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Abstract

Given a sequence of martingale differences, Burkholder found the sharp constant for the L”-norm
of the corresponding martingale transform. We are able to determine the sharp LP-norm of a small
“quadratic perturbation” of the martingale transform in L?. By “quadratic perturbation” of the martingale
transform, we mean the L? norm of the square root of the squares of the martingale transform and the
original martingale (with a small constant). The problem of perturbation of martingale transform appears
naturally if one wants to estimate the linear combination of Riesz transforms (as, for example, in the
case of Ahlfors—Beurling operator). Let {dy };>0 be a complex martingale difference in L?[0, 1], where
I < p < oo, and {gt}r>0 a sequence in {£1}. We obtain the following generalization of Burkholder’s

famous result. If T € [—%, %] and n € Z4, then
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1
where ((p* — D2+ s sharp and p* — 1 = max{p — 1, ﬁ}. For 2 < p < o0, the result is also true
with the sharp constant for € R.
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1. Introduction

In a series of papers, [5—12], Burkholder was able to compute the L? operator norm
of the martingale transform, which we will denote as MT. This was quite a revolutionary
result, not only because of the result itself but because of the method for approaching the
problem. Burkholder’s method in these early papers was the inspiration for the Bellman function
technique, which has been a very useful tool in approaching modern and classical problems in
harmonic analysis (this paper will demonstrate the Bellman function technique as well). But, the
result itself has many applications. One particular application of his result is for obtaining sharp
estimates for singular integrals. Consider the Ahlfors—Beurling operator, which we will denote

as T'. Lehto, [16], showed in 1965 that | T, = [T, p > (p % —1) = max{p 1, ﬁ}
Iwaniec conjectured in 1982, [15], that ||T||, = p* — 1. The only progress toward proving that
conjecture has been using Burkholder’s result, see [17,2,1] for the major results toward proving
the conjecture. However, Burkholder’s estimates have been useful for lower bound estimates as
well. For example, Geiss et al. [14] were able to show that ||[RT|,, ST, > p* — 1, by using
Burkholder’s estimates. The upper bound for these two operators was determined as p* — 1 by
Nazarov and Volberg, [17] and Baifiuelos et al. [2], so we now have |[RT ||, = |ST|, = p* — 1.
Note that RT the difference of the squares of the planar Riesz transforms, i.e. T = Rf — R%.

A recent result of Geiss et al. [14] points to the following observation, though not
immediately. We can estimate linear combinations of squares of Riesz transforms if we know
the corresponding estimate for a linear combination of the martingale transform and the identity
operator. In other words, one can get at estimates of the norm of (R% - R%) + 7 - I, by knowing
the estimates of the norm of MT +7 -1 -||MT + 1 -I||, has only been computed for either T = 0
by Burkholder [8] or t = %1 by Choi [13]. The problem is still open for all other r-values and
seems to be very difficult, though we have had some progress. But, if we consider “quadratic”
rather than linear perturbations then things become more manageable (see [3,4]). This brings
us to the focus of this paper, which is determining estimates for quadratic perturbations of the
martingale transform, which will have connections to quadratic combinations of squares of Riesz
transforms.

To prove our main result, we are going to take a slightly indirect approach. Burkholder
(see [8]) defined the martingale transform, M T, as

n n
MT, (Z dk> = Zekdk.
k=1 k=1

Then the main result can be stated as

U MT;
gp Tl

where [ is the identity transformation and t is “small”. However, rather than working with
this martingale transform in terms of the martingale differences, in a probabilistic setting, we
will define another martingale transform in terms of the Haar expansion of L?[0, 1] functions
and set up a Bellman function in that context. Burkholder showed, in [12], that these two
different martingale transforms have the same L? operator norm, for t = 0, so we expected

= sup L= ((p* — 1 + 1)1,
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a perturbation of these to act similarly and it turns out that they do. For convenience, we
will work with the martingale transform in the Haar setting. Using the Bellman function
technique will turn the problem of finding the sharp constant of the above estimate into
solving a second order partial differential equation. The beauty of this approach is that it
gets right to the heart of the problem with very little advanced techniques needed in the
process. In fact, the only background material that is needed for the Bellman function technique
approach, is some basic knowledge of partial differential equations and some elementary
analysis.

Observe that for 2 < p < oo, the estimate from above is just an application of Minkowski’s
inequality on L7 and Burkholder’s original result. But, this argument does not address sharpness,
even though the constant obtained turns out to be the sharp constant for small 7. For 1 < p < 2,

Minkowski’s inequality (in / %) also plays a role, but to a lesser extent and cannot give the sharp
constant, as we will see Proposition 30. It is, indeed, very strange that such sloppy estimation
could give the estimate with sharp constant for | < p < oco. We will now rigorously develop
some background ideas needed to set up the Bellman function.

In our calculations, we follow the scheme of [19], but our “Dirichlet problem” for
Monge—Ampere is different. For small 7 the scheme works. For large T and 1 < p < 2t
definitely must be changed as [3] shows. The amazing feature is the “splitting” of the result into
two quite different cases: 1 < p < 2 and 2 < p < oo, where in the former case we know the
result only for small 7, but in the latter one t is unrestricted.

1.1. Motivation of the Bellman function

Let / be an interval and @ € R* such that @™ +a~ = 1. These o™ generate two subintervals
I* such that |[I*| = a®|I| and I = I~ UI*. We can continue this decomposition indefinitely as
follows. Any sequence {1 0 < oty < 1,0 <m <2",0 <n < 00, otp 2k + ¥p2k+1 = 1},
generates the collection Z = {I,,,, : 0 <m < 2",0 < n < oo} of subintervals of 7, where

Inm = In_,m U ij’—m = Lit12m+1 YU Lny1omy1 and @™ = o401 2m, at = Qpt1,2m+1.- Note that
Ioo = 1.
. + -
For any J € Z we define the Haar function h; = — a?—mxj— + aﬁ—ulxﬁ. If max

{{Inm] : 0 <m < 2"} - 0asn — oo then {h;};c7 is an orthonormal basis for L(z)(l) =
{f € L*(I) : f ; [ = 0}. However, if we add one extra function then Haar functions form an
orthonormal basis in L2[0, 1]. Fix Ip = [0, 1] and Z = D as the dyadic subintervals of /. Let
D, ={1 € D:|I| =27"}. We use the notation ( f)y to represent the average integral of f over
the interval J € D and o (D,) to be the o-algebra generated by D,,. For any f € L' (Iy) we have
the identity

S = Fapxon + D, (fhh. (1.1)

leD, Ieo (Dy)

By Lebesgue differentiation, the left-hand side in (1.1) converges to f almost everywhere, as
n — oo.Soany f € LP(ly) C L(Iy) can be decomposed in terms of the Haar system
as

f=(Napxay + ) hh.

1€D
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In terms of the expansion in the Haar system we define the martingale transform, g of f,
as

8 =8y Xty + Z er(fihphr,
IeD

where ¢; € {£1}. Requiring that |(g, hs)| = |(f, hy)|, for all J € D, is equivalent to g being
the martingale transform of f, for f, g € LP(lp).
Now we define the Bellman function as B(x;, x2, x3) :=

Sfup{<(g2 + 25 i = () x = (8
8

=(f1") 1. I(fh )l = 1(g. hp)l, VI € D}

on the domain 2 = {x € R?® : x3 > 0, |x1|? < x3}. The Bellman function is defined in
this way, since we would like to know the value of the supremum of H(ff)‘

, where g is
p

the martingale transform of f. Note that |x;|” < x3 is just Holder’s inequality. Even though

the Bellman function is only being defined for real-valued functions, we can “vectorize” it to

work for complex-valued (and even Hilbert-valued) functions, as we will later demonstrate.

Finding the Bellman function will make proving the following main result quite easy. We will
1 1

call (g2 +%f 2)%);’ the “quadratic perturbation” of the martingale transform’s norm (| g|? )IF.

Theorem 1. Let {di}r>1 be a complex martingale difference in LP[0, 1], where 1 < p < oo,
and {e}x>1 a sequence in {£1}. If T € [—%, %] and n € Zy then

2 (%) S

k=1 k=1

’

LP([0,1],C)

1
<((p* = 1D*+ 12
LP([O,l],(CZ)

where ((p* —1)>+ t2)§ is sharp. The result is also true with the sharp constant for 2 < p < 00
andt € R.

Note that when 7 = 0 we get Burkholder’s famous result [8].

Now that we have the problem formalized, notice that B is independent of the initial choice
of Ip (which we will just denote I from now on) and {& u}n.m, SO We return to having them
arbitrary. Finding B when p = 2 is easy, so we will do this first.

Proposition 2. If p = 2 then B(x) = x% — xl2 + (14 t2)x3.

Proof. Since f € L>(I) then f = (f)1x1 + Y. ;ep(f. hy)hy implies

2 _ 1 2
WfP) = |1|/I|f|

1 1
(NT+201 Y b | hy+ — /1 D (L h)(f hiOhhk

JeD 111 1] J,KeD

1
= (Ni+ = D ISP

|I| JeD



2202 N. Boros et al. / Advances in Mathematics 230 (2012) 2198-2234
So [l £15 = Ilx3 = [I|x? + 3 ;op |(f, hy)|? and similarly
lgll3 = 11x3 + Y 1@ hnlP = 11153 + > I(f hp)l*.

JeD JeD

Now we can compute B explicitly, (p = 2)

(P + 720 = (g + 211 =2 + i+ (1 +f2>m AN
JeD

=4+ + A+ —x). O

1.2. Outline of argument to prove main result

Computing the Bellman function, B, for p # 2, is much more difficult, so more machinery
is needed. In Section 1.3, we will derive properties of the Bellman function, the most notable of
which is concavity under certain conditions. Finding a B to satisfy the concavity will amount to
solving a partial differential equation, after adding an assumption. This PDE has a solution on
characteristics that is well known, so we just need to find an explicit solution from this, using
the Bellman function properties. How the characteristics behave in the domain of definition for
the Bellman function will give us several cases to consider. In Section 2, we will get a Bellman
function candidate for 1 < p < oo by putting together several cases. Once we have what
we think is the Bellman function, we need to show that it has the necessary smoothness and
that Assumption 7 was not too restrictive to give us the Bellman function. This is covered in
Section 3. Finally the main result is shown in Section 4. In Section 6, we show why several
cases did not lead to a Bellman function candidate and why the value of t was restricted for the
Bellman function candidate.

