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Abstract

We consider metric results for the asymptotic behavior of the number of solutions of Diophantine ap-
proximation inequalities with restricted denominators for Laurent formal power series with coefficients in
a finite field. We especially consider approximations by rational functions whose denominators are powers
of irreducible polynomials, and study the strong law of large numbers for the number of solutions of the
inequalities under consideration.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Laurent formal power series; Metric Diophantine approximation; Strong law of large numbers

1. Introduction

The metric theory of Diophantine approximation and, particularly, the asymptotic behavior of
the number of solutions of Diophantine approximation inequalities has given rise to substantial
literature in the real case, see e.g. [5,10]. Such results can also be naturally extended to the case
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of Laurent formal power series with coefficients in a finite field. Let us quote e.g. [6] and [8]
who discuss the strong law of large numbers in metric theory of Diophantine approximation
in positive characteristics. In the present paper, we consider specific inequalities with restricted
denominators (powers of irreducible polynomials) with an approximation function which does
not only depend on the degree of the denominator.

As usual, let IF;, be a finite field of cardinality g, and we denote by

F[X1, FX), F((x7'), L

the set of polynomials (with [F,-coefficients), the set of rational functions, the set of Laurent
formal power series, and the set of Laurent formal power series of negative degree, respectively.
Here we define the degree of f # 0

f=an X"+ a1 X" "+

with a,, # 0 by deg f = n. We define as usually deg0 = —oco. We consider the topology on L
induced by the (ultra-)metric d(f, g) = | f — g| for f, g € L, where | f| := ¢%°¢/. We denote by
m the Haar probability measure on L. We recall that measure of cylinders is just the product
measure. Indeed, for any ay, ..., a; € Fy,

m{feIL: f=a1X71+-~-+akX7k+~--, ay=di, ..., aszlk}z—.

We consider for a given formal power series f € L the solutions 5 with P, Q polynomials
with coefficients in I, of

v(Q)

-4l
o1’

P, Q: coprime, Q: monic. (1)

In the case where the approximation function ¥ depends only on the degree of Q, i.e., if ¥

1

has form ¥ (Q) = prn if deg Q = n, with [, being a nonnegative integer, then the strong law

of large numbers holds whenever ) q%n = 00. Moreover, some limit theorems can be obtained
under a mild condition on /,, see [4,6,2,3]. Note that although it is not explicitly stated as such
in [6], the proof of the Khintchine type theorem stated in [6] implies results on the asymptotic
behavior of the number of solutions for non-Archimedean Diophantine approximations. It is
furthermore proved in [8] that the strong law of large numbers also holds even if we do not
assume the coprimeness of P and Q.

However, it does not seem to be very easy to get the strong law of large numbers for ¥ not
depending only on the degree of Q. Indeed, the only known result in the general case (¥ not
depending only on deg Q) is a Duffin—Schaeffer type theorem, i.e., a generalized Khintchine
type theorem (see [6]). In this paper, we thus consider some special cases of the approximation
function ¥:

(1) ¥ is positive only when Q is irreducible, otherwise it takes value 0,
(ii) ¥ is positive only when Q is the rth power, with ¢ being fixed, of a single monic irreducible
polynomial, otherwise it takes value 0,
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(iii) Y is positive when Q is some power of a single monic irreducible polynomial, otherwise it
takes value 0.

More precisely, we consider the three following inequalities for coprime polynomials P and Q:

P 1
® ‘f - a‘ < q2n—+1Q’ degQ =n, Q: monic and irreducible,
where the sequence of nonnegative integers (/) is given (see Section 2);
P 1
(i) ‘f - a < il deg Q1 =n, Qp: monic and irreducible, Q= Q',
q 1

where ¢ is a fixed positive integer and the sequence of nonnegative integers (/p,) is given
(see Section 3);

(iii) deg Q1 =n, Q: monic and irreducible, Q= Q",

P
f- 5 < q(t+l)n+lQl+lz’
for some positive integer f, where both sequences of nonnegative integers (/p,) and
(l;: t > 1) are given and Zt> 1 qi,t is assumed to be a convergent series (see Section 4).

