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Abstract

Quasi-Monte Carlo (QMC) methods are successfully used for high-dimensional integrals
arising in many applications. To understand this success, the notion of effective dimension has
been introduced. In this paper, we analyse certain function classes commonly used in QMC
methods for empirical and theoretical investigations and show that the problem of
determining their effective dimension is analytically tractable. For arbitrary square integrable
functions, we propose a numerical algorithm to compute their truncation dimension. We also
consider some realistic problems from finance: the pricing of options. We study the special
structure of the corresponding integrands by determining their effective dimension and show
how large the effective dimension can be reduced and how much the accuracy of QMC
estimates can be improved by using the Brownian bridge and the principal component analysis
techniques. A critical discussion of the influence of these techniques on the QMC error is
presented. The connection between the effective dimension and the performance of QMC
methods is demonstrated by examples.
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1. Introduction

There has been an increasing interest in studying high-dimensional integration due
to its numerous applications in physics, statistics and finance (see [1-4,23,25]).
Consider the problem of approximating the integral

I(f) :/Cdf(x)dx, X = (X1, ..., Xq),

where C? = |0, 1)? is the d-dimensional unit cube. It has long been known that
multivariate integration is subject to the curse of dimensionality, making the classical
quadratures infeasible for use in dimensions beyond say 5 or 6. Monte Carlo (MC)
methods are useful tools to break the curse of dimensionality. MC methods use the
sample mean

o) =13 s
i=1

to approximate I(f), where the points xi,...,X, are independent and identical
distributed random draws from the uniform distribution on C?. The MC error is of
order O(n~'/?) for square integrable functions independently of the dimension.

Quasi-Monte Carlo (QMC) methods are deterministic versions of MC methods.
There are two important classes of point sets that are well suited to multivariate
integration: digital nets (or sequences) and lattice rules [15,27]. The Koksma-—
Hlawka inequality yields the QMC error bound

1(f) — QUNI< Vuk (1) 7" (P),

where 2*(P) is the star discrepancy of P = {x;} and Vuk (f) is the variation in the
sense of Hardy and Krause. Several digital sequences are known to have star

discrepancy O(n~"(logn)?). Hence, QMC integration based on a digital sequence has

a deterministic error bound in the order O(n~!(logn)?), which is asymptotically
better than that of MC. Thus for fixed d and sufficiently large n, QMC is superior to
MC. But when d is large, the factor n~!(logn) is substantially larger than n~!/2
unless 7 is huge. Similar situation occurs for lattice rules. Therefore, it was widely
believed that QMC methods should not be used for high-dimensional integration,
say, for d>15.

However, Paskov and Traub [25] found empirically that QMC methods are
superior to MC for high-dimensional integrals arising in finance (up to d = 360 in
their examples). Many other numerical experiments also showed that the order of
convergence of QMC in these problems is roughly »~' independently of the
dimension (see, for example, [16,24]). See [36] for a survey of the state of the art. It is
a challenging problem to understand the apparent success of QMC for high-
dimensional integrals. There are several ways to explain this. Paskov and Traub [25],
Caflisch et al. [3] and Paskov [24] used the concept of effective dimension and argued
that the performance of QMC integration is intimately related to the effective
dimension of the problems. Sloan and Wozniakowski [31,32] used the notions of
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tractability and strong tractability and showed that there exists QMC algorithm for
which the curse of dimensionality is not present in some weighted function classes.
Papageorgiou [20] and Owen [19] investigated some isotropic integrals and showed
the superiority of QMC methods.

As can be seen from the Koksma—Hlawka inequality (and its various general-
izations [5]), the efficiency of an algorithm for computing I(f) depends on both the
algorithm and on the integrand. In this paper, we focus on the aspect of integrand.
Currently, little is known about the effective dimension of various problems. A clear
understanding of how QMC error depends on the effective dimension is important.
It would be interesting to know exactly the effective dimension of the problems at
hand (such as these in empirical and theoretical studies of QMC methods and these
in computational finance). Some attempts have been made in [6,19].

The main objectives of this paper are threefold: (1) to provide ways to analyse the
effective dimension for some functions; (2) to develop numerical algorithms for
determining the effective dimension of an arbitrary square integrable function; (3) to
compare the performance of dimension reduction techniques, such as the Brownian
bridge (BB) and the principal component analysis (PCA) techniques.

This paper is organized as follows. In Section 2, after introducing the notion of
effective dimension and discussing its relationships to the integration errors and
approximation errors, we propose a numerical algorithm to compute the effective
dimension for arbitrary square integrable function. In Section 3, function classes
commonly used in QMC methods for empirical and theoretical investigations are
analysed. It is shown that the problem of determining the effective dimension for
such functions is analytically tractable. In particular, it is shown that for the
weighted Korobov spaces with the weights satisfying the strong tractability
conditions, the corresponding effective dimension is small relative to the nominal
dimension. In Section 4, we consider some realistic problems from finance: the
pricing of Asian options and multi-asset options. We study the special features of
these problems and compare the BB and PCA techniques from the point of view
of effective dimension. The connections of effective dimension with the performance
of QMC algorithms is demonstrated by examples. A critical discussion of the
influence of the dimension reduction techniques on the QMC error is presented.

2. Effective dimension and its determination
2.1. The ANOVA decomposition

ANOVA decomposition is a way of decomposing a function into a sum of simpler
functions and has been studied by many authors in statistics (see references in [19])
and in QMC methods [6,11,18,19,35].