1.3. Properties of the Bellman function

One of the properties we nearly always have (or impose) for any Bellman function, is
concavity (or convexity). It is not true that 53 is globally concave, on all of {2, but under certain
conditions it is concave. The needed condition is that g is the martingale transform of f, or
|ler —x/|= |x;r — x, | in terms of the variables in 2.

Definition 3. We say that the function B on {2 has restrictive concavity if for all x*
such that x = a™x™ + o x ", et + @~ = land |x{7 — x;| = [xJ — x| then B(x
atBxT) +a " Bx).

e
) >

Proposition 4. The Bellman function B is restrictively concave in the x-variables.

Proof. Let ¢ > 0 be given and xE e n. By the definition of B, there exists f + gﬂE on IE such
that (f) s+ = x{7, (g) 7= = x5, (| f1P) 1+ = x5 and

BxF) — ([(¢D)2 + 2(fHH5)= <e.

Onl =1ITUI wedefine fand gas f := f¥y;+ +f_)(1— g =g x;+ +8 x;--So,

g — =|—
I =l = 1 <f>1|—‘“,+| I 0 f‘
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a%m T |1| 1f| |1|'/ <+X’ WL-“)'

7]
- gl
Similarly, |x2+—x;| = a+a |(g, hr)|. So our assumption |x1 —x, | = |x2 —Xx, | is equivalent

to [(f, hp)| = |(g, hy)|. Since x;1 = (f)7,x2 = (g);r and x3 = (| f|?); then f and g are test
functions and so

Bx) = (&> + 122
HIeH? + U a6 + ),
> atBat) +a B —e. O

At this point we do not quite have concavity of B on {2 since there is the restriction
|xf' —x | = |)cz+ — x, | needed. To make this condition more manageable, we will make
a change of coordinates. Let y; = @, yy = @ and y3 := x3. We will also change
notation for the Bellman function and corresponding domain in the new variable y. Let
M1, y2, ¥3) := B(x1, x2, x3) = B(y1 — y2, y1 + y2, ¥3). Then the domain of definition for M
willbe 5= {y € R?: y3 > 0, |y — »2|” < y3}.

If we consider x* € 2 such that |xi" —x | = |xz+ — X, |, then the corresponding points
y* € Z satisfy either yf' =y or y;r = y, . This implies that fixing y; as yr =y, Or y; as
y; =y, will make M concave with respect to y>, y3 under fixed y; and with respect to y1, y3
under y; fixed.

Rather than using Proposition 4 to check the concavity of the Bellman function we can just
check it in the following way, assuming M is C2. Let j # i € {1,2} and fix y; as y;r =y .
Then M as a function of y;, y3 is concave if

<Myjyj My/.m) “0
—_— b
y3yj y3y3

which is equivalent to

My,y; <0, M.y, <0, Dj = My;y;Mysy; — Mysy, My, >0

Proposition 5 (Restrictive Concavity in y-Variables). Let j # i € {1,2} and fix y; as yl.Jr =y .
If My,y; <0, My,y; <0and Dj = My, My, — (/\/lyjy3)2 >0for j =1and j =2 then
M is Restrictively concave.

The Bellman function, as it turns out, has many other nice properties.

Proposition 6. Suppose that M is C'(R?), then M has the following properties.

(@) Symmetry: M(y1, y2, y3) = M(y2, y1, y3) = M(=y1, =2, y3).

(ii) Dirichlet boundary data: M(y1. y2. (y1 — y2)") = ((y1 + y2)* + 12 (1 — y2)H)*%.
(iii) Neumann conditions: My, = My, on y| =y and M, = —M,, on y; = —y».
(iv) Homogeneity: M(ryy, ry2, r?y3) = r? M(y1, y2, y3), Vr > 0.

(v) Homogeneity relation: yi My, + y2 My, + py3M,; = pM.
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Proof. (i) Note that we get B(x1, x2, x3) = B(—x1, x2, x3) = B(x1, —x2, x3) by considering
test functions f = — f and g = —g. Change coordinates from x to y and the result follows.

(i1) On the boundary {x3 = |x|?} of {2 we see that

p

o 1 = = = e =1, |”—‘|I|

is only possible if f = const. (i.e. f = x1). But, |(f, hy)| = |(g,hy)| forall J € Z,
which implies that g = const. (i.e. g = x2). Then B(xy, x2, [x1]7) = ((g% + t2f2)§)1 =
(x% + rlez)g. Changing coordinates gives the result.

(>iii) This follows from (i).

(iv) Consider the test functions f: rf,g =rg.

(v) Differentiate (iv) with respect to r and evaluate itatr = 1. O

Now that we have all of the properties of the Bellman function we will turn our attention
to actually finding it. Proposition 5 gives us two partial differential inequalities to solve, D1 >
0, D> > 0, that the Bellman function must satisfy. Since the Bellman function is the supremum
of the left-hand side of our estimate under the condition that g is the martingale transform of f,
and must also satisfy the estimates in Proposition 5, then it seems reasonable that the Bellman
function (being the optimal such function) may satisfy the following, for either j = 1 or j = 2:

Dj = My;y; Mysy; = (Mysyj)2 =0.

The PDE that we now have is the well known Monge—Ampere equation which has a solution.
Let us make it clear that we have added an assumption.

Assumption 7. Dj = M.y M,y — (M,;,)? = 0, for either j = 1 or j = 2.

Adding this assumption comes with a price. Any function that we construct, satisfying all
properties of the Bellman function, must somehow be shown to be the Bellman function. We will
refer to any function satisfying some, or all Bellman function properties as a Bellman function
candidate.

Proposition 8. For j = 1 or 2, My, My, — (/\/ly”j)2 = 0 has the solution M(y) =
yjtj + y3t3 + to on the characteristics y;dt; + y3dt3 + dty = 0, which are straight lines
in the y; x y3 plane. Furthermore, 1,1}, t3 are constant on characteristics with the property
Myj =tj, My, = t3.

This is a result of Pogorelov; see [18,20]. Now that we have a solution M to the
Monge-Ampere, we need to get rid of 19, ¢;, t3 so that we have an explicit form of M, without
the characteristics. We note that a solution to the Monge—Ampere is not necessarily the Bellman
function. It must satisfy the restrictive concavity of Proposition 5, be C!-smooth, and satisfy
the properties of Proposition 6. The restrictive concavity property is one of the key deciding
factors of whether or not we have a Bellman function in many cases. Even if the Monge—Ampere
solution satisfies all of those conditions, it must still be shown to be equal to the Bellman function,
because we added an additional assumption (Assumption 7) to get the Monge—Ampere solution
as a starting point. This will be considered rigorously in Section 3, after we obtain a solution
to the Monge—Ampere equation, with the appropriate Bellman function properties. So from this
point on we will use M and B to denote solutions to the Monge—Ampere equation, i.e. Bellman
function candidates, and M and B to denote the true Bellman function.
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A
Ys

t J Y2
—Y1 Y1

Fig. 1. Sample characteristic of solution from Case (15).
2. Computing the Bellman function candidate from the Monge—Ampere solution

Due to the symmetry property of M, from Proposition 6, we only need to consider a portion of
the domain =, which we will denote as, = = {y : —y; < y» < y1,y3 >0, (y1 — y2)? < y3}.
Since the characteristics are straight lines, then one end of each line must be on the boundary
{y : (y1 — »)? = y3}. Let U denote the point at which the characteristic touches the boundary.
Furthermore, the characteristics can only behave in one of the following four ways, since they
are straight lines in the plane:

(1) The characteristic goes from U to {y : y; = y»}.

(2) The characteristic goes from U to infinity, running parallel to the y3-axis.
(3) The characteristic goes from U to {y : y; = —y2}.

(4) The characteristic goes from U to {y : (y1 — y2)” = y3}.

To find a Bellman function candidate we must first fix a variable (y; or y») and a case for the
characteristics. Then we use the Bellman function properties to get rid of the characteristics. If the
Monge—Ampere solution satisfies restrictive concavity, then it is a Bellman function candidate.
However, checking the restrictive concavity is quite difficult in many of the cases, since it
amounts to doing second derivative estimates for an implicitly defined function. Let us now
find our Bellman function candidate.

Remark 9. Since we will have either y; or y; fixed in each case, then there will be eight cases in
all. Let (1;), (2)), (3), (4) denote the case when My, y, My,y, — (My3yj)2 = 0 and y; is fixed,

1
where i # j. Also, we will denote G (z1, z2) := (z1+22)? '[z1—(p—Dz2] and w == (A%) P

from this point on.
2.1. Bellman candidate for2 < p < 0o

The solution to the Monge—Ampere equation when 2 < p < 00, is only partially valid on the
domain in two cases, due to restrictive concavity. Case (1), will give us an implicit solution that
is valid on part of = and Case (2;) will give us an explicit solution for the remaining part of
= . First, we deal with Case (17). (See Fig. 1)

2.1.1. Case (15)

Since we are considering Case (13), then y; > 0 is fixed until the point that we have
the implicit solution independent of the characteristics satisfying all of the Bellman function
properties.
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Proposition 10. For 1 < p < oo and ijz Y1 < y2 < y1, M is given implicitly by the relation
Gy +yuy1—y) = yaG(\/lw2 — 12, 1), where G(z1, 22) == (21 +22)P " '[z1 — (p — Dz2] on

21+22>0and w = (Mygy))ﬁ.

This is proven through a series of lemmas.

Lemma 11. M(y) = tyy2 + 13y3 + to on the characteristic y»dty + y3dtz + dtg = 0 can be

- SO+ 2=
simplified to M (y) = ( O+ +T2 (i —u)

yi—u

p
) 3, where u is the unique solution to the equation

2
n+HE-Dy ’H‘(;_])YI
3 - 1w’

2
and pTM <y2 <)l

Proof. A characteristic in Case (1) is from U = (yi,u, (y; — w)?) to W = (y1, y1, w).
Throughout the proof we will use the properties of the Bellman function from Proposition 6.
Using the Neumann property and the property from Proposition 8 we get My, = My, =t at W.
By homogeneity at W we get

py2t2 + pwtz + pto = pM(W) = y1 My, + yaMy, + pysMy, = 2yi1t2 + pwts.