Obviously, (ii) is a special case of (iii) and (i) is a special case of (ii). However, we estimate the
asymptotic behavior of the number of solutions of these inequalities step by step, first for clarity,
and secondly because (i) is interesting as a Diophantine approximation problem: this corresponds
to the approximation of irrational numbers by rational numbers with prime denominators. Note
that (ii) is somehow a natural generalization of (i). On the other hand, (iii) illustrates the difficulty
of finding a sufficient condition for ¥ such that the strong law of large numbers holds: indeed,
we have to add as an extra hypothesis that Zt>1 qi,t is assumed to be a convergent series.

The main tool of our proofs will be the following lemma, which is also used in [8]. We recall
here that the notation X < Y is equivalent to the notation X = O(Y).

Lemma 1.1. (See Sprindzuk [10, p. 45].) Let (§,(w): n > 1) be a sequence of random variables

defined on a probability space ($2, B, P). Moreover let (n,: n > 1) and (f,: n > 1) be sequences
of real numbers such that

() 0O< << foralln>1,
(i) for any positive integers N1 < N3

Ny 2 Ny
/( Z &n(w) — 77n> dP L Z fn-
o n=N; n=N;

Then, one has

N N
Y @) = n+ 0(EN)logT E(N))  for P-ae.,
n=l1

n=1

where ¢ > 0 is arbitrary and £ (N) = Z;v:l M-
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This lemma can be considered as a refinement of Khintchine’s theorem. The idea of this
lemma (called Schmidt’s method in [5]) was used in metric theory of classical Diophantine ap-
proximation in the 1950s (see e.g. [9]). As applications of Schmidt’s method in the real case,
one obtains asymptotic formulas for the number of solutions of Diophantine inequalities for re-
stricted sets of denominators such as the set of prime numbers (see Theorem 18 in [10]) or sets
of positive lower density (see e.g. Chapter 4 in [5]).

Note that we may apply this lemma if the approximation function = is large. However, in
such a case, the error term might be larger than the main term. This is one of the reasons we have
chosen an approximation function = of type (ii) and (iii) on the right-hand side of inequality (1).

In all that follows, the denominators that we consider are assumed to be monic.

2. Metric Diophantine approximation by irreducible polynomial denominators

In this section, we consider an inequality of type (1) with restricted denominators that are
supposed to be monic irreducible polynomials and a function ¥ : F,[X] — R of the form Q

—1 .. .. . s
(10| -q'2)” ", where [p takes nonnegative integer values for Q monic irreducible, and infinite
value otherwise. We thus consider the following inequality over L:

P 1
f- ol= 7210 2

where P and Q are coprime, deg Q =n, and /¢ takes infinite value whenever Q is not monic
irreducible.

Theorem 2.1. For almost all f € 1L, the number of solutions of (2) with deg Q < N satisfies

E(N)+ 0(EVA(N)log ™" B(N))
with
al 1
E(N) = Z Z anQ
n=1 Q: deg Q=n
forany e > 0.

Remark 2.2. If Z(N) does not diverge at co as N — oo, then Theorem 2.1 means that there
exist at most finitely many solutions for a.e. f € L.

We first need the following lemma:

Lemma 2.3. We fix coprime monic polynomials Q and Q' such that n = deg Q and m = deg Q'.
Let | be a nonnegative integer. The number of pairs of non-zero polynomials (P, P') with deg P <
deg O and deg P’ < deg Q' that satisfy

L
0 0

1

< qm+l

is less than g" .
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Proof. Let (P, P’) be a such a pair of polynomials. Since

P P PO —P'Q
i7"
we have
n+m—deg(PQ' — P'Q)>m+1
and so

deg(PQ' — P'Q)<n—1.
If [ > n then there exists no such pair of polynomials (P, P’). Hence, we may assume n > [.

