'/Z, abelian
group object Y € €'/Z, and left-orderable cover g of I there is a first quadrant spectral sequence with:

E2, = H((X/2))); &) = H'(X/Z; Y)
and d* : Esz,r —E,

Proof. Replace Z by a weakly equivalent Reedy fibrant diagram in €', then X by a weakly equivalent cofibrant
object in €'/Z, and then use Proposition 2.10 to replace Y by a weakly equivalent g-fibrant abelian group object in
¢'/z. Proposition 2.3 then implies that (1.22) is a tower of fibrations, and the associated homotopy spectral sequence has the
specified relative cohomology groups as the homotopy groups of the fibers (which are the E2-term of the spectral sequence,
in our indexing). O

The spectral sequence need not converge, in general, without some cohomological connectivity assumptions on the
subdiagrams (unless the cover ¥ is finite, of course).

Remark 3.6. If ¢ is the fine cover, the E2-term simplifies to:
B, = [H"X/2, &),
jele
where (2)1 . Y; — limg;_,; Y; is the structure map.

Using the approach of Section 2.13, we also obtain a dual spectral sequence:
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Theorem 3.7. For G, 1,Z, X, and Y as in Theorem 3.5, and § right-orderable, there is a first quadrant spectral sequence with:

El, =H"(n: Y) = H(X/Z; Y).

Remark 3.8. Note that H*(;; Y) := H*(Cof(n)/Z|;,; Y) is just the usual cohomology of the map of diagrams 7, : 6;_,X —
7.X (see Section 2.13). This fits into the usual long exact sequence of a pair, dual to that of (3.4).

When X is cofibrant, Z and Y are constant, and colim;X = hocolim;X - for example, when I is a partially ordered
set, so colimX = |J,; Xi - then H*(X/Z;Y) = H*(colim;X/Z;Y), and the dual spectral sequence is simply the usual
Mayer-Vietoris spectral sequence for the cover X of colim;X (cf. [38, Section 5], and compare [12, XII, 4.5], [40, Section 10],
and [39]).

Example 3.9. Let I be the commuting square as in Example 1.5:
Given a diagram of abelian group objects Y : I — C, the successive fibers Fib(w,+1) (see Proposition 2.3) are:

Ker(Y(c)) NKer(Y(d)) ——=0
0— =0
forws : Y = 14Y — o3Y;
Ker(Y (b))
0—0
forws : 3Y — 0yY;
Ker(Y(a)) ——0

for w; : ;Y — o1Y; and the single object Y; for w; : 1Y — oyY.
Thus the E2-term for the spectral sequence consists of only four non-trivial lines:

H¥™(X4; Ker(Y(c)) NKer(Y(d))) ift = 4;

H3(X3; Ker(Y (b)) ift = 3;

EZ, = {H2(X,; Ker(Y (a))) ift =2; (3.10)
H Xy Yy) ift =1;
0 otherwise.

If we had used the fine cover, by Remark 3.6 we would instead have:

H3(Xy; Ker(Y (c)) N Ker(Y (d))) ift = 3;
£~ H*2(X5: Ker(Y(a))) ® H 2 (Xy; Ker(Y (b)) ift = 2;
s;t H (X1 Yy) ift = 1;

0 otherwise.

Remark 3.11. The square can be thought of as a single morphism in the category of arrows, so that we could analyze it
as in [9, Section 4], where H*(X; Y) is shown to fit into a long exact sequence with ordinary cohomology groups in the
remaining two slots. See Section 7.11.

4. An approach through local cohomology

The towers of Section 2 were constructed by covering a given indexing category I by truncated subcategories, obtained
by omitting successive initial (or terminal) objects. We now present an alternative approach, using subcategories obtained
by omitting internal objects of I. As we shall see, the resulting towers differ in nature from those considered above.

Definition 4.1. An indexing category I will be called strongly directed if:

i. Itis directed in the sense of having no maps f : i — i but the identity.
ii. It has a non-empty weakly initial subcategory (necessarily discrete) consisting of all objects with no incoming maps, as
well as a non-empty weakly final subcategory consisting of all objects with no outgoing maps.
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iii. Itis locally finite (that is, all Hom-sets are finite).
iv. I (that is, its underlying undirected graph) is connected.

Definition 4.2. We refer to (G, I, Z, X, Y) as admissible if:

(a) € is a simplicial model category;

(b) I'is strongly directed;

(c) Z € @' is Reedy fibrant (hence objectwise fibrant);

(d) X, Y € €'/Z with X cofibrant and Y a fibrant abelian group object.

Definition 4.3. For any categories € and I and diagrams Z € €' and X, Y € €'/Z, the product of simplicial sets

Dei 7 (X, Y) = [ [ mape,z (Xi, ¥i)
iel
will be called the space of discrete transformations from X to Y over Z.
We shall generally abbreviate this to D7 (X, Y). Note that these are maps of functors only for the discrete indexing
category I?, with no non-identity maps.

4.4. The primary tower

In the spirit of Section 1, for any finite indexing category I we construct a finite sequence of full subcategories
I]Clzc-'-InZI (45)

of I, starting with I;, whose objects are the weakly initial and final sets.

As before, this can be done in several ways (ultimately yielding variant spectral sequences). In any case, we can refine
(4.5) so that for each k, I;,_1 is obtained from I, by omitting a single internal object i, (where internal means that it is neither
weakly initial nor weakly final).

If (G,1,Z,X,Y) is admissible, the inclusions of categories t;,_1 : Iy_1 < I induce a finite tower of simplicial abelian
groups:

o
Mapein 7 (X, Y) = -+ — mapg (X, Y) —> mapg, LX) > (4.6)
analogous to (1.22).