Then o = (3 —1)yit2 and dig = (3 —1)yidia, since yy is fixed. So M(y) = [y2+ (5 = Dyilno+

y3t3 on [y) + (% — Dy1]ldts + y3dt3 = 0. By substitution we get, M(y) = y3[t3 — fzfji—Z] on
M(y)

)

characteristics. But, 1, 13, % are constant on characteristics, which gives that = const. as
well. We can calculate the value of the constant by using the Dirichlet boundary data for M at U.

Vot 2oz \©
Therefore, M (y) = ( Q1)+t (i —u)

) y3, where u is the solution to the equation

yi—u
y2+<%—1)y1 M+(%—1)y1 ,
= . 1
»3 1 —w)? @D

Now fix u = —(% — 1)y1. Then we see that y, = —(% — 1)y; = u is also fixed by (2.1).
This means that the characteristics are limited to part of the domain, as shown in Fig. 2, since
they start at U and end at W € {y; = y»}. All that remains is verifying Eq. (2.1) has exactly one
solution u = u(y1, y2, ¥3) in the sector ijz y1 < y2 < y1. Indeed, the function

2 2
f) =y |:"‘+<— - 1) )’1} -1 —w? [yz—l— (—— 1) yl]
p p

p
is monotone increasing for u < yi, f(—(% — Dy = —(%y1> [y2 + (% — 1)y1] < 0 and

fn) = % y1y3 > 0. Therefore, we do get a unique solution, u, in the sector. [

W
Lemma 12. M(y) = < e —u)

yi—u

MGWer =72 1) for B2y1 < y2 < 1.

p
) y3 can be rewritten as G(y1 + y2,y1 — y2) =

1
N\ 5 222 _
Proof. o — (M)P _ A Ortuw)r 4ty —u) > |T|M = |7|.

3 - yi—u yi—u
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Y2 y2 =11
_2

v2 = (557 )nn

Y1
Y2 =~

Fig. 2. Sector for characteristics in Case (15), when p > 2.

JEZ

. —2_ . . o ..
Since y; £u > 0 and w? — 1% > 0, then u = %yl by inversion. Substituting this into
w —T°+

YZ+(%_1))’1 u+(%—l)y|
3 - n—w?

27"y [y — (p = 2yl = ;3(Ve? — 2 + P [Ve? — 2 — (p — 1)]

gives

-1
2 1\2 1 P 2 1\2
or (x1 +x2)P 1 xa—(p—Dxi] = Br — <rx3p) +xq Br — (rx{) —(p—=1

ST}

1 IN2 1
x{}. Thus, G(xz,x1) = G|, B? — <rx3”> ,x3 | or Gyi + y2. 31 — y2) = 3G

W2 —72,1). O

This proves Proposition 10. We have constructed a partial Bellman function candidate from
the Monge—Ampere solution in Case (17), so y; no longer needs to be fixed. All of the properties
of the Bellman function were used to derive this partial Bellman candidate, but the restrictive
concavity from Proposition 5 still needs to be verified. To verify restrictive concavity, we need
that My,y, < 0,My,y, < 0,D2 > 0 and My, < 0,D; > 0. By assumption D, = 0,
we need not worry about that estimate. The remaining estimates will be verified in a series
of lemmas. The first lemma is an idea taken from Burkholder [6] to make the calculations for
computing mixed partials shorter. In the lemma, we compute the partials of arbitrary functions
which we will choose specifically later, although it is not hard to see what the appropriate choices
should be.

Lemma 13. Let H = H(y1, y2), ®(w) = W Rl = Ri(w) = 4 and Ry = Ry(w) =
Ri =2 Then

T2
-2 2
pwP~“R{H
My 5, = T[a)Rz +(p — DRi]
3
-2 ’
poP~"RIHH
My, =————F——[oR+(p—DRy]

Y3
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-2
pwPT Ry
My, = P (loRz + (p = DRIH? + 0ysH')
3
5 prZp—?) R%HZH//
D; = M)'3Y3 Myiyi - M)'3Y; = [wR> + (p — DRy

”

Proof. First of all we calculate the partial derivatives of w:

H RH
Doy, = = w,, = — ! ,
3 2 3 2
V3 V3
H,y RiHy  RiH’
ds/a)y.:—lﬁa)y.:—ylzl—’ :1,2
! y3 ! y3 y3

Here and further we shall use notation H’ for any partial derivative H ., i = 1,2. This cannot
cause any confusion since only one i € {1, 2} participate in the calculation of D;.

R2wy3H +2R1H _ R\H

Wy .y, =— = (R2H +2y3),
” 5 »nooon
RZCUyl. H RH RiH'
(Uy%yl. = - 2 - 2 = - 3 (RZH + )’3),
’ Y3 3 3
Rywy H  RH' R
wy y = i 4 = — (Ry(H")* + y3H").

y3 y3 Y3
Now we pass to the calculation of derivatives of M = y3w?:

—1
My, = pyzof wy, + w?,

—1 .
My, = py3oP Wy,

My, = pysoP™ oy +2pol ™ oy + p(p = Dysol o),
pwP_ZRlHZ
= —3[0)R2 + (p — DR1], 2.2)
Y3
My3yi = PYSwP—lwy3yi + pw[’_lwyi + p(p _ 1)y3wp—2wy3wyi
pwP2RiHH'
= ————[wRy+(p— DRl
>3
My,-yl- = Pysa)l’—la)yiyi + p(p — 1)y3wp—2w§i
wP 2R
=2 = y : ([sz +(p— DRIH) + a)y3H”> . (2.3)
3

This yields

D — i Y M2 B p2w2p—3R%H2H//
L sy T - y3
3

. [wRy + (p — DR;]. O 2.4)
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Lemma 14. If o;, Bi € {1} and H(y1, y2) = G(a1y1 + a2y2, B1y1 + B2y2) then
H" = {4G2122’ aj=pBj
0, aj = —,3]'.
Consequently, in Case (13), sign H” = —sign(p — 2).

Proof.

2

d
H' = 8—yzG(Ol1y1 +azy2, Biy1 + B2y2)
;

= aiszlzl + 20{1',31‘(;zlz2 + ,3126
= Gzlzl + Gzzzz iszlzzs

%

w9

where the “+4” sign has to be taken if the coefficients in front of y; are equal and the sign in
the opposite case.
The derivatives of G are simple:
G, = p(z1 +22)" [z — (p — Dz2],
Gz = —p(p = Dz2(z1 +22)" 7%
G:z, = p(p— D@1 +22)"[z1 — (p — D2a),
Gz, =—p(p— D(p—Dzaz + 22077,
Gy =—p(p — D@1+ 22" (21 4+ (p — D22)-
Note that G ; + G ., = 2G; ., and therefore,
H" = {4G1112’ aj=pj
0, (Xj = —ﬂ]
Now in Case (12), we must choose ¢y = 1,0 = 1,8 = 1 and o = —1 for H to

match how the implicit solution was defined in terms of G in Proposition 10. Then G; . =
—p(p =D =D —y)@y)?P~>. O

Remark 15. Let 8 := +/w? — 2 from this point on. In Case (1), 8 > p — 1 in the sector
_ . P, —
pryl (y2 < y1. Equivalently, B)(z> 4+ (p — 1)®)Z in pryl <y <Y1

This is an easy application of Proposition 10:

1
B+ NB-p+11=G@B, 1) = EG(yl + 32,51 — )
= Q)P =(p — 2y1 + py2] > 0.

Before we can compute the signs of My, y,, My,y,, My, and D| we need a technical lemma.

1
Lemma16. If | < p <ocoandt € R, then

gB)i=—p(p—wp>(B+ DP3(* + p— D> — 2 (p - 3)B + 7]

satisfies sign g(B) = — sign(p — 2) in Case (17).
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Proof. The only terms controlling the sign in g are (p — 2) and the quadratic part, which we
will denote g(B). So we need to simply figure out the sign of g. The discriminant of ¢ is
?(p = DI*(p —5) — 4]

If p < 5 then the discriminant of g is negative and so ¢(8) > 0. If p > 5, and
72(p —5) — 4 < 0 then ¢(B) > 0 once again.

The only case left to consider is if p > 5 and 72(p — 5) — 4 > 0. The zeros of ¢ are given

20 /— [72(p—_8)—
by B =1 (p 3>i‘;lr2p+p171; (P=9=4 1 ot B1, B> be the zeros such that 8, > ;. We claim that

max{p — 1, B2} = p— 1. Indeed, p — 1 — B > 0

= (p+DP+2(p—D? > |tl/p - 1y/72(p—5)— 4

S Ap—D 4+ D - D2+t p+ 12> 2 - DEX(p =5 —4)
= (p-D*+2p*(p-D+*2p-1) >0,

which is obviously true for all ¢ € R. Now that we have proven the claim, recall that 8 > p — 1,
as shown in Remark 15. Therefore, 8 > B2, so g(8) > 0 in this case. [J

Lemma 17. D; > 0 in Case (1) forall t € R.

Proof. We use the partial derivatives of G computed in the proof of Lemma 14 to make the
computations of ¢ and ¢” easier.

d(w) = G(B, 1)
P () = polf+ 1171 — (p—2)p~ 1] 2.5)
"(w) = p(B+ D 1—(p—2)p7"
+p(p =2 BB+ 1P - (p -2 1
+p(p — 2B 3B — 11772
A=(p-19 —wd”
= p(p—2wp "B+ DP L —(p-2)p7"
—p(p =2’ BB+ DPBB—p+2)+p+1]
= p(p—2wp *(B+ DP[B—p+21{BB + 1) — 0’}
—p(p =2’ BB+ 1)P?
= p(p—2wB (BB — p+2)(B — 1) — &*(B+ D]
= —p(p—2wp B+ D@+ p— D= (p—3)B+ 77 (2.6)

So we can see that sign A = sign g(8) = — sign(p — 2), by Lemma 16. Therefore, sign D =
sign H” sign A = [—sign(p — 2)]* by (2.4) and Lemma 14. [

Since D; > 0, then all that remains to be checked, for the restrictive concavity of M, is
that My,,, (fori = 1,2) and M,,,, have the appropriate signs. But, it turns out that only for
2 < p < oo, will these have the appropriate signs.

Lemma 18. sign My, = sign My,,, = sign My,,, = —sign(p — 2) in Case (1;) forall T € R.
Therefore, M is a partial Bellman function candidate for 2 < p < oo but not for 1 < p < 2,
since it does not satisfy the required restrictive concavity.
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Y3 Y3

T Y1 t Y1
Y2 —Y2

@y > 0. (b) y <0.