Note that the number of non-zero polynomials of degree less than n — [ is equal to ¢"~ — 1.
Now suppose that there exist two pairs of polynomials (P, P|) and (P,, P,) that satisfy

PQ = PQ=P0Q - P,Q
with
deg Py, deg P, <degQ and degP|,degP; <degQ'.
Since (Q, Q') =1, we deduce from
(Pr—P)Q' = (P — P)Q

that we have Py = P, and P{ = P,. Thus the number of pairs of non-zero polynomials (P, P’)
such that

P P

0 0

1

< qm+l

1

is less than g”~*. O

Proof of Theorem 2.1. For Q monic polynomial of deg Q = n and for P polynomial, we put

PO 1

FQ = U Fg»
P: 0<deg P<deg 0, ged(P,0)=1

and

F, = U Fgp.

Q: irr.,deg Q=n



854 V. Berthé et al. / Finite Fields and Their Applications 14 (2008) 849-866

Let us note that the sets Fp’s are disjoint for a given n. Furthermore, one checks that

1 q" —1 qg" —1
ntlg m(Fg) = 2n+1Q m(Fy) = Z ntlg
q q Q: irr., deg Q=n q

m(Fp) =
0

Hence

1
mE)~ Y,

Q: irr.,deg Q=n

Note that we can give a more precise estimate for m(F,) but that we do not need more in the
present proof.

Let us apply Lemma 1.1 by setting, for all n, &, := xF,, the indicator function of the set Fj,,
and 1, := ), := [ &, dm. Condition (i) of Lemma 1.1 is satisfied. Let us consider now condi-
tion (ii). It is enough to show

Ny Ny N>
Y Y m(Fa N Fy) —m(F)m(Fp) < Y m(Fy)
n=N|; m=N; n=N

for any positive integers N1 < N;. For this, it is sufficient to show that

n—1
> m(Fy N Fy) = m(F)m(Fy) < m(Fy).
m=N
Now we see that
n—1
> m(Fy 0 F) = m(Fy)m(Fp)
m=N1

n—1
= > > > m(FgnFg)—m(Fom(Fy)

Q: deg Q=nm=N; Q': deg Q'=m

—Z Z >3 S mFy N Fy) = m(Fym(Fy).

m=N; Q' P P

Let us distinguish two cases according to the value of 2n + [y with respect to that of 2m + .

o We first assume that 2n + lp > 2m + [ . Then, m(Fp N Fp/) = whenever Fp N
0

2n+lQ

F pr # . In this case, it follows that | £ 0~ Q’ | < Zer,Q, . So by Lemma 2.3, we see that the
o q
number of pairs (P, P') with Fp N Fpr = is less than ¢" " '¢'. We thus deduce that

¢ @

nfmle/ 1 ]
q2n+lQ = qn+lQ qm+lQ/ :

m(Fo N Fy) <
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o If2n +1p <2m + 1o, then we have m(Fp mFP/)ZW whenever Fp N Fp 7 and
0 o’ q Q o
p_ P 1
|§ — @| < qz,,TQbythe same way.

In either case, we get

n—1
> m(Fy N Fy) — m(Fy)m(Fy)
m:N]
D DD DI A
< —
n-HQ m+l H-HQ m+l
0 m=N o 4T 7

nl 1 1 11
DX T ()

n m
0 m=N @ A
n—1
1 1 2
DIPID W=
0 m=N, @' q
Finally, we estimate

! 1 11 1=
Z Z ZTIQW_ <ZQ:qn+lQ Z m+lQ/

m
0 m=N; ¢ 1 a m=N; 4

based on the fact that there exist at most g™ polynomials Q’, which yields

A 11 1
> ZTIQW <<an+,g ~m(Fy).

—
0 m=n; ¢ 4 1 0

Consequently, we get

n—1
> m(Fy N F) = m(F)m(Fp) < m(Fy),

m=N

which completes the proof. O

As an application, we now consider the particular case where /o vanishes, i.e., [g takes zero
value if Q is monic irreducible, and /¢ takes infinite value otherwise:

Corollary 2.4. For almost all f € L, one has

Card{l <n < N:3Q irr with deg Q =n and 3P s.1.

P 1
gl
=logN + O(logl/2 N -10gB®+9/210g N), foranye > 0.
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Proof. We first note that the number /(n) of monic irreducible polynomials of degree » is equiv-
alent to qn_"' Indeed, it is well known (see e.g. [7]) that

lm)y=1/n)_ u(n/d)g"

d|n

where p is the Mobius function. Let r(n) Zdln d<n w(n/d)q®. One has [(n) = %q” + %r(n).