Let ¥ = {1, ...,d}. For any subset u<.%, let |u| denote its cardinality and & — u
denote its complementary set in . Let x,, be the |u|-dimensional vector containing
the coordinates of x with indices in ». Furthermore, let C* denote the |u|-dimensional

unit cube involving the coordinates in u (so C* is the same as C? = [0, l)d).
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Assume that f(x) is a square integrable function. We can write f(x) as the sum of
its 2¢ ANOVA terms:

0= Y ). )
ucy
The ANOVA terms f,(x) are defined recursively by
ful) = [ T dx =3 Si(0), 2)

with fy = [~ f(x) dx = I(f). The sum in (2) is over strict subsets v#u (we use the
convention [, f(x) dxy = f(x)). The ANOVA term f,(x) is the part of the function

depending only on the variables x; with jeu. The ANOVA terms enjoy some
interesting properties:

() [ fu(x) dx; = 0 for jeu.

(2) The ANOVA decomposition (1) is orthogonal in that [, f,(x)f,(x) dx =0
whenever u#v.

() Let &(f) = Jea /2 (x) dx — [I(/)] be the variance of f, then o2(f)=
ey 02(f), where a2(f) = [.lfu(X)]* dx for |u|>0 is the variance of f, and
ag(f) = 0.

2.2. The definitions of effective dimension

Let u be a subset of &, the variance corresponding to u is defined as

D, =Y oi(f).

vEu

The total-effect variance corresponding to u is defined by

DI = Z ai(f) =a*(f) = Dy

vAu#)

The total-effect variance D' characterizes the total contribution of the variable x,
to the variance of /" it includes the pure effect D, as well as all the effects due to its
interactions with others.

The relative size of D, or D' with respect to o¢*(f) indicates the relative
importance of x,,. If D, is close to ¢° (f), then x, affects the function singularly, its
interactions with other variables are negligible. If D, is small, while D" is large, then
x,, influences the function mainly through interactions. If D! is small, then x,, has a
negligible effect on the function and can be fixed at some values (in this case X,
affects the function singularly). The relative size of Zw <m o2(f) indicates the impact
of all interactions of order no larger than m. The following two notions of effective
dimension are introduced in [3].
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Definition 1. The effective dimension of f in the superposition sense (or ‘super-
position dimension’ in short) is the smallest integer dj, such that

> o) =pa(),

0<ul<d,

where p is the proportion with 0<p<1 (p is taken to be close to 1).

Definition 2. The effective dimension of f in the truncation sense (or ‘truncation
dimension’) is the smallest integer d; such that

Dyi,...ay=po(f).

The idea of effective dimension appears in [25]. These notions are closely related to
sensitivity indices (see [35]). The truncation dimension and superposition dimension
are appropriate for different kind of functions. The truncation dimension is roughly
the number of “important” variables. It indicates on how many variables we should
pay our main attention. Truncation dimension is especially appropriate for the
characterization of the “weighted”” functions, where some variables are more
important than others. On the other hand, superposition dimension is an indicator of
whether low-order ANOVA terms dominate the function. It is especially useful in the
case that all variables are equally important or almost equally important (in such
cases the information about the truncation dimension is less useful). For example,
for the isotropic function (see [19,20])

%) = g( S o <x_,->12>,

where @(-) is the standard normal distribution function and ¢g: R— R (in [23] the
function g(-) =cos(+)), all the variables are equally important, it may be not
interesting to discuss its truncation dimension, but it is useful to know its
superposition dimension [19].

The effective dimension depends on p. For the same p, we always have d,<d,. But
the converse is not true. For example, the function f(x)=x;+ --- +x; has
superposition dimension 1, but may have much larger truncation dimension. Many
functions in practice have large truncation dimension, but have small superposition
dimension. Especially, such a feature is typical for a number of financial problems
(see [29]). In general, it is hard to compute the effective dimension for an arbitrary
function. To overcome this difficulty, some interesting variants (such as effective
dimension of a function space and dimension distribution) are introduced in [6,19].

2.3. QMC integration error and effective dimension

It is important to know how QMC error depends on the effective dimension.
Under suitable definitions of discrepancy and variation (see [3,5,6,19]), we have

00) = 1()1< Y Zu(PIIf, (3)

ucy
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where P, is the projection of the point set P on C¥, &,(P,) is the discrepancy of P,
and ||f,|| is the variation of f,,. Thus, the QMC error depends on the uniformity of all
the projections P, and all the low-dimensional parts f,,.

The basic properties of low discrepancy point sets are their “better” uniformity
than that of random points. But the “better” uniformity is not preserved for all
dimensions and for all projections. The following facts are useful to understand the
possible advantage and potential problem of QMC.

First, at least the first coordinates of low discrepancy point sets have better
distribution properties than random points do. More precisely, for small / (say
1<10), the term 2,(P,) with u={l, ...,/} for a low discrepancy point set is much
smaller than that for random points. But for other subset u (e.g., when |u| is large or
u contains large indices), the results for a low discrepancy point set could be worse
than that for random points, unless 7 is extremely large.

Second, the low-order projections (i.e., |u| is small) of low discrepancy point sets
have better distribution property “on the average” than random points do. Many
low discrepancy sequences have some poor projections even for small |u|. In fact,
two-dimensional projections with bad distribution properties have been observed for
several common low discrepancy sequences (see, for example, [14]). The non-
uniformity in the higher order projections is a more serious problem. This is an
indication of potential problem in using QMC. However, for small |u|, most
|u|-dimensional projections of low discrepancy point sets are good ones. In general, it
is shown in [30] that for d in the range of 10-100, if / is small (say /<3), then the
superposition discrepancy

1/2

9(1)(P) = Z [D@u(Pu)]z
lu|=1

of a low discrepancy point set is smaller than that of random points. But this
superiority decreases as / and d increase. For large / (say />3 and d>30), the
superposition discrepancies of low discrepancy point sets and random points are
almost the same, unless » is huge.