Fig. 3. Sample characteristic of the Monge—Ampere solution in Case (21).

Proof. By (2.2),

poP2RZH? T A
My = ———1 = |
Y3

Remark 15 gives ¢’ > 0. From Lemma 16, sign M, ,, = sign A = signg(B) = —sign(p — 2).
By (2.3), fori = 1 or 2,
wP2R
My = P [@Rs (0 = DROGH'Y oyt
pwP~?
y3(9)3

giving sign My,,, = —sign(p —2). U

[ 4 + wys (07

The previous two lemmas established that the partial Bellman function candidate, from Case
(17) satisfies the restrictive concavity property, for 2 < p < oo. The candidate was constructed
using the remaining Bellman function properties, so it is in fact a partial candidate. Now we will
turn our attention to Case (2). As it turns out, Case (2;) also gives a partial Bellman function
candidate, which, as luck would have it, is the missing half of the partial Bellman candidate just
constructed.

2.1.2. Case (22) for2 < p < o0
We can obtain a Bellman candidate from Case (2) without having to separately fix y; or y;.
Let us compute the solution in this case. (Figs. 3 and 4)

Lemma 19. In Case (2) we obtain

14 V4
M) = (1+ )2y} +2yyiy2 + 317 +clys — (1 — y2)”] 2.7

1-72
1+12°

as a Bellman function candidate, where ¢ > 0 is some constant and y =

Proof. In Case (2), on the characteristic y;dt; +y3dt3+dtg = 0, y; and y, are fixed. Furthermore,
on the characteristic, ty, t;, t3 are fixed, so we have
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Y3

—Iyl Iyl

Fig. 4. Sample characteristic of the Monge—Ampere solution for Case (2;).

M(y) = yiti + y3t3 + 1o
= (yiti + 1) + y3t3
= c1(1, y2) + c2(y1, ¥2)y3-
Then My,,, = 0 and M,,,, = dy,c2. Recall that D; > 0 by Proposition 5, so dy,c2(y1, y2) = 0.
This implies that ¢, is a constant. Using the boundary data from Proposition 6 gives ((y; + )2+

2 .
2 (y1 — y2)) 2 = M(y1, y2, (31 — y2)P) = c1(y1, y2) + c2(y1 — y2)P. Solving for ¢1(y1, y2)
gives the result. To see that ¢; > 0, just notice that as y3 — oo, M(y) — co. U

It is not possible to determine if this Bellman function candidate satisfies restrictive concavity,
unless we know the value of the constant ¢ in Lemma 19. This constant can be computed by using
the fact that (2.7) must agree with the partial candidate in Case (1,) at y» = ”sz y1,if (2.7) is in
fact a candidate itself.

Lemma 20. In Case (2;), the value of the constant in Lemma 19 is ¢ = ((p — 1)2 + rz)g for
2 < p<oo.

L L _72.
Proof. If M(y) = (1 + )2 [y{ +2yy1y2 + 317 +clys — (1 — y2)P1 (where y = 1Z5) is

to be a candidate, or partial candidate, then it must agree at y, = ijzyl, with the solution M

given implicitly by the relation G (y; + y2, y1 — y2) = 3G (v @? — 72, 1), from Proposition 10.
Aty = p7_2y1,

Vol =2+ 1) Vol -2 —p+1] = GW? —12,1)
1
= ;(Zyo"—l[—(p — 231+ (p =21
=0.

Since v/w? — 12 4+ 1 # 0 then vVw? — t2 = p — 1, which implies w = ((p — 1)> + 2)2. So,

(p=D2+1)Ty; = wlys

p—2
= M(Yl, yl,%)
P
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Y3

_ "p—2 )
1 pTyl 1

Fig. 5. Characteristics of Bellman candidate for 2 < p < oo.

et 2 G ] el )

Now just solve forc. O

2.1.3. Gluing together partial candidates from cases (12) and (27)

It turns out that the Bellman function candidate obtained from Case (2,) is only valid on
part of the domain =, since it does not remain concave throughout (for example at or near
(y1, ¥1, ¥3))- As luck would have it, the partial candidate has the necessary restrictive concavity
on the part of the domain where the candidate from Case (1;) left off, i.e. in —y; < y < p—_2y1.
This means that we can glue together the partial candidate from Cases (12) and (2;) to get a
candidate on =} for 2 < p < oo. The characteristics for this solution can be seen in Fig. 5.

1—12
1472

Proposition 21. For 2 < p < 00,y =
equation is given by

2 » 2
M) = 1+ +2ryy2 + 3317 + (0 = D* + )2y = (1 = )7
when —y; < y2 < ijzyl and is given implicitly by

GO+ 323 = 3) = G =72, 1) when L2y < y2 < yi, where G(z1,22) =

and t € R, the solution to the Monge—Ampere

1
(21 + 2P z1 — (p — Dz2] and o = (%) " This solution satisfies all properties of the

Bellman function.

We already know that the implicit part of the solution has the correct restrictive concavity
property of the Bellman function, as shown in Section 2.1.1. However, the restrictive concavity
still needs to be verified for the explicit part. Since the explicit part of the solution satisfies
My,y, = My,y, = 0, then D; = 0, for i = 1,2. So all that remains to be verified for the
restrictive concavity of the explicit part is checking the sign of My, ,,, fori = 1, 2. Observe that
the explicit part can be written as

M(y) = [01 + 2% + 1201 — y)212 + Cpelys — 01 — )71 (2.8)

It is easy to check that My,y, < My,y, on —y; < y2 < ”7_2)11 for2 < p < oo. So we only need
to find the largest range of t’s such that My, < 0.
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Lemma 22. In Case (22), My,,, <0on—y; < y; < ”szyl forall T e R.

Proof. Changing coordinates back to x will make the estimates much easier. So we would like
to show that, on 0 < x; < (p — 1)x1, we have,

My,y, <0, (2.9)
where Cp, ; = ((p — %+ rz)% and
1 p—4
;Mym =(p—-2)(3 + rlez)]T(xz +2x)? + (1 +12)
p=2 -2
x (3 + 12D T = (p— DCpoxl ™"
First, consider 4 < p < oo. If p # 4, then showing (2.9) is equivalent to
(P=2(p -1+ +A+DH(p—D*+1) = (p—D((p—1D*+1H* <0,

which can be verified using direct calculations, for all 7. Let s = %’ then (2.9) simplifies to
showing,

F(s) = (p =26+ 1+ (1 + )62+ 15 = Cpr(p — D2+ 122" <0,

where 0 < s < p — 1. For p = 4, F is a quadratic function that is increasing on (;ﬁ; ,p—1).
Since F(3) < 0, then F(s) < 0on (0, 3).

Now we will consider 2 < p < 4. Note that F(s) = 0 at p = 2, so we can assume that p # 2.
Breaking up the domain of F will make things easier. For s € (1, p — 1), we have the following
estimate, (s + t2)2 < (s2 + 12)2. Let r = s2 + 72, then

1 2—p
SF() < (p =21 +1+7° = Cpe(p = DI 2 = 1(0).
Observe that g1 is increasing on 1 + ?<t<(p-D+7%and g1((p — D> +12) <O0.

Therefore, F(s) <Oon (1, p —1).
Fors € (0, 1_2’2), we have the estimate (s + t2)2 <s?+ 12 Lett =52+ 12, then

1 2-p
SF() =p-1 + 12— Cpr(p— D172 = g2(0).

Since g» is increasing on (2, # +12) and gz(% +12) <0,then F(s) <Oon (1, p—1)

and on (0, 1_’2).

2
All that remains is to show that F(s) < 0 on (1_;2 , ). If we estimate in the crudest possible

way, on this interval, then we obtain:

_ 222 5
ﬁms)5(1“2)2_((1)_1)2“2)% (%HQ) C =0

for all [t] < 1 and 3 < p < 4, by direct calculations. So we need to estimate a little more
2 . 2
1_2T , 1), lett = s2 4+ 2. So t must be in the range % —t2 <t <1472

carefully. On (
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Y3

t y Y2

Fig. 6. Characteristics of Bellman candidate for 1 < p < 2 and |7| < 1
Then,
4—
F(s) = (p—D(Wr—12+ 12 + (1 + )1 — Cpe(p— Dt 7
_ 2 2 2, 4 2 p
=(p-2—-—t"+2tVt—t+1)+ A+ 1) - Cp(p— Dt
4—

SP-20+?+ ™+ A+ = Cpr(p— D2 = g3(0).

One can see that g3 is decreasing for 2 < p < 3.95 and g3 (% + rz) <0, forall |z| <1,

by direct calculations. Thus, F(s) < 0 on (]’2’2, 1. O

We have now verified that the explicit part of the Bellman function candidate, from Case (23),
has the appropriate restrictive concavity. So we have proven Proposition 21, by Lemmas 17, 18
and 22. Now that we have a Bellman candidate for 2 < p < oo, we will turn our attention to
p-values in the dual range 1 < p < 2.

2.2. The Bellman function candidate for 1 < p <2
In order to get a Bellman function candidate for 1 < p < 2 we just need to glue together
candidates from Cases (2;) and (37) in almost the same way as we did for 2 < p < 0o in

Section 2.1. Refer to Addendum 1 (Section 5) for full details.

Proposition 23. Let 1 < p <2andy = i;i If |t] < % then a solution to the Monge—Ampeére
equation is given by

(SIS

M) = (1 + D07+ 20 + 9318 + (G +72) T s = 01 — 32)?) when

2_TP)H < y2 < y1 and is given implicitly by

1
GOy —y2, 1 +y2) = y3G(1, Vw? — t2) when —y; < yp < 27pr1, where @ = (%}y))p.
This solution satisfies all of the properties of the Bellman function.

Most of the remaining cases do not yield a Bellman function candidate. If we fix y; then the
Monge—Ampere solution from Cases (1) and (3) does not satisfy the restrictive concavity needed
to be a Bellman function candidate. Case (2) yields the same partial solution if we first fix y; or
Y2, since restrictive concavity is only valid on part of the domain. So, all that remains is Case (4).
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However, we do not know whether or not Case (4) gives a Bellman function candidate. For
Tt = 0, it was shown in [19] that Case (4) does not produce a Bellman function candidate, since
some simple extremal functions give a contradiction to linearity of the Monge—Ampere solution
on characteristics. However, for T # 0 these extremal functions only work as a counterexample
for some p-values and some signs of the martingale transform. Case (4) could give a solution
throughout = or could yield a partial solution that would work well with the characteristics from
Case (21). Since Case (4) does not provide a Bellman candidate for t = 0, we expect the same
for small . The picture probably changes most drastically for large . But it does not matter,
since we will now show that our Bellman candidate is actually the Bellman function (which we
would have to check anyways because of the added assumption). The details for the remaining
cases that do not yield a Bellman function candidate are in Addendum 2 (Section 6).