Ln/ZJ
Furthermore, |r,| < ZW 2] gt - L Consequently,

rnl S ————, 3)
q

and thus [(n) ~ ¢"/n.
We then deduce Corollary 2.4 from Theorem 2.1 by noting that

and then, by applying (3). O

We denote by % the nth convergent of the continued fraction expansion of f € L. It is well
known that if

7-ol1
e
0| |02
holds for , then
PP
0 On

for some n > 0, see [1] for example. Example 2 in [6] claimed that

Card{l <n < N:3Q irr. with deg Q =n and 3P s.t.

P 1
ot T
for almost all f € L. Thus we see that there exist infinitely many convergents with irreducible
Q,’s for almost all f € L. As a by-product of Corollary 2.4, we can obtain the more precise
result:
Corollary 2.5. For almost all f €L,

Card{l <n < N: Q, irr}~logN

where & o stands for the nth convergent of the continued fraction expansion of f.
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Proof. For almost all f € L, we have

degQNNLN,
qg—1

see [1] for example. From Corollary 2.4 and the above criterion on o and , we have
Card{l <n < N: Qyirr.} ~logdeg On ~log N
foralmostall f ellL. O
3. Fixed powers of irreducible denominators
The aim of this section is to extend the set of admissible denominators in (1). We thus fix
a positive integer ¢ > 2 and consider denominators Q of the form Q = Q/ with monic irre-

ducible Q1. We first discuss what could be a reasonable inequality (1) with respect to the strong
law of large numbers. We thus also fix k > 1 and consider

‘f—§‘<m, Q=0}, degQi=n, Qi: irreducible, gcd(P,Q)=1. (4)

Let
F{"M = {f eL: f satisfies (4) for some Q = 0}, deg Q1 =n}.
One has
m(F,f"k)) < Z F(t k) sz F(t k)
Q: 0=0].deg Q1=n, 0y irr. o P
where

F(tk) {feIL ‘f with ged(P, Q) =1,

P 1
Q a < q(t+k)11
k) k
Fyt = U Fyh.
P: 0<deg P<deg Q, gcd(P,Q)=1 e
Since Q1 is monic and deg Q1 = n, then the number of polynomials Q of the form Q/ is less
than ¢", and we deduce

n n
(t.k) q -9 1
m(F,"") < g+ = gk=Dn" ®)

If k > 2, we see that ) m(F,ft’k)) < 00. Thus, by the Borel-Cantelli lemma, there exist at most
finitely many solutions of (4) for a.e. f. Note that the bound for k£ = 0 is too large for a Dio-
phantine approximation inequality. On the other hand, if k = 1, we see that > m(F g ’k)) =00
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Hence, the only case which is of interest with respect to the strong law of large numbers is the
k =1 case that we study below.
We thus consider the following inequality

P 1 . .
‘f_a‘ < T eTig Q =0, Qirreducible, degQ|=n (6)
q

where P and Q are coprime, ¢ is a fixed positive integer, and /p, takes nonnegative integer values
if Q1 is a monic irreducible polynomial, and infinite value otherwise.

Theorem 3.1. For almost all f € L, the number of solutions of (6) with deg Q1 < N is equal to
E(N)+ O(5"2(N)log* B(N)), foranye>0
with
al 1
EW=), 2.
n=1 Qi: 0 irr.,deg Q1=n 4

Proof. As in the proof of Theorem 2.1, we define for a given ¢ and for Q = Qﬁ with Q1 monic
irreducible of degree n

E

Q™

{f eL: 3P s.t.

P 1
f—a < PGS

U E
P: 0<deg P <deg Q, ged(P,Q)=1

E,={f €L: f satisfies (6) for some Q;, deg Q| =n}.