Suppose that f has truncation dimension d;. Rewrite (3) as

00 —1()I< Y. ZuPIIfull + > Zu(Pu)llfull- (4)

ucs{l,....d;} un(S—{1,...d;})#90

If d, is small (say d,; < 10), then the quantities Z,(P,) involved in the first sum on the
right-hand side of (4) are much smaller for QMC than for MC. For the subset u
involved in the second term of (4), ||f,|| is often small. Although it may happen that
2.(Py) is larger for QMC than for MC, but it is multiplied by a small ||£,||. So all
terms in (4) can be expected to be small for QMC. Therefore, if f has low truncation
dimension, we have good reason to expect an improvement of QMC over MC. Note
that if the second sum in (4) is smaller for MC than for QMC, then a “mixed” point
set (with the first d, coordinates being the leading coordinates of a low discrepancy
point set and the remaining dimensions being the random numbers) has the potential
to improve pure QMC.
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Now suppose that f has superposition dimension d;, then we have

|Q(]()_I(f)|< Z o@u(Pu)Hqu_" Z @M(PM)H]ZH

|u] < dj |u| > d
p 1/2
s o i
<Y 20(P) | D Ik + Y Zu(PIIS
=1 luj=1 [ue| > ds

Clearly, the QMC error has a strong dependence on the superposition dimension d.
If dj is small (say d;<3), then the superposition discrepancy Z(; (P) (with /<dj) of a
low discrepancy point set is smaller than that of random points. Similar arguments
as above lead to similar conclusion. Thus if f* has small superposition dimension d;
(even if the truncation dimension is large), we still have good reason to expect that
QMC will be more efficient than MC.

Note that effective dimension only provide partial information about the difficulty
in approximating integrals. Small effective dimension does not suffice to guarantee
the effectiveness of QMC. For example, since bad two-dimensional projections are
not rare for several common low discrepancy sequences (especially for relative small
n and large d), so integrating functions with strong dependence on just the two
dimensions may lead to bad result (such functions could have superposition
dimension only 2 or 1). We could also have function f(x) with small superposition
dimension and the points {x;} with good low dimensional projections, but still get a
poor QMC result. Effective dimension has a strong influence on QMC error.
However, other factors, such as the regularity of the integrand (and the regularity of
its low-dimensional part), the dimension d, the point set and the sample size, may
play a very important role in the QMC error.

The arguments in this subsection are based on the error bound (3). In some cases
an entirely different approach is possible. For example, it is shown in [20] that the
QMC error for some isotropic problems depends on the uniformity of the norms of
the sample points (this is referred to as radial discrepancy in [19]) and a fast QMC

convergence order O(+/logn/n) is proved. These ideas have been extended in [22].
2.4. Effective dimension and the approximation errors

Effective dimension has close relation to the approximation error. Let /(x) be an
approximation to f(x). The normalized approximation error is defined by

1 2
—h dx.
) V)= AT s
Two simple ways for approximating f(x) are:
(1) Freezing the nonessential variables (see [34]): f(x) ~f(x,, 29), where z is some
fixed point in C7 .
(2) Deleting the high-order ANOVA terms in the decomposition (1):

f(x)~ va, for some 0</<d.

Jo| <1

Err(f,h) =
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The theorems below indicate that the effective dimension of a function is related to
the ability of approximating the function by a low-dimensional function or a sum of
low-dimensional functions. If / has truncation dimension d;, then Dy 4, is close to

a*(f) and DF{S}/H,...,

d,-dimensional function by freezing the variables x4, ..., Xz to some value within
their range. The next theorem is a direct consequence of the result of Sobol [34].

4) 18 close to zero. In this case f(x) can be well approximated by a

Theorem 1. Assume that the function f(X) has truncation dimension d, in proportion p
and let uy = {1, ...,d;}. Let h(x) = f(Xy,,z) with the freezing variable z uniformly
distributed in the (d — d,)-dimensional unit cube C14+V4} Then for arbitrary ¢>0,
with probability =1 — ¢ we have

Err(f,h)<(1 +¢& )(1 - p).

If f(x) has superposition dimension dy, then f(x) can be well approximated by a
sum of d;-dimensional functions as shown below.

Theorem 2. Assume that f(x) has superposition dimension dy in proportion p. Let

h(x) = >y <a, Ju(X). Then
Err(f,h)<(1 —p).

Proof. First, since f(x) has superposition dimension d; in proportion p, then

PORAGET AT (5)

|u <dj

Second, from the ANOVA decomposition (1), we have
fx) =h(x) =Y fulx).

Ju| > d

By squaring and integrating over C, using the orthogonality of the ANOVA terms,
we obtain

[0 -nPax = 3 @) =2 - 3w < -,

u| > dj Ju| <dj

where the inequality follows from (5). [

2.5. The algorithm for determining effective dimension

The calculation of effective dimension is related to the computation of sensitivity
indices [34,35]. The key is to compute the variance D, corresponding to any subset u
of . For any fixed uc %, let x = (x,,Xy—,) and y = (y,,y»_,)- The result of
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Sobol [34,35] leads to the following relation
D= [ £y ) dxdy, - 1P (©

where the integration is over the (2d — |u|)-dimensional unit cube (integrals below
without an explicit domain is considered to be over appropriate unit cube). To gain
some insight and for completeness, the proof is given here briefly. In fact,

/.f(x)f(xuv y!/’fu) dx dy.y’fu

= /dxu /f(Xu,quu)defu /f(xuayf/—u) dyy_,
s [rowsaas,)

From the ANOVA decomposition (1) and the property that fol Ju(x) dx; = 0 for jeu,
we have