3. The Monge-Ampere solution is the Bellman function

We will now show that the Monge—Ampere solution obtained in Propositions 21 and 23 is
actually the Bellman function. To this end, let us revert back to the x-variables. We will denote
the Bellman function candidate as B; and use 5; to denote the true Bellman function. Extending
the function G on part of {24 to U; on all of (2, appropriately, makes it possible to define the
solution in terms of a single relation.

Definition 24. Let v(x, y) := vy (x, ) = (L2 x 2+ [y = ((p* =12+ 5 |x|7, u(x,y) =
2

upee ) = p( =0 (1 ) T (al +1DP ] = (" = Dl and
— _JuGy) vl = (pF = Dix
U(x’)’) T Up,r(x’y)—{u(x’y) |y|§(p*_1)|x|

for 1 < p <2.For2 < p < oo we interchange the two pieces in U.

Proposition 25. For 1 < p <2 and || < % or2 < p < ooandt € R the Bellman function
candidate is the unique positive solution given by

1] 2 2
Ulx1,x2) =U <x3”, 7 - t2x3”).

Furthermore, U is Cl-smooth on 1.

Proof. First consider 2 < p < oo. Itis clear that

1 2 2
Uxi,x)=U <x3”, B! — t2x3”) , (3.1)

by comparing the solution obtained in Proposition 21 and using the symmetry property in
p—2

= )’*

(p*—1)?

Uy = Uy at|y| = (p* — 1)|x|. The partial derivatives are given by,

Proposition 6. The constant «j, ; = p(1 — #)p_l (l + was determined so that

e = ap o (p— DX (x| + IyDP72(1y] = (p* = DIxD) = ap o (p* — D' (Ix] + yDP 7",

p=2 P _
vy = prx (PP + YD T = px(pF = D? + ) 2P,
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T2 zo = (p* — 1)z
I I
FE FE
1
1) FE
I I
z2=—(p* — 1)1

Fig. 7. Location of Implicit (I) and Explicit (E) part of By for2 < p < co.

Y3

—Y1 Y1

Fig. 8. Sample characteristic of the Monge—Ampere solution in Case (3;).

uy = op o (p— Dy (x| + 1yDP 72yl — (p* — DIx]) + ap oy (x| + [P,
p=2
vy = py(Tx P+ 1yH T,

where x’ = é—‘ and y' = Ii_l U is C'-smooth, except possibly at gluing and symmetry lines. It is
easy to verify that u, is continuous at {x = 0}, U, and U, are continuous at {|y| = (p* — 1)|x|}
and vy is continuous at {y = 0}. This proves that U is C'-smooth on 2.
Observe that Uy > 0 for y # 0 and Uy < O for x # 0. This is enough to show that
1

B is the unique positive solution to (3.1). Indeed, if x € (2 such that |x;|] = xf , then
2 2
BY — r2x3” = |xz| by the Dirichlet boundary conditions. This gives us (3.1) uniquely at

1 1 2 2 2 2
B (x). Fix x1, such that |x|| < xJ', then U (xS", B! — r2x3”> <U (xl, B! — rzx;).

2 2 2 2
Since x; is fixed, then 1/ BY — r2x3” > |x2], so U (xl, Bf — 12x3”> strictly decreases to

2 2
U(xy,x2),asy/ BY — t2x3” decreases to |x;|, giving us a unique B, (x) for which (3.1) holds.

Now consider 1 < p < 2. U is C'-smooth on 2, since v, is continuous at {x = 0}, uy is
continuous at {y = 0} and U, and Uy, are continuous at {|y| = (p* —1)|x|}. This is easily verified
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since the partial derivatives are computed above (just switch the two pieces of each function).

Observe that for x # 0 and y # 0, U, < 0 and for y # 0, Uy > 0. Then the argument above
1 2 2

showing U (x1, x3) = U (x3” A B — 12x3” uniquely determines B; also holds for this range

1 2 2
of p-values as well, except maybe at x; = xo = 0. Suppose U (0, 0) = U (x{, BY —12x] ) ,
then B; (x) = ((p* — 1)> + ‘L'z)gxg. So B;(x) is uniquely determined by the fixed x-value. [J

Corollary 26. B; is continuous in {2 (Figs. 7 and 8).

Proof. In this proof, only we will revert back to the notation U, , rather than U, to make clear
the distinction when 7 = 0 or T # 0. We only consider 2 < p < oo as the dual range is
handled identically. By Proposition 25, we have that B; is the unique positive solution to (3.1).
2 2\ 2
Since this is true for all T € R, then By = (B," — 12x3"> on |xa| > (p* — 1)|x1|, since
p=2

Up:= (1 + (p%l)z)i Up.o. Equivalently, we have

2 2\ %
B; = <BO” + r2x3") ) (3.2)

Since Bp was shown to be continuous in [19, p. 26] then B; is also continuous on [x2| >
(p* — 1)|x1], using the relation. This takes care of the implicit part of B;. The explicit part
of B; is clearly continuous on [x2| < (p* — D)|x;|. O

Lemma 27. Let | < p < oo. Then, B;|y is C'-smooth on §2, where L is any line in f2.

Proof. Since B;|; is C 2_smooth on {24, all that remains to be checked is the smoothness at
the gluing and symmetry lines, i.e. at {x; = 0}, {x, = 0} and {|x2| = (p* — 1)|x1|}. Let
L = L(t),t € R be any line in {2 passing through any of the planes in question, such that
L(0) is on the plane. Now plug L(¢) into (3.1) and differentiate with respect to ¢. Let t — 0T
and t+ — 0~ and equate the two relations. This gives

4 (L(1)) ~ 2Ly (L(1)) O
dr " =0~ S dr T t:O*I

Proposition 28 (Restrictive Concavity). Let 1 < p <2 and |t| < % or2<p<ooandt €R.
Suppose x* € 2 such that x = a*xT + o x", et +a~ = LIf |x; —x[ | = |xj — x5 | then
B (x) > 05+Br(x+) +a” B (x7).

Proof. Recall that Propositions 21 and 23, together with the symmetry property of B,
establish this result everywhere, except at {x; = 0}, {xo = 0} and {|x2| = (p* — D)|x1]}.
Let f(t) = B:rlr(), where L is any line in {2, such that L(0) € {x; = 0}, {x2 = 0} or
{Ixa] = (p* — Dx1]}. Since f”" < 0fort < Oand¢ > 0 and f is C'-smooth (by Lemma 27),
then f is concave. [J
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Proposition29. Let 1 < p < oo. If a function B has restrictive concavity and
~ » ~ )
B (x1, x2, |x1]?) > (1:2x12 + x%)f, then By > B:. In particular, By > B;.

Proof. This was proven in [19] for By (Lemma 2 on page 29). The same proof will apply here
toB;. U

Proposition 30. For 1 < p < 0o, B; < B;.

Proof. For 1 < p < 2 there is a direct proof, which will be discussed first. By (3.2) we know that
2 2 <

P
2 2\ 2 ~ 2 2\ 2
By = <BT” — 12x3”> on {|xz2| < (p* — 1)|x1]}. Consider, By = <BT" — r2x3") . It suffices to

show that By < go. But, By = By (as Burkholder showed), so without suprema we can reduce
to simply showing

2 2
= = »
(1g17)] +UF17 ] <A@ P+ 1))
Apply Minkowski: | [; (A, C)||l; < [; I(A, C)||l;. Choosing A = |g|” and C = |t f|? proves
P P
the result. So we have shown that B; < B; on {|x3]| < (p* — 1)|x1]}.
Now we would like to show that B; < B; on {|x3| > (p* — 1)|x1|}. Let H;(x1, x2, x3) =
B (x1,x2,x3) — B7(0,0,1)x3. Lemma 34, in the next section, proves that Hj(xp, x2, )
iﬁ an increasing function starting at Hi(xp, x2, |x1|”) = wv;(x1,x2) and increasing to
Up,r(x,y) = sup,s | p{Br(x,y,1) — B (0,0, 1)¢}. The same proof works for Hy(x1, x2, x3) =
Bf(xlv X2, x3) - BT(Os 03 1)x3' SO

Hy(x1, x2, x3) = v (x1, x2) = By (x1, x2, x3) — B (0,0, Dx3.

Since B; (0,0, 1) < B:(0,0, 1), then B; < B; on {|x2] > (p* — D[x1]}.
Now we consider 2 < p < oo. Let ¢ > 0 be arbitrarily small and consider the following
extremal functions

—C l<x<e
t—¢
fx)y=3vf e<x<l—c¢
1—2¢
c l—e<x <1,
d_ l<x<e
() r—¢& 1
— . < < —
gx V24 =22 E<x g
d+ l—-e<x <1,

where ¢, d+ and y are defined so that f and g are a pair of test functions at (0, x, x3). We can
use f and g to show, just as in [19, Lemma 3, p. 30], that

BT(O’ x2’x3) S BT(()’ x27x3)' (33)

Now we need to take care of the estimate when x; # 0. Making a change of coordinates from
x to y we only need to consider y € =, by the symmetry property of the Bellman function and
Bellman function candidate. So far we have that M. (yy, y1, ¥v3) < M¢(y1, ¥1, y3) by (3.3). The
Dirichlet boundary conditions give that M (yy, y2, (y1 — y2)?) = M1, y2, (y1 — y2)P). On any
characteristic in {‘D—*2 y1 < y2 < y1} (see Fig.5) M; is linear (since it is the Monge—Ampere
solution) and M is concave (by Proposition 4). Therefore, M; (y1, y2, ¥3) < M+ (y1, y2, y3) on
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”szyl < y2 < y1}. For the remaining part of =, we can use the same proof as for 1 < p < 2
-2
to get Mz (y1, 2, ¥3) < Mc (1, y2, y3) on {—y1 < y2 < =y O
Now that we have proven B = B, we will mention another surprising fact.
Definition 31. We define B/ = B!(x1, x2, x3) as the least restrictively concave majorant of
(x% + rzxf)% in 2.
Proposition 32. For 1 < p <2andt < %0r2 <p<ooandt € Rwehave B=B = B.