4.7. The auxiliary fibration

Unfortunately, (4.6) is not, in general, a tower of fibrations, so we cannot use it directly to obtain a useable spectral
sequence for the cohomology of a diagram. To do so, we must replace it (up to homotopy) by a tower of fibrations,
with map, (X, Y) as its homotopy inverse limit. The resulting spectral sequence (abutting to the homotopy groups of
map, (X, Y)), will have the homotopy groups of the homotopy fibers of the maps ¢ as its E2-term. In fact, instead of
constructing the replacement directly, we make use of the following observation:

For any indexing category I and diagrams X, Y : I — C, the set Nati (X, Y) of diagram maps (natural transformations)
from X to Y fits into an equalizer diagram:

Nater (X, V) <> [ [Home X, ¥) == [ [] HomeX:. Y). (4.8)
iel i,jel neHom; (i,j)
Here the two parallel arrows map to each factor indexed by n : i — jin I by the appropriate projection, followed by either
Y (1)« : Home(X;, Y;) — Home(X;, Y)), or X(1)* : Home(X;, Y)) — Home (X;, Y)), respectively.
In the case where Y is an abelian group object in €' (or €' /Z), this describes Nate: (X, Y) as the kernel of the difference & of
the two parallel arrows. By considering mapping spaces rather than Hom-sets, we obtain a left-exact sequence of simplicial
abelian groups:

0— map(X,Y) = DX, ¥) > [ [] map .. ¥p. (4.9)
ijel ni—j
and similarly for map, (X, Y).

However, (4.9) is not generally a fibration sequence, except when the underlying graph of I is a tree (the proof of [9,
Prop. 4.23], where I consists of a single map, generalizes to this case). Nevertheless, for strongly directed indexing categories
I (Definition 4.1), we can define a subspace L; (X, Y) (see Definition 5.5) inside the right-hand space of (4.9), such that &
factors through a fibration ¥ (see Lemma 5.9), and:

0 — map,(X,Y) > D(X.Y) S L, (X.Y) (4.10)

is thus a fibration sequence.
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For such an I we obtain an auxiliary tower:

L, X,Y) AL L, , X,Y)—> - =L, (X,Y) LN L, X,Y) (4.11)
(see Notation 5.10). We shall show that the maps py are fibrations (see Proposition 6.2), with a fiber which we identify as
Fy := J#%(X/Z,Y) (cf. Definition 7.4).

4.12. The auxiliary fibers

Since all of these constructions will be natural, for each k the inclusion of categories ix_1 : Iy_1 < I will induce a
commuting square of fibrations:

'Z
Den 7 X, Y) — L, (X, Y)

”l(ll ipk—l

W
Dot ;X Y) =L, (X, Y),

where the left vertical map 7_1 is the projection onto the appropriate factors. Thus we will have a homotopy-commutative

diagram:

Fib(i} ) —— > 1_[ mape 7 (Xi, Yi) . J_dk(x/z’ Y)

| |

L7 4.1
mapi 7 (X, ¥) > Doy, (X, V) — L (X V) (4.13)

i \L TTk—1 i \ka1

Yy
Mapgi_; ;X Y) ———— Dy ;; (X, V) — s [ (X, V)

in which all rows and columns are fibration sequences up to homotopy.

Since the homotopy groups of I7; mape 7 (X;, Y;) are a direct product of cohomology groups of the individual spaces in
the diagram X, the top row of (4.13) allows us to identify the successive homotopy fibers of maps of the primary tower
(4.6) in terms of those of the auxiliary tower (4.11). Taking k = n, we see also that map, (X, Y) is in fact the homotopy limit
of the primary tower.

4.14. A modified primary tower

Using standard methods, we can change (4.6) into a tower with the same homotopy limit, but simpler successive fibers:
For 1 < k < nwe define q; : D;(X,Y) — L;, (X, Y) to be the composite fibration:

DX, V) D o, vy 2L (XL Y,

and denote the fiber of g, by Sé X,Y).

Ik /7
The induced maps 1y : 8}" X,Y) —> é’;’"‘ (X, Y) then fit into a tower:

ey I Bk y) D el x.y). (4.15)
As in Section 4.12, we see that the homotopy fiber of r;, is the loop space of the fiber F, := J{’CI" (X/Z,Y) of pi, while the
homotopy limit of (4.15) is 8} (X,Y) = map,(X, Y). Therefore, if we take the homotopy spectral sequence for the tower
(4.15), rather than that for (4.6), we get the same abutment, and a closely related E>-term.
Definition 4.16. For (G, I, Z, X, Y) asabove and] a subcategory of I, we denote by 8]@,/2 X,Y) = 6% (X, Y) the sub-simplicial
set of D7 (X, Y) consisting of transformations which are natural when restricted to J-diagrams. In other words, these are
elements o of D7 (X, Y) which make

X()

Xi —X;

ml iaj (4.17)

Y, —Y,
Y(f)

commute, for any morphism f :i — jin].
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For example, 8; (X, Y), consists of those transformations which are natural only with respect to morphisms of maximal
length. On the other hand, &} (X, Y) is simply map, (X, Y).

Note that any inclusion of subcategories ]/ — J of I induces an injection of simplicial sets r]’/ : &é(x, Y) > 85 (X, Y),since
any transformation natural over /] must be natural over the subcategory J'.

Lemma 4.18. For (Iy);_, as in (4.5), we can identify é’é"(X, Y) of Section 4.14 with EQZ/Z(X, Y), and r, : E:é"(X, Y) —»
&7 (X, Y) withr* .