Eg

)

(Sl

The proof of Theorem 2.1 is based on the fact that the Fp’s were disjoint. However, the sets
E’s may no longer be disjoint even if we fix the degree n (note that the sets E p’s remain

disjoint for a given Q). Therefore we have to define &, at a different level. We will tﬁus have to
change the summation with respect to the index m which now ranges from N; — n instead of
N1 — n — 1. Indeed, the term corresponding to m = n in the following summation will no longer
vanish. Furthermore, we will have to distinguish two cases Q1 = Q, and Q1 # Q, in order to
apply Lemma 2.3 (where Q and Q' are assumed to be coprime).

Let

§n = Z XEg

0=0/.deg Q1=n, Oy irr.

and n, = 1), = [ &, dm. One has

qtn _ q(t—l)n

MEG) = g,
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(t—=Dn

by noting that there are ¢’ — ¢ polynomials P coprime with Q = Q7 and

1 1
M = ) m(Eg) = ) T@(l - —>

n
01 deg Q1=n, 0y irr. 01: deg Q1=n, 0 irr. 4 1

1
Z n+lQ1 '

Qi: deg 01=n, Q irr. 1

Note that condition (i) in Lemma 1.1 is satisfied. To check condition (ii), we need to estimate

Ny 2 N
/( Z &n — ﬂn) dm = Z Z Z m(EgNEg)—m(Eg)m(Eg).

n=N| n,m=N1 deg Q1=n deg Q)=m
0= Q1 0'= Q/t

It will be sufficient to show that

Z Z Z m(EgNEg)—m(Eg)m(Eg) K ny.

m=N deg Q1=n deg Q|=m
0=0] 0'=0}

Note that we deduce from the fact that the sets E p’s are disjoint that
0

> > m(EgNEg)—m(Eg)m(Eg)
deg Q1=n deg Q|=m
0=0} 0'=0/

—ZZZZ’"(E” ﬂEp/)—(EP)m(EP’)

Q1 QI P P

We have two cases, namely Q1 = Q) and Q1 # Q.
For the first case (Q1 = Q), we have

ZZZZm(EP mE )—m(Ep)m(Ep/) ZZm(EP)_Zm(EQ)_nn

Ql Q] P P
When Q1 # Q' , we again distinguish two cases.

e Let us assume that (t + )n +1lp, = (¢ + )m + lQ/. Then, m(Eg N Ep/) = WHQI’

whenever E S NE I # ¢, and the number of pairs of non-zero polynomlals (P, P) such

that Ep N E p # ( is less than q =l by Lemma 2.3.
2 [

Q/
whenever E p NE p/ # (§ and the number of pairs (P, P’) such that E p NEp #0@isless
Q/

o If ¢ +Dn+lg, <@+ 1m+ lQ/, then one similarly has m(Eg N Eﬂ) = W
o q

than ¢~ lQl.
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We thus deduce that

Z Z m(Eg N Eg) —m(Eg)m(Egy)

deg Q1=n deg Q|=m

Q Q1 Q/ Q/lt
11 =g d=go
< Z Z ntlo,  m+ly - n+lo, m+l o
o g4 g v d g
=S i g ()
- n+lg ml pr om |
0, 0,9 Ttqg N A

Consequently,

YooY > m(EgNEg)—m(Egm(Eg)

m=N1 degQ1=n deg Q|=m

Q Qt Q/ Q/t
2 1
D IDIP I . -—mH o €2 gy e
Q1 m=N; Q] q 01 q

which concludes the proof of Theorem 3.1. O

We similarly deduce, as for Corollary 2.4, the following application in the case where /g,
vanishes, i.e., [, takes infinite value if Q; is not monic irreducible, and zero value otherwise.

Corollary 3.2. Let t > 2 be a fixed positive integer. For almost all f € L,

P

Ql+1

Card{l <n << N:3Qqirr, deg Q1 =n,3P s.t. gcd(P, Q) =1and ‘f —
1

1
< PG

=logN + O(logl/2 N log(3+‘9)/2 log N), forany ¢ > 0.

By (5) and the Borel-Cantelli lemma, we cannot deduce here a statement analogous to Corol-
lary 2.5: indeed, for a.e. f €L, there exist finitely many convergents P,/Q,, with O, being a
fixed power of an irreducible polynomial.