This is proven in [3].
4. Proving the main result

Now that we have the Bellman function, the main result can be proven without too much
difficulty. But first, we will find another relationship between U and v. Quite surprisingly, U is
the least zigzag-biconcave majorant of v.

Definition 33. A function of (x, y) that is biconcave in (x + y, x — y) we call zigzag-biconcave.

Lemma34. Let 1 < p < oo and l~](x, ¥) = sup,s i p{Be(x,y,1) — B (0,0, Dz} Fix (x, y).

The function H(x,y,t) = B;(x,y,t) — B:(0,0, 1)t is increasing in t from H(x,y, |x|P) =
P P ~

v(x, y) = @+ )T = (pF = D+ )2 xIP 10 Up o (x, ).

Proof. Recall that B; is continuous in {2 and for (x, y) fixed, B;(x, y,-) is concave. Then
H(x, y, -) is also concave. Since ﬁp,f(x, ¥) = sup,s | p{Br(x, y, 1) — B (0, 0, 1)}, then it either
increases to U (x, y), or there exists 79 such that H (x, y, tp) = U (x, y) and H is decreasing for
t > to. If H is decreasing for ¢t > fg, then H — —o0 as t —> o0 by concavity. Then there
exists ¢ > Oand ¢’ > fo such that H(x, y, ') < &t’. So we have, lim sup,_, H@,y.0)

t
. H(x,y,1) . X
lim ————= = lim | B; |, =,1) - B:(0,0,1) | =0,
t—00 t t—00 (7t

by continuity of B; at (0, 0, 1). This gives us a contradiction. Therefore, H (x, y, t) > —et, for all
t and all ¢ > 0, i.e. H is non-negative concave function on [|x|?”, 00). So H(x, y, -) is increasing
and H(x, y, |x|”) = vp ¢ (x, y) by the Dirichlet boundary conditions of B; in Proposition 6. [J

< —¢. But,

\~|‘<

Proposition 35. For 1 < p < 2 and |t| < %0r2 <p<oocandt € RU,(x,y) =
Up(x,y).

Proof. Suppose 2 < p < oo and |y| > (p — 1)|x|. Then
Uo(x.y) = lim (Bo(x.y.1) = Bo(0,0, 1)
—>00

BO (Lv %’ 1> - BO(Ov 0’ 1)

1
tP tP
1—00 1/[

d 1 1
= —Bo(urx,ury,1)
du u=0
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Now we repeat the same steps and obtain

Ur(x,y) = lim (Be(x,y.1) = B:(0,0, 1)

P
d 21 1 2

d_|:< o (P ury. ””2> }
u

2 1 -
<B(§J urx,ury, 1)+ rz) B,"

1 1 d 1 1
X (urx,ury, l)d—Bo(qu, ury,l)
u

u=0
p—2

2 sl
= (1 +(p——1)2> Uo(x,y)

p—2

'L'2 2
= (1+(p_—1)2) Uo(x, y),

where the last equality is by [8]. Therefore, l7r (x,y) =U;(x,y).

Now suppose |y| < (p — D)|x|. Looking at the explicit form of B; in the region,
note that B;(x,y,-) is linear. So U;(x,y) = sup,z|x|p{B,(x, y,t) — B:(0,0, 1)t} =
SUp,~ x| (Br (%, ¥, 0)) = v (x, y) = Uz (x, ).

We can apply the same proof to show that ﬁr x,)=Uc(x,y)forl < p<2. O

Proposition 36. U is the least zigzag-biconcave majorant of v.

Refer to [3] for the proof.
We now have enough machinery to easily prove the main result, in terms of the Haar expansion
of an R-valued L? function.

Theorem 37. Let 1 < p < 2,|7] < %orZ < p<oorte€R Let f,g:[0,1] - R
If ol = (p* = DIl and [(f 7l = (g, hp)l for all J € D, then (2% f 1 +
|g|2)7)[0,1] < ((p* - D2 4+ 122 (1 f17)10,17, where ((p* — D2 + 12) is the sharp constant and

1

p* —1=max p—l,ﬁ.

Proof. Suppose that 2 < p < oo and T € R. The proof relies on the fact that the B = B
(Propositions 29 and 30) and U (x, y) = sup,s | {B(x, y, 1) — B(0, 0, 1)t} (Proposition 35).
Since |y| < (p* — 1)|x]| on {2, then
U, y) =v(x,y) = (yP+ 22D — (" = D? + )5 x? < 0.
Then,

sup {B(x,y,t)— B(0,0, )t} <0.
t>|x|P
Iyl=(p*=Dlx|
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But, U (0, 0) = 0, therefore

sup M = B(0.0.1) = (p* — * + 1)), @.1)

t>|x|P
[yI=(p*=Dlx|

Observing the relationship B = B gives the desired result.
For1 < p <2,|t| < 3 and |y| < (p* = Dlxl,
p=2
Ux,y)=p <1 - i) (1 + r—z) 2 (el + 1yDP Iyl = (p* = DIx1 <0
’ p* (p*—1)? 7
so we have (4.1) by the same reasoning as for2 < p < co. [

Remark 38. Note that Minkowski’s inequality together with Burkholder’s original result gives
the same upper estimate for 2 < p < oo.

Indeed, if f € LP[0, 1] and g is the corresponding martingale transform then Minkowski’s
inequality gives,

L L p
8%+ 72207, = (g%l g + 17221, 5)* = (lglize + 1T/ IL)

2
A
< IFI0,((p* = D>+ )7,

This is very surprising in the sense that the “trivial” constant ((p* — 1) + Tz)g is actually
the sharp constant.

Now we will prove the main result for Hilbert-valued martingales. The same ideas can be used
to extend the previous result to Hilbert-valued L”-functions as well. Let H be a separable Hilbert
space with || - || as the induced norm.

Theorem 39. Let 1| < p < oo, (W, F,P) be a probability space and { fi}rez+, {8k }kez+ :
W — H be two H-valued martingales with the same filtration {Fi}iey+. Denote dy =
Je — fi=1,do = fo.ex = gk — gk—1,e0 = go as the associated martingale differences. If
lex (@)l < lldk ()|, for all o € W and all k > 0 and © € [—%, 1] then

‘(Zek,tde) de
k=0 k=0

k=0
where ((p* — 1)* + T2)§ is the best possible constant and p* — 1 = max{p — 1, ﬁ}. For
2 < p < 09, the result is also true, with the best possible constant, if T € R.

<((p =1 +1H)7

’

LpP(W,H)

LP(W,H?)

In the theorem, “best possible” constant means that if C,, ; < ((p* — 1)* + 12)%, then for some
probability space (W, G, P) and a filtration JF, there exist H-valued martingales { f}; and {g}«,
such that

||(gk, Tfk)”Ll)([O,l],Hz) > Cp,r ”fk”Ll’([O,l],H) .

Proof. We will prove the result for 2 < p < oo, since the result for 1 < p < 2 is similar.
Replace | - | with || - g, in Up ¢ Let f, = Y y_gdi and g, = Y j_gek. Recall that U == U ;
is the least zigzag-biconcave majorant of v := v, ;. Asin [9, pp. 77-79],

Upe(x+hy+k) <Up:(x,y)+NR0xUp, h) +NR(OyUp 1, k), 4.2)
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forall x, y, h, k € H, such that |k| < || and ||x +Aht|g|lx +kt|jg > 0. The result in (4.2) follows
from the zigzag-biconcavity and implies that E[U ( fx, gx)] is a supermartingale. Lemma 34 gives
that v(fy, gn) < U(fn, gn). Therefore,

Elv(fn, gn)] < ELU (fn, gn)] < E[U(fn-1, gn-1)] < -+ - < E[U (do, €0)].
But, E[U (dy, eg)] < 0 in both pieces of U; since 2 — p* < 0 and |leg|lg < |ldollm. Thus,

Elv:(fu, gn)] < 0. The constant, in the estimate, is best possible, since it was attained in
Theorem 37. [

Remark 40. For 1 < p < 2 and |7| > %, the “trivial” constant ((p* — 1)+r2)§ in the main

result is no longer sharp because of a “phase transition”. In [3], there is an L?-function, f,
s e . 20 £12 2%

constructed so that together with it’s martingale transform, g, we have ((z°| f|° 4+ 1g1) 2 )[0,1] >

((p* = D2+ )5 (| f1P)0.1) for large 7.
5. Addendum 1

Throughout this section, the arguments may seem brief in comparison to Section 2.1. The
reason for this is because we cover the exact same argument as in Section 2.1, only with slightly
different cases. So if any arguments are unclear, then returning to Section 2.1 should help to clear
up any difficulties. We will first consider Case (3;) to get a partial Bellman function candidate.

5.1. Considering Case (33)

Proposition41. For 1 < p < ocoand —y; < y2 < 27pr1, M is given implicitly by the relation
Gyl —y2, 31 +y2) = 3G, Vo? — 1)

This is proven through a series of lemmas.

Lemma 42. M(y) = thy2 + 13y3 + to on the characteristic y,dty + y3dt; + dty = 0 can be

o N/ T —s P
simplified to M(y) = ( O "+77 (1 —u)

= > v3, where u is the unique solution to the equation

2 2y
y2+(1=5)y1 u+(1-=2)y1

y3 - Oh—wP

o
and —y; < y; < prl.

Proof. Any characteristic, in Case(3,), goes from U = (y1, u, (y; —u)?) to W = (y1, —y1, w).
Recall the properties of the Bellman function we derived in Proposition 6, as we will be using
them throughout the proof. Using the Neumann property and the property from Proposition 8,
we get My, = —M,, = —1t, at W. By homogeneity at W we get

—pyita + pwtz + pto = pM(W) = y1 My, + y2 My, + pysMy, = =2yit2 + pwt3.

«/<y1+u)2+r2(y1u)2>p -

yi—u

Now we follow the same idea as in Lemma 11, to get M(y) = (
where u = u(y1, y2, y3) is the solution to the equation
yz+(1—%)y1 u+(1—%)y1

y3 - o1 —wr G-

Fixu = —(1 — %)yl, then we see that y, = —(% — 1)y; = u is also fixed by (5.1). This
means that the characteristics must lie in the sector, shown in Fig. 9, since they go from U to
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Y2 Y2 = Y1
27
v2 = (55)m
Y1
Y2 = =

Fig. 9. Range of characteristics in Case (35) for 1 < p < 2.