Proof. Follows from Definition 4.16. O
5. The auxiliary tower
Suppose (G, 1,Z, X, Y) is admissible. In order to construct the auxiliary tower (4.11), we need a number of definitions:

Definition 5.1. Assuming (C, I, Z, X, Y) is admissible:
(a) For any composable sequence f, of k non-identity morphismsinI (i.e., a k-simplex of the reduced nerve of I, & (I), where
identities are excluded) its diagonal mapping space is
M(f,) = mapz, ., Ksiy» Yeqgo)-
In particular, for f : a — b inI we have M(f) := map, (Xq, Yp).
(b) Foreachk > 1, let Diag§ X,Y) = ]_[f.eN(,)k M(f,). In particular, we denote Diag} X,Y) = ]_[fE, M(f) byDiag, (X, Y).

(c) Any map into the product Diag’z‘ (X, Y) is defined by specifying its projection onto each factor M(f,), indexed by
f- € =/A"/(I)k-
In particular, we have two maps of interest Diagﬁ’] X,Y) —> Diag’z‘ X,Y):
(i) X*, for which the f,-component is the composite

. _ proj X(f1)*
Diagh ' (X, Y) —> M(fs, ..., fi) —— M(f.).

(ii) Y, for which the f,-component is the composite
Y (fio)x

. k— 0]
Diagy™! (X, Y) == M(fi, ..., fi1) ——> M(f.).
(d) By iterating the maps @' := Y, + X* : Diagt ' (X, Y) — Diag (X, Y) for various k > 1 we obtain maps:
@ : Diagt (X, Y) — Diagi” (X, Y)
for eachj > 1. Setting ®° :=1d : Diag} X,Y) —> Diag} (X, Y), we may combine these to define:

n
® : Diag, (X, Y) — | [ Diagh (X, Y).
k=1

For any f, € N (I)x, we write @, for & composed with the projection onto M(f, ).
(e) Forany f, = (fi,...,,fx) € N(Dy, letc(fy) = fk o fu_1 o - - - o f1 denote the composition in I. We then have a map
Ky, HZ:] Diag§ (X, Y) = M(c(f,)), which is just the projection onto M(f,) — M(c(f,)).
Remark 5.2. If (g, f) € N (I),, is a composable pair in I, then by the definition of @ we have
Pop) = Y(f)o P, + P 0 X(g).
More generally, if hy = (g, fo) € N (I)k4; is the concatenation of g, € N (I)r and f, € N (1)}, then:
D, ) = Y(C(f))®y, +X(c(8a)) Py, . (5.3)
Note also that
(Ys +X*) 0 (Yy + X*) = V.Y, + Y,.X* + X*X* : Diagh (X, Y) — Diag™ (X, Y)

and so inductively:

j _
@ = (Y, + XY =) (%) 7(X*)': Diagf (X, Y) — Diag;" (X.Y). (5.4)
i=0

Definition 5.5. Let K; denote the indexing category with

e objects: 0, 1, and Arr(I) := N (I)4,
e morphisms: one arrow ¢ : 0 — 1, and an arrow kf, : 1 — c(f,) € Arr(I) foreachf, € N(I).
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If (6,1,Z,X,Y) is admissible, define a diagram of simplicial abelian groups V; : K; — s+ by setting V;(0)
Diag; (X,Y), V(1) = ]_[Z:] Diag’z‘ (X,Y),and Vi(f) = M(f), with Vi(¢) = @ and V;(k;,) = «y,. Then set L; (X,Y) :
limK Vl.

Tlhis limit can be described more concretely as follows: write Indec(I) for the collection of indecomposable maps in I,
and let £; (X, Y) denote the subspace of ]_[femdec(,) M (f) consisting of tuples ¢, satisfying

k 1
D Y(feo o fi)gpX(fimio - ofi) =Y Y(gio-0gi)@gX (g1 0 0g) (5.6)
i=0

i=0

whenever c(f,) = c(g,).

Lemma 5.7. The simplicial abelian group L; (X, Y) is isomorphic to £; (X, Y).

Proof. The limit condition for ¢ € L; (X, Y) implies that the value of ¢; for any decomposable f is uniquely determined by
the values of ¢y, for f; indecomposable, by the recursive formula (5.3). O

Remark 5.8. As a consequence of the previous lemma, for (full) subcategories /] C I we have natural inclusion maps
L X, Y) —> erlndec(]) M(f).

We now investigate the properties of L; (X, Y) and its associated fibrations. First, note that there are two maps X*, Y, :
D7(X,Y) — Diag, (X, Y), which project to precomposition and postcomposition respectively on appropriate factors and
we show:

Lemma 5.9. The difference map & ==Y, — X* : D;(X,Y) — Diag, (X, Y) factors throughamap ¥ : D;(X,Y) — L; (X, Y)
with kernel map, (X, Y).

Proof. Note that the sum (5.4), applied to an element in the image of the difference map
Y, — X* : D7(X,Y) — Diag; (X,Y),

is telescopic, so we are left with: (Y,)* — (X*)*. Since X and Y are in €', for any f, € & (I); the composite:

n
D;(X.Y) — Diag; (X, Y) — [ ] Diag (X. v) = M(c(f))
k=1
sends any o to Y (f)oys) — o X (f). As a consequence, we get an identical value for any g, € &V (I); with ¢(f,) = c(g.). Thus,

the universal property of the limit implies the difference map factors through the limit L; (X, Y).
To identify the kernel of ¥, we instead consider the difference map:

Y, — X* : D;(X,Y) — Diag, (X, Y).