/f(xuvy/ u dyV’ u Zfb

vEu

By squaring and integrating over dx,, we have
[ 10 Gy dxdy, =+ Y =i + D
vEu

which is equivalent to (6).
Thus for computing D, and the variance ¢*(f') one needs to estimate the following
three types of integrals:

/ (x) dx, / £A(%) dx, / S (Y dxdy

All these integrals can be computed by QMC (or MC). Let (x;,y;), i =1,2,...,bea
low discrepancy sequence of points in the 2d-dimensional unit cube C*. For uc .,
write

X; = ((Xi)u’ (Xi)y’fu) and Y. = ((yi)w (yi).g/fu)'
We have the following approximations based on the QMC method:

D DI L OB
i=1 i=1

), = % Zf((xi)m (X)) (%) (V1) i) _fq)z.
=1

Thus the truncation dimension can be determined by computing D, with u =
{1,...,1} for / = 1,2, ..., until the inequality in Definition 2 is satisfied. We need to
compute one integral for the mean, one for the variance, plus at most (d — 1)

integrals for D,.
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The numerical computation of the superposition dimension for an arbitrary
function is more complicated. In this case, we have to compute the variance term
a2(f) for every subset u under consideration. Moreover, direct use of (6) often lead to
a loss of accuracy in computing ¢2(f) when |u is large (say |u|>3). The variance
fraction of two-dimensional structure in some problems from finance is estimated by
quasi-regression [11]. Some other attempts have been made in [29].

3. Effective dimension of multiplicative functions

The purpose of this section is threefold: to analyse the effective dimension for
functions with multiplicative structure; to test the numerical algorithm given above
and to analyse the effective dimension of the weighted Korobov spaces.

3.1. Test functions: analytical and numerical results

Consider a class of test functions:

|4xk—2|+ak
7
H 1+ak ’ ()

where a; are parameters. Such functions allow an automatic tuning of the relative
importance of the variables, as well as of their interactions, by appropriate choices of
ay. QMC algorithms for such functions have quite different performance [26,39]. The
reason will be clear soon.

The value of the integral and the variance of f can be computed analytically:

I(f) =1, c*(f) = Hk /1 —)} — 1. The ANOVA terms and the corresponding
variances are:
4x
fi=1 fi=]]—F7"— o =2 -1 . |ul>0,
keu
1
oo(f) =0, auf)=]] == >0 (8)

keu 3(1 + ak)

The quantities involved in the definitions of effective dimension can be computed
analytically. First, based on (6), we have

D, = /f(x)f(me;/Lu) dx dy.ﬁ’fu _f@2 = H 1

keu

Second, for / = 1,2, ...,d, from (8) it follows that

o 1 < 1
2 alh= 2 H3(l+ak)2_z ,E,3(1+ak)2' ©)

0<u|<! 0<|u|<I keu
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Such quantities can be computed recursively. To show this, consider a sequence of
numbers ¢y, ¢, ... . Define

T(i,m)= Z Hc_,-, fori=1,2,....,d and m=1,2,...,1i.

us{l,....itlul=m jeu

We view T as a d X d lower triangular matrix. Obviously, T(i,1) = E;:l ¢; and

T(i,i) = H_;:l ¢ifori=1,2,...,d. Itis easy to prove the following recursive relation:
Ti,m)=T@i—-1,m)+¢TGi—-1,m—-1), fori=3,m=2. (10)

Using this recursive relation and the initial values of 7'(i, 1) and T'(i, ), we can easily
compute the elements of the last row of the matrix T: T(d, 1), T(d,2), ..., T(d,d), as

well as the sums an:] T(d,m)forl=1,2,...,d. The sums in (9) can be computed in
this way.
Three choices of the parameters will be considered:

(@) ag=--=a;=1; b) ar=k, 1<k<d; (¢) ar=Kk, 1<k<d.

The effective dimension is computed by using the analytical formulas and the
numerical algorithm in the previous section (the purpose of using numerical
algorithm is to test its accuracy). In the latter case, we use the Sobol sequence [33] (or
mixed sequence, if the dimension is larger than 100) with n =2'" for the
computations of the integrals involved. The results are given in Table 1. We see
that the numerical algorithm is quite accurate.

Observe that for (a), all variables are equally important, the truncation dimension
is approximately the same as the nominal dimension, this is the most difficult case for
numerical integration. QMC works badly for such integrands in dimension d > 20,
see [39]. For (b), the importance of the successive variables is decreasing. The
truncation dimension is smaller than the nominal dimension and the superposition
dimension is only 2. QMC works better than MC (note that the truncation
dimension is not small). For (c), the importance of the successive variables is
decreasing quickly. The effective dimension in both senses is very small. One can
expect that QMC will be much more efficient than MC. The computational

Table 1
The effective dimension (with p = 0.99) for the test function (7). Values in the parentheses are the results
obtained by numerical algorithm

Dimension a, =1 a, =k a, = k?

d d; dy d; dy d; dj
10 10 (10) 3 10 (10) 2 5(5 2
20 20 (20) 5 18 (19) 2 5(5) 2
40 40 (39) 8 33 (34) 2 5(5) 2
80 80 (79) 12 55 (56) 2 5(5) 2

100 100 (100) 14 64 (66) 2 5(5) 2

200 200 (198) 25 93 (95) 2 5(5) 2
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experiments in [39] confirm this. See also [26]. Thus the efficiency of QMC strongly
depends on the effective dimension.