4. Variable powers of irreducible denominators

In Section 3, we have considered denominators that are powers of an irreducible polynomial,
ie., Q= Q' for afixed t > 2. Let us generalize this situation to the case where the power ¢ is
variable. Thus we consider the following inequality;

1

|Q|;+1—1Q1+I, t>1, Q0=0), Qirreducible, 7)

-3l
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where [, takes nonnegative integer values if Q1 is a monic irreducible polynomial, and infinite
value otherwise, and [/, takes nonnegative integer values. As before, we also assume that P and
Q are coprime.

Theorem 4.1. We assume that the series Z[>1 Ll is convergent. Then, for almost all f € L, the
q t
number of solutions of (7) with deg Q < N is

E(N)+ 0(EV2(N)log'®” E(N)) foranye=>0

with

1
sn=y ¥ Y (k)

n=1(k,t): kt=n Q= Qf

Q) irr.
deg Q1=k

Proof. For Q = Q’l, k=deg Q1, and n =deg Q, we put

ng{feJL: |f—§|<qo+n+zgl+h}v

GQ = UP: 0<deg P<deg Q, gcd(P, Q)=1 Gg

Then we define &,, n,, 1, for all n as

& = Z Z XGQz1 and nnzﬁn=/§ndm~

(k,t): kt=n Qj:irr.,deg Q1=k
One has

1 1

[ — _ =Dk
q(t+l)k+1Q1+l, ’ m(GQ) - q(,+1)k+1Q1+1[ (q q )

m(Gpr)=
o

We first estimate 7,,:

m= ) >, mGg)

(k,t): kt=n Qq: irr.,deg Q1=k

1 k —Dk
= ) > —mvegar @t —a

(k,1): kt=n Oy: irr., deg 0=k 4

1 1
= > > W(l__k)‘

(k,0): kt=n Q1: irr.,deg Q1=k 4
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Consequently, there exists M > 0 such that n, < M for any n > 1. Hence we can apply
Lemma 1.1 to (%én: n > 1) which satisfies condition (i) of Lemma 1.1. Note, furthermore,
that we have

1
Z Z W<<nn.

(k,t): kt=n Qq: irr.,deg Q1=k

It remains to show (and this will be sufficient) that the sequence (§,) satisfies condition (ii) of
Lemma 1.1. One has

/( %@n—m)zdm

n=N;

=/< %( ) > (xoy —m(GQa)))>2dm

n=N1 " (k,t): kt=n Q: irr.,deg Q1=k

Z/[Z( y > (XGQ,,—m<GQT>))}

n=N1 " (ky,t1): kity=n Qq: irr.,deg Q 1=k !

x [ > (= Y oy —m(GQ;)))}dm
|

m=N; > (ka,t2): kata=m Qo: irr., deg Qa=k» 2

L2
2 Ky
= tlZFk—H !

Ny ki N_l T
QZ/Z Z Z Z Z Z (XGQ:]I _m(GQfll))(XGQ,22 —m(GQtzz))dm

N, L] L72]

+fz DS (XGQ,ll —m(Gerl))(XGQ,12 —m(Gerz))dm

= N N
f=ln=rg1 @ n=rgl

:2[A] + [B]
:2[A] 4+ [Bl: t; = 1] 4+ 2[B2: t1 > 7],

by setting
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Ny Kk I—k|J I—k

[A]::/ZZ Z Z Z Z (xc o m(GQtll))(XGQ,zz—M(GQrzz))dm

ki=1 k= lt—le] 0 th= |' 1'|Q2¢Q1

)
N LR
2
BlI=[30 3 Pl -mGgp)an
kl_lt*[Nl] 01
N, L7 |72

[B2] = /Z Z Z Z (XGQT —m(GQfll))(XGQtl, —m(Gerz))dm

N
F=ln=rg @0 <, n=r71]

We will follow the same scheme of proof as previously, but for the estimate of [B2], we shall
need an extended version of Lemma 2.3.