Clearly ¥ (o) = Oifand only if Y (f) o5y — or(5)X (f) = 0, for every morphism f in I — that is, precisely when o is a natural
transformation of €'. Since both X and Y are diagrams over Z, and each oy is a map over Z;, o is in that case actually a natural
transformation over Z. O

Notation 5.10. In order to describe the behavior of the L-construction with respect to the inclusion of a subcategory
¢ : ] — I, note that we can define two different diagrams of simplicial abelian groups indexed by K; (Definition 5.5):
One is Vj, whose limit is L; (X, Y). The second, which we denote by V;;, has V;;(0) = Diag; (X,Y), V;;(1) =

]_[;221 Diag§ (X,Y),as for Vj, (and V;;(f) = M(f) for f € Arr(J)). If wesetL;; (X,Y) = limK] Vi, we see that there is
acanonicalmap 7 : L; (X, Y) — L;j (X, Y) (since fewer constraints are imposed in defining the second limit as a subset of

l_[felndec(l) M(f) )

On the other hand, we have a morphism of Kj-diagrams from £ : V;; — Vj, obtained by projecting the larger products
Diag} (X, Y) onto Diagg‘] (X1y, Y|y) for each k > 1. This induces a map on the limits &, : L; (X,Y) — L (X,Y), and we
define the restriction map (p =)p; : Li (X, Y) — L; (X, Y) tobe pj := &, o .

Finally, note that there is an obvious restrictionmapr : Dei 7 (X, Y) = Dei/z(X, Y), which is simply the projection onto
the factors indexed by Arr(J).

From the definitions it is clear that the diagram:

Dei ;X Y) —> 1, (X, Y)

rl lp} (5.11)

Detyz (X, Y) e LX,Y)

commutes.
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The kernel of pj’ o ¥; will be the same as the kernel of ¥ o r]’ , by the commutativity of (5.11). However, by Lemma 5.9, the
kernel of ¥ is the space of J-natural transformations. Thus the kernel of the composite p} o ¥; will be the space Dey /7 (X, Y).

Lemma 5.12. Given] C I and f € Indec(J) withf = c(f,) for fo = (fe, fi—1,---,f1) € N, with f; € Indec(I) (i =
1,...k), the following diagram commutes:

I

L
LX,Y)y——LX,Y)
M(f) [T M (5.13)
felndec(l) felndec(])
proj proj
ok

M(fy) X -+ x M(fi) ——— M(f)

where the maps i; and i; are the inclusions of Remark 5.8.

Proof. Suppose ¢, is an element of L; (X, Y), while f = c(f,) is a maximal decomposition (so each f; is indecomposable).
Then ¢ lies in Diag} X,Y), so (DW = ¢ lands in M(f). However, (¢, ..., 95) € M(fi) x --- x M(f;) maps to
Z?:o Y(fe o -+ o fiy1)@pX(fici 0 -+ o f1) also in M(c(f,)) = M(f). Thus, ¢, € L; (X,Y) = £;(X,Y) (see Lemma 5.7)
implies the value of ¢y for any decomposable f is uniquely determined by the values of ¢y, for f; indecomposable, using
formula (5.6). O

Note that if f is also indecomposable in I, the bottom map of (5.13) is Id : M(f) — M (f). The choice of decomposition of
f inI is also irrelevant, by Definition 5.5.

6. Fibrations in the auxiliary tower

As noted in Section 4.7, the auxiliary tower (4.11) was constructed with two goals in mind: to replace (4.6) by a tower
of fibrations (with the same homotopy limit), and to identify the homotopy fibers of the successive maps in (4.6). In this
section we show that the map ¥ of Lemma 5.9 is indeed a fibration, and that the auxiliary tower is a tower of fibrations.
First, we need the following:

Definition 6.1. Any strongly directed indexing category I has two filtrations, defined inductively:

(a) The filtration {#}{_, on]I is defined by decomposition length from the left, so %, consists of weakly initial objects in I
and #,41 consists of indecomposable maps with sources in %, (including their targets).

(b) The filtration {4;}}._, is similarly defined by decomposition length from the right, so §, consists of the weakly terminal
objectsin I and 4,41 consists of indecomposable maps with targets in 4, (including their sources).

Proposition 6.2. If (C,1,Z,X,Y) is admissible, the induced difference map:
v DX, Y)—>LX,Y)
of Lemma 5.9 is a fibration of simplicial abelian groups.

Proof. By [35, II, Section 3, Prop. 1], it suffices to show that ¥ surjects onto the zero component of L; (X, Y). Thus, given
0~ ¢, € L; (X, Y), we must produce an element o, € D7 (X, Y) with ¥ (o,) = ¢,; i.e., forevery f : a — b in [ we want:

op o X(f) =Y () ooq — ¢. (6.3)

Note that since Y is an abelian group object in ¢'/Z, the zero map X — Y is the unique map in €' /Z that factors through
the section s : Z — Y (which exists by (2.4) and Section 1.13).

We proceed by induction on the filtration {#}{_, of I of Definition 6.1. To begin, for each ¢ € %, we may choose
oc : X. — Y. tobeO.

Assume by induction that we have constructed maps o, : X, — Y, for each c € #;, satisfying (6.3) for every f in #;, and
with each o, ~ 0. Note that forany f : b — c, in %, the map:

v(f) =Y )oop —gr 1 Xp = Ye (6.4)

is well-defined (since necessarily b € #;). This is our candidate for o, o X(f),and v (f) ~ —Y(f) o g, ~ 0 by the assumption
on ¢ together with the induction hypothesis (considering naturality of the sectionZ — Y).
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Moreover, given any g : a — b (necessarily in %;), we have ¢, = Y(g) o 04 + 03 0 X(f) by (6.3), so from ¢, € L; (X, Y) it
follows that:

v(fog) =Y(fog)oos— ¢reg
=Y(fog)oog—[Y() opg + ¢ 0 X(g)]
=Y(fog ooy, —[Y()o(Y(g) oos—0ay0X(g)) + ¢ 0 X(g)]
= v (f) o X(g). (6.5)