3.2. General multiplicative functions

The method presented above can be extended to more general functions with
multiplicative structure. Suppose that

d
= 1T 9+ (),
k=1
and
po= [ads 2 [ o0 - )’ de<o.
It is obvious that I(f) = H;le W, and
d 2
A
11 (1 + —’2> —1].
k=1 M

As shown in [19], the ANOVA terms and the corresponding variances are (for u #0)

Su=TT () =) - T #es

o’ (f) = ()

keu k¢u
2 2 2 ii
=T 4l w=unrll =
keu kéu keu Mk

Therefore, the quantities involved in the definitions of effective dimension can be
computed by the formulas:

) 2 i
D=3 a2(f) = 1() [H(l 7) - 1],

vCu keu

S 2 ZZZH)”‘ 1,

Ju| <1 m=1|u|=m keu

The latter one can be computed recursively. Many test functions used in QMC for
empirical studies have the multiplicative structure (see [19]). Some functions from
finance also have multiplicative structure [29].

3.3. The effective dimension of weighted Korobov spaces

To understand the success of QMC methods for high-dimensional integration,
Sloan and Wozniakowski [31,32] used the notions of tractability and strong
tractability. They introduced the weighted Sobolev spaces and the weighted
Korobov spaces, in which the importance of the successive variables is increasingly
limited. This dependence is controlled by a sequences of weights. They showed that
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there exist QMC algorithms for which the curse of dimensionality is not present
under certain conditions on the weights. More precisely, they established the
necessary and sufficient conditions of tractability and strong tractability. In [7,37] it
is shown that QMC algorithms based on some low discrepancy sequences achieve the
optimal convergence order O(n~'*°) for any 6>0 in weighted Sobolev spaces
independently of the dimension under appropriate conditions. We are interested in
the question of how large the effective dimension of the weighted spaces of function
is, especially in the case when the weights satisfy the tractability or strong tractability
conditions.

Consider the d-dimensional weighted Korobov spaces, which are reproducing
kernel Hilbert spaces having the reproducing kernels given by

d © - p2mih(x—ye) .
Koax,y) =[] B+ D i |r *>h i=v-1I, (11)
k=1 h=—w
h+#0

where {f;} and {y,} are two sequences of positive numbers. The smoothness
parameter o characterizes the rate of decay of the Fourier coefficients.

Consider the case of o = 2. This case is important, since the weighted Sobolev
spaces studied in [28,31,37] are related to the weighted Korobov spaces with o = 2 by
using the tool of the shift-invariant kernels (see [6,8]). The complexity of integration
over the weighted Sobolev spaces is related to that over certain weighted Korobov
spaces with o = 2. Since the Fourier expansion of the Bernoulli polynomial B,(x) =
x> — x+1/6is given by

1 eZnihx

2 2 0
2 =t h

By(x) = xel0,1],

the kernel K;,(x,y) in (11) with o = 2 can be written as
d
Kap(x,y) = H (B + 2% Bo({xk — yic})],
k=1

where the notation {x} means the fractional part of x.
Now consider the “typical functions” in the weighted Korobov space associated to
the kernel Ky»(x,y). For any fixed y* = (3}, ..., %) e C?, define a function of x
d
Sor () =TT B+ 27" pBa({oex = v}

k=1

Such functions have multiplicative structure. By direct computation we find that

1 1
1
| Beln —3ih s =0 and [ B - b v = g5
0 0
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Table 2
The effective dimension of the weighted Korobov space with o = 2
d 7 =1 y=1/ =1/ 7 =1/207D
d, dy d, dy d, dy d, dy
10 10 10 10 4 4 2 5 3
20 20 18 19 4 5 2 5 3
50 50 42 42 5 5 2 5 3
100 100 79 71 5 5 2 5 3
200 200 152 109 5 5 2 5 3
500 500 366 161 5 5 2 5 3

for all y; €0, 1). Thus the corresponding parameters y,, A, defined in the previous
subsection are

1
l%ZA[m+Qﬁn&Hm—VUHW%=m

and

1 4
% Y
i = [ ar B~ i) dv = 330k

Therefore, the effective dimension in both senses of the function fy- (x) is independent
of y* and can be computed using the analytical method given in the previous
subsection. In our computations, we put

1
(A) 7 =1 (B) Yy :}7 (©) Vi :j_zv (D) Vi =5
and f; =1 for all j=1,2,...,d. Based on the theoretical results in [32], case (A)
corresponds to the intractability of the problem, while (B) corresponds to tractability
but not strong tractability of the problem. Both (C) and (D) correspond to the strong
tractability of the problem. The effective dimension is given in Table 2 (again
p =0.99).

Choice (A) corresponds to the classical Korobov space, in which the multivariate
integration is subject to the curse of dimensionality. We cannot expect that QMC
works better than MC if d is large. In this case, both the truncation dimension and
the superposition dimension are large.

The situation for case (B) is better than for (A). The truncation dimension is still
large, but the superposition dimension is ‘““‘moderate”. This indicates that the high-
order interactions are negligible. In this case the efficiency of QMC algorithms
depends mainly on the uniformity of the lower-order projections (with order no
larger than 5).

In cases (C) and (D), the effective dimension in both senses is very small and is
independent of the nominal dimension. Thus, the faster convergence rate of QMC
than MC should be expected. Note that case (D) has higher superposition dimension
than case (C), also the truncation dimension for case (D) is never smaller than for (C)
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and in one case is larger. This may seem surprising, since the weights in case (D)
decrease more quickly than case (C). The explanation is the following. Note that the
weights in these cases decay very fast, thus the effective dimension is mainly
determined by the initial weights. The leading weights in case (C) are 1, 1/4, 1/9, 1/16,
1/25, 1/36, 1/49, ..., while in case (D) are 1, 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, ... . Only
from the 7-th weight, the weights in (D) are smaller than these in case (C).