Estimate for [A]. To estimate [A], we distinguish two cases as in the proofs of Theo-
rems 2.1 and 3.1. We first suppose that (t1 + Dky +lg, +I;; = (12 + Dka + g, + 11y, ie.,
m(G r ) <m(G _p P ). We then decompose [A] by introducing a further summation over P

ol 02
and P’ If G 0" NG 0" # ), then there exist P and P’ such that G_p NG p # @. One
Qll Q’Z2
has m(G r NG p ) = W and similarly as in the previous proofs, IQ — g,l <
7 P q
0, 07

1

W. From Lemma 2.3, there exist at most k1t — (ko + lg, + [;,) such pairs of poly-

nomials (P, P’). Thus we get

1 1 2
qu—lQl +lyy qk2+lQ2+lr2 qu

m(G gy NG o) =m(G 5)m(G o) S

since we are assuming ki > k». The same holds when assuming (f; + Dky 4+ lg, + ;) <
(tr + Dko +1g, +I;,. Now we have

L7 L2
N> k1 1 ko 1 1 1
Z Z Z Z Z qk1+lQl+l’1 qk2+lQ2+lt2 q_kz
ki=1 kx=1 1=y @1 N Q2FO0
k1 ky
N, LT g L

1

= Z QZ 1+1Q1+l;1 Z Z Z kz—HQz-l—l,2 qkz

k=14, [le 0.#0, 4
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We then use the fact that ) qi,t < oo to deduce that

L J

Ny N
(Al Y Z DB e e k1+1Q1+1,] <

k=1, er] Q1 n=Nj

Estimates for [B1] and [B2]. 'We now estimate [B1]:

/ZZZ X6y —m(G o) ZZZm(G n) = Znn

ki=1 t1 Qi ki=1 t1 Qi n=Ni

Concerning [B2], we need to estimate

ZZZZ’”(G ’1 nG fz) m(G tl)m(G tz)

ki=1 1

with 71 > . Again we decompose [B2] by introducing a further summation over P and P’ and
by comparing (t; + 1)ki +1g, + 1, with (12 + 1)k1 +1g, +;,. We thus assume that (11 + 1)k; +
lo, +1y = (2 + Dk +1g, +1;,, with the other case being handled similarly. We have to extend
Lemma 2.3 in the following way: we prove that there exist at most q’lkl*(leQl +lip) pairs of

non-zero polynomials (P, P’) with deg P < r; deg Q; and deg P’ < 1, deg Q1 that satisfy

1
< —.
q(12+1)k1+lQl+l,2

- _t
o
Consider indeed such a pair (P, P’). Then
kity —deg(P — P'Q ™) > (o + Dki +1g, + 1.

Thus we see that
deg(P — P'O7?) < (h — k1 — (ki + g, +1y).

Hence there exist at most ¢! —iki=(ki+lo, +liy) polynomials of the form P — P’Qtll 2 Letus
now fix (P, P"). If

P— P/Qtll—tz P Qfl fz’
then

(P—P)=Q] (P —P)).
This implies

(t1 — ki +deg(P' — P{) =deg(P — Py) < t1k1,



V. Berthé et al. / Finite Fields and Their Applications 14 (2008) 849-866 865

which in turn implies
deg(P' — P{) < t2ky.

Hence there exist at most ¢2%1 pairs of polynomials (Py, P|) that satisfy P — P’ Q§‘7t2 =
— P Q’l1 ~2_ Consequently, the possible numbers of pairs (P, P’) is at most q”kl ~kitlo )

‘We deduce that

1
q(t1+l)k1+lQ1 +,

1 1
ki +1Q1 +lr1 qkl +1Q1 +lt2 '

tki—ki+o, +Hn)

m(GoNGy) <
q

Therefore we have, by using the fact that Z converges

Z ZZZm(G 1 NG ya) =m(G yIm(G )

k=1 1
222 1
< k1+lQ1+l,1 qkl+lQ1
ki=1 1
N>
< ZZZ WQIH,I <2
k=1 1 Q] n=N

which ends the proof of Theorem 4.1. O

By (5) we cannot deduce here again a statement analogous to Corollary 2.5 concerning con-
vergents: indeed, for a.e. f € L, there exist finitely many convergents P,/Q,, with O, being
some power of an irreducible polynomial.
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