Now given c € Fi,1 \ F, set:
)A(C = colim X,.
bel/c
Since X € €' is cofibrant, it is Reedy cofibrant (Remark 1.10), which implies that the canonical map s, : )A(C — Xcisa
cofibration. Moreover, (6.5) implies that the maps v (f) defined above induce a map v, : X. — Y,. Since all the maps in
question are nullhomotopic by construction, the diagram:

~ ec
X — X

N,

Ye

commutes up to homotopy. Hence by [9, Cor. 4.20] there isamap o : X, — Y, in €/Z, making the diagram

. l“ (6.6)

commute, and we choose this to be o.. By construction o. o X(f) = v (f) forevery f : b — ¢, so (6.3) is satisfied. This
completes the induction. O

Proposition 6.7. If (C,1,Z,X,Y) is admissible, let | be a subcategory of I obtained by omitting a terminal object c. Then the
restriction map pj’ (L (X,Y) = L (X,Y) isafibration.
Proof. As in the previous proof, we must inductively define a lift o, € L; (X, Y) for a nullhomotopic ¢, € L; (X, Y). Under

these conditions, pj is simply a forgetful functor, so this means oy, = ¢, for g a morphism of /] and we must define
oy : X4 — Y. whenever £ : d — c is a morphism in I, in a manner compatible with the definition of ¢,. Note that
¢, determines the composite Y (f) o q§£. =Y (g, f).

Following the approach of the previous proof, we will define v (g,, f) forany e 2od i) cinl,where f isindecomposable,
so as to satisfy three properties:
First, we require that our choices be coherent:

v (ge 0 hy, f) = v (&, f) 0 X(c(h,)), (6.8)

which will allow us to build a homotopy-commutative triangle using a colimit construction.
Second, we need our choices to be consistent:

v(ge.f)=v(g.f)+ V(& f)—¥(g.f) wheneverfog, =f og inl, (6.9)
which is needed so that we eventually obtain an element o, € L; (X, Y). In fact, our construction will also work when

g. = ¥, which will yield o (f) = v (4, f).
Finally, we require that each v (g,, f) ~ 0.

We now proceed to choose v (g,, f) fore od i> c with e € # (Definition 6.1) by induction oni > 0:

Foreach ¢ : e — cinl withe € ¥y, choose some decomposition e 24 i> c (with ¢ = c(g., f) and f indecomposable),
and an arbitrary nullhomotopic 0 = v (g,,f) : X. — Y. For any other decomposition £ = c(g/, '), the map v (gi,f/) is
then determined by (6.9).

Assume that v has been defined for every e € #; so that (6.8) and (6.9) hold (wherever applicable). For each e €
Fiy1 \ Fiand map £ : e — c, consider the over-category ¥;/e (which is non-empty by definition of ;1) and set
)A(e = colimgeg; /e Xy Because the diagram X is cofibrant, hence Reedy cofibrant (Remark 1.10) in ¢!, the canonical map

g : Xo <> X, is a cofibration.
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Again choose some decomposition e = i> c of £. The maps v (g, o h,, f) : X, — Y, for each composable sequence
he : a — ein F;/e induce a (necessarily nullhomotopic) map (. : Xe — Y, by (6.8). Since:

~ e
X, —>Xe

o\ )

Ye

then commutes up to homotopy, we apply [9, Cor. 4.20] to find

~ e
X, —>Xe

R V(ge.f)
V(ge f)

Ye
making the diagram commute.
For any other decomposition e L L> c of ¢, use (6.9) to define v (gi, f /). This completes the induction step.

We have thus defined v (g, f) : Xe. — Y. satisfying (6.8) and (6.9) for every e 2 i> cinI/c. In particular, we can
choose o (f) = v (@, f) : X4 — Y, for each indecomposable f : d — cinI and see that o, € L; (X,Y) (by Lemma 5.7) is
the desired lift. O

Corollary 6.10. If (C,1,Z, X, Y) isadmissible, let | be a full subcategory of I obtained by omitting an object c such that all maps
out of c are indecomposable. Then p} (L (X,Y) — Ly (X,Y) is a fibration.

Proof. Asin the proofof Proposition 6.7 we can construct o (f) foreachf : d — cinl, suchthatwe have b : colimgej/c X4 —
Y., as well as € : colimge;/c Xqg — Xc. Forany g : ¢ — b, inI (indecomposable by assumption), we also have a map
Q: colimye;/c Xg — Xp induced by ¢,. Note that by (5.3) we must have:

0(8)oX(E) =Dl —Y@oo()=9—Y() oD,
and since X (f) is a cofibration, we may choose the extension o (g) asin (6.6). O
Definition 6.11. If  is a strongly directed indexing category, let § = {Jx}xen be a fine orderable cover (Example 1.4) of I
subordinate to the filtration 4 (Definition 6.1), such that Ji \ Jy—1 consists of a single object of I foreach k € N.Let C = s« for

some &-sketchable category + (Section 1.13), with Z € €' fibrant. A fibrant abelian group object Y € ¢'/Z is called strongly
fibrant if it is g-fibrant with respect to the model category structure of Section 1.9(a).

Remark 6.12. Note that this definition is independent of the choice of the refinement § of §. Furthermore, by
Proposition 2.10, any abelian group object Y € ¢'/Z is weakly equivalent to one which is strongly fibrant.

Proposition 6.13. Suppose (C,1,Z,X,Y) is admissible, and that Y is strongly fibrant. Assume that | is obtained from I by
omitting an object c¢ such that all maps into c are indecomposable. Then the restriction map p]’ CLXY) - LX,Y) isa
fibration.