4. Option pricing: the effective dimension

In this section we study the option pricing problems from the point of view of
effective dimension. We try to answer the question of how large the effective
dimension of the option pricing problems is and in what extent the BB and PCA
techniques can reduce the effective dimension and improve QMC estimates. A
critical discussion of the dimension reduction techniques is presented.

4.1. The pricing of Asian options

Consider the problem of pricing an Asian option on the discrete arithmetic
average. The terminal payoff of a European-style Asian call option is

max(Save — K, 0),

where K is the strike price at the expiration date 7 and Sy = %E;lzl Sy, is the

arithmetic average of the underlying asset at equally spaced times #, =0,
ti=ti1+At, j=1,....,d,At =T/d. We assume the Black-Scholes model for the
evolution of the underlying:

dSt :HSI dt+(7S1 dBt, (12)

where u is the expected rate of return of the underlying, ¢ is the volatility and B; is
the standard Brownian motion. Based on the risk-neutral valuation principle (see
[9]), the value of the option at time 0 is given by

C4 = Egle”""max(Sye — K, 0)],

where Ep[-] is the expectation under the risk-neutral measure Q. Since we are
interested in the expectations under the risk-neutral measure, we take pu = r (r is the
risk-free interest rate). With u = r, the analytical solution to (12) is

S; = Soexp((r — L a*)t + aB,).
Thus to price Asian options by simulation, it suffices to simulate the path of

Brownian motion. The standard approach generate the Brownian motion
sequentially in time: given By = 0,

B[j:Btj—l+ VAIZ/, jzl,...,d, (13)
where Z1, ..., Z; are independent standard normal random variates. Note that under

the standard construction (13), the price of the Asian option can be written as a
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d-dimensional integral (see also [10])

1 ¢ o2 J
_ —rT ... - o ‘ 0 ' B
Cy= /Cde max(O,d ; Soexp[(r 2>t] +a\/At; (0] (x,)] K) dx,
(14)

where @(-) is the standard normal distribution.

To reduce the effective dimension, we use the BB technique (see [3,12,13]). Let the
number of time steps d =2™ (m is a nonnegative integer). Given By =0, the
Brownian motion is generated at times in order 7, T/2,T/4,3T/4, ...

BT = ﬁ¢_l (X,',l),

Brjy =1 (By+ Br) + /T /407" (x;2),

Bla-1yrja =5 (Bla-2y7/a + Br) + /T/2d®™ (x;4),

where (x;1,X;2, ..., X;4) is the ith point of certain low discrepancy sequence. In MC,
it is a random vector.

Another way to reduce the effective dimension is to use PCA (see [1]). Let V" be the
covariance matrix of Bj, ..., B, the j-element of V is V;; =min(t,t), i,j =
1,....,d. To introduce the construction by PCA, we first write the standard
construction of Brownian motion (13) as

B[ Z]
S E (15)

1

| =Ll
Bf,[ Zd

where Lis a d x d lower triangular matrix with nonzero entries v/ A¢. The matrix L is

the Cholesky matrix of the covariance matrix V: LL' = V. Note that the BB

construction corresponds to replacing the L by a certain matrix B with BB = V.
In the PCA construction, we replace the matrix L in (15) by another one:

M = (\/Z Vl,\/g Vo, ,\/;L; V(l')v (16)

where 4 > --- = A4 are the eigenvalues of V in decreasing order and vy, ..., v, are the
corresponding unit-length column eigenvectors of V.

In our calculations, we use the following parameters: Sy = 100, 0 = 0.2, r = 0.1,
T =1 year, K = 100. Table 3 shows the effective dimension (with p = 0.99) of the
corresponding functions under the standard, BB and PCA constructions. In all cases
the truncation dimension is smaller than the nominal dimension, but the functions
are not determined by just a small number of leading variables (the truncation
dimension is approximately 0.8 times the nominal dimension d). So judged by
truncation dimension, the option pricing problems are still high dimensional. The BB
and PCA constructions reduce the effective dimension remarkably, especially the
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Table 3
The truncation dimension and the cumulative variance (in percent) from the first two variables for the
problem of pricing Asian option: under the standard, BB and PCA constructions, respectively

d Effective dimension Cumulative variance (in percent)
Standard BB PCA Standard BB PCA

8 7 5 2 26.59 49.31 77.64 94.57 98.73 99.81
16 14 7 2 13.06 25.91 75.1593.49 98.74 99.79
32 27 7 2 3.56 10.70 73.10 92.76 98.62 99.75
64 53 8 2 0.10 4.05 72.43 92.66 98.56 99.78
128 105 8 2 0.03 1.41 72.78 92.66 98.68 99.76
256 205 8 2 0.01 0.05 72.06 92.61 98.65 99.81

PCA construction. The truncation dimensions in these cases is only 7-8 or 2,
respectively, and is insensitive to the nominal dimension d.

For more clear comparison, we include in Table 3 the cumulative variance captured
by the first two variables for the Asian option pricing problem under these three
constructions. For example, on the column under ““Standard”, the first number is the
variance (in percentage) captured by the first variable x| (i.e., 1000%1}(/") /a>(f) with

f being the integrand in (14)), the second number is the cumulative variance captured
by the first two variables x;, x;. It is clear that under the standard construction the
variance captured by the first two variables decreases rapidly as d increases, but it
remains almost the same under BB and PCA constructions. Note that the
‘cumulative variance’ is different from the variability explained by the first k normals
used in [1] (the latter is defined as the sum of the squared norms of the first & columns
of the matrix L in Brownian motion construction (15) with LL' = V).

The BB and PCA constructions change the structure of the integrand. The total
variance remains the same as in standard construction, but much of the variance is
allocated to the first few dimensions. Thus BB and PCA can reduce the effective
dimension of the problem and would seem to make a better use of the leading
components of a low discrepancy sequence.