W € {y2 = —y1}. The same argument as in Lemma 11 can be used to verify that Eq. (5.1) has a
unique solution in the sector —y; < y» < 2_7” yi. O

yi—u

Lemma 43. M(y) = < v Ot —w?

p
) y3 can be rewritten as G(y1 — y2, y1 + y2) =
3G (1, V? —12) for —y; < y» < Z_prb

1
Proof. o — (M(y)> [EVACIE e n T L

Y3 yi—u

. /n2 72
Since y; u > 0 and @ — v > 0, then u = \/wz——rm by inversion. Substituting u into
[0} T

, _2 _2y,
+A=2)y1  ut(1-7)y

3 - O1—w? gives
27" pya 4+ (p— Dyl = ;3(Ve? — 2+ P Ve? — 22— (p— D]
-1
i ZR 2 1\2
or (x1 +x2)P (p — Dxz — x1] = B”— ,,) + x5 (p—1 BP—( 3,,)

1 1 2 1\2
- x{}- Thus, G(x1,x2) = G |x7,,/B? — (rx3”> or G(y1 — y2, 1 +y2) = »G

(1, Vo —72). O

As before, we must verify that this partial Bellman function candidate has the restrictive
concavity property, so y; is no longer fixed. To check restrictive concavity, we must show that
My, < 0,My,y, < 0,My,,; < 0and D; > O (note that D, = 0 by assumption). These
estimates are verified in the following series of lemmas.

Lemma 44. In Case (33) we choose H (y1, y2) = G(y1—Y2, y1+Y2) because of how the implicit
solution is defined and obtain sign H” = —sign(p — 2).
Proof. We already computed

H" = {4G1122’ aj =B
0, aj=—pj
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in Lemma 14. Since, o1 = 1,0 = —1,8; = 1 and B, = 1 then Gz, = —plp—D(p -
2)(yi +y) QP2 O

Remark 45. In Case (3), 8 > ﬁ in the sector —y; < y, < Z_prh where 8 = Vw? — 2.
Equivalently, B(x1, x2,%3) > ((p* — D>+ 122 x3in —y; < y2 < Ziprl‘

This is trivial since
1
B+DP M1 —(p-DBI =G, p) = gG(m —y2,¥1 +¥2)

= @y)"'(p = 2y1 + py2l < 0.
Now we have enough information to check the sign of D;. We will start limiting the values of
7, since it will be essential for having the restrictive concavity of the partial Bellman candidate
from Case (2,) (see Remark 50).
Lemma 46. D; > 0 in Case (32) forall |[t] < 1.

Proof. We use the partial derivatives of G computed in the proof of Lemma 14 to make the
computations of ¢’ and ¢” easier.

() = G(1, B)
P () =—p(p— DolB+11772 (5.2)

— DA p=3
p(p )(ﬁ+ﬂ) [ﬁ(1+ﬂ)+(p_2)w2]

A=(p-1)9 —wd”

&’ (@) = —

- -3
= —plp— 1)20)('3 + 1)p—2 + p(p— Dol + B)P

B
p(p = Do(l +p)P~>
= ; [~ =D+ BB+ B0+ +(p - 20
__p(p=D(p—=2w + )P —7°]
B
Now we need to determine the sign of —t2isfor I < p < co. By Remark 45, 8 > %1 >
for |tf] < land 1 < p < 2. But, what about p > 2? Using the form of the solution, M, in
Lemma 42 we obtain (y; 4+ u)> + t*(1 — 2)(y; —u)* > 0

1 +w? + 2y —u)?

[B0+5)+ (0 -0

(5.3)

2

2 2
>1t7(14+17)
(y1 —u)?
2
M P
— o= <£> > 21+ 12)
V3
= p-1>0,
+(1-2)y +(1-2
where u is the unique solution to 2 (y3 2l == (y3")yl and |t| < 1. Thus, signD; =

sign H” sign A = [—sign(p — 2)]* by (2.4) and Lemma 44. [

The following lemma restricts the p-values for which our solution is a Bellman function
candidateto 1 < p < 2.
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Lemma 47. sign My, y, = sign My,,, = sign My,,, = sign(p — 2) in Case (33) for all |t| < 1.
Consequently, M is a Bellman function candidate for 1 < p < 2 but not for 2 < p < oo, since
it would not satisfy the restrictive concavity needed.

Proof. By (2.2), (5.2), (5.3),
pa)/’_ZR%H2 A
i o]

giving sign My, ,, = (—=1)[—sign(p — 2)]. By (2.3), fori =1, 2,

My, =

_pwp_2R1 N2 /"
My = = [@Rs + (p = DR + wysH' |
pwp—Z |: N2 Vi N2
= AH')? + wys H (@)],
y3(9)3

giving sign My, ,, = (—1)[— sign(p — 2)], since ¢ <0. O

Now that we have a partial Bellman function candidate for 1 < p < 2, from Case (32), satisfying
all of the properties of the Bellman function, including restrictive concavity, we can turn our
attention to Case (2;). From Case (2;) we will get a Bellman candidate on all =, or part of it,
depending on the t- and p-values. The partial Bellman candidate, from Case (2;), turns out to
be the missing half for Case (3,). We already have the solution for Case (2) from Lemma 19, but
the value of the constant is needed before we can progress further.

5.2. Case(2)forl < p <?2

Lemmad8. If 1| < p < 2 then in Case (2;), the value of the constant in Lemma 19 is
P
— (1 22
= ((p—l)z tr ) ’

Proof. If M(y) = (1 + 15[y} + 2yy1y2 + 3317 + clys = (1 = )] (where y = {75 s
to be a candidate or partial candidate, then it must agree, at y, = Z_Tp y1, with the solution M
given implicitly by the relation G(y; — y2, y1 + y2) = y3G (1, Vw? — t2), from Proposition 41.

Aty, = Q_prl,
Ve =2+ )P 1= (p— D2 — 2] = G, Ve? —12)
1
g(zyop—l[(z — i+ (p =2yl

=0.

Since vVw? — t2 4+ 1 # 0 then Vo? — 12 = %1, which implies w = <; + rz)j. So,

p (p—1)?

P
1 2
(G ) =

2—p
= M(M, yl,ys>
P
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p
2
A 115 C
B B
t t T
1 ~05 0.5 1

Fig. 10. Splitting [—1, 1] x (1, 2) in the (r X p)-plane into three regions A, B and C. The curves separating regions
A, B and C are where My, y, = 0 in Case (27).

) 2 . 2
_ [<_yl) v (222D }
p p
2 _ p
ren-(22220)].
p

In the following lemma, the value of t has to be restricted to || < 1, so that restrictive
concavity is satisfied for our Bellman candidate. Actually, the 7-values play an even bigger role.
Depending on the value of (z, p) € [—1, 1] x (1, 2), there is either one or two Bellman function
candidates. For (z, p) € B, from Fig. 10, there is a partial Bellman candidate arising from Case
(22). So we can glue this together with the other partial candidate obtained in Case (37). This
gives a Bellman candidate, as before, having characteristics as in Fig. 6. For (7, p) € AU C the
candidate obtained from Case (2;) maintains restrictive concavity throughout = and is therefore
requires no gluing. To avoid the difficulty of determining which candidate to choose and how to
determine the optimal constant from Case (2), we restrict (t, p) to region B, or require that
7] < % Recall that the partial Bellman candidate, M, obtained from Case (2,), for 1 < p < 2,
satisfies My, = My,,, = 0 and hence D; = 0, fori = 1, 2. So all that still needs to be checked
for restrictive concavity is the sign of My, ,, and My,,,. Since My,,, < My,y,, then we just

ST}

Now just solve forc. O

need to show that My,,, < 0 on 2_7” y1 < y2 < yp in Z4. This is considered in the following
lemmas.

Lemma 49. In Case (22), My, , (1, 552 y1, y3) < 0for [t| < land 1 < p <2.

Proof. The solution M that we get from (2;), when 1 < p < 2, is obtained from Lemmas 19
2

and 48. Let y = 25, f1(3) = y{ + 3 + 2yy12. o) = (p = D2+ yy1)* + fi(y) and

f3(y) = y1 = y2. Then

P

202 pTi4 1 2\ 2 p—2
My,y, = p(1+19)2f* fo—pp—1) (p_—1)2+‘lf 3 -

By direct calculations one can verify, My,y, (y1, 2_71’ yi,y3) <Owhen|t|<1. O
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Remark 50. Note that Lemma 49 is false for p near 2 when |t| larger than 1, so we cannot take
a larger value and still maintain the restrictive concavity.

Lemma 51. In Case (25), My,y, (y1, cy1, y3) <0, forall c € [Z_Tp, 1].

Proof. Using M,,, from Lemma 49, we see that M,,,, < 0 is equivalent to
4
1 7
A+ 272 oy (—2+r2) <o.
fl 2 (P - 1)

4—p
Observe that the function f>/(f, * ) is strictly positive, has a horizontal asymptote at the y»-

.. . _ 2
axis, increases on (—oo, —y), and decreases on (—y, 00). As y; increases from 2—p to 1, f3 p

and f22 both decrease. Since My,y, (yl, =Ly, y3) < 0, as shown in Lemma 49 the result
mer
follows. [

Lemma 52. The Monge—Ampére solution in Case (2;) yields the following results for 1 < p <
2.My,y, (1, y1, ¥3) < 0 for |t| < 1 and My,y,(y1, —y1,y3) > Ofor || < 1.

Proof. Let fi, f> and f3 be as in Lemma 49 and

e=0+ T PH—(p—1) (% + rz)g 7
’ (p—1)? :

Note that My,,, and g have the same signs. It is clear that g(y1, y1, ¥3) < 0, proving the first

inequality. One can now verify that g(y;, —y1, y3) > 0 for |t]| < % which proves the second
inequality. [

Remark 53. One can see in the graph of N 2g(yl, ¥1, y3) that g(y1, y1, y3) < 0, in regions

A and C, (see Fig. 10). This tells us that the Bellman candidate from Case (2;) will maintain
restrictive concavity throughout the domain in for (z, p) € A U C. Furthermore, there will be
an improvement in the constant ((p* — 1)? + rz)g that can still be used to maintain restrictive
concavity in A U C.