Proof. Dual to the proofs of Proposition 6.7 and Corollary 6.10. The strong fibrancy is needed since in the model category
we use for diagrams ordinary fibrancy is merely objectwise, while strong fibrancy is dual to Reedy cofibrancy for our
purposes. 0O

Proposition 6.14. If (C,1,Z,X,Y) is admissible, Y is strongly fibrant, and ] is obtained from I by omitting any object c, then
the restriction map pj’ (L (X,Y) = L (X,Y) isafibration.

Proof. Consider any composable sequence:

dis 5 b5y (6.15)

inl. As above, 0 ~ ¢, € L; (X, Y) will determine the map

¥ (he, g, fo) = Y(c((g, f))) 0 @y, + &}, 0 X(c((ha, 8))) (6.16)

and we use v (h,, g, f,) : X4 — Yg, to denote the candidate for Y(c(f,)) o o (g) o X(c(h,)) which we will construct.
As before we require coherence:

v (he ot g keofe) =Y(c(k,)) ov(he, g, fo)oX(c(ls)) (6.17)
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for any
Lo he g fo ke
e—>d—>c>b>a—>z
in I; and consistency:

v(h,, g f]) =¥ (he.g.f) +v(h. g f)— v (h,.g.f) (6.18)

whenever c(h,, g', f,) = c(h.., g, f,)-
We choose the maps v satisfying (6.17) and (6.18) by two successive inductions:

e The first is by induction on i, the filtration degree of d in {#}", (by composition length from the left): this is done as in

the proof of Proposition 6.7, until finally we have v (h, g, f,) for every d LN c S b f—> a, where h is indecomposable

and a is terminal in I (by coherence this extends back to any d LY c).
e The second is by induction on j, the filtration degree of a in {91}1’7:0 (by composition length from the right), as in the proof
of Proposition 6.13 (which is why we need Y to be strongly fibrant).

At the end of the two induction processes we have chosen v (h,g) : X4 — Y}, for h and g indecomposable. We
can then choose o (h) = v(h) : X4 — Y. as in the last step of the proof of Proposition 6.7, and finally choose
o(g) = v(g) : X. — Yy asin the proof of Corollary 6.10. This completes the construction of a lift o, € L; (X,Y) for
@, as required. O

Corollary 6.19. Suppose (G, 1,Z, X, Y) isadmissible, Y is strongly fibrant, and ] is any full subcategory of I with the same weakly
initial and final objects. Then the restrictionmap p : L; (X, Y) — L; (X, Y) is a fibration.

Proof. By induction on the number of objects in I \ J, using Proposition 6.14. O

7. Identifying the fibers

As we have just seen, if I is a good indexing category, under our standard assumptions on Z, X, and Y the auxiliary
tower (4.11) is a tower of fibrations of simplicial abelian groups. It remains to identify the fibers of the restriction maps
p:L(X,Y) — L (X,Y), for a subcategory J of I; this will allow us to determine those of the primary tower (4.6) (or, more
directly, those of the modified tower (4.15)). We consider only the case when I \ J consists of a single internal object c.

Lemma 7.1. If (C,1,Z,X,Y) is admissible and Y is strongly fibrant, then ¢, € Ker(p) C L; (X, Y) ifand only if
(a) ¢5 = 0 for each morphism f of I which does not begin or end in c.
(b) forany d N i) b in I with f and g indecomposable:
Y(f)ops + ¢ 0X(g) =0. (7.2)

Proof. This follows from Lemma 5.12. O

Remark 7.3. The lemma implies that (¢y, —¢,) defines amap from X (g) to Y (f). Note also that if ¢y is an arrow over Zy), the
same is true of its negative; the remainder of the diagram for a map over Z(f) already commutes because X and Y are
diagrams over Z. Thus (¢f, —¢;) is a map of arrows over Z(f).

Definition 7.4. If (G, 1, Z, X, Y) is admissible, we define the local cohomology of X € €'/Z at an object ¢ € I, denoted
by #.(X/Z,Y), to be the total derived functors into simplicial abelian groups of map, (., o) applied to X, where
Y : hocolimgej/e Xy — Xc, pc @ Yo — holimpec Yy, and ¢ : Z; — holimpe/; Zp, are the structure maps. The ith
local cohomology group of X € €'/Z at c is defined to be #!(X/Z,Y) = miH(X/Z,Y).

Remark 7.5. In many cases, the local cohomology at ¢ can be identified explicitly as the André-Quillen cohomology of an
appropriate (small) diagram.

Proposition 7.6. If (C,1,Z,X,Y) is admissible, Y is strongly fibrant, and ] = I \ {c}, then Ker(p) is weakly equivalent (as a
simplicial abelian group) to #.(X/Z,Y).

Proof. To obtain the total derived functors, in this case, we must replace X by a weakly equivalent cofibrant, hence Reedy
cofibrant object, which implies that hocolimge;/c X4 is simply the colimit, and . is a cofibration. By Remark 6.12, we can
replace Y by a weakly equivalent strongly fibrant abelian group object in €' /Z, which implies that holimye./; Y} is the limit,
and p, is a fibration. With these choices, J{‘g (X/Z,Y) is simply the mapping space map,, (¥, oc), which is isomorphic to
Ker(p) in Lemma 7.1 (using the sign of Remark 7.3). O
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Theorem 7.7. If (C,1,Z, X, Y) isadmissible, for any ordering (c;)7°, of the objects of 1, there is a natural first quadrant spectral
sequence with:

E2, = #T(X/Z,Y) = H(X/2; Y),

withdy : E2, — EZ ;. ;.