Tables 4 and 5 show the relative efficiency of using BB and PCA in MC and QMC
(for 16, 64 time intervals, respectively). Note that the relative efficiency ratio of two
estimates is computed as the inverse ratio of their sample variance. In QMC, we use
the digit-scrambling Sobol sequence. See [39] for such a technique. It is a version of
Owen’s scrambling [17]. We observe the following:

® The relative efficiency ratios of the standard QMC (with respect to crude MC) are
about 15 for d = 16 and about 10 for d = 64 (decreases slightly as d increases).
The dimension effect is not very serious.

® QMC combining with BB or PCA improve QMC with efficiency ratio
approximately 10 or 20, respectively. The efficiency ratio is rather insensitive to
the dimension d, but has a clear increasing trend with the increase of n. QMC
combining with PCA is more efficient than with BB, this is consistent with the fact
that PCA reduces the effective dimension more remarkably than BB does.
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Table 4

The estimated standard deviation and relative efficiency to crude MC (in parentheses) with 50 repetitions

n MC methods QMC methods
MC MC + BB MC+PCA QMC QMC+BB QMC+PCA

20 1.60e-1 1.63e-1 1.61e-1 5.48e-2 3.76e-2 3.09e-2
(1.00) (0.97) (0.99) Q) (18) 27

28 7.91e-2 7.88e-2 7.87e-2 1.91e-2 1.05e-2 9.74e-3
(1.00) (1.01) (1.01) (17) (57) (66)

210 3.96e-2 3.97e-2 3.98e-2 1.02e-2 3.96¢-3 2.83e-3
(1.00) (1.00) 0.99) (15) (100) (196)

212 1.98e-2 1.98e-2 1.99¢-2 5.21e-3 9.50e-4 7.50e-4
(1.00) (1.00) (0.99) (14) (433) (694)

Asian option: the number of time step is d = 16.

Table 5

The same as Table 4 (Asian option), but with d = 64

n MC methods QMC methods
MC MC+BB MC+PCA QMC QMC+BB QMC+PCA

26 1.53e-1 1.54e-1 1.54e-1 6.69¢-2 3.33e-2 2.90e-2
(1.00) (0.99) (0.99) 5) (21) (28)

28 7.77e-2 7.73e-2 7.73e-2 2.87e-2 1.01e-2 9.01e-3
(1.00) (1.01) (1.01) @) (59) (74)

210 3.81e-2 3.83e-2 3.84e-2 1.14e-2 3.36¢-3 2.55¢-3
(1.00) (0.99) (0.99) (11 (129) (223)

212 1.91e-2 1.92¢-2 1.92¢-2 6.02¢-3 1.12¢-3 7.27e-4
(1.00) (0.99) (0.99) (10) (293) (689)

® BB and PCA are useless to improve MC (the reason is that the MC error depends
on the variance of the integrand and the variance remains the same under the BB
or PCA construction).

Although the results are not included here, a further large efficiency improvement in
QMC can be achieved by combining BB or PCA with variance reduction techniques
(such as the antithetic variables and control variates). Note that BB and PCA have
strong impact on the use of variance reduction techniques in QMC. In fact, without
the use of BB or PCA, variance reduction techniques may not lead to efficiency
improvement or the efficiency improvement is small in QMC (see [38]).
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4.2. The pricing of multi-asset option

Consider a European-style multi-asset call option on the arithmetic average over d
assets. Its terminal payoff at time 7T is

IR
(,Z)(SIT,...,S”IT)max(O,EZSJTK)
=

where SjT is the jth asset price at T. Assume that the prices of the assets satisfy

ds] = w8} dt + o;S, dB,,

for some mean return parameters y,, ..., 4; and volatility parameters oy, ..., 04, and
dB!, ...,dB? are correlated Brownian motion with correlations p;- With each y; =r,
the solutions to the stochastic differential equation are
A , 5 ,
S} = Syexp((r —507)t + a;By). (17)
Denote the covariance matrix of Bl ..., B% by X. Then the ij-element of X is
2 = p;T. The standard method to generate the Brownian motions is
By Z
BY. Z4

where A4 is the Cholesky matrix obtained from X, i.e., a lower triangular matrix
satisfying A4’ = X, and Z,, ..., Z; are the same as in (13).

To construct the Brownian motion by PCA, it suffices to replace the matrix A4 in
the standard construction by a matrix M of the form (16), but now the 4, >--- > 1,

are the eigenvalues of 2 and vy, ...,v; are the corresponding unit-length column
eigenvectors.
Let v, = log S, then (x}, ...,x%) is normally distributed with mean

vi= (v, va) = (log S+ (1 — o) T, ... log S§ + (g — La3)T)

d

and covariance matrix I' = (p;0:0;T); j—1- The price of the option is given by

efrT

’ 1 _
" :m/mqb(e“, ...,ex”)exp<—§ (x —v) T (x - v))dx,

which can be transformed into integral on C?.