By Lemmas 51 and 52, we obtain a partial Bellman candidate from Case (2;), when
l < p < 2and|7] < % As before, we will glue this partial candidate from Case (2,) to
the partial candidate in Case (37) to obtain the Bellman candidate for 1 < p < 2.

6. Addendum 2

Now that we have particular cases in which the Monge—Ampere solution gives a Bellman
function candidate, we would like to discuss the remaining cases. It can be shown that all
remaining cases do not yield a Bellman function candidate, except for Case (4) which is still
not determined.

6.1. Case (17) for 1 < p < 2 and Case (33) for2 < p < oo do not lead to a Bellman candidate

It was shown in Lemmas 18 and 47 that the Monge—Ampere solution obtained in each case
does not have the appropriate restrictive concavity property to be a Bellman function candidate.
We mention this here again simply for clarity.
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Y3 Y3

Y2 —Y2

(a) Case (11). (b) Case (31).
Fig. 11. Sample characteristic for the Monge—Ampere solution in Cases (11) and (31).

6.2. Case (11) does not give a Bellman candidate

We can consider Cases (11) and (31) simultaneously, for part of the calculation, since the same
argument will work in both cases. In both cases, y» is fixed and the Monge—Ampere solution is
given by M (y) = t1y1 + 13y3 + fo on the characteristics dt;y; + dt3y3 + dfy = 0. As shown
in Fig. 11, y» > O in case (1) and y» < 0 in Case (3»), since if not then the characteristics go
outside of the domain =} .

Lemma 54. In Cases (1) and (31), the solution to the Monge—-Ampére can be written as,

21 22— w2\
M(y)z(\/(u+y2) + T yz)) N

U—=y2

2 2
w212l ut(2-1) ol
y3 T (w—y)?

where u = u(y1, y2, y3) is the solution to the equation

Proof. Any characteristic, in Cases (11) and (31), go from U = (u, y2, (u — »)?) to W =
(|y2], ¥2, w). Throughout the proof, we will use the properties of the Bellman function derived
in Proposition 6. Using the Neumann property and the property from Proposition 8 we get
My, = y1My, = |y2]t; at W. By homogeneity at W we get

ply2lti + pwtz + pto = pM(W) = y1 My, + y2My, + pysMy, = 2t1|y2| + pwts.
«/(M+Y2)2+TZ(MY2)2)p .

U=y

Following the same argument as in Lemma 11, gives M (y) = (
where u = u(y1, y2, y3) is the solution to the equation
v (2=1) vl wt (2=1) 2l

3 B (u—y)r 1

Since the solution, M, does not satisfy the restrictive concavity property necessary to be the
Bellman function (as we will soon show), we are not concerned about the existence of the
solution u in Eq. (6.1). O
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1

Lemma55. If v = (%)F then in Cases (11) and (31), the solution u to Eq. (6.1) can be

@2—12+1 .
re =YX —"" Eq. (6.1 rewr!
expressed as u Jo—oo1 y2 and Eq. (6.1) can be rewritten as

22yl P py1 + @ = 2l = w318 = 1P p(B+ 1)+ 2 — p)IB — 11, (6.2)
where B = v/ w? — 12. Furthermore, sign y, = sign(8 — 1).
Proof. Let us show that u = Y =0+! v, first. This follows from inverting
Var—12—1
o Yty + 2wy
u—y ’
. . 2_ -2 1
and using the properties @ > |t| and u £ y; > 0. Now that we have u = VA 2,
Vo?-12-1

we can use it to get the next result. Note that u > 0 and Jvw? — 12 > 0, which implies that

sign y, = sign(~/w? — 72 — 1). To get (6.2), simply plug u = —”‘(’Ltzﬂyz inEq. (6.1). O
Vo?-12-1

We can no longer discuss Cases (11) and (31) together, so for the remainder of the subsection the

focus will be on Case (1) only.

Lemma 56. In Case (11), the solution M from Lemma 54 can be rewritten in the implicit form
G(y2+ y1,y2 = y1) = 3G (V? — 12, 1), where G(z1, 22) = (21 + 22)P " '[z1 = (p — D22l

Proof. Recall that for Case (1;) we have y, > 0.

1
yzzz(xz—X1)>0:>X2>X1

sign(vVw?2 —12—1)=signy;, >0 = vo?—12>1= 0> V12 +1.

So, B(x) = M(y) > y3(z2 + 1)% Now (6.2) can be rewritten as

p—1
2 El 1
(2 —x)P (p — Dxy +x2] = [m_’cf}
2 2 1
x [VBP =i +(p = Dxj |
Therefore,

2 2 1
Gx, —x1) =G (\/BP — 2], _x;>

1
or by factoring out x; on the right side we get

Gy +yi,y2—y1) =nGWw?—12,-1). O

[N}

Recall that the Monge—Ampere solution must satisfy the restrictive concavity conditions in
Proposition 5 to be a Bellman function candidate. We will show that the Monge—Ampere solution
obtained in Case (1) has D; < 0 and therefore cannot be a Bellman candidate.
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Lemma 57. In Case (11) we choose H(y1,y2) = G(y1 + y2, —y1 + y2) because of how the
implicit solution is defined and obtain sign H” = sign(p — 2).

Proof. We already computed
4G o =pf;
H' = { 2122 J J
0, aj =—pj

in Lemma 14.
Since, @y = l,ap = 1,8 = —1 and B, = 1 then Gz, = p(p — D — 2)(y1 —

y2)2y)P=3. O
Lemma 58. If p # 2 then D> < 0in Case (11) forall t.

Proof. We use the partial derivatives of G from the proof of Lemma 14 to make the computations
-3
of @' and ¢” easier. Let o), = % and 8 = Vw? — 12

() =GB, 1)
P (w) = plf — 11" o+ (p —2wp™ "]
() = Gy (B, —1DB 0% + Gy (B, —D[—wp > + 7]

2 2
= p(p—DIB—11"[B+p - 3] 8- 1172+ p—2]

® T
7R

A=(p-19 —wd’
apl(B =D B (P =2+ 1) —’BB+p =3+ (B~ DB +p-2)]
apl(B?+THB = DB +p—2) — BB+ p—3)]

= 0’ [+~~~ (p =2~ >~ B(p 3]

_ p(p=D(p =PV =2 - 1P

- a2y |
From Lemma 55, sign(8 — 1) = signy> > 0 and @*> > 2 > 0. Therefore, by Lemma 57 and
(2.4) sign Dy = sign H” sign A = —(sign(p —2))*> < 0. O

Since Dy < 0in Case (11) then we get the following result.
Proposition 59. Case (11) does not give a Bellman function candidate.
6.3. Case (31) does not provide a Bellman function candidate

Much of the work needed to show that the Monge—Ampere solution cannot be the Bellman
function, in Case (31), has already been started in Section 6.2. Let us finish the argument.

Lemma 60. In Case (31), the solution M from Lemma 54 can be rewritten in the implicit form
G(y2—y1, —y1—y2) = »3G(1, —Vw? — 12), where G (z1, 22) = (21 +22)" " [z1 — (p — Dz2].

Proof. Recall that in Case (3;) we have that y, < 0.

1
Y2=§(X2—x1)<0:>x2<x1

sign(Vaw?2 —12— 1) =signyy < 0= vl -1l <1l= 0w <V12+1.
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So, B(x) = M(y) < y3(z% + 1)% Now (6.2) can be rewritten as

1 2 2
(1 —x2)" M + (p = Dol = |:x3” —\/B7 - 12x3"i|
2 2 1
x [(p—DyBr —12xy +x{ |.
Therefore,

1 2 2

1
or by factoring out x;’ on the right side we get

GOy — y2. —y1 — y2) = »3G(1, —/w? —12). O

Since y; is fixed then D > 0 must be true in order that the Monge—Ampere solution from
Case (31) is the Bellman function (see Proposition 5). However, the contrary is true: Dy < 0.

Lemma 61. In Case (31) we choose H(y1, y2) = G(y1 — Y2, —y1 + y2) because of how the
implicit solution is defined and obtain sign H” = sign(p — 2).

Proof. We already computed

H' = {4sz, aj =P,
0, aj = —Pj
in Lemma 14.
Since, 1 = l,ap = —1,8; = —1 and B = 1 then GZ122 =plp—Dp-—2)01 —
y2)2y)P 3 O

Lemma 62. If p # 2 then D> < 0in Case (31) for all t.

Proof. We use the partial derivatives of G computed in the proof of Lemma 14 to make the
following computations of ¢’ and ¢” easier. Let 8 = v w? — 2.

B(w) = G(1, —p)
P (w) = —p(p — Dor(l — )2

3" (w) = —p(p — DI1 = PP — (p — 2B~

A=(p-19 —wd”

p(p— Dol =B [—(p— DA =B+ (1 —B)— (p—2)’B ]

= —p(p— Do =P 3(p-2)[1 - B+
2

= —p(p— D(p — Vo1 — pr~ (1 N %) _

From Lemma 55, 1 — 8 > 0 and w> > 12> > 0. Therefore, by Lemma 61 and (2.4)
sign Dy = sign H” sign A = —(sign(p —2))> < 0. O
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Y3 Ys

Y1 ; Y1

(@ y2=0. (®) y2 0.
Fig. 12. Characteristic of the solution in Case (41).

A

Y3

—Y1 Y1

Fig. 13. Characteristic for the solution from Case (4;).

Having shown that D> < 0 in Case (31) implies that the Monge—Ampere solution in that case
cannot be the Bellman function.

Proposition 63. Case (31) does not give a Bellman function candidate.
6.4. Case (21) gives a partial Bellman function candidate

Case (2) was considered without having to fix either y; or y first, so there is nothing new to
do here. Refer to Sections 5.2 and 2.1.3 for more details.

6.5. Case (4) may or may not yield a Bellman function candidate

For T = 0, it was shown in [21] that Case (4) does not produce a Bellman function candidate,
since some simple extremal functions give a contradiction to linearity of the Monge—Ampere
solution on characteristics. However, for T # 0 it is much more difficult to show this. Those same
extremal functions do contradict linearity for some p-values and some signs of the Martingale
transform. For the sign of the Martingale transform where we do not have a contradiction, a
new set of test of extremal functions would have to be found. Since the Bellman function has
already been constructed from other cases, this case has not been investigated any further than
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just described. So, for p and t values not mentioned in the main result, Case (4) could give a
Bellman candidate throughout = or we could get a partial Bellman candidate that may work
well with the characteristics from Case (21) Figs. 12 and 13.
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