Proof. We may replace Y by a weakly equivalent strongly fibrant abelian group object, by Remark 6.12. By Corollary 6.19,
(4.15) is then a tower of fibrations, so it has an associated homotopy spectral sequence. To identify the E2-term, note that the
homotopy groups of the homotopy fibers of the tower are the local cohomology groups in Proposition 7.6, suitably indexed
(see Remark 3.2). O

Remark 7.8. Note that p} : L (X,Y) — L (X,Y) is a fibration for any full subcategory ] € I with the same weakly initial
and final objects (Corollary 6.19), and we can similarly describe the fiber ofp} as a sort of local cohomology }t’]’ (X/Z,Y),and

thus identify the E2-term of the spectral sequence obtained from a fairly arbitrary cover of I.
We shall not attempt to define Jf’]’ (X/Z,Y)in general. Observe, however, that if] is discrete (i.e., there are no non-identity
maps between its objects ¢y, ..., ¢;), then

H(X/Z,Y) = [ | #oX/Z.Y). (7.9)
i=1

Example 7.10. For the commuting square of Example 3.9, we now get a cover for I consisting ofIs =1, I, =1\ {3} —i.e,a
commuting triangle:

4

I

2——=d

L =455 1},and ]y = {4}.
Given a diagram of abelian group objects Y : I — €, the local cohomology groups which form the E>-term of the spectral
sequence of Theorem 7.7 are:

H3(X(d); Y (b)) ift =2;
~ JH2(X(c); Y(a)) ift=1;
SET O HT (X YY) ift =0;

0 otherwise.

Once more we could unite the first and second rows by omitting I, from our cover, as in Example 3.9, by (7.9).

7.11. A comparison

In the simplest case, when I = [1] (a single map):

b2 yz ” S y] b1
/2 q\
z
%) 4 Z1,

we have the “defining fibration sequence”:

map (X, Y) — map (X, Y2) x map (Xi, Yy) 5 map (X3, Y1) (7.12)

of [9, Prop. 4.20] (where all mapping spaces are taken in the appropriate comma categories).
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Projecting the total space of (7.12) onto the second factor yields the following interlocking diagram of horizontal and
vertical fibration sequences:

map (X, Fib(Y¢p)) —————map (X, Y) ———— map (X1, Y1)

] | -

map (X, Y,) —— map (X, Y2) x map (Xi, Y;) ——> map (Xi, Y1) (7.13)
Id
map (X, Y1) ——————— map (X, Y1) *

We see that the spectral sequence of Theorem 3.5 reduces to the long exact sequence in homotopy for the top horizontal
fibration sequence in (7.13), while the long exact sequence of Fact 3.3 is obtained from the left vertical fibration sequence
in (7.13).
Remark 7.14. This actually works for any linear order I = [n] (Example 1.4):

GivenX,Y € C'/Z,ifweset]' :== [n— 1] (soJ := {n L 1})andletr =1}, : €'/Z — C"/Z|y, then (7.12) yields a
fibration sequence:

map (X, Y) — map (X, Yy) x map (X, 7¥) > map (Xy. Y1)

which again induces a interlocking diagram of fibrations:

map (X, Fib(Y ¢h5)) ———————> map (X, Y) ———————> map (zX, t¥)

i*l | :

map (X, Y,) — map (X;,, Y,) x map (X, tY) LN map (tX, 7Y)

(%)*\L \Lé

Id
map (X, Yn—1) —————— map (X, Yn_1) *

asin (7.13). Note that the long exact sequences in homotopy (i.e., cohomology) of the central vertical fibrations (for various
values of n) provide an alternative inductive approach for calculating the cohomology of X, which can again be formalized
in a spectral sequence (though in this case the fibers are the unknown quantity).

Acknowledgements

We would like to thank the referee for his or her comments. This research was supported by BSF grant 2006039; the third
author was also supported by NSF grant DMS-0206647 and a Calvin Research Fellowship (SDG).

References

[1] J.V Adamek, ] Rosicky, Locally Presentable and Accessible Categories, Cambridge U. Press, Cambridge, UK, 1994.
[2] D.W. Anderson, A generalization of the Eilenberg-Moore spectral sequence, Bull. AMS 78 (5) (1972) 784-786.
[3] HJ.Baues, G. Wirsching, The cohomology of small categories, . Pure Appl. Algebra 38 (1985) 187-211.
[4] J.M. Beck, Triples, algebras and cohomology, Repr. Theory Appl. Cats. 2 (2003) 1-59.
[5] B.Bendiffalah, D. Guin, Cohomologie de diagrammes d’algébres triangulaires, in: Colloquium on Homology and Representation Theory (Vaquerias,
1998), Bol. Acad. Nac. Cienc. (Cérdoba) 65 (2000) 61-71.
[6] DJ. Benson, J.F. Carlson, Diagrammatic methods for modular representations and cohomology, Comm. Algebra 15 (1987) 53-121.
[7] D. Blanc, Higher homotopy operations and the realizability of homotopy groups, Proc. London Math. Soc. 70 (1995) 214-240.
[8] D.Blanc, W.G. Dwyer, P.G. Goerss, The realization space of a I7-algebra: A moduli problem in algebraic topology, Topology 43 (2004) 857-892.
[9] D.Blanc, M.W. Johnson, J.M. Turner, On realizing diagrams of IT-algebras, Algebraic Geom. Topol. 6 (2006) 763-807.
[10] D. Blanc, G. Peschke, The fiber of functors between categories of algebras, J. Pure Appl. Algebra 207 (2006) 687-715.
[11] AK.Bousfield, On the homology spectral sequence of a cosimplicial space, Amer. J. Math. 109 (2) (1987) 361-394.
[12] AK. Bousfield, D.M. Kan, Homotopy Limits, Completions, and Localizations, in: Lec. Notes Math., vol. 304, Springer, Berlin, New York, 1972.
[13] A.M. Cegarra, Cohomology of diagrams of groups. The classification of (co)fibred categorical groups, Int. Math. J. 3 (2003) 643-680.
[14] T. Datuashvili, Cohomologically trivial internal categories in categories of groups with operations, Appl. Categ. Structures 3 (1995) 221-237.
[15] J.F. Davis, W. Liick”, The p-chain spectral sequence, K-Theory 30 (2003) 71-104.
[16] E.Dror-Farjoun, Homotopy and homology of diagrams of spaces, in: H.R. Miller, D.C. Ravenel (Eds.), Algebraic Topology (Seattle, Wash., 1985), in: Lec.
Notes Math., vol. 1286, Springer, Berlin, New York, 1987, pp. 93-134.
[17] G. Dula, R. Schultz, Diagram Cohomology and Isovariant Homotopy Theory, in: Mem. Amer. Math. Soc., vol. 110, Providence, RI, 1994.
[18] W.G. Dwyer, D.M. Kan, Hochschild-Mitchell cohomology of simplicial categories and the cohomology of simplicial diagrams of simplicial sets, Nederl.
Akad. Wetensch. Indag. Math. 50 (1988) 111-120.
[19] W.G. Dwyer, D.M. Kan, J.H. Smith, Homotopy commutative diagrams and their realizations, J. Pure Appl. Algebra 57 (1989) 5-24.