In our numerical experiments, we set the following parameters: S{) =100,0; = 0.2,
p; =03,r=0.1, T =1 year, K = 100. The effective dimension and the cumulative
variance from the first two variables are given in Table 6. The PCA construction
reduce the truncation dimension significantly. In fact, the truncation dimension in
the PCA construction is only 1 (thus the superposition is also 1), and is rather
insensitive to d. We observe that in the standard construction the variance captured
by the first variable decreases as d increases, but in PCA construction, it increases
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Table 6
The truncation dimension and the cumulative variance (in percentage) from the first two variables for the
problem of pricing multi-asset option: under standard and PCA

d Effective dimension Cumulative variance (in percent)
Standard PCA Standard PCA
8 8 1 36.69 57.20 99.6627 99.6933
16 15 1 31.22 48.88 99.7625 99.7796
32 29 1 27.17 44.06 99.8324 99.8333
64 52 1 2597 42.32 99.9194 99.9212
128 87 1 26.44 41.89 99.9664 99.9665
256 136 1 25.67 41.35 99.9856 99.9859
Table 7
The same as Table 4, but for the pricing of multi-asset option with the number of assets d = 16
n MC methods QMC methods
MC MC+PCA QMC QMC+PCA
26 1.81e-1 1.81e-1 5.62e-2 3.15¢-2
(1.00) (1.00) (10) (33)
28 8.90e-2 8.8%¢-2 1.56e-2 1.01e-2
(1.00) (1.00) (32) (78)
210 4.46¢-2 4.49¢-2 7.19¢-3 2.74e-3
(1.00) (0.99) (38) (265)
212 2.23e-2 2.24e-2 3.20e-3 8.36e-4
(1.00) (0.99) (49) (710)

slightly. Thus the corresponding function in PCA construction is getting even more
one dimensional as d increases.

The comparison of the accuracy and the relative efficiency ratios are given in
Tables 7 and 8 (again the digit-scrambling Sobol sequence is used in QMC). The
conclusions are similar with the case of Asian options.

Remark. We have shown that the BB and PCA constructions achieve a huge
dimension reduction (from 256 to 2 or 1 for PCA). But in terms of standard
deviation they do not seem to have a corresponding huge advantage over the
standard construction (the efficiency ratio over standard QMC is 10-20). To explain
this, take an extreme example. Consider the d-dimensional integral f cd [x1 + - +
x4] dx (suppose d is large). It can be transformed into one-dimensional integral
d- fol xdx. By doing this, a huge dimension reduction is achieved! But, it can be
easily verified that if one takes the first-component of a d-dimensional QMC rule for
approximating the one-dimensional integral, the error reduction will be small or even
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Table 8

The same as Table 7, but for the number of assets d = 64

n MC methods QMC methods
MC MC+PCA QMC QMC +PCA

20 1.73e-1 1.73e-1 5.22e-2 3.04e-2
(1.00) (1.00) (1 (32)

28 8.72¢-2 8.68e-2 1.69¢-2 9.09¢-3
(1.00) (1.01) (26) 92)

210 4.29¢-2 4.31e-2 8.20e-3 2.47¢-3
(1.00) (0.99) 27 (302)

212 2.15e-2 2.15e-2 4.29¢-3 7.17e-4
(1.00) (1.00) (25) (899)

there will be no error reduction. For example, take a d-dimensional rank-1 good
lattice rule with prime n, then there will be no error reduction. The important reason
here is that the function f(x) = x; + --- + x; has superposition dimension 1 and a
QMC algorithm (with all perfect one-dimensional projections) is already very
efficient for such a function due to its low superposition dimension.

The answer to the question above will be clear, if the original function
corresponding to the standard construction has low superposition dimension. A recent
research shows that it is exactly the case: the superposition dimension in the standard
construction is very small (only about 2), even the truncation dimension is not much
smaller than d (see [29]). Therefore, for the option pricing problems it seems that we
have a similar situation as for the extreme example. The QMC algorithm is already
very efficient under the standard construction because QMC has already taken the
advantage of the special feature of the original function, e.g., low superposition
dimension. Moreover, since the superposition dimension in the standard construc-
tion is already very small, there is no much room to reduce it further by BB and PCA
(though BB and PCA reduce the truncation dimension significantly). This is why
when reducing the truncation dimension considerably will probably result in a
moderate QMC error reduction.

The error reduction by using BB or PCA depends both on the algorithm and on
the problem. There is no guarantee that dimension reduction will result in error
reduction. As shown in [21], BB and PCA do not offer any improvement in QMC
applications for some problems. The relationship of QMC error to effective
dimension is not so simple. It is hard to draw general conclusions just based on
several examples.

Note that for some problems in computational finance, the ideas in [20] have been
extended in [22] to show the superiority of QMC.



122 X. Wang, K.-T. Fang | Journal of Complexity 19 (2003) 101-124
5. Conclusion

Effective dimension characterizes in some degree the complexity of multivariate
integration. Knowing the effective dimension helps us to understand the difficulty of
the problems and to predict the performance of QMC algorithms. Such knowledge
can be useful in gaining insight into the design of more efficient QMC algorithms.

The superiority of QMC over MC has been reported mainly for two classes of
functions. One is the class of functions with small truncation dimension (the
superposition dimension is also small); another is the class of functions with large
truncation dimension, but with very small superposition dimension. The functions of
weighted Sobolev and weighted Korobov spaces with fast decayed weights are in the
first class. Some specific isotropic functions on which QMC was seen to work well
(for example, the one considered in [23]) are shown to belong to the second class [19]
(but this does not mean that all isotropic functions have small superposition
dimension). Many financial-related functions also belong to the second class [3,29].
We do not know the result about the superiority of QMC algorithms for functions of
large truncation dimension and large superposition dimension (say d;>10 and
d;>100) for practical n. On the other hand, it is important to be aware of the fact
that small effective dimension does not suffice to guarantee the effectiveness of QMC
and dimension reduction does not necessary lead to error reduction. Further
research is worth doing to a clear understanding of the dependence of QMC error on
effective dimension.

We analyse and numerically compute the effective dimension for product
functions, functions of weighted Korobov spaces and some financial-related
functions. The effective dimension of some other problems can also be analysed or
computed in the similar ways. For example, the effective dimension of the Mortgage-
Based Securities problem can be estimated.
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