D. Blanc et al. / Journal of Pure and Applied Algebra 213 (2009) 34-53 53

[20] H.R. Fischer, F.L. Williams, Borel-LePotier diagrams-calculus of their cohomology bundles, Tohoku Math. J. (2) 36 (1984) 233-251.

[21] M. Gerstenhaber, A. Giaquinto, S.D. Schack, Diagrams of Lie algebras, . Pure Appl. Algebra 196 (2005) 169-184.

[22] M. Gerstenhaber, S.D. Schack, On the deformation of algebra morphisms and diagrams, Trans. Amer. Math. Soc. 279 (1983) 1-50.

[23] M. Gerstenhaber, S.D. Schack, Algebraic cohomology and deformation theory, in: M. Gerstenhaber, M. Hazewinkel (Eds.), Deformation Theory of
Algebras and Structures and Applications (Il Ciocco, 1986), in: NATO ASI, Series C, vol. 247, Kluwer, Dordrecht, 1997, pp. 11-264.

[24] P.G. Goerss, J.F. Jardine, Simplicial Homotopy Theory, in: Prog. in Math., vol. 174, Birkhduser, Boston, Stuttgart, 1999.

[25] P.S. Hirschhorn, Model Categories and their Localizations, AMS, Providence, RI, 2002.

[26] S.Illman, Equivariant Singular Homology and Cohomology, I, in: Mem. AMS, vol. 156, Am. Math. Soc, Providence, RI, 1975.

[27] M.A.Jibladze, T.I. Pirashvili, Cohomology of algebraic theories, J. Algebra 137 (2) (1991) 253-296.

[28] J.P. May, Equivariant Homotopy and Cohomology Theory, in: Reg. Conf. Ser. Math., vol. 91, Am. Math. Soc., Providence, RI, 1996.

[29] B. Mitchell, Rings with several objects, Adv. Math. 8 (1972) 1-161.

[30] I. Moerdijk, J.-A. Svensson, The equivariant Serre spectral sequence, Proc. AMS 118 (1993) 263-267.

[31] P. Olum, Homology of squares and factoring of diagrams, in: Category Theory, Homology Theory and their Applications, III (Battelle Institute
Conference, Seattle, WA, 1968), Springer, Berlin, New York, 1969, pp. 480-489.

[32] P. Pavesi¢, Diagram cohomologies using categorical fibrations, J. Pure Appl. Algebra 112 (1996) 73-90.

[33] RJ. Piacenza, Cohomology of diagrams and equivariant singular theory, Pac. ]. Math. 91 (1980) 435-443.

[34] RJ. Piacenza, Diagrams of simplicial sets, complexes and bundles, Tamkang J. Math. 15 (1984) 83-94.

[35] D.G. Quillen, Homotopical Algebra, in: Lec. Notes Math., vol. 20, Springer, Berlin, New York, 1963.

[36] D.G.Quillen, On the (co-)homology of commutative rings, in: Applications of Categorical Algebra, in: Proc. Symp. Pure Math., vol. 17, AMS, Providence,
RI, 1970, pp. 65-87.

[37] M. Robinson, Cohomology of diagrams of algebras, preprint, 2008. arXiv:0802.3651.

[38] G.B. Segal, Categories and cohomology theories, Topology 13 (1974) 293-312.

[39] J. Stomiriska, Some spectral sequences in Bredon cohomology, Cahiers Top. Géom. Diff. Cat. 33 (1992) 99-133.

[40] R.M. Vogt, Homotopy limits and colimits, Math. Z. 134 (1973) 11-52.


http://arxiv.org//arxiv:0802.3651

	Local-to-global spectral sequences for the cohomology of diagrams
	Introduction
	Diagrams in homotopy theory
	Computing diagram cohomology
	The spectral sequences
	Other variants
	Organization

	The category of diagrams
	Directed indexing categories
	Model categories
	Diagrams over  Z 
	Sketchable categories
	Diagram completion
	Maps of diagrams

	A tower of fibrations
	Directed indexing diagrams
	The dual construction

	The two truncation spectral sequences
	An approach through local cohomology
	The primary tower
	The auxiliary fibration
	The auxiliary fibers
	A modified primary tower

	The auxiliary tower
	Fibrations in the auxiliary tower
	Identifying the fibers
	A comparison

	Acknowledgements
	References


